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PREFACE. 


I NOW  prefent  my  Readers  with  a Fourth  Volume  of  the  Script  ores  Loga- 
rithmic!, of  the  contents  of  which  I (hall  here  give  a (hort  account. 

The  firft  Trad  in  this  Volume  is  intitled  “ An  Appendix  to  the  Trail  of 
Dr.  Edmund  Halley,  intitled  An  Ea/y  Demonftration  of  the  Analogy  of  the 
Logaritbmick  Tangents  to  the  Meridian  Line,  or  Sum  of  the  Secants  ; with  various 
Methods  of  computing  the  fame  to  the  utmoft  cxaAnc/s  which  has  been  re-printed 
in  the  Jecond  Volume  of  this  Colleltion  of  Trails,  intitled,  Scriplores  Logarithmic i, 
in  pages  76,  77,  78,  (Ac,  - - - 84  : Containing  the  Solution  of  a curious  Problem 
relating  to  Navigation,  propojed  by  Dr.  Halley  in  the  latter  part  of  the  /aid 
Tran." 

This  Problem,  relating  to  Navigation,  was  propofed  by  Dr.  Halley  towards 
the  end  of  the  aforefaid  Trad,  intided,  “ An  eafy  Demouf  ration  of  the  Analogy, 
Ssfc”  in  the  year  169$,  in  a paflage  expreffed  in  thefe  words;  “ 1 need  not 
fbew  bow,  by  regreffive  work,  to  find  the  latitudes  from  the  meridional  parts ; the 
method  being  Jujficiently  obvious : 1 J ball  only  conclude  with  the  propofal  of  a 
Problem,  which  remains  to  make  this  doctrine  compleat ; and  that  is  this. 
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A PROBLEM. 


A Slip  fails  from  a given  latitude  ; and,  having  run  a certain  number  of  leagues, 
has  altered  her  longitude  by  a given  angle.  It  is  required  to  find  the  courfe  fleered. 

' The  Solution  hereof  would  be  very  acceptable,  if  not  to  the  Publict,  at  leafl  to  the 
Author  of  this  Trad  ; being  likely  to  open  feme  further  light  into  the  myfleries  of 
Geometry."  See  VoL  II  of  this  prefent  Colle&ion  of  Trad.',  called  Scriptores 
Logarithmici,  page  83. 

In  this  Problem  the  fliip  is  fnppofed  to  have  failed  always  in  the  fame  courfe 
during  the  whole  voyage,  or  in  fuch  a line  as  to  have  always  cut  the  feveral 
meridian- lines  (or  circumferences  of  great  circles  of  the  earth  pafling  through 
it’s  two  poles,)  over  which  it  has  paffed,  in  the  fame  angle : and  the  earth  is 
fuppoled  to  be  of  a fpherical,  and  not  of  a fphcro-eidical,  or  other  oval,  figure; 
and  confequently  all  the  meridian-lines  (or  circumferences  of  great  circles  of 
the  earth  that  pafs  through  the  two  poles,)  will  be  equal  to  the  circumference 
of  the  equator:  And  by  the  difference  of  the  flip's  longitude  at  the  beginning  and 
at  the  end  of  the  voyage,  (which  difference  is  here  fuppofed  to  be  given,  or 
known,)  we  are  to  underfiand  the  arch  of  the  circumference  of  the  equator 
that  is  intercepted  between  two  meridian-lines  (or  the  circumferences  of  two 
great  circles  of  the  earth  palling  through  the  two  poles,)  that  arc  drawn 
through  the  fiiip's  two  pofuions  at  the  beginning  and  at  the  end  of  the  voyage, 
Thefe  things  mull  be  thoroughly  underflood,  and  carefully  attended-to,  in 
order  to  have  a clear  idea  of  the  meaning  of  the  Problem  of  which  Dr.  Halley 
wilhed  to  fee  a Solution. 

This  Problem  has  never  yet  received  a compleat  and  accurate  Solution  from 
the  time  when  Dr.  Halley  propofed  it  in  the  year  1696,  to  this  day;  though  it 
has  been  folved  fince  that  time  in  a tentative  way  by  feveral  Mathematicians  ; 
and  particularly  by  Mr.  John  Robertfon,  the  late  Librarian  of  the  Royal  Society 
(who  had  been  formerly  the  Head  Mailer  of  the  Royal  Military  Academy  at 
Porifmouth,)  in  his  valuable  Treatife  on  Navigation,  Book  VIII,  Sedt.  IV, 
Problem  X,  page  560 ; and  by  Monfieur  Pierre  Bouguer,  (a  diflinguithed 
member  of  the  Royal  Academy  of  Sciences  at  Paris,)  in  his  copious  and 
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learned  ireaiife  on  Navigation,  (publilhed  at  Paris  in  the  year  1753,  and 
intitled  Nouveau  Traile  de  Navigation,  eontenant  la  Tbeorie  et  la  Pratique  it 
Pilotage,)  in  the  5th  book  of  the  faid  treatife,  Sed.  I,  Chapter  II,  pages  35?, 
353,  nnder  the  title  of  Sixieme  Problems  general  •,  and  likewife  by  the  lax 
Mr.  Ifrael  Lyons,  in  the  Appendix  to  the  Nautical  Almanack  for  the  year  1772. 
And,  indeed,  long  before  it  was  propofol  by  Dr.  Halley  in  the  year  1696,  and 
even  long  before  the  birth  of  Dr.  Halley  (which  was  in  the  year  165 6,)  this 
Problem  had  been  very  ably  folvcd  in  ibis  tentative  way  by  a very  eminent 
Dutch  Mathematician,  named  Snel/itts,  or  IViliebrord  Snell,  in  his  excellent 
treatife  on  Navigation,  written  in  Latin  and  intitled  Tipbys  Batavus,  five  Hi  fir  to- 
dr  amice ; de  navium  curftbus  et  re  navali,  and  publiflied  at  Leyden  in  Holland 
in  the  year  1624  ; and  it  had  been  propofed  30  years  before  that  time,  to  wit, 
in  the  year  1594,  by  Mr.  Robert  Hues,  of  the  Univcrlity  of  Oxford,  in  a very 
valuable  treatife  on  the  Ufe  of  the  Globes,  written  in  Latin  and  publilhed  in 
that  year,  as  Snellius  informs  us  in  his  Tipbys  Batavus.  But  all  this  feems  to 
have  been  unknown  to  Dr.  Halley,  who  (in  the  pillage  above-cited  from  his 
Trad  called  An  eajy  Demon/ ration  of  tbe  Analogy,  isfc,)  fpeaks  of  this  Problem 
as  having  been  then  propofed  for  the  firft  time  to  the  confederation  of  learned 
men.  This  feems  rather  furprizing  in  a man  of  Dr.  Halley’s  charader,  who 
was  not  only  a very  learned  and  fltillfull  Mathematician,  but  particularly  con- 
verfant  with  Geography  and  Navigation,  and  had  even  performed  a long 
fea-voyage  to  the  Ifland  of  6t.  Helena,  on  the  fouth  fide  of  the  equator,  in 
the  capacity  of  a mailer,  or  captain,  of  a fhip,  and  who  therefore  might  be 
fuppofed  to  have  been  acquainted  both  with  the  Tipbys  Batavus  of  Snellius  and 
the  more  antlcnt,  but  much-efteemed,  treatife  of  Hues  on  the  Ufe  of  the 
Globes.  But  fo  the  fad  is,  however  difficult  it  may  be  to  account  for  ir i fince 
it  is  by  no  means  probable  that,  if  Dr.  Halley  had  known  thefe  two  works  of 
Hues  and  Snellius,  (of  which  the  former  had  mentioned  and  propofed  this 
Problem,  and  the  latter  had  actually  given  a very  good  folution  of  it,)  he 
would  have  propofed  this  Problem  to  the  mathematical  world  as  an  abfolutely 
new  quellion  worthy  of  their  attention  and  inveftigation,  and  neceflary  to 
eompleat  the  dodrine  ol  Navigation. 
i.  ■.  , , • . 

It  feems  probable,  ’however,  that,  if  Dr.  Halley  had  been  acquainted  with 
Snellius's  tentative  Solution  of  this  Problem,  he  would  not  have  been  perfedly 
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fatisfied  with  it,  though  it  is  a v try  good  one,  and  fuflSrient  for  all  practical 
purpofes.  This  I col  left  from  his  intimating  an  opinion  that  the  Solution  of  tbit 
Problem  was  likely  to  open  Joint  further  light  into  Iht  my  ft  tries  of  Geometry  ; by 
which  words  I conceive  he  muft  have  meant,  that  a dtred  and  accurate  Solution 
of  it  was  likely  to  be  attended  with  this  deftrable  confequeace,  which  could 
hardly  be  expedted  to  follow  from  a mere  tentative  folution  of  it.  And  therefore 
1 conjecture  that  the  Solution  of  this  Problem  in  the  prefent  Volume,  (which  is  a 
diredt  and  accurate  folution  of  it,  grounded  on  a Series  invented  by  Mr.  James 
Gregory  for  cxpreffing  the  length  of  the  logarithmick  tangent  of  a circular  arch 
that  is  greater  than  45  degrees,  but  lefs  than  90  degr^,  in  a circle  of  which  the 
radius  is  known,  or  the  length  of  the  logarithm  of  the  ratio  of  the  natural  tangent 
of  fitch  an  arch  to  the  radius  of  the  circle,  taken  on  the  axis,  or  afymptote,  of  a 
logarithmick  curve  of  which  the  fubtangent  is  equal  to  the  radius  of  the  faid 
circle,)  is  fucli  a Solution  as  Dr.  Halley  wifhtd  to  fee,  though  1 doubt  whether 
it  is  likely  to  produce  the  good  effeCt  he  had  in  view,  of  opening  feme  further 
light  into  the  myftents  of  Geometry.  The  fubftance  of  this  Solution  was  invented 
and  communicated  to  me  by  the  learned  Mr.  George  Atwood,  A.  M.  who  was 
formerly  a Fellow  of  Trinity-College,  Cambridge.  But,  as  I have  drawn  it 
up  at  great  length  and  with  much  labour  in  it's  prefent  form,  I have  thought-  I 
might  without  impropriety  call  it  mine,  after  making  the  prefent  acknowledge- 
ment. The  Problem  is  a very  abftrufe  one  ; and  the  Solution  here  given  of  it 
is  very  fubdc  and  difficult  to  underftand,  as  well  as  very  tedious  and  laborious 
in  the  application  of  it  to  particular  examples , infomuch  that,  if  any  fca-faring 
perfon  ftiould  ever  have  occasion  to  folve  this  Problem,  and  to  find,  in  a 
particular  cafe,  the  courfe  which  a (hip  bad  fteered,  from  the  knowledge  of  the 
latitude  at  the  beginning  of  the  voyage,  the  number  of  leagues  run,  and  the 
difference  of  the  longitudes  at  the  beginning  and  the  end  of  the  voyage,  I would 
advife  him  to.  folve  it  by  the  tentative  method  taught  us  by  SneUiue,  or  by  fotne 
other  method  of  the  (ante  kind,  rather  than  to  have  recourfe  to  the  diredt  and 
accurate  Solution  that  is  given  of  it  in  this  Tradl.  For  this  Solution  requires 
the  refolution  of  an  infinite  equation,  in  which  x,  or  the  unknown  quantity,  or 
root,  is  the  co-fine  of  the  angle  fought,  or  the  angle  made  by  the  fliip  in  it’s 
courfe  with  the  fevcral  meiidian-lines  which  it  has  croffed  , and  not  only  the 
left-hand  fide  of  this  final  equation,  (which  involves  the  fevcral  powers  of  x ,) 
is  an  infinite  feries,  but  the  co-efficient  of  each  of  the  powers  of  x contained 
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in  it  is  like wife  an  infinite  feries,  or  the  refuit  of  an  infinite  feries  combined 
with  fome  other  known  quantity  ; fo  that  there  is  a great  deal  of  laborious 
calculation  required  to  obtain  the  faid  final  equation,  before  we  enter  upon  the 
labour  of  refoiving  it  by  Mr.  Raphfon’s,  or  fome  other,  Method  of  Approxi- 
mation ; which  labour  is  hkewife  very  great. 


I have,  however,  done  all  that  was  in  my  power  to  leffen  the  difficulty  both  of 
underftanding  and  of  reducing  to  praflice  the  Solution  of  this  Problem.  For  I have 
divided  the  Problem  into  three  feparate  tfafes,  and  have  given  a feparate  folution  of 
each  cafe,  and  an  example  to  each  of  the  three  feparate  folution*.  The  firft  cafe  is, 
when  the  place  from  which  the  (lrip  fails  and  that  at  which  it  arrives  are  both  on 
the  fame  fide  of  the  equator,  and  the  former  place  is  more  diftant  than  the  latter 
from  the  equator ; or,  in  other  words,  when  the  (hip  fails,  from  any  place  not  in 
the  equator,  in  an  oblique  line,  towards  the  equator,  but  does  not  pafs  it : the 
fecond  cafe  is,  when  the  (hip  fails,  from  any  place  not  in  the  equator,  in  an 
oblique  line,  from  the  equator ; which  is  the  reverfe  of  the  former  cafe : and 
the  third  cafe  is,  when  the  (hip  fails  from  a place  on  one  fide  of  the  equator, 
in  an  oblique  line,  to  a place  on  the  other  fide  of  the  equator.  The  firft 
z t pages  of  this  Trad  are  taken  up  with  the  demonftration  of  three  Lemmas, 
or  preliminary  propofitions  to  the  Solution  of  the  Problem  itfelf  ; after  which 
the  folution  of  the  firft  cafe  of  the  Problem  itfelf  extends  from  page  it  to 
page  33,  and  is  afterwards  illuftrated  by  an  application  to  a particular  example, 
which  extends  from  page  33  to  almoft  the  end  of  page  45,  and  by  a proof  of 
the  truth  of  the  conclufion  obtained  by  it,  (to  a confiderable  degree  of  exa£L 
pefs,)  in  pages  45,  46,  and  47  ; fo  that  this  firft  cafe  of  tbe  Problem  takes  up 
no  left  than  26  pages.  The  folucion  of  the  fecond  cafe  of  the  Problem  begins 
in  page  48,  and  extends  to  the  end  of  page  59  ; after  which  it  is  applied  to  a 
particular  example,  which  begins  in  page  60,  and  extends  to  page  75  ; and 
this  example  is  followed  by  a proof,  or  confirmation,  of  the  truth  of  the 
conclufion  obtained  by  it,  which  reaches  through  pages  76,  77,  and  78;  fo 
that  this  fecond  cafe  of  the  Problem  takes  up  30  pages,  or  ftili  more  pages 
than  the  firft  cafe.  And  the  (bluuon  of  this  fecond  cafe  is  followed  by  the 
ftatement  and  (blution  of  a certain  additional  Lemma,  (or  Problem,  preliminary 
to  the  folution  of  the  third  cafe  of  the  Problem  itfelf,)  which  begins  in  page  79, 
and  extends  to  the  bottom  of  page  80  ; after  which  the  folution  of  the  faid 
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third  cafe  of  the  Problem  itfelf  begins  in  page  81,  and  extends  to  the  end  of 
page  94,  and  is  then  applied  to  a particular  example,  which  begins  in  page  95, 
and  extends  to  page  1 1 1 ; and  this  example  is  followed  by  a proof,  or  con- 
firmation, of  the  tmth  of  the  conclufion  obtained  by  it,  which  extends  from 
page  1 1 1 through  pages  1 iz  and  113;  fo  that  this  third  cafe  of  the  Problem 
takes  up  no  lefs  than  35  pages.  And  with  this  folution  of  the  laid  third  cafe 
of  the  Problem,  and  the  illuftration  of  the  faid  folution  by  an  example,  and  a 
proof  of  the  truth  of  the  value  of  x obtained  by  it,  this  firft  Trad  concludes. 

This  Problem  is  no  otherwife  conneded  with  the  fubjed  of  Logarithms,  and 
therefore  proper  to  be  admitted  into  this  Colledion  of  Trads,  (which  relates  to 
that  fubjed,)  than  as  it’s  folution  is  derived  from  Mr.  James  Giegory’s  infinite 
Series  for  exprefling  the  length  of  what  he  calls  the  logarithmick  tangent  of  a 
given  circular  arch,  greater  than  45  degrees  but  lefs  than  90  degrees  in  a given 
circle,  by  which  he  means  the  logarithm  of  the  ratio  of  the  natural  tangent  of 
fuch  a circular  arch  to  the  tangent  of  an  arch  of  45  degrees,  or  to  the  radius  of 
the  circle,  taken  upon  the  axis,  or  afymptote,  of  a logarithmick  curve,  of 
which  the  fubtangent  is  equal  to  the  radius  of  the  given  circle. 

. . , . ■ . ■ —•> • * ' >HJ  ni  no  : 

When  I had:  compleated  the  dired  Solution  of  Dr.  Halley’s  Nautidsl  Pro- 
blem at  fo  great  length  and  with  fo  much  pains,  I thought  it  would  be  proper 
to  accompany  it  with  a defeription  of  the  tentative  Solution  that  bad  been  given 
of  the  fame  Problem  in  the  year  1614  by  Willebrord  Snell  in  his  Treatife  of 
Navigation  called  Ttfbyt  Batavus,  which  appeared  to  me  to  be  a very  good 
folution,  and,  for  pradical  purpofes>  even  preferable  to  the  dired  Solution  that 
makes  the  fubjed  of  the  firfl  Trad  in  this  Volume.  And  this  induced  me  to 
look  into  this  treatife  of  Snellius  with  more  care  and  attention  than  I had 
hitherto  beftowed  upon  it.  And  the  refult  was,  that  this  treatife  appeared  to 
me  to  be  the  mod  regular,  well-written,  and  fcientifick  book  that  I had  ever 
met  with  on  the  fubjed  of  Navigation.  I alfo  found  that  the  Preface,  or 
introdudion,  to  it  was  a moft  curious  and  interefting  colledion  of  every  thing 
that  could  be  found  in  the  books  publifhed  at  that  time,  both  antient  and 
modern,  relating  to  the  Hiftory  of  Navigation.  It  contains,  amongft  other 
things,  a very  diligent  and  learned  inquiry  into  the  form  of  the  veffels  of  the 
Anticnts,  made  to  be  rowed  by  three;  or  four,  or  five,  or  more  benches  of 
rowers  placed  one  above  the  other,  and  called  triremes,  quadrirenes,  juiitqui- 
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remts,  tcc,  and  into  the  manner  of  managing  the  oars,  and  into  the  fize  or 
capacity  of  thefe  vcfiels,  and  the  number  of  men  they  were  capable  of  holding, 
and  into  the  figures  of  heathen  gods,  or  of  celebrated  heroes,  or  of  fome  brute 
animal,  (fuch  as  a lion,  or  a bull,  or  a ram,)  that  were  placed  by  the  Amients 
at  the  heads  of  their  fhips,  and  from  which  the  (hips  took  their  names; — and 
it  likewife  contains  an  account  of  the  difcovery  that  an  iron  needle  that  had 
been  touched  by  a load-flonc,  would,  if  moving  freely  upon  a center,  always 
point  towards  the  North  Pole ; which  remarkable  and  moft  ufcful  property  he 
fuppofes  to  have  been  difeovered  about  four  hundred  years  before  the  time  in 
which  he  wrote,  that  is,  about  the  year  of  Chrift  1220; — and  an  account  of 
the  difcovery.  of  America  by  Chriftopher  Columbus,  a native  of  Genoa,  who 
was  induced  by  a remarkable  adventure  that  had  happened  to  another  man,  to 
undertake  a voyage  acrofs  the  Atlantick  Ocean  in  hopes  of  finding  land  on  the 
other  fide  of  it ; which  undertaking  terminated  in  the  difcovery  of  America. 
This  adventure,  as  Snellius  informs  us,  was  reported  to  be  as  follows.  The 
mailer  of  a veflell  in  the  Spanilh  Province  of  Andalufia,  (whofe  name,  how- 
ever, is  not  now  known,)  who  had  been  accuftomed  to  a fca-laring  life  from 
his  early  youth,  had  made  many  voyages  which,  in  the  bumble  Hate  of  Navi- 
gation in  thofe  times,  (about  the  year  1470,)  were  confidered  as  very  long  and 
venrurefome  ; and  in  one  of  thefe  voyages  he  had  failed  weil-ward  beyond  the 
llland  of  Madeira,  and  (whether  by  defign,  or  driven  thither  by  ftrefs  of 
weather,  is  not  certain,)  had  arrived  at  fome  part  of  the  oppofitc  coaft  of 
America  5 from  whence  he  focn  after  returned  to  Madeira,  after  lofing  a great 
part  of  his  crew,  and  with  his  own  health  very  much  impaired  and  broken  by 
the  fatigues  and  hard  (hips  he  had  undergone ; and  foon  after  died  at  Madeira, 
at  the  houfe  of  the  faid  Chriftopher  Columbus,  (who  was  then  fettled  in  that 
ifland,  and  got  his  living  by  making  fea-charts  for  the  ufc  of  trading-veflells,) 
to  whom  he  communicated  the  Journal  of  his  voyage,  and  the  feveral  courfes 
he  had  followed  in  performing  it,  (as  pointed-out  by  the  needle  and  compafs 
by  which  his  voyage  had  been  d.ndled,)  and  the  parallel  of  latitude  in  which 
the  new  land  he  had  touched-at  was  htua'ed.  This  information  made  Co- 
lumbus refolve  to  make,  i(  partible,  another  attempt  to  diicovcr  this  new 
Continent  s in  which  ai  lalt,  by  the  afftftanci.-  he  received  towards  this  important 
undertaking  from  fe>  duund  and  Ijibdla,  king  and  queen  of  Arragon  and 
Caftilc  in  Spain,  he  was  lucceislul.  This  Preface  of  Snellius  afterwards  gives 
an  account  of  further  improvements  made  in  the  Science  of  Navigation  by 
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the  great  fagacity,  learning,  and  induftry,  of  Piter  Nonius,  or  Nunez,  the 
celebrated  Portuguefe,  in  ihc  year  1530,  and  by  Gerard  Mercator  and  Stevinus, 
in  Flanders  and  Holland,  and  Robert  Hues  and  Edward  IVrigbt  in  England. 
To  all  thefe  writers  he  gives  juft  commendations;  but  yet  intimates,  in  the  laft 
page  of  his  Preface,  that  it  appeared  to  him  that  there  was  (lift  wanting  to  the 
completion  of  the  Theory  of  Navigation  a treatife  that  (hould  point-out  with  a 
confiderable  degree  of  cxa&nefs,  and  to  every  minute  of  longitude,  the  variation 
of  the  longitude  of  a fhip’s  pofuion  correfponding  to  a given  number  of  leagues 
run  by  it  on  a given  courfe,  or  the  iclation  that  fubfifts  between  the  diftanccs 
run  by  the  (hip  in  any  given  times  on  a given  courfe  and  the  changes  of  it’s 
latitude  and  longitude  in  the  fame  times : and  fucb  a treatife  it  was  therefore  his 
intention  to  compofe.  This  (if  I underftand  it  right,)  is  the  meaning  of  the 
following  paflage.  Sed,  ut  ingenue  dicam  quod  res  eji,  coronis  tt  operis  perfetla 
delineatio  defiderari  vidibasur,  [/«&'«/,]  ut  “ quantum  loxodrcmiw  Jingulee,  et  earum 
partes,  in  longitudine  evariarent,"  ad  minutum  conjlarel : neque  id  rudi  out  me- 
chanics aliqud  faBicne,  Jed  accuratiore  itld  quae  minimas  quafque  particular  fubducit. 
Id  igititr  fecutus  fun,  ut  ab  ipfo  fundaments  omnia  fo!idh  demonftrata,  et  erdine 
conjlituta , nunc  demiem  exhiberem . Thefe  words  exprefs  the  Author's  intention  of 
treating  this  fubjed  in  a regular  and  fcientifick  manner  : and  he  appears  to  me 
to  have  executed  this  defign  with  ability  and  fuccefs.  And  therefore,  as  this 
book  of  Snellius  is  now  grown  fcarce,  I thought  it  would  be  an  acceptable 
thing  to  the  Students  of  this  ufefull  branch  of  the  Mathematicks  to  have  a new 
edition  of  it;  and  I confequently  refolved  to  re-print  it  in  this  Colled  ion, 
though  it  has  (it  mud  be  confefled,)  but  little  connedion  with  Logarithms, 
which  are  the  principal  fubjed  of  thefe  Volumes.  I have  printed  this  treatife 
of  Snellius  faithfully  and  carefully  from  the  Leyden  edition  in  the  year  1624, 
with  the  Tables  that  belonged  to  it  and  were  there  printed  with  it : and  I have 
added  nothing  of  my  own  to  it,  but  a note  in  page  172  of  the  length  of  about 
half  a page,  and  another  note  at  the  end  of  the  Tables,  in  pages  269,  270, 
and  271,  concerning  the  rule  of  falfe  polition,  which  is  adopted  by  the  Author 
as  a method  of  approximation  to  fome  of  the  quantities  he  has  occaiion  to 
inveftigatc.  This  treatife  of  Snellius  extends  from  page  115  to  page  271. 

The  third  Trad  in  this  Volume  relates  to  the  fame  fubjed  as  the  firft,  or 
to  the  Solution  of  Dr.  Halley’s  Nautical  Problem  above-mentioned,  being  a 
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new  Solution  of  that  Problem  in  an  indired,  or  tentative,  way  by  Dr.  Andrew 
Mackay,  Dodor  of  Laws  in  the  Univerfity  of  Aberdeen  in  Scotland.  It  was 
communicated  to  me  by  that  learned  gentleman  (who  is  uncommonly  well 
acquainted  with  the  fubjed  of  Navigation,)  in  confequcnce  of  my  having 
fent  him  a copy  of  the  direct  and  accurate  Solution  of  it  printed  in  the  firft 
Trad  of  this  Volume,  and  a copy  of  Sndlius’s  Tipbys  Batavus.  It  differs  from 
the  tentative  Solutions  of  the  fame  Problem  given  by  former  Mathematicians ; 
and  Dr.  Mackay  has,  in  this  trad,  inftituted  a companion  between  it  and  the 
Solutions  given  of  this  Problem  by  Sncllius  in  the  T:pbys  Batavus , by  Monfieur 
Bouguer,  Mr.  Robeitfon,  Mr.  Emerfon,  Mr.  Ifrael  Lyons,  and  Monfieur 
Bezout ; fo  that  the  reader,  after  perufing  this  trad,  will  be  able  to  form  his 
own  judgement  of  the  merits  of  thefe  feveral  different  Solutions.  This  Trad 
of  Dr.  Mackay  begins  in  page  275,  and  ends  in  page  299 ; and  I confider  it 
as  a very  valuable  addition  to  the  foregoing  Traits  on  the  fubjed  of  Navi- 
gation. 

• 

The  fourth  Trad  in  this  Volume  is  Dr.  James  Wilfon’s  Hiftorical  Differ! alien  an 
the  Rife  and  Progrefs  of  the  Modern  Art  of  Navigation,  which  had  been  printed  before 
in  the  year  1 772  at  the  beginning  of  the  3d  edition  of  Robertfon’s  Elements  »f  Navi, 
gation.  This  Trad  begins  in  page  303,  and  ends  in  page  332.  It  is  full  of  curious 
hiftorical  matter,  and  has  fuggefted  to  my  mind  awifh  thatfome  perfon  of  affluence, 
fond  of  the  fubjed  of  Navigation,  and  who  fhould  have  been  indebted  to  it, 
perhaps,  for  his  rank  or  fortune,  would  caufe  a collcdion  of  all  the  Authors  on  that 
fubjed  whofe  works  are  mentioned  in  this  Differtation,  to  be  made,  and  re- 
printed in  a handfomc  manner  in  a fet  of  quarto  volumes  of  the  fize  of  thefe 
volumes  of  the  Scriptores  Logaritbmici,  under  the  title  of  Scriptores  Nautici. 
Such  colfedions  of  learned  trads  on  particular  fubjeds,  under  various  titles 
fuited  to  the  feveral  fubjeds  of  which  they  treated,  would  be  very  convenient 
in  the  prefent  ftate  of  fcience;  which  is  extended  to  fuch  a variety  of  fubjeds, 
and  difperled  in  fuch  a number  of  different  books,  that  it  is  very  difficult  and 
very  expenfive  for  a perfon,  fond  of  any  particular  branch  of  fcience,  to 
procure  himfelf  all  the  books  that  relate  to  it.  Befides  the  collcdion  called 
Scriptores  Nautici,  relating  to  Navigation,  there  might  be  a colledion  called 
'Scriptores  Statici,  relating  to  the  dodrine  of  Staticks,  or  bodies  at  reft  that  form 
an  equilibrium,  or  countcr-poife,  to  each  other  ; under  which  head  all  the 
books  of  merit  that  treat  of  the  Lever,  the  Inclined  Plane,  and  the  other  mecha- 
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nical  powers,  would  be  comprized,  and  thole  that  treat  of  the  catenary  curve,  and 
of  the  partial  immeilion  and  the  portions  of  bodies  floating  in  liquids  of  greater 
fpecifick  gravity  than  themfelves,  and  of  many  other  curious  fubjeCts  of  the 
like  nature.  And  there  might  be  another  collection  called  Scripiores  Pboro- 
ncmici,  relating  to  the  doCtrine  of  bodies  in  motion  ; under  which  head  would 
be  comprifed  Galileo’s  Mechanical  Dialogues,  of  which  the  3d  and  4th  contain 
the  do&rinc  of  the  fall  of  heavy  bodies  to  the  earth  with  the  law  of  their  accele- 
ration, and  of  their  motion  on  inclined  planes,  and  of  the  motion  of  pendulums 
in  circular  arches,  and  of  the  motion  of  projectiles,  which  (abftraCting  from 
the  refinance  of  the  air,)  would  deferibe  parabolas  ; and  under  the  fame  head 
would  be  comprifed  Mr.  Huygens’s  trad!  on  the  motions  of  perfectly  elaftick 
bodies  ftriking  againft  each  other,  and  his  admirable  treatife  De  Horologia 
OJcillatorio,  or  on  the  motion  of  a pendulum-clock,  and  his  iraCt  on  central 
forces,  and  all  Sir  Ifaac  Newton’s  mod  profound,  but  very  difficult,  work 
called  the  Principia,  or  Mathematical  Principles  of  Natural  Pbilofopby,  with  the 
feveral  commentators  on  it,  and  Herman’s  Pboroncmia,  and  EuIcf's  work 
De  Motu.  Another  Collection  might  relate  to  the  finding  the  centers  of  gravity 
of  different  bodies  ; which  is,  1 believe,  a more  fubtle  and  difficult  fubjeCt 
than  is  generally  (uppofed.  This  Collection  might  be  called  Scriptores  Centro- 
barki.  And  another  Collection  might  conftft  of  all  the  writers  on  Opticks, 
under  the  title  of  Scriptores  Oplici.  This  Collection  fhould  comprize  the  work 
of  Euclid,  or  that  which  has  been  aferibed  to  him,  on  this  fubjedt,  and  thofe 
of  Aihazen,  and  Vitellio,  and  Roger  Bacon,  (the  learned  Englilh  monk,)  and 
Jnconio  De  Deminis,  and  Willebrord  Snell,  and  Des  Cartes,  and  Mr.  Huygens’s 
Dioptricks,  and  his  treatife  De  Lumine , and  other  works  of  his  on  the  fubjedt  of 
Opticks,  and  James  Gregory’s  Optica  Promota,  and  Dr.  Barrow’s  LeSiones 
Optic*,  and  Sir  Ifaac  Newton’s  LeSiones  Optica,  and  his  Treatife  of  Opticks,  or 
Experiments  on  Light  and  Colours,  and  Molincux’s  Dioptricks,  and  Dr.  Smith's 
Complcat  Syftem  of  Opticks,  and  Harris’s  Opticks,  and  many  papers  in  the 
Philolophical  Trai. factions  relating  to  the  fame  fubjeCt.  If  fuch  feparate  Col- 
lections of  Authors  were  publifhcd,  every  perfon,  who  was  devoted  to  any 
particular  branch  of  ihefc  feiences,  (and  no  man  can  attend  to  all  of  them,  or 
even  to  many  of  them,  with  any  great  profpeft  of  becoming  matter  of  them,) 
might  buy  the  Collection  which  related  to  his  particular  branch,  at  a moderate 
expence. — But,  to  return  from  this  digreffion  to  Dr.  Wilfon’s  Diifertation  on 
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Navigation  ; I will  add  that  the  author  of  it  was  a doflor  of  Phyfick,  and  a man 
of  great  lkill  and  knowledge  in  the  Mathematicks,  and  was  an  intimate  friend  of 
Dr.  Henry  Pemberton,  the  learned  Mathematician  who  affided  Sir  Ifaac  Newton 
in  the  publication  of  the  third  and  lad  edition  of  his  Principia,  and  who  didin- 
guilhed  himfelf  by  giving  a demondration  of  a famous  Theorem  of  Mr.  Cotes 
concerning  a remarkable  property  of  the  circle,  a defeription  of  which  had  been 
found  amongd  Mr.  Cotes’s  papers  after  his  death,  but  without  a demondration, 
and  had  been  publidied  in  that  manner  in  Mr.  Cotes’s  Harmonia  Mcnfurarum 
amongd  his  other  works,  by  Dr.  Robert  Smith,  who  fuccecded  him  as  Plumian 
ProfefTor  of  Adronomy  and  Experimental  Philofophy,  and  who  was  afterwards 
Mader  of  Trinity  College,  Cambridge.  Dr.  Pemberton’s  demondration  of 
this  Theorem  was  publithcd  in  a thin  quarto  pamphlet,  under  the  title  of 
Epijiela  ad  Ami  atm  J.  IV.  de  Cete/ii  invenlis , and  was  addrefled  to  this  Dr.  James 
Wilfon,  who  was  the  perfon  meant  by  the  word  Amicum  with  the  two  letters 
J.  IV.,  which  were  the  initial  letters  of  his  name.  Dr.  Wilfon  was  alfo  an 
intimate  friend  of  the  celebrated  Mr.  Benjamin  Robins,  who  was  one  of  the 
greated  Mathematicians  of  the  middle  of  the  prefent  century,  and  was  dill 
more  admired  for  the  accuracy  and  perfpicuity  of  his  dyle  in  treating  of  the 
mod  difficult  parts  of  thofe  fciences  than  for  his  extenfive  knowledge  of  them. 
He  was  alfo  a very  able  engineer,  and  was  employed  in  that  capacity  by  the 
Eid  India  Company,  in  whofe  fervice  he  died  at  Madrafs  in  the  year  1751  at 
only  44  years  of  age.  And  fome  years  after  the  death  of  this  eminent  man, 
this  Dr.  Wilfon  collected  and  publilhed  a new  edition  of  his  Mathematical  and 
Philofophical  works  in  two  volumes  cxdavo  in  the  year  1761.  Ic  is  reafonable 
to  prefume  that  this  intimate  friend  and  companion  of  two  fuch  eminent  Ma- 
thematicians as  Dr.  Pemberton  and  Mr.  Robins,  and  who  publidied  the  works 
of  the  latter,  mud  himfelf  have  been  deeply  learned  in  the  fame  fciences : and 
the  Differtation  here  re-printed  is  worthy  of  a man  of  that  character. 

The  fifth  Tra&  in  this  Volume  contains,  fird,  the  condruftion,  and,  after- 
wards, the  Algebraical  Solution,  of  a curious  Geometrical  Problem  that  had 
been  propofed  by  James  Glenie,  Efq.,  who  was  fome  years  ago  a Lieutenant  in 
the  Corps  of  Engineers,  and  who  is  known  to  be  profoundly  fkilled  in  the 
Mathematicks.  It  was,  fird,  propofed  in  the  Ladies'  Diary  for  the  year  1794, 
page  48,  in  the  words  following : 
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In  the  Palace  of  one  of  the  Terfian  kings,  it  is  faid,  there  was  a triangular  area, 
fuck,  that  the  cubes  of  two  of  the  fides  were,  together,  equal  to  thrice  the  cube  of 
the  third  ftde,  (which  was  200  feet  in  length, ) and  that  the  area  itfelf  contained 
1 0,000  fuperficial  feet.  Suppcfmg  this  to  have  been  really  the  cafe,  it  is  required  to 
conjiruli  the  triangle  by  common,  or  plane.  Geometry.  And  in  the  Ladies'  Diary 
for  the  year  1 795  there  were  publifhed  Mr.  Glcnie’s  own  condrudion  of  this 
Problem  and  two  other  condru&ions  of  it  by  other  perfons. 


This  Problem  is  very  fully  examined  and  difeuffed  in  the  prefent  Volume, 
of  which  it  takes  up  no  lefs  than  78  pages,  to  wit,  from  page  334  to  page  412, 
of  the  contents  of  which  it  will  be  proper  to  give  fome  account. 


The  Problem  is  ftated  in  Art.  j,  page  335  ; and  Mr.  Glenie’s  conftruftion 
of  it  (which  is  very  Ample  and  elegant,)  is  given  in  page  336,  which  is 
followed  by  a demondration  of  that  condru&ion  in  pages  336,  337,  and  338  : 
and  this  demondration  gives  rife  to  a Scholium  that  contains  fome  curious 
matter  relating  to  the  extraction  of  the  fquare-root  of  a binomial  quantity,  of 
which  one  of  the  members  is  a furd  quantity,  or  the  fquare-root  of  a non-fquare 
number.  For  in  the  courfe  of  that  demondration  it  became  neceffary  to  extract 

the  fquare-root  of  the  quantity  '*-*-s/r)6 , which  is  equal  to  the  binomial 

quantity  2 + , as  will  appear  by  fquaring  the  faid  binomial  quantity  and 

obferving  that  it’s  fquare  will  be  equal  to  the  faid  quantity  But 

how  to  difeover  that  the  fquare-root  of  the  quantity  -4  ^ ^ ,<S  (which  involves 

in  it  the  furd  quantity  V96,)  will  be  the  binomial  quantity  2 + ^ is  by  no 

means  obvious.  The  method  of  doing  this  is  therefore  explained  in  the  faid 
Scholium  in  pages  33S,  339,  340,  341,  and  342. 


The  fird  dep  taken  in  the  invedigation  of  the  fquare-root  of  the  quantity 
u 1 js  tQ  rejuce  t[jjs  quantity  to  it’s  lowed  terms,  or  fmalled  numbers,  by 


fltewing  that  it  is  equal  to  -j-  x + 4/24;  whence  it  follows  that  it’s  fquare- 


joot  will  be  = — X v'  7 + ^24.  And  then  it  becomes  neceffary  to  find 
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the  fquare-root  of  the  binomial  quantity  7 + v/24,  of  which  the  firft  member 
is  the  whole  number  7,  and  the  fecond  member  is  the  furd  number  \/ 24,  or 
the  fquare-root  of  the  non-fquare  number  24.  And  this  is  done  in  Art.  7 
and  8,  in  which  the  fquare-root  of  7 + v'  24  is  found  to  be  equal  to  ^ 6 -f-  1, 
or  t + v^6.  And  in  Art.  9 it  is  (hewn  that  this  binomial  quantity  1 + 1/6 
is  truly  equal  to  the  fquare-root  of  the  former  binomial  quantity  7 + S24, 
by  actually  fquaring  it,  or  multiplying  it  into  itfclf;  by  which  we  obtain  a 
product  that  is  = 7 + 4/24.  And  then,  in  Art.  10,  it  is  (hewn  that  the 


binomial  quantity  2 4-  ~ will  be  equal  to  X ft  4-  >^6,  and  consequently 
to  ^ X V [7  4 y/ 24,  and  therefore  to  the  fquare-root  of  the  firft  quantity 


. And  thus  the  inveftigation  of  the  binomial  fquare-root  of  the 
quantity  14  + is  compleated. 


After  this,  in  Art.  11,  12,  13,  and  14,  there  is  a fimilar  inveftigation  of 
the  binomial  fquare-root  of  the  quantity  ,4-"^v'  — , by,  firft,  (hewing  that  the 


(aid  quantity  is  equal  to  -j-  x [7  -*■  v'24,  and  confequently  that  it’s  fquare- 

root  will  be  = ^ X •/("!  — v/24,  and  then  invefligating  the  fquare-root  of 
v i 

the  binomial,  or  refidual,  quantity  7 — ^24,  which  is  found  to  be  = ^6  — 1, 
or  — 1 ; whence  it  follows  that  the  Iquarc-root  of  the  quantity  14 

will  be  equal  to  — x 6] r — 1 and  confequently  to  2 — — . 


•/I 


Thefe  invefti^ations  of  the  fquare-roots  of  the  quantities  14  and 

—■  f and  of  the  fquare-roots  of  the  binomial  quantities  7 + ^24  and 

7 — ^24,  are  followed  by  fome  ufcfull  observations  on  the  limi'ations  to  which 
the  methods  ufed  in  thofe  invefligations  for  finding  the  fquare-roots  of  the  faid 
binomial  quantities  7 4 1/  24  and  7 — ^24,  or,  in  general  terms,  for  finding 
the  fquare-roots  of  the  binomial  quantities  A 4-  v^B  and  A — v/B,  (A  and 
B being  any  whole  numbers,)  are  fubjcfl ; and  it  is  (hewn  that  thefe  methods 
of  finding  fuch  binomial  fquare-roots  of  the  binomial  quantities  A 4 y’B  and 
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A — %/B,  can  be  applied  only  when  the  whole  number  A is  greater  thin  the 
furd  number  v'  B,  or  when  A A is  greater  than  B.  Thus,  for  example,  it 
cannot  be  applied  to  the  finding  of  a binomial  fquare-root  of  the  quantity 
3 + s/  24,  or  of  the  quantity  \/i4  — 3,  in  which  the  rational  member  3 is 
lefs  titan  the  furd  member  1/24;  as  is  fhewn  in  Art.  16,  page  343.  This 
limitation,  i have  obfcived,  is  not  mentioned  in  forae  very  celebrated  books  of 
Algebra  which  treat  of  this  fubjefh  B jt  it  is  a circumfiancc  very  proper  to  be 
attended-to,  in  older  to  avoid  attempting  invefligations  which  will  lead  to 
abfurd  concluftons. 


Having  gone  through  Mr.  Glenie’s  conflrtnflion  of  this  Problem,  and  the 
dcmonflration  of  that  conftru&ion,  and  the  obfervations  concerning  the  ex- 
traction of  the  binomial  fquare-roots  of  fuch  binomial  quantities  as  A + \/B 
and  A — \/B,  to  which  the  faid  dcmonflration  gave  rife,  I,  in  Art.  20, 
page  345,  &c,  undertake  the  Solution  of  Mr.  Glenie’s  Problem  dt  novo  by 
means  of  Algebra,  and  without  the  help  of  his  conflruCtion.  And,  for  this 
purpofe,  I,  firft,  Hate  the  Problem  over  again  in  Art.  20,  and  then,  before  I 
enter  upon  the  Solution  of  it,  I fliew  that  the  Problem  is  poflible,  or  that  it  is 
poffiblc  for  a triangle  to  exift  which  (ball  have  the  properties  required  by  the 
conditions  of  the  Problem,  to  wit,  ift,  that  it’s  height  (hall  be  equal  to  half 
it’s  bafe,  and,  andly,  that  the  fum  of  the  cubes  of  the  other  two  Tides  of  it 
fhall  be  triple  of  the  cube  of  it’s  bafe.  And  then  I Ihcw  further,  that,  if  from 
the  point  C,  or  the  right-hand  extremity  of  the  given  bafe  BC,  in  fig.  2,' 
page  345,  we  draw  the  right  line  CE  at  right  angles  to  the  bafe  BC  and  equal 
to  BF,  or  half  the  bafe  BC,  (which  is  the  height  of  the  intended  triangle  ABC,) 
and  from  the  point  E we  draw  the  right  line  EB  to  the  other  extremity  B of 
the  bafe  BC,  the  fum  of  the  cubes  of  the  two  lines  EB  and  EC  will  be  lefs 
than  three  times  the  cube  of  the  bafe  BC,  and  confequcntly  the  line  EB  will  be 
lefs  than  the  line  AC,  or  the  greater  fide  of  the  intended  triangle  ABC.  And 
hence  it  follows  that,  if  from  A,  or  the  vertex  of  the  intended  triangle,  a right 
line  were  to  be  drawn  at  right  angles  to  the  bafe  BC,  or  to  the  faid  bafe  pro- 
duced, if  need  be,  and  cutting  the  faid  bafe,  or  bafe  produced,  in  the  point  H, 
the  faid  point  II  would  fall  without  the  faid  triangle  ABC,  and  the  line  BH 
would  be  longer  than  the  bafe  BC  of  the  faid  triangle.  And,  after  thefe  pre- 
liminary obfervations,  1 put  a for  half  the  given  bale  BC  of  the  intended 

triangle. 
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triangle,  and  x for  the,  hitherto  unknown,  external  line  CH,  the  determination 
of  which  will  enable  us  to  folve  the  Problem.  For,  when  the  length  of  CH 
is  difcovered,  we  need  only  draw  the  line  HA  at  right  angles  to  the  line  BC, 

or  BH,  and  equal  to  — , and  from  the  point  A draw  the  lines  AB  and  AC  ■, 
and  the  triangle  ABC,  fo  conftituted,  will  be  the  triangle  which  was  required 
to  be  found.  And  thus  the  Solution  of  the  Problem  is  reduced  to  the  invefli- 
gation  of  the  length  of  the  external  line  CH,  that  extends  from  the  right-hand 
extremity  C of  the  faid  bafe  BC  to  the  point  H,  from  which,  if  the  right  line 

BC 

HA  be  drawn  at  right  angles  to  BC,  or  BH,  and  equal  to  — , and  from  the 
point  A be  drawn  the  right  lines  AC  and  AB,  the  fum  of  the  cubes  of  AC  and 
AB  will  be  equal  to  3 x BC’,  or  to  3 x 24V,  or  to  3 x 8 «*,  o^  to  *44*. 

After  this  preparation  I enter  upon  the  invefligation  of  the  magnitude  of  x, 
or  CH,  or  of  it’s  relation  to  — , or  4,  and  I find  it  to  be  exprefied  by  the 

following  long  equation  of  the  10th  order,  or  involving  the  10th  power  of  the 
unknown  quantity  x,  to  wit,  i6,9j04,jr  + 12,4354V  — 1,3044V  — 9,1624V 
— 8,7484V  — 4,7624V  — 1,8484V  — 5014V  — 90tf*»  — ' gx'° 
ii,6254,0i  by  the  refolution  of  which  we  may  difcover  the  value  of  a-,  or  CH, 

and  from  that  value  may  derive  the  value  of  xx,  or  CH*,  and  that  of  44  4-  xx , 
(or  AH*  + CH*,)  or  AC*,  and  that  of  544  + 44*  + xx,  (or  of  aa  + 43a 
+ 44*  -f-  xx,  or  of  44  + 24  ■+■*]*,  or  of  AH*  + BC  4-  CH';*,  or  of  AH* 

+ BH*,)  or  of  AB*,  and  confequently  thofe  of  AC  and  AB,  or  the  fides  of 
the  triangle  ABC,  which  we  are  required  to  defcribc. 

This  inveftigation  of  the  value  of  x,  or  CH,  or  of  the  equation  expreffing 
BC 

it’s  relation  to  a,  or  — , takes  up  pages  348,  349,  350,  and  351,  and  con- 

tains  many  tedious  and  difficult  Algebraick  operations,  in  which  it  Teemed 
reafonable  to  apprehend  that  fome  miftake  might  hue  been  made,  which 
would  render  the  faid  final  long  equation  inaccurate.  1 therefore  thought  it 
prudent  and  expedient  to  have  recourfe  alfo  to  another  method  of  obtaining  an 
equation  that  (bould  exprefs  the  relation  of  x to  4.  And  I found  that  this 

fecond 
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fecond  method  of  proceeding  produced  the  fame  long  equation  above-men- 
tioned, which  had  been  obtained  by  the  fird  method.  Tl.is  fecond  method  A 
obtaining  this  equation  takes  tip  pages  352,  353,  334,  and  part  of  355.  And 
from  the  agreement  of  the  refults  obtained  by  both  thefe  methods  it  feems 
rcafonable  to  conclude  with  confidence  that  no  arithmetical  millakes  have  been 
made  in  the  operations  by  which  the  faid  final  long  equation  has  been  obtained, 
and  confcqucmly  that  the  faid  equation  does  truelv  exprefs  the  relation  between 
* BC 

the  given  line  0,  or  DF,  or  — , and  the  unknown  line  *,  or  CH.  And 

therefore  all  that  remains  to  be  done,  in  order  to  the  Solution  of  the  Problem, 
is  to  refolve  the  faid  long,  final,  equation  16,9500**  + 12,4350V  — 1,3040V 
9,1620V  — 8,7480V  — 4,762  0***  — 1,8480V  — 5010V  — 900** 

— 9*"°  = 12,6250'°. 

Now  this  equation  is  capable  of  being  reduced  to  a quadratick  equation  by, 
fird,  fubt railing  it's  abfolute  term,  or  known  quantity,  12,6250’°,  from  both 
fides  of  it,  and  then  dividing  the  remainder  of  fuch  fubtrailion,  to  wit,  the 
compound  quantity  — 12,6250'°  + 16,9500**  + 12,4350V  — 1,3040V 

— 9,1610V  — 8,7480V  — 4,7620V  — 1,8480V  — 5010V  — 900** 

— 9*'°,  confiding  of  eleven  terms,  (which  will  be  equal  to  o,)  by  the  com- 
pound quantity  — 25250’  3600’*  -f-  14040V  + 16400V  -4-  9780V  -4- 

4080V  ■+■  1 240V  + 240*’  + 3**,  confiding  of  nine  terms,  by  which  the 
former  compound  quantity  is  exactly  divifible,  or  without  leaving  any  re- 
mainder. For  the  quotient  of  this  divifion  will  be  the  trinomial  quantity 
500  — 60*  — 3**,  from  which  we  may  derive  the  quadratick  equation 

5 04  = 6 ax  -4-  3**,  or  **  + 2 ax  — —■ , by  reafoning  in  the  manner  following. 

Since  the  dividend  of  the  foregoing  divifion,  to  wit,  the  above-mentioned  com- 
pound quantity  confiding  of  eleven  terms,  is  equal  to  o,  it  follows  that  either 
the  divifor  of  it,  or  the  quotient,  or  both  the  divifor  and  the  quotient,  mud 
be  equal  to  o likcwife.  For  in  every  divifion  the  prod udl  of  the  multiplication 
of  the  divifor  into  the  quotient  is  always  equal  to  the  dividend.  And  in  this 
cafe  the  dividend  is  equal  to  o.  Therefore  the  faid  product  of  the  multiplication 
of  the  divifor  into  the  quotient  will  in  this  cafe  be  equal  to  o.  Now  this  would 
be  impodible,  if  both  the  divifor  and  the  quotient  were  finite  quantities,  but 
will  be  poflible  if  cither  one,  or  both  of  them,  is  equal  to  o.  Therefore  either 
the  faid  divifor,  confiding  of  nine  terms,  or  the  faid  quotient  500  — 6a.v  — 3**, 

4 or 
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Or  both  the  (kid  divifor  and  the  faid  quotient,  will  be  equal  to  o.  We  have 
reafon  therefore  to  fuppofe  that  the  faid  quotient  5 aa  — 6ax  — 3XV  is  equal 

to  o,  and  confequently  that  xx  + 2 ax  is  = ■,  which  equation  may  be  con- 

flrudled  geometrically,  or  by  drawing  only  right  lines  and  circles,  in  the  manner 
deferibed  by  Mr.  Glcnie,  and  likewife  in  other  ways,  one  of  which  is  exhibited, 
in  page  360  of  this  Volume. 

But  this  method  of  reducing  the  faid  long  equation  of  the  10th  power  to 

the  quadratick  equation  xx  -f-  a ax  = by  the  above-mentioned  operation  of 

divifton  by  the  aforefaid  divifor  confiding  of  nine  terms,  is  what,  I mult  confefs, 
1 fliouhl  never  have  thought  of,  if  I had  not  been  prcvioufly  acquainted  with 
Mr.  Glenie’s  conftruflion.  For  I know  no  method  of  difeovering  that  the 
aforefaid  compound  quantity  confiding  of  eleven  terms,  (which  is  equal  to  o.) 
is  exaftly  divifible  by  any  ocher  compound  quantity  confiding  of  nine  terms 
and  involving  all  the  powers  of  x as  far  as  x* ; and,  if  I had  been  told,  or  had 
of  my  own  accord  fufpefled,  that  it  was  divifible  by  fuch  a compound  quan- 
tity, I (hould  not  have  known  how  to  find  the  terms  of  fuch  a compound 
quantity. 

But  the  faid  long  equation  may  alfo  be  rcfolved  without  being  reduced  to  a 
lower  equation,  though  not  without  a great  deal  of  arithmetical  calculation. 
And  this  way  of  refolving  it  appears  to  me  to  be  the  plained  and  cleared,  and 
therefore,  upon  the  whole,  the  bed,  way  of  refolving  it.  And  accordingly  I have 
rcfolved  it  in  this  manner  by  Mr.  Rtphfon’s  excellent  method  of  approxima^ 
tion.  This  refolution  is  performed  in  Art.  45,  46,  47,  ttc,  - - - 51,  page* 
367,  368,  369,  &c,  - - - 380,  and  the  refult  of  it  is,  that  x,  or  CH,  (ii 
fig.  2,  page  345,)  is  nearly  equal  to  0.632,993,15  X a,  or  0.631,993,15 

X DF,  or  0.632,993,15  X — . And  in  Art.  52,  pages  380,  381,  it  is  (hewn 
that,  if  x,  or  CH,  be  taken  =;  0.632,993,15  x we  (hall  have  AC  (or 
%/  aa  + xx,)  1.183,503,41  x <*,  and  AB  (or  V5M  + 40a  + =: 

2.816,496,569  X a;  which  will  anfwer  the  conditions  of  the  Problem.  For 
AC*  will  be  (=  1.1 83,503, itT;’  x a')  = 1.657.709,893  X a4,  and  AB*  will 
be  (=  2.816,496,569'*  x ) — 22.342,289,740  x a\  and  conlequently 
Vol.  IV.  c AC* 
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AC*  4-  AB*  will  he  ( = 1.657,709,893  x <a’  + 22.341,189,740  x <P)  = 
23  999,999,633  x ** ; which  is  exceedingly  near  10  24  x or  3 x 8P, 
or  3 x 17V,  or  3 x BC’,  or  three  times  the  cube  of  the  given  bale  BC, 
agreeably  to  the  conditions  of  the  Problem. 

But,  though  the  Problem  is  folved  by  this  determination  of  the  length  of 
the  line  CH,  yet  the  long  equation  16,950?**  + u, 4350V  — l,304fl,x, 

— 9,162?*.**  — 8,748a‘jr‘  — 4,762fl4x*  — — 5014V  — 903a* 

— y\’°  ~ 12,62 5?’*,  deduced  horn  the  faid  Problem,  is  not  yet  compleatly 
refolved.  For  this  equation  has  another  root  greater  than  CH,  or  0.632, 
093,15  X and  nearly  =r  0.791,626,8  x a,  which  relates  to  another 
Problem  that  much  rcfembles  the  former  Problem  and  produces  the  very  fame 
equation.  This  Problem  may  be  cx prefled  as  follows:  “ To  ddcrtbe  the  tri..  Je 
BaC,  (in  fig.  4,  page  396,)  of  which  the  bafe  BC  is  given,  and  is  equal  to 

‘ 200  feet,  and  the  height  DF  is  all'o  given  and  is  equal  to  half  the  bafe  BC, 
or  to  too  feet,  (as  in  the  former  Problem,)  and  of  which  the  fides  oC  and  aB 
are  of  fuch  lengths  that  aB*  — aC.\  or  the  difference  of  their  cubes,  (inflead 
of  their  fum,)  (hall  be  equal  to  thiee  times  the  cube  of  the  bafe  BC.”  For,  if 
‘ the  bafe  BC  be  prolonged  to  the  point  h , I'o  that  the  external  line  Ch  (ball  be 

f 

BC 

. ==  0.791,626,8  X a,  or  0.791,626,3  x — , or  0.791,626,8  X DF,  and 

from  the  point  h the  right  line  ha  be  drawn  at  right  angles  to  the  line  B b,  and 
equal  to  DF,  and  from  the  point  a the  right  lines  aB  and  aC  be  drawn  to  the 
' exttemities  of  the  given  bafe  BC  ; the  triangle  aBC  will  be  the  triangle  fought, 
,'or  the  excefs  of  the  cube  of  aB  above  the  cube  of  a C will  be  equal  to  three 
times  the  cube  of  the  bafe  BC.  All  thefe  things  are  fully  inveftigated  and 

proved  in  Art.  53,  54,  55,  &c, - 64,  pages  381,  382,  383,  See, 

* - - - _ 398,  and  are  well  worth  the  attention  of  the  curious  reader,  as  they 
afford  a remarkable  inftance  of  an  equation  that  is  equally  related  to  two 
different  Problems,  and  fitted  by  one  of  it’s  roots  to  afford  a Solution  of  one 
of  the  Problems,  aod  by  it’s  other  root  to  afford  a Solution  of  the  other 
Problem. 

As  to  this  fccond  Problem,  (which  relates  to  the  difference  of  the  cubes  of 
the  triangle  required  to  be  found.)  I ycry  much  doubt  whether  it  can  be  con- 

(truSed. 
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limited  in  the  fame  manner  as  Mr.  Glenic  has  conftrufted  ihe  firft  Problem, 
or  by  drawing  only  right  lines  or  circles. 

The  fecond,  or  greater,  root  of  the  long  equation  of  the  toth  power  that 
rcfult5  from  both  thefe  Problems,  to  wit,  0.791,626,8  x 0,  is  the  root  of  the 
equation  360a’*  + 1,4040V  + 1,6400V  + 97S0V  4-  4080V  + 1 2 4a V 
+ 240*’  -+-  3.x*  = 2,525a*,  which  arifes  from  fuppoling  the  above-mentioned 
long  compound  quantity,  confiding  of  nine  terms,  to  wit,  the  quantity 
•—  2,525a*  + 360 0V  1, 4043V  4-  j, 6400V  + 9780V  + 40S3V  + 
1240V  + 240*’  + 3*',  (by  means  of  which,  as  a divifor,  we  before  reduced 
the  long  final  equation  of  the  10th  power,  derived  from  Mr.  Gicnie’s  Problem, 
to  a quadratick  equation,)  to  be  equal  to  o.  This  is  fliewn  in  Art.  69, 
pages  403,  404,  and  405. 

* 

- j 

In  Art.  65,  page  398,  I refume  the  fubjeft  of  the  reduction  of  the  long  final 
equation  of  the  loth  power,  rcfulting  from  Mr.  Glenie’s  Problem,  to  a qua- 
dratick equation  by  means  of  the  operation  of  divifion,  and  fhew  how  fotne 
fubtleties  and  difficulties  that  attended  that  reduftion,  (as  it  was  managed  above 
in  Art.  33,  pages  355  and  356,  and  as  the  like  reductions  of  high  equations 
are  managed  in  all  the  books  of  Algebra  that  I have  feen,)  may  be  avoided. 
In  making  that  reduftion  in  Art.  33,  die  terms  of  that  equation  of  the  10th 
power  were  all  brought  to  the  fame  fide  of  the  equation,  whereby  they  became 
equal  to  o,  and  then  this  quantity,  or,  rather,  Jbadcw  of  a quantity,  that  was 
equal  to  nothing,  was  divided  by  a long  compound  quantity  confiding  of  nine 
terms,  and  produced  the  trinomial  quantity  500  — 60*  — 3**  for  the  quotient, 
which  is  likewife  equal  to  o.  All  this  is  obfeure  and  myfterious,  and  therefore 
difgraceful  to  the  Science  of  Algebra,  or  Univerlal  Aritbmetick,  which  ought 
to  be  remarkable  for  it’s  perfpicuity.  And  I therefore  endeavoured  to  find  fome 
method  of  performing  the  fame  reduftion  in  a clearer  and  plainer  manner,  and 
have  found  a method  of  doing  it  which  appears  to  me  perfeftly  fatisfaftory. 
This  method  is  fet  forth  in  Art.  65,  and  is  as  follows. 

I fir  ft  add  900*®  + 9a'0  to  both  lides  of  the  final  equation  16,9500V  4- 
12,4350V*  — 1,3040V’  — 9,1620V-4  — 8,7480V’  — 4,7620V*  — 1,8480V' 
— 5010V-—  900.1*  — 9.1'°  = 12,6250'*,  aQd  I thereby  obtain  the  equation 

c 2 ^ 6,9500V 
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16,950..**  4-  12,4350V  — t, 3040V  — 9,162a*,** — 8,748 oV — 4,762(2*** 

— 1,848a***  — 5010V  = 12,625a10  4 90a**  + 9*'°. 

« 

I then  fubrrad  12.625a'0  from  both  Jules,  and  thereby  obtain  the  equation 

— 12,625a10  4 16,950a**  ■+■  i2,43jcV  — 1,30 4a'*1  — 9,162a***  — 
8,7480’*’  —4,7620V  — 1,8480V  — 5010**'  =2  9201’  + 9*10. 

Now  let  the  long  divifor  — 2,525a*  4 360a’*  4 1,4040V  4 1,6400V 
4 9780V  4 408a**5  + 1240V  + 24a*’  4 3*’  be  multiplied  into  500. 
and  the  produff  will  be  the  compound  quantity  — 12,6350“  4 1,800-.’* 
4 7, 0200* x*  4 8,2000V  4 4,8900V  4 2,040a’**  4 6aooV  4 laooV 
4 15a’*’,  in  which  the  literal  parts  of  the  fcveral  terms  are  the  fame  as  the 
literal  parts  of  the  correfponding  terms  in  the  left-hand  fide  of  the  lad  equation 

— 12,6250'*  4 16,950 o**  4 12,4350V  — 1,3040V  — 9,1620V  — 
8,748a’*’  — 4,762a***  — 1,8480V  — 501a***  = 90a**  4 9*10. 

Let  the  long  divifor  — 2,525a*  + 3600’*  4 1,4040V  4 1,640a***  4 
9780V  4 408a’*1  4 1240V  4 24a*’  4 3**  be,  for  the  fake  of  brevity, 
denoted  by  the  letter  D.  And  the  faid  produd  of  the  multiplication  of  the 
faid  long  divifor  into  5a a will  be  equal  to  jooD. 

Further,  let  the  long  compound  quantity  — 12,6250“  4 16,9500**  4 
12,4350V  — 1,304a’*’  — 9,1620V  — 8,7480V  — 4,7620V  — 1,8480V 

— 5010V,  (which  forms  the  left-hand  fide  of  the  laft  equation,)  be,  for  the 
fake  of  brevity,  denoted  by  the  letter  A.  And  we  fball  then  have  A =:  goax* 
4 9*’°* 

Let  5aaD  be  fubtraded  from  both  fides  of  tliis  equation,  and  let  the  re- 
mainder be  called  R. 

And  we  fhall  then  have  A — 50a D = — j.mD  4 90a**  + 9*",  or  R = 

— ffloD  4 90 ax'  4 9*“. 

Now,  fince  A — 5o«D  is  = R,  we  fhall  have  A = R 4 $aaD. 

But  4 Is  = 900V*  -J-  9*“. 

* Therefore 


Digitized  by  Google 


F R £ F A C E, 


XXI 


Theiefore  R + 533  D will  be  = goax’  4-  9x'°,  and  confcquently  jiaD 
RA  ill  be  zz  — R ■+■  yoax*  + qx10. 


But  R (whichis  = A — jaaD,)  is  = — 12,6253'°  16,950 a’*  + 

12,4353V  — 1,3043V  — 9,1623V  8,7483V  — 4,7623V  — 1,8484V 

— 5013V  4-  12,6253'°  — i,8ooflV  — 7, 020a V — > 6,2003V  — 4,8903V 

— 2,0403  V — 6203V  — 1203  V — 153V  = 1 5,1 5oa°x  4-  5,4153V 

— 9,5043V  — 14,0523V  — 10,7883V  — 5,382  oV  — 1,9683V 

— 5163  V, 

Therefore  — R 4-  90V  4-  9*”  will  be  = - 1 5, 1 503°*  — 5,4154V 
4-  9,5043V  + 14,0523V  4-  10,7883V  4-  5,3823V  4-  1,9683V  4- 
5163V  + 903**  4-  9.r'°. 

- * % • -1 . \ i 

Therefore  533D  (which  is  equal  to  — R 4-  90 ex’  4-  9*'°,)  wilt  alfo  b* 
equal  to  the  compound  quantity  — 15,1503°*  — 5,4153V  4-  9,5043V  4* 
14,0524V  4-  10,7884V  4-  5,3824V  4-  1,9683V  4-  5164V  4-  903** 

+ 9*'°* 

. , , . . 2,;.  ••• , 1 

Now  let  both  fides  of  this  equation  be  divided  by  D,  or  the  compound 
quantity  — 2,5253°  4-  360 a'x  4-  1,4044V  4-  1,6403V  4-  9784V  + 
408 4V  4-  1 244V  4-  244*° . 4-  31'. 


And  we  (hall  have  534  = Sax  + 3**,  and  confequently  xx  -f-  2 ax  s 
And  thus  the  foregoing  long  equation  of  the  10th  power,  derived  from 
Mr.  Glenie’s  Problem,  is  reduced  to  the  quadratick  equation  xx  4-  23*  — 

by  intelligible  operations  performed  with  finite  quantities,  without  any  mention 
of  quantities  equal  to  nothing. 


I have  feen  two  other  Algebriick  Solutions  of  Mr.  Glenie’s  Problem  that 
produce  equations  of  the  fifth  order  inftead  of  producing  the  above-mentioned 
equation  of  the  tenth  order ; one  of  which  Solutions  was  communicated  to  me 
by  the  Reverend  Mr.  George  Walker,  of  Manchefter,  (the  author  of  a new 
treatife  on  the  Conick  Seftions,  in  quarto,  publilhed  about  three  or  four  years 
ago,)  and  the  other  by  Mr.  John  Playfair,  Profefior  of  Mathematicks  in  the 

Univerfity 
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IJniverfity  of  Edinburgh.  Em  1 have  not  fcen  any  Solution  of  it  that  produces 
immediately,  (or  without  fuch  a redu&ion,  by  means  of  the  operation  of 
divifion,  as  has  been  above-dcfcribvd,)  a quadratic  k equation  (fuch  as  the 

equation  *.v  4-  tax  — ~ ,)  and  confequcotly  lea. Is  us  to  a geometrical  con* 

tlrurflion  of  the  Problem,  to  be  performed  by  drawing  only  right  lines  and 
circles,  in  the  manner  required  by  Mr.  Glenie. 

This  fifth  Tra<5l,  concerning  Mr.  Glenic’s  Problem,  has,  it  mull  be  con- 
fclTcd,  no  connexion  with  the  fubjeft  of  Logarithms,  and  no  pretenfions  there- 
fore to  be  admitted  into  a Collection  of  Trails  intitlcd  Scripieret  Lc?aritbmici. 
But,  as  this  Collcdtion  has  run  into  a greater  number  of  volumes  than  was 
originally  intended,  1 have  taken  the  liberty  of  infening  in  it  fome  Trials  upon 
other  Mathematical  fubjcfls  that  contained  matters  that  I thought  might  be 
jute  idling  to  the  lovers  of  thefc  fciences. 

The  fixth  Tra.ft  in  this  Volume  has  a better  right  to  a place  in  it,  having  a 
near  relation  to  the  fubjefl  of  Logarithms.  It  is  intitlcd,  An  important  Ptopc- 
fit  ion  contenting  the  Afyuptetick  Areas  of  an  Equilateral  Hyperbola  ; from  which  it 
follows  that  they  are  Logarithms,  or  mcafures,  cf  the  ratios  of  the  ordinates  that 
bound  them.  Demonflratcd  by  the  late  Dr.  IViiliam  Ridiington,  L.  L.  D.  formerly 
Fellow  of  7:  inity  Hall  in  the  Univerfity  of  Cambridge,  and  Proftffor  of  Civil  Law 
in  the  fame  Univcrfi/y. 

This  Trail  begins  in  page  415,  and  ends  in  page  420. 

The  feventh  Trail  in  this  Volume  confifts  of  two  Problems  concerning  the 
variations  of  the  ratio,  or  proportion,  of  the  trinomiil  quantity  aa  4-  2 ax  4-  xse 
to  the  trinomial  quantity  aa  — ax  + xx,  upon  a fuppofition  that  a denotes  a 
line  of  a given  magnitude,  and  that  x denotes  a variable  line  that  increafes 
continually  from  o ad  infinitum.  This  inquiry,  concerning  the  variations  of 
this  proportion  of  aa  4-  2<j.v  + xx  to  aa  — ax  4-  xx  while  x increafes  from  o 
ad  infinitum , was  fuggefted  to  me  by  the  Reverend  Mr.  John  Hellins,  B.  D. 
Vicar  of  Potter’s  Pury  in  Northampionlhire,  in  confcquence  of  an  anfwer 
given  to  a queflion  that  had  been  propoled  by  him  in  the  Ladies’  Diary  for  the 
year  1 794,  in  the  words  following : 

• “ XIII. 
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“ XIII.  Queftion  981,  by  the  Reverend  Mr.  J>bn  Hellins. 

" It  is  propofed  to  find  the  corrcd  value  of  z from  the  equation  z — -j— j-— , 

“ (where  x and  z begin  together,)  in  feries  which  (hall  converge  when  x is 
“ greater  than  1 ; and  to  perform  the  whole, by  means  of  feries.” 

Two  anfwers  were  given  to  this  qneftion-in  the  Diary  for  the  year  1795; 
one  by  Mr.  Hellins  himfelf,  and  the  other  by  another  perfon  under  the  figna- 

lure  of  Amicus.  - It  is  in  the  latter  anfwer  that  the  variable  quantity  -a~- 

* * aa  — ax\-xx 

(which  gave  rife  to  the  prefcnt  Trad,)  was  made  ufe  of.  1,  however,  had  not 
feen  it  there,  and  had  no  knowledge  of  it  till  it  was  mentioned  to  me  by 
Mr.  Hellins.  The  queflion  propofed  by  Mr.  Hellins  is  not  a mere  idle  (pecu- 
lation deftgned  to  try  the  acutenefs  and  fagacity  of  Mathematicians,  but 
occurred,  as  he  informed  me,  in  the  Solution  of  a curious  and  uftful  Problem 
in  Phyfical  Aftronomy.  And  the  inquiry  contained  in  the  prefect  Trad  into 
the  variations  of  the  proportion  of  aa  -4-  a ax  + xx  to  aa  — ax  + xx  during 
the  increafe  of  x from  o ad  infinitum,  has  alfo  this  further  ufe  in  it,  that  it  feems 
very  well  fitted  to  illuftrate  the  principles  of  the  curious  and  amufing,  but  often- 
times fubtle  and  difficult,  dodrine  of  finding  the  maximum s of  variable  quantities, 
and  particularly  of  fradions,  in  which  the  variable  quantity  enters  into  both  the 
numerator  and  the  denominator.  This  Trad  begins  in  page  423,  and  ends  in. 
Page  434- 

f After  this  7th  Trad  I have  re-printed-  the  whole  of  Monficur  Pafcal’s  works 

relating  to  Arithmetick  and  Algebra,  from  the  laft  edition  of  his  works  pub- 
lifhed  at  the  Hague  in  the  year  1779.  Thcfe  works  are  fo  full  of  Genius  and 
Invention,  and  are  written  in  fo  clear  and  pleafant  a llylc,  that  I thought  I- 
fhould  do  a fervice  to  the  Mathematicians  of  Gteat-Britain  (where  Mr.  Pafcal's 
works  are  not  often  met  with,)  by  re-publi(hing  them  in  this  Colledion.  And 
fome  of  them,  and  more  efpecially  his  Arithmetical  Triangle,  have  a confiderable 
connedion  with  Logarithms  by  affording  a good  demonfiration  of  Sir  Ifaac 
Newton’s  Binomial  Theorem  in  the  cafe  of  integral  and  affirmative  powers, 
which  is  of  great  ufe  in  the  conftrudion  of  Logarithms,  as  has  teen  fliewn  in 
the  two  firfl  Volumes  of  this  Colledion.  Thefc  extrads  from  Pafcal's  works 
extend  from  page  437  to  page  570. 
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Iii  one  of  thefe  Tracis  of  \Lniieur  Pafcal  there  are  fomc  remarks  on  the 
Gravity  of  Ixulies  near  the  furface  of  the  earth,  or  their  tendency  to  fall  cowards 
it  in  right  lines  palling  through  it’s  center,  which  deferve  particular  notice. 
They  occur  in  pages  467,  468,  469,  and  470,  of  this  Volume,  in  a Letter 
written  jointly  by  Mr.  Fafcal  and  Mr.  Roberval  (the  learned  Profeffor  of 
M.uhcmaticks  at  Paris,)  in  the  year  1636,  to  Monfieur  Fermat,  (a  Counfellor 
of  the  Parliament  of  Touloufe  and  one  of  the  greatefl  Geometricians  of  that 
time,)  concerning  a certain  principle,  or  maxim,  relating  to  the  fall  of  heavy 
bodies,  which  he  was  inclined  to  lay  down  as  perfeftly  evident  and  incontefl- 
ablc,  and  to  make  the  ground-work  of  the  Solution  of  all  quellions  that  might 
be  propofed  on  that  fulveft.  But  this  principle  Mr.  Pafcal  and  Mr.  Roberval 
refilled  to  alfent  to,  on  account  of  their  ignorance,  not  only  of  the  caufe,  but 
even  of  the  nature,  of  Gravity,  Upon  this  fubjef!  they  exprefs  thetnfelves  in 
the  following  manner,  in  page  467.  La  diverfiti  dts  opinions  tone  bant  Poiigbtt 
di  la  peftu.Uur  dts  corps,  ( dts  quel  Its  attaint  n'a  etc  jujqu'ici,  ni  demontree,  hi 
convaincue  de  favjfete  par  demonjlr alien,  J ejl  tut  ample  timoignage  de  Fignsronct 
kumaine  en  ce  point.  La  commune  opinion  eft,  que  la  Pefanteur  eji  une  qualiti  qui 
reftde  dam  le  corps  mcme  qui  tomle.  D'autres  font  di  avis  que  U defeente  des  corps 
precede  de  P at  trail ion  d'un  autre  corps  qui  attire  cclui  qui  defend,  comae  le  globe  de 
la  terre  parch  attirer  une  pierre  qui  tombe.  11  y a une  troifteme  opinion,  qui  ri eft 
pas  hors  de  vrafemblance  ; “ que  e'eft  une  at  trait  ion  mutuelle  entre  les  corps,  caufit 
par  m defir  naturel  que  ces  corps  ent  de  s'unir  en/cmblt ; comme  il  eft  evident  au  fer 
et  a I'aimant ; les  quels  font  lets,  que,  ft  Patman!  eft  arrete , le  fer,  ne  I'etar.t  pas , 
ira  le  trouver  ; et,  ft  le  fer  eft  arrete,  Paimant  ira  vers  lui ; et,  ft  touts  deux  font 
Jibrc's,  i Is  s'approdercnt  reciproquemettt  i’un  de  P autre ; erf  one  toulefcis  que  le  plus 
fori  des  deux  fern  le  mohts  de  cbemin.”  That  is,  in  Englifh,  “ The  difference 
“ of  the  opinions  that  arc  maintained  by  different  peifons  concerning  the  origin, 
“ of  caufe,  of  the  gravity  of  bodies  (of  which  opinions  no  one  has  hitherto 
“ 'been  (hewn  With  certainty  to  be  cither  true  or  falfe,)  is  an  ample  proof  of  the 
“ ignorance  of  mankind  on  this  fuhjefV.  The  mod  common  opinion  is,  that 
" C avity  is  a quality  redding,  or  inherent,  in  the  body  itfelf  that  falls  to  the 
“ ground.  Others  are  of  opinion,  that  the  defeent  of  bodies  is  owing  to  their 
“ being  aina<Sed  by  other  bodies  towards  which  they  fall,  or  that  the  latter 
“ bodies  draw'  the  former  towards  them,  as  the  glolje  of  the  earth  feems  to 
“ draw  a (Tone  that  falls  towards  it.  And  there  is  a third  opinion  entertained 
“ by  fomc  pci  Tons,  w hich  is  not  without  fome  appearance  of  probability ; 

“ which 
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x‘  which  is,  that  Gravity  is  owing  to  a mutual  -attraction  between  two  bodies* 
“ caufed  by  a natural  defire  in  the  two  bodies  to  meet  and  unite  together'} 
“ which  is  evidently  the  cafe  with  a load-done  and  a piece  of  iron  : for  in  thefc 
“it  is  condantly  feen,  that,  if  the  load-done  is  held  fall  and' prevented  from 
**  moving,  and  the  piece  of  iron  is  at  liberty  to  move,  the  iron  will  move 
“towards  the  load  done;  and,  if  the  iron  is  held  fad  ar.d  prevented  from 
“ moving,  and  the  load-done  is  loofe  and  free  to  move,  the  load-done  will 
“ move  towards  the  iron  j and,  if  both  the  load-done  and  the  iron  are  loofe 
u and  frer.  to  move,  they  will  both  of  them  move  towards  each  oiher,  but  not 
**  through  equal  fpaces,  the  drongcr  of  the  two  going  through  a fmallcr  fpace 
“ than  the  other.” 

Thefe  were  the  opinions  that  were  entertained  in  France  in  tbe  year  1636- 
concerning  the  Gravity  of  bodies.  The  third,  or  lad,  of  thefe  opinions,  to 
wit,  “ that  Gravity  is  owing  to  the  mutual  attraction  of  bodies,”  is  that  which 
Sir  Ifaac  Newton  has  fince  adopted,  and  made  the  foundation  of  his  manner  of 
explaining  the  motions  of  the  heavenly  bodies  ; and  mod  Philofophers  of  the 
prefent  age  acceed  to  this  opinion,  and  to  the  important  coofequcnces  which 
Sir  Ifaac  has  deduced  from  it  in  Adronomy.  But  we  fee  by  this  paflige,  that 
in  the  year  1636  this  opinion  concerning  Gravity  was  led  common  than  either 
of  the  two  former,  and  particularly  than  the  fird  of  them. 

There  is  another  paflage  in  this  Letter  of  Monfieur  Pafcal  and  Monfieur 
Roberval,  which  likewife  deferves  particular  attention.  It  is  in  . page  470  of 
the  prefent  Volume,  in  thefe  words.  Ptur  tts  confidcrations,  dans  nos  conferences 
de  Mhbanique,  nous  appeUons  des  poids  egaux,  ou  inegaux,  crux  qui  ont  egale,  on 
inegale,  fuijfar.ee  de  fe  fitter  vers  le  centre  commun  des  chafes  fejar.us ; el  nous 
entendcru  un  mime  corps  avoir  un  mime  poids,  quattd  il  a toujours  cette  mime  puijfauce: 
q ue,  ft  cette  puijfanct  augment!  ou  diminut,  alors,  qucique  ce  foil  le  mime  corps, 
ncus  ne  le  confiderons  plus  comme  le  mime  poids.  Or,  que  ala  arrive,  ou  non,  aux 
corps  qui  s'ihignent  ou  s'approchent  du  centre  commun  des  ebefis  pef antes , c'ejl  cboje 
que  nous  defections  bisn  de  J favor : mats , ne  trouvant  rien  qui  nous  fatisfaffe  fur  ce 
fujet,  nous  lajfins  cette  queflion  indeeife,  rojonnanl  Jeulemeni  fur  ce  que  les  Ancient 
tt  nous  avons  pit  deieuvrir  de  vrai  jujqu'd  maintenant.  That  is,  in  Englidi, 
“ For  thefe  reafons,  in  our  conferences  with  each  other  on  the  principles  of 
“ Mechanicks,  we  confider  thofe  bodies  as  equally,  or  unequally,  heavy,  and  call 
Vol.  IV.  d “ them 
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“ them  equal,  or  unequal,  weights,  which  have  an  equal,  or  unequal,  tendency, 
“ or  power,  to  move  towards  the  common  center  of  heavy  bodies  s and  wc  fay 
**  that  the  fame  body  has  the  fame  weight  only  fo  long  as  it  has  the  fame 
“ tendency,  or  power,  to  move  towards  this  common  center:  (b  that,  if  this 
*•  tendency,  or  power,  in  any  body,  to  move  towards  this  common  center, 
“ fhould,  from  any  circumftance,  be  increafed  or  diminifhed,  we  lliould,  in 
“ fuch  cafe,  though  the  body  itfelf  would  ft  ill,  continue  to  be  the  very  fame 
" body  that  it  was  before,  no  longer  call  it  the  Jame  weight.  Now,  “*  whether, 
“ or  no,  any  change  in  this  tendency,  or  power  of  moving,  tov.-.rds  fucb 
“ common  center,  happens  to  bodies  in  confcquence  of  their  approaching 
**  towards,  or  receeding  from,  the  faid  common  center  of  heavy  bodies,’”  is 
“ what  we  do  not  know,  but  fhould  be  very  defirous  of  knowing,  if  we  could 
“ find  any  method  of  difeovering  it : but,  as  we  have  not  hitherto  been  able 
“ to  find  any  fuch  method  that  has  appeared  to  us  clear  and  fathfadory,  we 
“ leave  this  matter  undecided,  and,  in  all  our  inquiries  concerning  queftions  of 
“ Mechanicks,  we  form  our  reafonings  on  fuch  grounds  and  principles  only  as 
“ the  Antients  and  ourfelves  have  been  able  to  difeover  with  certainty  to  be 
“ agreeable  to  truth.’* 

In  this  paifage  we  have  a plain  confeflion  that  thefe  two  very  learned  men, 
MonGeur  Pafcal  and  Monfieur  Roberval,  though  they  feemed  to  fufped  that 
the  Gravity  of  bodies  might  be  different  at  different  diltances  from  the  common 
center  of  heavy  bodies,  that  is,  from  the  Center  of  the  Earth,  and  confequcmly 
that,  if  a body  were  to  be  removed  to  a confiderable  height  above  the  furface 
of  the  Earth,  (as,  for  example,  to  the  height  of  three,  or  four,  femkiiametefs  of 
the  Earth  above  ids  furface,)  the  fpace  through  which  it  would  fall  in  a line 
tending  to  the  center  of  the  Earth  in  a given  portion  of  time,  (as,  for  example, 
in  afecond  of  time,)  might  be  greater,  or  lefs,  than  the  fpace  through  which  it 
would  fall  in  the  fame  time  near  the  furface  of  the  Earth,  yet  could  difeover 
no  means  of  afeertaining  in  a fatisfadory  manner  whether  there  was,  or  was  not, 
any  fuch  variation  in  it.  But  this  difeovery,  which  thofe  learned  and  ingenious 
Mathematicians  fo  much  wilhed  to  make,  has  been  fince  made  by  the  fagacity  of 
Sir  Ifaac  Newton,  which  led  him  to  confider  the  Moon  as  being  a body  that  is 
either  attraded,  or  impelled,  towards  the  center  of  the  Earth  by  the  fame  power 
(whatever  that  power  be,)  by  which  a ltone  near  the  furface  of  the  Earth  falls  to 
the  ground,  and  which  is  called  Gravity,  and  to  inquire,  what  would  be  the  velocity 

. . with 


Digitized  by  Google 


PREFACE. 


x*vii 

with  which  the  Moon  would  move  in  her  orbit,  or  defcribe  a circle  round  the 
center  of  the  Earth,  and  confequently  what  would  be  the  time  in  which  (he  would 
defcribe  fuch  a circle,  if  the  gravity  of  a body  at  that  didance  from  the  Earth  was 
the  fame  as  it  is  at  the  furface  of  the  Earth,  and  then  to  compare  the  faid  velocity 
and  time  with  the  velocity  and  time  that  really  belong  to  the  Moon’s  motion.  Now 
thefe  inquiries  may  be  made,  by  means  of  the  doflrine  of  the  Motion  of  falling 
bodies  laid  down  by  Galileo  in  his  3d  and  4th  Mechanical  Dialogues,  and  by 
Mr,  Huygens  in  his  excellent  treatil'e  on  Pendulum-Clocks,  intitled  De  Horolo^it 
OfciUatorio , and  of  the  thirteen  Theorems,  in  the  lad  part  of  that  excellent 
treaiife  in  the  firft  edition  of  it  at  Paris  in  the  year  1673,  concerning  the  centrifugal 
forces  of  bodies  revolving  in  a circle,  by  reafoning  in  tire  manner  following. 

* ’ -i 

If  a done,  or  a cannon-ball,  or  any  other  body,  were  to  be  projefled  from 
«ny  place  near  the  furface  of  the  Earth  in  a diredion  parallel  to  the  horizon,  or 
At  right  angles  to  a line  drawn  through  tire  faid  body  to  the  center  of  the  Earth, 
with  any  fuch  force  as  human  art  could  employ  for  that  purpofe,  and  were  to 
meet  wfth  no  obdacles  in  it’s  pafiage,  it  would  move  in  the  arch  of  a curve 
that  would  be  concave  towards  the  Earth,  till  if  came  to  the  ground  ; and  it’s 
.range  (or  the  dillance  to  which  it  would  fly  before  it  came  to  the  ground, 
meafured  on  the  furface  of  the  Earth,)  would  be  greater,  or  lefs,  according  to 
the  force  with  which  it  had  been  projefled.  And,  if  this  force  could  be  in- 
creafed  at  pleafure,  the  faid  body  might  be  projefled  with  fo  great  a velocity 
that,  if  there  were  no  refldance  of  the  air  to  it's  motion,  and  it  met  with  no 
obdacles  in  it’s  paffage  (as  would  be  the  cafe  if  it  were  projefled  horizontally 
from  a building  e refled  on  the  top  of  the  highed  mountain  in  the  world, 
wherc-ever  that  mountain  may  be,)  it  would  never  fall  to  the  ground  at  all,  but 
would  move  round  and  round  the  Earth  for  ever  and  ever  in  a circle  at  the  fame 
didance  from  the  furface  of  the  Earth  as  that  at  which  it  was  fird  projefled. 
This  velocity  would  be  a prodigioufly  great  one,  and  feems  at  fird  fight  difficult  ( 
to  be  difeovered.  But  Mr.  Huygens,  in  the  jth  of  thofe  thirteen  Theorems  at 
the  end  of  his  Horologium  OfciUatortum  which  we  jud  now  mentioned,  relating 
to  the  centrifugal  forces  of  bodies  revolving  in  circular  orbits,  has  taught  us  how 
to  find  it.  For  he  there  informs  us  that  it  is  the  velocity  which  a heavy  body 
would  acquire  by  falling  perpendicularly  downwards  towards  the  furface  of  the 
Earth  through  a line  equal  to  a fourth  part  of  the  diameter  of  the  circle  that  is 
to  be  defcribetL  Now  this  circle  (as,  on  the  prdent  occafioo,  we  (hall  fuppofe 
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the  Earth  to  be  an  etaft  fpherc,  though,  in  confequence  of  it’s  diurnaf  rotation 
round  it’s  axis,  the  diameter  of  the  equator  is,  in  a fmall  degree,  greater  than  it’s 
axis,  and  it’s  figure  therefore  deviates  a little  from  that  of  a perfedt  fphere,) 
will  be  a little  greater  than  the  equator,  or  any  other  great  circle  of  the  Earthy 
becaufe  the  radius  of  it  is  greater  than  the  radius  of  the  Earth  by  the  height  of 
the  mountain  from  the  top  of  which  the  body  is  fuppofed  to  be  projected.  But 
this  height,  even  in  the  higheft  mountains  on  the  Earth,  is  not  more  than 
5 miles,  which  is  but  a fmall  quantity  in  cotnparifon  to  the  radius  of  die  Earth, 
which  is  near  4000  miles.  And  therefore  we- mar,  without  deviating  materially 
from  the  truth,  fuppofe  this  circle  to  be  equal  to  a great  circle  of  the  Earth,  and 
it’s  diamettr  to  be  equal  to  the  diameter  of  the  Earth,  or  to  8000  miles.  And 
then  the  fourth  part  of  the  diameter  of  this  circle  will  be  aooo  miles,  (or 
2000  times  5280  feet,)  or  10,560,000  feet.  And  confequemiy  the  requifitc 
velocity  will  be  that  which  would  be  acquired  by  a heavy  body  in  falling  pen- 
pendicularly  downwards  towards  the  fucjace  of  the  Earth  through  a line  equal 
to  10,560,000  feet,  upon  a fuppofition  that  the  force  of  gravity  by  which  the 
faid  body  was  drawn  downwards  to  the  furface.  of  the  Earth  through’the  faid 
line  of  10,560,000  feet  was,  throughout  the  whole  time  of  the  faid  fall,  as  great 
as  at  the  end  of  it,  when  the  body  bad  arrived  ar  the  furface  of  (he  Earth. 
Now  the  force  of  gravity  at  die  furface  of  the  Earth  is  fuch,  according  to 
Mr.  Huygens’s  eftimation  of  it,  as  would  make  a body  fall  through  15  feet  and 
one  inch,  or  t8i  inches,  of  Paris  meafure,  in  a fecond  of  time,  if  the  body 
met  with  no  reGftance  from  the  air;  or  (becaufe  the  Paris  foot  is  greater  than 
the  Englifb  foot  in  the  proportion  of  1068  to  tooo,)  the  force  of  gravity  is 
fuch  as  would  make  a body  fall,  if  it  met  with  no  refiftancc  from  the  air, 

through  (|^|  x >81  Englilh  inches,  or  Englilh  laches,  or  193.308 

inches,  or  192  inches  + 1.308  inches,  or  16  feet  + 1.308  inches,  or  16  feet 

4.  Iilfli  fect,  or  16  feet  -f  G.109  of  a foot,  or)  16.109  Englilh  feet.  Now 

.1  ‘ 

the  velocity  acquired  by  falling  through  a line  of  10,560,000  feet  is  to  the 
velocity  acquired  by  falling  through  a line  of  16.109  feet  in  the  proportion  of 
the  fquare-root  of  10,560,000  to  the  fquare-root  of  16.109,  diat  is,  in  the 

proportion  of  3249.6153  » 4.0136,  (or  of  lo  or  of  809.65 

to  1.  But  the  velocity  acquired  by  a heavy  body  in  falling  through  a line  of 
16,109  f£ct  “ fuch  as,  if  it  continued  uniform,  would  carry  it  through  twice 
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that  length,  or  through  (2  x 16,109  feet,  or)  32.218  feet,  in-a  fcccmd  of 
time.  Therefore  the  velocity  acquired  by  falling  through  a line  of  10,560,000 
ieet,  or  2000  miles,  would  carry  it  (through  809.65  x 32  218  feet,  or) 

through  26,085.303,70  feet,  or  through  ( — miles,  or)  4-940,398 

miles,  in  a feeond  of  time.  Therefore  the  whole  circumference  of  the  Earth, 
which  is  about  25,000  Englifh  miles,  would,  with  this  velocity,  be  defcribed 
in  a portion  of  time  that  would  be  greater  than  t feeond  of  time  in  the  fame 
proportion  as  25,000  miles  is  greater  than  4.940,398  miles,  or  in  a portion  of 

time  equal  to  feconds,  or  to  5060  feconds,  (or  to  minutes,) 

or  to  84  minutes  and  20  feconds,  or  to  an  hour,  and  24  minutes,  and  20  fe- 
conds. Therefore  the  body  that*  would  have  been  projected  horizontally  from 
the  top  of  a high  mountain  with  the  velocity  acquired  by  falling  perpendicularly 
through  a line  of  2000  miles,  or  10,560,000  feet,  or  with  the  velocity  of 
4.940,398  miles  in  a feeond  of  time,  would  move  round  the  Earth  for  ever  and 
ever  in  a circle,  and  would  perform  one  revolution  in  the  fpace  of  an  hour, 
and  24  minutes,  and  20  feconds,  4.  b.  1, 

• • • • "1 

And  “ that  a body  profefled  in  a horizontal  dire&ion  from  the  top  of  a high 
mountain  with  this  velocity  of  4.940,398  miles  in  a feeond  of  time,  would 
move  thus  in  a circle  round  the  Earth  without  ever  coming  to  the  ground," 
may  likewifc  be  proved  fynthetically  in  the  following  manner. 

••  ••  ‘ .:,r-  »•  .• 

With  C as  a center,  and  CD  as  a radius,  deferibe  the  circle  CDLEM 
reprefenting  a great  circle  of  the  Earth.  And  let  the  radius  CD  be  produced 
to  the  point  Aj  fo  that  the  little  line  DA  may  reprefent  the  height  of  fome  very 
high  mountain,  from  which  a body  is  fuppofed  to  be  projefted  in.  the  dire&ion 
of  the  line  AP,  which  is  at  right  angles  to  the  line  CA  ; and  kt  the  velocity 
with  which  the  faid  body  is  fuppofed  to  be  projefted  in  the  faid  line  AP  be 
fuch  as,  if  it  continued  uniform,  would  carry  it  through  4.940,398  miles  in  a 
feeond  of  time.  With  C as  a center,  and  CA  as  a radius,  deferibe  another 
circle  ANBO.  And  in  the  line  AP  (which,  it  is  evident,  will  be  a tangent  to 
this  feeond,  or  outer,  circle  in  the  point  A,)  take  the  line  AK  equal  to 
4.940,398  miles.  And  from  the  point  K,  through  the  center  C,  draw  the 
right  line  KCH  cutting  the  outer  circle  in  the  points  F and  H,  and  the  inner 
circle  in  the  points  G and  I. 
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Bincc  the  body  at  A is  prop-died  in  the  dire&ion  AP  with  a velocity  of 
4.940,398  mi'es  in  a fecond  of  time,  and  the  line  AK  is  taken  equal  -to 
4-940,398  miles,  it  is  evident  that,  if  the  force  of  gravity  did  not  adt  upon  the 
body,  and  draw  it  out  of  the  right  line  AK,  the  faid  body  would,  in  the  courfe 
of  a fecond  of  time,  defcribe  the  right  line  AK,  and  arrive  at  the  point  K. 
Now  the  point  K is  more  diftant  than  the  point  A from  C,  the  center  of  the 
two  circles,  or  the  center  of  the  Earth,  by  the  lutle  line  KF,  by  which  CK,  or 
the  fecant  of  the  arch  AF,  exceeds  the  radius  OF,  or,  it’s  equal,  the  radius  CA. 
Therefore  the  faid  motion  of  the  body  projedled  from  the  point  A along  the  line 
AK  would  have  caufed  it  to  rcceed  from  the  center  C,  fo  as  to  have  in- 
creafcd  it’s  diftance  therefrom  by  the  little  line  KF,  though  the  laid  recefs 
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would  not  have  been  made  in  a direft  line  from  the  center  C,  or  in  the  line  CA 
continued  upwards  beyond  the  point  A,  but  in  a lateral,  or  oblique,  direftion 
in  eonfequence  of  it’s  motion  along  the  right  line,  or  tangent,  AK.  And  this 
tendency  of  the  projected  body  to  recced  from  the  center  C in  eonfequence  of  the 
velocity  imprefled  in  the  diieflion  AP,  or  AK,  (and  which,  if  the  a&ion  of  gra- 
vity upon  the  body  was  taken  off,  would  make  it  a<ftually  recced  from  the  faid 
center,  or  increafe  it's  didance  from  it,  by  the  little  line  KF,)  is  what  Mr. 
Huygens  calls  it’s  centrifugal  force.  And  other  writers  fince  Mr.  Huygens’s 
time  (who  was,  1 believe,  the  firft  perfon  that  confidered  the  motions  of  bodies 
revolving  in  circular  orbits  round  a given  point,  or*  at  lead,  the  fird  perfon 
who  publidied  any  thing  concerning  them,)  have  adopted  the  fame  language, 
and  given  the  fame  name  of  centrifugal  force  to  this  tendency  of  a projected 
body  to  recced  from  a given  point,  which  neceffarily  refults  from  the  projectile 
force  imprefled  upon  it  which  urges  it  to  move  in  a right  line,  if  it  is  not 
redrained,  or  drawn  afide,  by  fome  other  force. 

Now  the  quantity  of  this  recefs,  or  increafe  of  -’.iflance,  of  the  faid  body 
proje&ed  at  A,  from  C the  center  of  the  Earth,  in  a fecond  of  time,  or  while- 
die  faid  body  (when  the  aftion  of  gravity  is  taken  off,  or  fufpended,)  deferibes 
the  line  AK,  is  the  little  line  KF.  But,  (by  Euclid's  Elements,  Book  HI* 

Prop.  36,)  this  little  line  KF  is  equal  to  YU*  But,  becaufe  KF  is  exrreamly 
fmall  in  comparifoa  to  FH,  we  may  confider  KH,  or  KF  + FH,  as  being 

only  equal  to  FH,  and  confequcntly  KF  (which  is  equal  to  yrpp)  as  being 

equal  to  . And,  becaufe  FH  (the  diameter  of  the  outer  circle,)  is  very 
little  greater  than  GI  (the  diameter  of  the  inner  circle,  or  the  diameter  of  the 
AK^  ay! 

Earth,)  we  may  confider  -jjj-  as  being  equal  to  -gy , and  confequcntly  KF 
as  being  alfo  equal  to  -gy . 

Now  AK  is  = 4.940,398  miles  ( = 5280  x 4.940,398  feet)  = 
26,085.301,440  feet  j and  GI,  or  the  diameter  of  the  Earth,  is  =s  8000  miles 

/ (o' 
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(or  8000  x 5280  feet,)  or  42,240,000  feet.  Therefore 


AK’ 

GI 


will  be  ( = 


fe«  = feet#)  _ l6.l0g  fcet  or>  vcry 

43,140,000  43,140,000  y ’ ’ 1 

nearly,  16. tog  feet.  Therefore  the  little  line  KF  will  be  = 16.109  feetJ  that 
»,  the  projedtile  velocity  of  4 940,398  miles  in  a fecond  of  time  will,  on  thi* 
(uppofcion  of  the  fufpenGon  of  the  action  of  gravity  upon  the  projetfted  body, 
have  can  fed  it  to  recced  from  C,  the  center  of  the  JKarth,  through  the  diAance 
of  16.109  Englifh  feet  incite  courfe  of  a fecond  of  time.  But  the  aftion  of 
gravity  would,  if  the  body  were  at  reft  in  the  point  A,  inftead  of  being  im- 
pelled by  a projedlile  force  in  the  dire&ion  AP,  caufe  it  to  move  directly 
downwards  in  the  line  AD,  or  AC,  towards  C,  or  the  center  of  the  Earth, 
through  the  very  fame  Ipace  of  16. 109  feet  in  a fecond  of  time.  Therefore,  when 
the  body  is  a fled  upon  in  the  point  A both  by  the  force  of  gravity  drawing  it 
downwards  towards  the  center  C,  and  the  projeflile  force  impelling  it  in  the 
direflion  AP,  or  AK,  with  a velocity  of  4 940,398  miles  in  a fecond  of  time, 
it  will,  at  the  cod  of  the  faid  fecond  of  time,  be  fituated  in  the  point  F,  or  at 
the  extremity  of  the  radius  CF,  and  therefore  will  be  at  the  fame  diAance  from 
the  center  C as  it  was  at  the  beginning  of  it’s  motion,  or  when  ic  was  in  the 
point  A ; that  is,  it  will  neither  have  approached  towards  the  faid  center  C, 
nor  have  receeded  from  ir,  in  the  courfe  of  the  faid  fecond  of  time.  And 
therefore,  with  this  velocity  of  4.940,398  miles  in  a fecond  of  time,  and  the 
centrifugal  force  thence  arifing,  (which  tends  to  make  it  receed  from  the  center 
C in  fuch  a degree  as  to  increafe  it's  diftance  therefrom  by  the  fpace  of  16.109 
feet  in  a fecond  of  time,  while  the  forpe  of  gravity  tends  to  make  it  approach 
towards  the  faid  center  through  exattly  the  fame  fpace  in  the  fame  fecond  of 
time,)  it  muA  continue  always  at  the  fame  di^ance  from  the  faid  center  C,  and 
mull  deferibe  a circle  round  the  faid  center  C,  of  which  the  radius  will  be  CA, 
and  muft,  if  not  a&ed  upon  by  any  new  force,  continue  it's  revolutions  in  the 
laid  circle  for  ever  and  ever,  in  the  feme  manner  as  the  Moon  does,  e.  d, 


The  force  of  gravity  by  which  the  faid  body  is  continually  drawn  downwards 
towards  C,  the  center  of  the  Earth,  and  prevented  from  flying  out  of  the  circle 
in  which  it  ,movcs?  ia  a right  line,  as  AP,  that  is  a tangent  to  the  circle  it 
deferibes,  is  often  called  it’s  centripetal  force , as  the  tendency  it  has  to  recced 
from  the  center  C,  in  confequcnce  of  it’s  project ile  velocity  in  the,  line  AP,  is 
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called  it’s  een'rifugel  force.  And  therefore  in  the  motion  of  the  faid  body  in 
the  faid  circular  orbit,  of  which  CA  is  the  radius,  the  centripetal  and  centrifugal 
forces  are  exafily  equal  to  each  other.  And  fo  they  always  mi;ft  be  when  bodies 
revolve  in  circles  round  a point  towards  which  they  are  attracted. 

Now  let  us  fuppofe  a body  to  be  carried  to  the  diftancc  of  the  Moon  from 
the  Earth,  that  is,  to  the  diftnnee  of  60  femi-diatneters  of  the  Earth,  or  of 
60  times  4000  miles,  or  of  240,000  miles,  from  the  center  of  the  Earth ; and 
let  us  fuppofe  the  force  of  gravity,  by  which  the  faid  body  would  be  drawn 
downwards  towards  the  center  of  the  Earth,  to  be  the  fame  as  it  is  on  the 
furface  of  the  Earth,  or  fuch  as  to  make  a body  fall  from  reft  perpendicularly 
downwards  through  a line  of  16.109  Englith  feet  in  a fecond  of  time.  And 
■let  us  inquire,  by  means  of  ^he  fame  5th  Theorem  laid  down  by  Mr.  Huygens 
at  the  end  of  his  Horologium  O/cillatcrium,  what  would  be  the  velocity  with 
which  the  body  ought  to  be  prqjeiftcd,  in  a line  forming  a right  angle  with  a 
line  drawn  from  the  body  to  the  center  of  the  Earth,  in  order  that  the  centri- 
fugal force  of  the  faid  body,  arifing  from  the  faid  velocity,  or  generated  by  it, 
fhould  be  exaftly  equal  to  it's  centripetal  force,  or  the  gravity  which  draws  it 
downwards  towards  the  center  of  the  Earth,  (and  which,  if  the  projectile  force 
were  deftroyed,  would  make  it  fall  through  16.109  feet  in  a fecond  of  time,) 
and  confequently  that  the  faid  body  fhould  be  made  to  revolve  round  the  center 
•of  the  Earth  for  ever  and  ever  in  a circle  of  which  the  radius  would  be  60  femi- 
diameters  of  the  Earth,  or  240,000  miles. 

I > 4 

Now,  according  to  that  5th  Theorem  of  Mr.  Huygens,  this  velocity  would 
be  that  which  would  be  acquired  by  a body  in  falling  perpendicularly  down- 
wards towards  the  Earth  through  a line  equal  to  the  fourth  part  of  the  diameter 
of  the  circle  that  was  to  be  deferibed,  that  is,  to  a fourth  part  of  480,000  miles, 
or  to  120,000  miles,  (or  to  120,600  times  5280  feet,)  or  to  633,600,000  feet. 
But  the  velocity  acquired  in  falling  through  633,600,000  feet  is  to  the  velocity 
acquired  in  falling  through  16.109  as  the  fquare-root  of  633,600,000  is  to 
the  fquare-root  of  16.109,  that  as  35,171.4123  *s  t0  4-0136,  (or  as 
3,,i7i.4jar  js  t0  4° j j or  as  627 1.5  is  to  1.  And  the  velocity  acquired  by 

falling  through  16.109  feet  is  a velocity  that,  if  uniformly  continued,  would 
carry  a body  through  (twice  16.109  feet,  or)  32,218  feet  in  a fecond  of  time. 

Vol.  IV.  e ’ Therefore 
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Therefor^  the  velocity  acquired  by  falling  through  6.33,600,000  feet  \\pu!cj 
carry  a txxly  through  (6*71.5  X 32.218  feet,  or)  202,055.1870  feet  in  a 
fecond  of  time.  Therefore,  if  a body  at  the  didance  of  the  Moop,  or  of  6» 
*emi-diatneters  of  the  Eartli  from  the  center  of  the  Earth,  was  to  be  projedlcd„ 
in  a right  line  at  right  angles  to  a line  drawn  from  the  ("aid  body  to  the  center 
of  the  Earth,  with  a velocity  of  102,055.1870  feet  in  a fecond  of  time,  the 
centrifugal  force  of  the  faid  body  would  be  equal  to  it’s  centripetal  force,  or 
gravity,  and  the  faid  body  would  confeqtiemly  revolve  round  the  Earth  for 
ever  and  ever,  in  a circle  of  which  the  radius  would  be  it's  firfl  diftance  from 
the  center  of  the  Earth,  or  240,000  miles.  0*  b.  u 

We  will  next  inquire,  “ in  what  time  the  faid  body,  fo  projefted,  would' 
deferibe  the  laid  circle,. or  perform  one  revolution  round  the  Earth.”  Now  this 
time  may  be  eaftly  found  in  the  following  manner. 

Since  the  diameter  of  this  circle  is  480,000  miles,  (or  480,000  times  528* 
fret,)  or  2,534,400,000  feet,  it’s  circumference  will  be  = (—  x 2,534, 

400,000  feet,  or  — ' ' feer,  or)  7,962,053,097  feet.  But  the  velocity 
with  which  this  body  moves  will  carry  it  through  202,055.1870  feer  in  a fccond 
of,  time.  Therefore  it  will,  carry  it  through  7,962,053,097  feet,  or  the  whole 
circumference  of  the  circle,  in  a portion  of  time  that  will  be  greater  than 
I fecond  in  the  fame  proportion  as  the  whole  circumference,  confiding  of 

7,962,053,09.7  feet,  is  greater  than  202,055.1870  feet,  that  is,  (in 
feconds,  or)  in  39,405  feconds,  (or  in  minutes,  or  in  656  minutes  and 

4j  feconds,  or  in  hours  and  45  feconds,)  or  in  to  hours,  56  minutes,  and 

45  feconds.  Therefore  the  faid  body  would,  with  this  velocity  of  202,055.1870 
feet  in  a fecond  of  time,  deferibe  the  whole  circumference  of  the  circle,  or 
perform  one  revolution  round  the  Earth,  in  the  fhort  period  of  10  hours, 
56  minutes,  and  45  feconds.  c*.  e.  r. 

Here  agatn  we  may  demonftrate  fynthetically  (as  we  did  before  in  the  cafe 
of  a body  p/ojeded  horizontally  from  the  top  of  a high  mountain  on  the 

Earth,) 
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Earth,)  “ that  a body  proje&ed  horizontally  with  this  velocity  of  101,055. 1870 
fcet  in  a fecond  of  time,  from  a place  at  the  diflance  of  60  femi-diameters  of 
the  Earth,  or  240,000  miles,  from  the  center  of  the  Earth,  would  have  it’# 
centrifugal  force  exaftly  equal  to  it’s  gfavity,  or  centripetal  force,  and  confe- 
quently  would  move  for  ever  and  ever  in  a circle  round  the  Earth,  without 
ever  falling  upon  it  or  approaching  nearer  to  it.*’  This  deraonftration  may  be 
as  follows. 


DEMONSTRATION. 


Since  the  circumference  of  every  circle  contains  360  degrees,  and  every 
•degree  contains  60  minutes,  and  every  minute,  or  firft  minute,  contains  60 
feconds,  or  fccond  minutes,  it  follows  that  the  circumference  of  every  circle 
will  contain  360  x 60  x 60  fecond  minutes,  (or  21,600  x 60  fecond  mi- 
nutes,) or  1,196,000  fecond  minutes.  Now  the  whole  ciicumference  of  tho 
circle  defcribed  by  the  body  projc&ed  in  the  manner  above-mentioned,  i« 
run-over  by  the  faid  body  in  39,405  feconds  of  time.  Therefore  the  number 
of  Second  minutes  of  a degree  in  the  circumference  of  the  faid  circle  that  will 

be  gone-over  by  the  faid  body  in  one  fecond  of  time  will  be  ( » -Or  ) 

32.889  fecond  minutes  of  a degree;  which  is  but  little  more  than  half  a firft 
minute  of  a degree,  (or  a 1 20th  part  of  one  degree,  or  of  the  360th  part  of 
the  whole  circumference,)  or  than  the  43,200th  part  of  the  whole  circumference. 
This  is  a very  fmall  portion  of  the  whole  circumference  : and  in  thefe  very  final! 
circular  arches  the  tangents  of  the  arches  may  be  confidcred  as  equal  to  the 
arches,  (the  differences  between  them  being  extreamly  fmall  in  comparifon  of 
either  the  arches  or  the  tangents,)  and  the  excefs  of  the  lecant  of  any  fuclt 
fmall  arch  will  be  very  nearly  equal  to  the  fqtiare  of  either  the  tangent,  or  the 
arch,  divided  by  the  diameter  of  the  circle.  Therefore  the  excefs  of  die  fecant 
of  this  little  arch  of  32.889  fecond  minutes  of  a degree,  which  is  run-over  by 
the  faid  body  in  a fecond  of  time,  will  be  equal  to  the  fquare  of  the  faid  arch, 
or  of  it’s  tangent,  divided  by  the  diameter  of  the  circle,  that  is,  to  the  fquare  of 

202,055.1370  feet  divided  by  2,534,400,000  feet,  (or  to  ~ feet,  or 
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40,9>^«9^jg2j^l!?l2£2  feet,)  or  to  tS.to38  feet, or,  eery  nearly,  16. 109  feer. 

Therefore  the  ccnti  ifugal  force  of  the  faid  body,  arifing  from  it’s  projectile 
velocity  of  202,053.1870  feet  in  a fccoqd,  is  ftich  as,  if  the  aCtion  of  gravity 
had  been  fi.fpcnded,  and  the  body  had  conftquemly  moved- on  uniformly 
during  a fecond  of  time  in  a right  line  that  would  have  been  a taogent  to  it’s 
orbit,  would  hare  catifcd  the  faid  body,  in  the  faid  fecond  of  time,  to  receed 
from  the  center  of  the  earth,  or  increafe  it’s  didance  from  it,  by  die  fpacc  of 
1-6.109  feet ; which  is  the  very  ddtance  through  which,  on  the  other  hand,  it 
would  have  been  made  to  move  direCUy  downwards  by  the  force  of  gravity, 
or  it’s  centripetal  force,  if  it  had  not  received  any  projectile  impulfe.  There- 
fore, when  it  is  a£ted  upon  both  by  it’s  gravity  and  it’s  projeftilc  impulfe,  h’s 
centrifugal  force  will  be  equal  to  it’s  centripetal  force,  or  gravity,  and  it  con  fre- 
quently will  continue  always  at  the  fame  diftance  from  the  center  of  the  Earth, 
and  revolve  round  the  Earth  in  a circle  for  ever  and  ever.  ct,  e.  d. 


We  may  further  obferve,  that  the  motion  of  this  body,  and  the  time  of  it’s 
performing  a revolution  in  a circle  round  the  Earth,  will  continue  the  fame, 
whether  the  faid  body  be  a fmall  body  or  a great  one.  For,  if  the  body  were 
to  be  made  double,  or  triple,  or  quadruple,  or  any  other  multiple,  of  wh^  it 
was  before,  fo  as  to  weigh  twice,  or  three  times,  or  four  times,  or  any  number 
of  times  denoted  by  the  letter  m,  as  much  as  it  did  before,  it’s  centrifugal  force 
would,  at  the  fame  time,  become  double,  or  triple,  or  quadruple,  or  m times 
as  great  as  it  was  before ; and  consequently  the  equality  between  the  centrifugal 
force  of  the  body  and  it*s  gravity,  or  centripetal  force,  would  dill  be  preferved. 
And  therefore,  if  the  faid  body  were  to  be  made  equal  to  the  Moon,  and  it 
were  to  be  projected  horizontally  with  the  aforefaid  velocity  of  202,035.1870 
feet  in  a fecond  of  time ; it  would  perform  a revolution  in  the  fame  period  as 
before,  to  wit,  in  the  courfe  of  10  hours,  56  minutes,  and  45  feconds.  And, 
if  the  velocity  with  which  it  was  projofted  was  lefs  than  that  of  202,055.1870 
feet  in  a fecond  of  time,  it's  centrifugal  force  (which  arifes  from  it’s  velocity,) 
would  be  lefs  than  it’s  gravity,  or  centripetal  force,  and  it  would  fall  towards 
the  Earth. 

: »/  , . f 

This  period  of  10  hours,  56  minutes,  and  43  fcconds  would  be  the  time  of 
• *ne  revolution  of  the  aforefaid  body  (which  was  fuppofed  to  be  carried  to  the 

diftance 
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diftance  of  the  Moon,  or  of  60  femi- diameters  of  the  Earth  from  the  center  of 
the  Earth,  and  there  projected  in  a line  at  right  angles  to  the  line  drawn  front 
the  faid  body  to  the  center  of  the  Earth,)  if  the  force  of  gravity  towards  the  Earth 
continues  the  lame  at  that  diftance  from  the  Earth  as  it  is  at  the  Earth’s  lurface. 
But,  if  the  force  of  gravity  dccreafes  when  the  diftance  of  the  body  from  the 
center  of  the  Earth  increafes,  the  centrifugal  force,  requifitcto  balance  the  gravity, 
or  centripetal  force,  of  the  body,  will  be  Icfs  than  in  the  former  cnfev  and  confe- 
qucntly  the  velocity  of  the  faid  body  in  it’s  orbit  (from  which  the  laid  centrifugal 
force  arifes,)  will  alfo  be  ltfs,  and  the  time  of  performing  a revolution  will  be  pro- 
portionally longer,  than  in  the  former  cafe.  And,  if  it  were  poffiblc  to  human  ate 
to  carry  a body  to  that  diftance  from  the  Earth,  and  there  to  projtff  it,  in  the 
manner  abovc-defcribed,  with  a fufficient  velocity  to  caufe  it  to  move  in  a circle 
round  the  Earth,  and  this  experiment  had  been  tried,  and  it  had  been  found 
that  a much  lefs  velocity  than  that  of  202,055.1870  feet  in  a fecond  of  time 
had  been  fufficient  for  this  purpofe,  and  confequently  that  the  time  in  which 
the  faid  body,  moving  thus  in  a circle  round  the  Earth,  would  perform  a finglc 
revolution,  would  be  much  longer  than  10  hours,  56  minutes,  and  45  feconds, 
it  might  be  juftly  concluded,  i comtrfo,  from  tbefe  circumftances,  “ that  the  force- 
of  gravity  at-  that  diftance  from  the  Earth  was  not  the  fame  as  at  the  furface  of 
the  Earth,  but  very  much  lefs.”  Now  Sir  Ifaac  Newton  thought  that  the  Moon 
was  a body  whole  relation  to  the  Earth  and  whofe  velocity  in  her  orbit  (which  is 
not  very  different  from  a circular  orbit,)  and  time  of  performing  her  revolu- 
tions, might  anfwer  the  fame  purpofe  as  fuch  an  experiment,  which  it  is  beyond 
the  reach  of  human  power  to  make.  For  he  thought  it  rcafonable  to  luppole  that 
the  force  of  gravity,  by  which  all  bodies  here  on  the  furface  of  the  Earth  fall  to 
it’s  furface  in  lines  tending  to  it's  center,  (whatever  may  be  the  caufe  of  it,  which 
is  hitherto  perfectly  unknown,)  might  extend  to  the  diftance  of  the  Morn,  and 
be  the  caufe  of  the  Moon’s  conftantly  moving  round  theEarth,  inftcad  of  going-olf 
in  a right  line  that  was  a tangent  to  her  orbit,  according  to  the  natural  tendency 
of  all  bodies  in  motion,  to  continue  to  move  in  the  fame  direction,  or  tight  line, 
with  the  fame  degree  of  velocity  for  ever  and  ever,  if  they  are  not  reftrained  from 
doing  fo  by  fome  force  that  compels  than  to  change  their  direflion.  Here  then, 
if  we  fuppofe  with  Sir  Ifaac  Newton  that  the  Moon  is  afted-upon  by  gravity  towards 
the  Earth,  and  is  thereby  retained  in  her  orbit,  and,  if  we  conli  Jer  her  orbit  as 
being  circular,  (which  does  not  differ  greatly  from  the  truth,)  we  may  apply  the 
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foregoing  rcEfonmgs  to  the  Moon,  and  confider  her  as  a body  which  has  been 
prqjcdUd  in  the  manner  above-deferibed,  by  the  Creator  of  the  world,  at  the 
afotefaid  diflance  of  £o  femi-diameters  of  the  Earth  from  the  Earth's  center. 

**•  And  then  we  muft  obferve  that  her  time  of  performing  one  revolution  round 
the  Earth,  inftead  of  being  only  the  (hort  period  of  10  hours,  j6  minutes,  and 
45  feconds,  is  no  lefs  than  27  days,  7 hours,  and  43  minutes,  and  confcquently 
that  her  velocity  is  lefs  than  the  former  velocity  of  202,055.1870  feet  in  a 
fecond  of  time,  in  the  fame  proportion  as  the  former  (hort  period  of  10  hours, 
56  minutes,  and  45  feconds,  is  lefs  than  the  Moon’s  period  of  27  days,  7 hours, 
and  43  minutes,  and  therefore  that  her  centrifugal  force  (which  arifes  from  her 
velocity  in  her  orbit,)  muft  be  very  much  lefs  than  the  centrifugal  force  of  the 
former  body,  which  was  fufiicient  to  make  it  receed  from,  or  increafe  it’s  diftance 
from,  the  center  of  the  Earth  in  a fecond  of  time  by  a line  of  16.109  feet,  or  the 
fpacc  through  which  a body  falls  perpendicularly  downwards  in  the  fame  time  by 
the  force  of  gravity  on  the  furface  of  the  Earth.  Yet,  fince  the  Moon  revolves 
in  a circle  round  the  Earth,  her  centripetal  force,  or  her  gravity  towards  the 
Earth,  muft  be  equal  to,  and  not  greater  than,  her  centrifugal  force  : for,  if  it 
were  grearer  than  her  centrifugal  force,  it  would  caufc  the  Moon  to  fall  towardt 
the  Earth.  It  follows  therefore  that  the  centripetal  force  of  the  Moon,  or  her 
gravity  towards  the  Earth,  muft  be  much  lefs  than  the  centripetal  force  of  the 
former  body,  or  than  the  force  of  gravity  on  the  furface  of  the  Earth,  by  which 
bodies  are  made  to  fall  perpendicularly  downwards  through  16.109  feet  in  a 
fecond  of  time.  Therefore,  if  gravity  towards  the  Earth  is  the  caufe  that  retains 
the  Moon  in  her  orbir,  we  may  conclude  that  the  force  of  gravity  is  much  Jeff 
at  the  diftance  of  the  Moon  from  the  center  of  the  Earth,  or  at  the  diftance  of 
60  femi-diameters  of  the  Earth  from  the  faid  center,  than  it  is  at  the  furface  of 
the  Earth,  or  at  the  diftance  of  one  femi-diameter  of  it  from  it’s  center, 

Qi  E.  I. 

• • ‘ » 

Having  thus  difeovered  that  the  gravity  of  bodies  towards  the  Earth  at  the 
diftance  of  die  Moon,  or  of  60  femi-diameters  of  the  Earth  from  the  Earth’s 
center,  is  very  much  lefs  than  at  rhe  furface  of  the  Earth,  it  is  natural  to 
inquire  in  the  next  place,  " how  much  lefs  it  is  ” or  what  proportion  thefe 
different  degrees  of  gravity  bear  to  each  other.  Now  this  may  be  eafily  deter- 
mined in  the  following  maBner. 

The 
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The  Moon  perform*  one  revolution  round  the  Earth  in  the  fpace  of  27  days, 
7 hours,  and  43  minutes.  Now  27  days,  7 hours,  and  43  minutes,  are  equal 
to  (27  times  24  hours  together  with  7 hours  and  43  minutes,  th3t  is,  to  648 
hours  and  7 hours  and  43  minutes,  or  to  6jj  hours  and  43  minutes,  or  to 
633  times  60  minutes  together  with  43  minutes,  or  to  39,300  minutes  together 
with  43  minutes,  or  to)  39.343  minutes,  (or  to  39,343  times  60  feconds.)  or 
to  2,360,580  feconds.  Therefore  in  one  fecond  of  time  the  Moon  performs 
the  2,360,580th  part  of  a revolution,  or  goes  over  the  2,360,580th  part  of  her 
orbit.  But  her  orbit  is  = 7,962,053,097  fiet.  Therefore  in  a fecond  of  time  tire 
Moon  moves  through  the  2,360,580th  part  of  7,962,053,097  feet,  that  is,  thiough 
3372.9  feet.  Therefore  the  excefs  of  the  fecant  of  the  little  arch  of  the  Moon's  orbit 
which  is  deferibed  in  a fecond  of  time,  (and  which  we  have  found  to  be  equal  to 
3372.9  feet,)  above  the  radius. of  her  orbit,  will  be  equal  to  the  fquare  of  the  faid 
litrlc,arch  divided  by  the  diameter  of  the  Moon’s  orbit,  that  is,  it  will  be  equal  to 


337>-9  x 3371,9  n,376,4?4-4< 

s»534i4°0,°oo  1 2,534.400,000 


= 0.004,488,8)  or 


10,000,000 


parts  of  a foot. 


Therefore  the  centrifugal  force  of  the  Moon  is  fuch  as  would,  if  the  aCtion  of 
gravity  were  to  be  fufpended,  caufe  her  to  recced  from  the  center  of  the  Earth, 
or  to  increalb  her  didance  from  the  faid  center  by  only  44,888  ten-millionth 
parts  of  a foot  in  a fecond  of  time,  indead  of  rececding  (as  in  the  former  cafe,) 
through  16.109  feet  in  the  fame  time.  Therefore  the  centripetal  force  of  the 
Moon,  or  her  gravity  towards  the  center  of  the  Earth,  (which  counter-balances 
her  centrifugal  force,  and  caufes  her  to  move  round  tbc  Earth  in  a circle,)  ntud 
be  only  fuch  as  would,  if  (he  had  no  projectile  motion,  caufe  her  to  fall  towards 
the  center  of  the  Earth  through  44,888  ten-millionth  parts  of  a foot  in  a 
fecond  of  time.  Therefore  the  force  of  gravity  at  the  didance  of  the  Moon, 
or  of  60  femi-diameters  of  the  Earth  from  the  Earth’s  center,  is  to  the  force  of 
gravity  on  the  futface  of  the  Earth,  or  at  the  didance  of  only  one  femi-diameter 


from  it’s  center,  as 


44.899 

10,000,000 


of  a foot  is  to  16.109  feet,  or  to  16.109,000,0, 


161,090,000 

or  

10,000,000 


feet,  or  as  44,888  is  to  161,090,000,  (or  as 


44 .888 

44,b»S 


is  to 


or  as  1 is  to  3588.  It  appears  therefore  that  the  force  of  gravity 

at  the  didance  of  the  Moon,  or  of  60  femi-diameters  of  the  Earth  from  the 
Earth’s  center,  is  equal  to  only  the  3588th  part  of  the  force  of  gravity  on  the 
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Inrfacc  of  the  Earth;  or  at  the  diftance  of  one  femi-diamcrer  of  the  Earth  from 
the  Earth's*  center.  <r.  e.  i. 

■ • , . Vl.  . i.  • * 

Tiiis  number  358S  is  pretty  nearly  equal  to  3600,  or  the  fqusrc  of  6s. 
And  therefore  it  appear*  that  the  force  of  gravity  at  the  tliflauce  of  the  Moon, 
or  of  60  fcuii-diacneters  of  the  Earth  from  the  Earth’s  center,  is  to  the  force  of 
gravity  on  the  fur  face  of  the  Eattb;  or  3t  the  diftance  of  one  fetm-diamccer  of 
the  Eat th  from  the  Earth’s  center;  in,  nearly,  the  fame  proportion  as  t x 1, 
or  1,  the  fquane  of  the  latter  diftance,  to  wit,  1 femi-diameter  of  the  Earth,  is 
to  3600,  the  Iquare  of  the  former  diftance,  or  60  femi-diameiers  of  the  Earth. 
And  hence  it  feems  rralonable  to  conclude  that  the  force  of  gravity,  by  which 
bodies  are  made  to  fall  towards  the  center  of  the  Earth,  decreafcs,  when  their 
diftance*  from  the  faid  center  increafe,  in  the  fame  proportion  in  which  the 
fquarcs  of  thofe  diftanccs  increafe.  Qj  b.  i. 


* If  was,  as  l conceive,  by  the  foregoing  train  of  rcafoning,  or  fome  other 
equivalent  to  ir,  that  Sir'  Ifaac  Newton  derived  from  the  knowledge  of  the 
Moon’s  diftance  from  the  Earth,  and  the  period  of  her  revolutions  round  ir, 
and  the  confeqoent  knowledge  of  the  velocity  of  her  motion  in  her  orbit,  and 
the  centrifugal  force  arifing  from  fuch  velocity,  his  conclulions  concerning  the 
decrcafe  of  the  force  of  gravity  upon  bodies  as  they  rececd  from  the  center  of 
the  Earth,  and  concerning  the  law  of  fuch  decrcafe:  which  are  the  points  that 
Mr.  Pafcal  and  Mr.  Rjberval  wifhed  fo  much  to  be  able  to  difeover. 

> •’*  * r .:•••*.  * . . ' . . . ■ / 

This  Letter  of  Mr.  Pafcal  and  Mr.  Roberval  is  dated  in  the  year  1636, 
when  Mr.  Bit t i/e  Pajca!,  the  great  Genius  and  Author  of  the  Arithmetical  Triangle 
and  other  curious  tra£b  here  re-printed,  was  only  thirteen  years  old.  And 
therefore,  if  tlic  date  of  this  Letter  is  not  mif-printed,  1 think  it  is  probable 
that  this  Letter  was  not  written  by  him,  but  by  his  father  Mr.  Stephen  Pafcal 
{who  was  alfo  a very  ingenious  and  learned  Mathematician  and  Phtlofopher, 
though  not  equal  *in  thefe  rcfpe&s  to  his  fon,)  in  conjunflion  with  Mr.  Row 
berv.il.  But  in  cither  cafe  the  contents  of  the  Letter  are  equally  curious  and 
deferving  of  attention.  And,  amongft  other  things  contained  in  this  Letter, 
there  are  fome  remarks  on  the  Centers  of  Gravity  of  folid  figures  that  feem  very 
proper  to  be  confidered  by  fuch  perfons  as  undertake  to  write  on  the  fubtle  and 


Digitizedby  Google 


PREFACE. 


xfi 

difficult  fubjcft  of  rational  Mechanicks,  or  the  Theory  of  the  Motion  of  bodies, 
and  deftre  to  preferve  the  ideas  of  all  the  terms  they  make  ufc  of  on  thefc  occa-  ‘ 
fions,  (focli  as  Center  of  Gravity,  Center  of  Ofcillation,  Center  of  Percaffion,  Forte  of 
Gravity,  Centripetal  Force,  Centrtfngol  Force,  Refijlance,  and  the  like,)  perfcflly 
clear  and  free  from  ambiguity.  The  learned  writers  of  this  Letter  even  declare 
“ that  they  do  not  coaceive  that  any  folid  body,  except  a fphere,  can  have  a 
center  of  gravity,  according  to  the  definition  of  that  center  given  by  Pappus 
Alexandrinus  and  other  antient  authors."  See  page  468,  lines  10th  and  91b 
from  the  bottom  of  the  page.  If  perfbns  of  fuch  eminent  talents  as  Mr.  Pafcal 
and  Mr.  Roberval  exprefs  doubts  of  this  kind  on  the  fubjedl  of  rational  Mc- 
chanicks,  or  the  Theory  of  Motion,  it  is  furely  incumbent  on  the  writers  who 
treat  of  Phyfical  Aftronomy  and  other  fuch  abfirufe  branches  of  this  theory,  to 
endeavour  to  remove  thefc  doubts  and  explain  clearly  the  grounds  and  prin- 
ciples of  the  fcience  they  undertake  to  teach. 

Other  parts  of  the  works  of  Monfietir  Pafcal  here  reprinted  relate  to  the 
fundamental  principles  of  the  Do&rine  of  Chances,  which  began  about  the  year 
*654  to  be  cultivated  in  France  by  Monfieur  Pafcal,  Monfieur  Roberval,  and 
Monfieur  Fermat,  and  fome  other  learned  Mathematicians,  and  of  which  Mr. 
Huygens  afterwards  wrote  the  firft  regular  treatife  in  the  year  1656  under  the 
title  of  De  Ratiociniis  in  Lade  Me*.  And  other  pans  of  thefe  works  of  Mr. 
Pafcal  contain  very  curious  properties  of  numbers. 

The  9th  Traft  in  this  Volume  relates  to  the  Summation  of  infinite  Seriefes, 

and  is  a proper  fupplement  to  a Trait  contained  in  the  Third  Volume  of  this 

Collection  of  Mathematical  Traits  called  Scriptorei  Ltgaritbmici,  which  extends 

from  page  255  of  that  Volume  to  page  312,  and  is  intitled  The  Jmeeftigation  of 

the  foregoing  Differential  Seriet.  The  Differential  Series  here  alluded  to  is  as 

- „ ix  D**‘  D"**  D"***  . 

follows,  a — , -7;  — --=r,  — mr  — ===n  — &C,  and  con- 

l+*  1 1 + jry  i + *1*  7T*P 

verges  with  a confidcrable  degree  of  fwiftnefs  even  when  x is  very  little  Ids 

than  j,  as,  for  example,  when  it  is  equal  to  — , or  — . and  even  when  it  is 

equal  to  1 ; and  this  differential  ferics  is  in  all  cafes  equal  to  the  ferics  a — bx 

+ ex'  — dx'  -J-  ex*  — fx*  + gxf  — bx1  + ix*  — kx*  + &c,  when-  x is  of 

of  any  magnitude  not  greater  than  1,  and  b,  c , d,  e,  f,  g,  b,  i,  k,  &e,  the 

Voi..  IV.  f co-efficients 


Digitized  by  Google 


xt;{ 


PREFACE. 


co  efficients  of  the  fucceflive  powers  of  *,  form  a decrcafing  progreffion  of 
terms ; and  the  differences  of  thefe  co-efficients,  to  wit,  b — c,  c — d,  i — e, 
e — /,  / — g,  g — b,  b — /,  i — k,  &c,  alfo  form  a decreaftng  progreffion 
of  terms;  and  the  differences  of  thefe  differences,  to  wit,  b — c — fc  — d, 
c — d — Id  — t,  d — e — fe  - /,  c — / — if— f — g i—  lg  — l>, 
g — h — ! h — i,  b — i — U — t,  &c,  or  b — ic  + d,  c - td  + e, 
d — + /,  e — 2/  + g,  f — ig  + b,  g — 2b  + f,  b — li  + *,  he,  or 

the  fecond  differences  of  the  faid  co-efficients,  alfo  form  a decreafmg  progreffiofi 
of  terms;  and  the  third  differences  of  the  faid  co-efficients,  or  the  differences 
of  the  faid  fecond  differences,  alfo  form  a decreaftng  progreffion  of  terms;  and 
the  fourth  differences,  and  the  fifth  differences,  and  the  fixth  differences,  and 
the  feventh  differences,  of  the  faid  co-cfficients,  and  their  differences  of  every 
following  order,  alfo  form  decreaftng  progreffions.  With  thefe  conditions  it 
will  always  be  true  that,  however  llowly  the  powers  of  x may  decreafe,  or  even, 
if  x is  equal  to  t,  and  confcquently  the  faid  powers  do  not  decreafe  at  all,— 
and  however  floaty  the  co-efficients  b,  c,  d,  e,  /,  g,  b,  i , he  may  decreafe, — 
and,  confequeruly,  however  (lowly  the  terms  of  the  feries  a — bx  + exx 
— dx'  q-  ex*  — fxl  q-  gx*  — bx 7 -+-  ix*  — kx*  + he  may  decreafe,— the 

faid  feries  will  be  equal  to  the  differential  feries  a — -S==r- 

H i+*  7+*)*  r+7)* 

D1'**  O'**  Dn,a*  1 - , . L\ 

~ f^~  - m--  -kc  aJ  ,nfmlum' 

in  which  D'  is  put  for  b — e,  or  the  firft  difference  of  the  faid  co-efficients 
b , t,  d,  #,/,  g,  b,  i,  k,  he  of  the  firft  order;  and  D”  is  put  for  b — c — I < — d, 
or  b — ic  + d,  or  the  fir  ft  difference  of  the  fecond  order  of  differences  of  the 
faid  co-efficients ; and  D'“  is  put  for  h -**-  zc  + d — fc  — id  -+-  t,  or  b — 3c 
+ .3 d—  t , or  the  firft  diffeiertcr  of  flte  third  order  of  differences  of  the  faid 
co-cfficients;  and  D%  D*,  D",  D"1,  D'''',  D",  he  are  put  for  the  firft  differ- 
ences of  the  fourth,  fifth,  fixth,  feventh,  eighth,  and  ninth,  and  other  following 
orders  of  differences  of  the  faid  co-efficients,  refpe&ivcly.  And  confcquently, 
however  (lowly  the  terms  of  the  feries  a — bx  + r.v*  — dx*  q-  ex*  — fee* 
•f  gx*  — bx'  + /'.v*  — kx*'  + &c  may' converge,  their  him  may  always  be 
obtained  by  computing  a moderate  number  of  the  terms  of  the  differential 

, . lx  ■ D1'.1  __  D"'x*  _ D«r.«  r>-*«  _ D".*» 

cries  a 1 + , i+jrT  i + k13  T+w)4  i-f-*)6  T+x'.7 


Digitized  by  Google 


r & E F \ C E. 


xliii 


vi± 


D 


— &c  a d h.fu-.itum , which  always  converges  with  con- 

* + *!'  i +.*1* 

9 i 3 /-"•  i (“i  •'  \ , l|  ' 1 0 

filterable  fwiftnefs.  This  Differential  Scries,  is  deferibed  and  fet  forth,  and 
illoftrated  hyjOfveral  appofice  examples,  in  a Tract  in  the  3d  Volume  of  this 
Collection,  v,hich  is  inntted  A Me  tied  of- finding  the  Value  of  a fiovsly-cor, verging 
infinite,  Series  of  decreafing  Quantities  of  a certain  Form,  when  it  converges  too 
foody  to  be  fumtned  in  the  common  way  by  the  mere  computation,  and  addition  or 
JublraUion,  of  fome  of  it's  initial  terms,  and  which  begins  in  page  219  and 
ends  in  page  252.  And  the  manner  of  obtaining  it  is  alfo  briefly  deferibed  ih 
the  faid  Traft  in  Art.  5,  pages  21 !,  222.  But  afterwards  I gave  a much 
fuller  inveftigation  of  it  in  another  Trad  which  is  alfo  printed  in  the  fame 
3d  Volume  of  this  Collection  of  Trails  immediately  after  the  former  Trad, 
and  is  intitled  The  Invejligaticn  of  tbe  foregoing  Differential  Series,  and  which 
extends  from  page  255  to  page  312.  Yet  even  in  this  fecund  Trad  there  was 
one  thing  wanting  to  make  the  inveftigation  of  this  Differential  Series  com- 
plcatly  fatisfadory,  and  which  I had  not  been  able  to  difeover  ; and  that  was  a' 
proof  that  the  remaining  terms  of  the  faid  Differential  Series,  after  thole  that 
(hall  have  ,been  adually  inveftigated,  will  be  fuch  as  arife  from  the  law  Of 
continuation  that  is  obferved  to  take  place  among  thofe  which  have  been 
actually  inveftigated.  In  that  (econd  Trad  I bad  actually  inveftigated  the  fir  ft: 

five  terms  of  the  faid  Differential  Series,  and  had  (hewn  them  to  be  a 1'~ 

• . ■ . ■ - • . r-  . . - . *-t* 

— [u  _'r  X =44  — tb  — 20  + d X ^==ct  — ff  — 3c  + 3d  — e X ** 


or  a — 


• +*? 
hi  D'a* 


D"x» 


D"'x* 


t ,u 


1 “ 


»+* 


4 » 


, , c-,  — j and  l had,  for  my  owrt  fitiafadion, 

T+3  *+*)  »+*)  ■_  , 

inveftigated  alfo  the  tbrec  following  terms,  and  found  them  to  be  equal  to 
b — 4c  + 6 J — 4<  + j\  x =-=*tr » and  b — jf + tod  *—  aoe  + •-  g)  x 


n>.r* 


=rr , and  b - 6r  -f-  1 — aor  + i Sf  — H + hfd  x ==«p  , or  to  ===^-, , 


>+* 

s===r;,  and  -rer-^  . And,  from  (the  analogy  of  tbefc  terms  fo  inveftigated,  [ 

thought  it  reasonable  to.  conjedure  that  the  ninth,  and  tenth,  and  eleventh,  and 

other  following  terms  of  this  feries  would  be  ^ 

j ■ I 0 -.(i  • >+*>  1 +** 

' ,But  this  was  only  a conjedure,  and  I was  unable  tp  convert  it  into  a demon- 

f 2 ftration. 


, I)”xP  .... 

and  , 8tc. 

>+*) 
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ftration.  This  tkfcft,  however,  is  now  fnpplied  in  the  ninth  Trail  of  the 
prefent  Volume,  in  which  I have  fee  forth,  in  as  full  and  clear  a manner  as  I 
could;  another  manner  of  inveftigneing  the  feveral  terms  of  this  Differential' 
Scries  which  has  been  invented  and  communicated  to  me  by  the  learned  and 
ingenious  MV.  John  Hellins,  B.  D.  Vicar  of  Potter’s  Pury  in  Northampton  (hire, 
and  which  is  of  fuch  a nature  as  to  enable  us  to  perceive  that  the  law  of  conti. 

miation,  or  generation,  of  the  terms  of  the  feries  P,  — , — — , 

1 + * i + 4 i + 4 


T*« 

m 


V,s 


\vy> 


x*» 


=-. , > — s", , &c  ad  infinitum,  (which,  in  both  Mr.  Hellins’s 

s+jr.  s+wi  i+wV 

inveftigation  and  mine,  is  affumed  to  be  equal  to  the  original  feries  a — bn 

+ ex'  — dx‘  + ex*  — fx'  4-  gx‘  — bx1  + &c,  and  from  which  the  differ- 

hx  _ D’»»  D'V*  _ D*''** D-.t»  _ DV  D'**» 

r+D* 


ential  feries  a - 


i + * 


i+*Y 


1 + 4 


I +.v. 


!+*;' 


— & c was  derived  by  invcftigacing  fucceffively  the  values  of  P,  R,  S,  T, 
V,  W,  X,  Stc,  and  the  ligns  that  arc  to  be  prefixed  to  the  fccond  and  other 
following  terms  of  the  faid  feries,)  one  from  another,  which  is  found  to  take 
place  in  the  terms  that  are  actually  inveftigaied,  mult  likewife  take  place  in  all 
the  following  terms  which  have  not  been  inveftigaied,  to  whatever  number  cf 
terms  the  faid  feries  may  l>e  continued ; fo  that  we  may  now  conclude  with 
certainty  (inftead  of  only  conjeftuting,  as  wq  did  befote,)  that  the  ninth,  tenth, 

eleventh,  twelfth,  and  other  following  terms  of  this  feries  will  be  — 

it-  I + X)  • 


D"u* 

7+~?* 


D1'- 
i +4' 


D*x' 


I +jt' 


- — &c,  agreeably  to  the  analogy  that  has  taken 


bx 


place  with  refpeft  to  the  former  eight  terms  of  it,  to  wit,  a — — - 


Dlx» 

; +x\* 


D »*»  _ D"1**  _ 

_ sy*  mr  r+sf ' 

computed.  This  Traft  begins  in  page  571,  and  ends  in  page  614. 


D"x*  _ D'r“_ 

mi4 


D".r» 


7+31’  ’ 


which  had  been  aftually 


The  toth  and  lad  Traft  of  this  Volume  is  likewife  an  invention  of  the  fame 
ingenious  and  learned  Mathematician,  the  Reverend  Mr.  John  Hellins,  from 
whom  I had  the  improvement  of  the  inveftigation  of  the  differential  feries 
lx  D‘x»  D*‘x>  D"*x*  D*VrS 


4 — 


1 + * 


D1-*’  p“*3  D"ljc<  _ _ Se c that  is  the  fubjeft  of 

“r+3*  f+iv  7+rr  r+a* 

the 
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the'rjth  Trnft.  i And.it  relates  to  the  fame  fubjeft  as  tbe  foregoing-,  or  gth. 
Trait,  to  wit,  the  Itimmation  of  infinite  feriefes,  when  they  converge  too  flowly 
to  be  fommed  in  the  common  way,  or  by  computing  a.  moderate  number  of  their 
initial  terms  and  taking  the  values  of  the  f .ms  of  thofc  icrirts  for  pretty  near  values 
of  the  whole  feriefes.  For  it  is  remarkable  that  feriefes  of  the  form  a 4 bx 
+ «."*■  4-  dxl  4-  ex*  4-  fx'  4-  gx*  4 bx1  + &c,  in  which  all  the  terms  after  , 

the  firft  term  are  marked  with  the  ftgn  +,  or  arc  added  to  the  firft  term,  are 

more  difficult  to  be  fummed,  when  they  converge  with  exceffive  downed,  than 
feriefes  of  the  form  a — bx  4 r.v*  — dx*  + ex*  — fx'  + gx*  — bx'  4 See,  ■' 

io  which  the  figns  are  marked  alternately  with  the  (ign  — and  the  lign  + ; 

though  one  would  naturally  be  inclined  to  fuppofe  that  the  former  feries  c + lx 
4-  ex*  4-  dx*  4-  ex*  4 fx*  + gx*  4-  bx * + &c  fliould  (from  the  greater  ,• 
fimplicity  of  it’s  compofttion,  which  arifes  from  addition  only,  indead  of 
ariling,  as  that  of  the  other  (erics  docs,  from  both  addition  and- fubtra&ion,) 
be  more  eafily  managed  than  the  latter  for  the  purpofe  of-  fummation  as  well  as 
for  every  other  purpofe  whatfoever.  It  is,  however,  found  that  ferities  of 
the  form  a + bx  + ex'  + dx‘  4-  ex*  + fx'  + gx*  4*  bx 7 4-  &c>  when.  ,'J 
their  terms  decreafe  very  flowly,  are  often  exceedingly  difficult  to  -four  ■,  anil  , 
no  general  (erics  has  yet  been  found  by  the- eminent  Mathematicians  whb^ri: 
have  written  upon  this  fubjeid",  that  has  been  equal  to  the  faid  lories,  and  yet 
has  converged  with  fo  confiderable  a degree  of  fwiftneis  that  eight,  or  ten,  , 


or  a dozen,  of  it's  firft  terms  have  been  equal  to  three,  or  four,  hundred 
terms  of  the  former  feries  a 4-  bx  + ex'  4 dx'-  4 »a*  4-  fid  4 gif'  + lx’ 


4-  &c,  of  which  we  are  required  to  find  the  futn,  as  happens  in  the  cafe  of  the 

_ - , , . hx  D'x*  D'*x«  D'“*»  ’ ‘ . ’•  ■ . , 

differential  feries  a — — ^ — - — ■ — =rr  — ■ — — — &c  with 

> + •»  i4xt  i+xl*  ITd*  T+^l1 


a-p  a-  xj  - x~  u- x*  with 


refpeft  to  the  (cries  a — bx  4 ex'  — dx*  + ex*  ■*—  fx'  4-  gx*  *—  bx’  4 -See. 
The  finding  therefore  fitch  a fwifily-converging  feries  as  will  be  equal  to  the 
flowh  -converging  feries  a 4-  lx  4-  ex'  4-  dx*  + ex*  4-  fx * 4-  gx*  4-  bx'  4-  &c, 
and  as  will  confcquently  enable  us  to  find,  wiih  a moderate  degree  of  labour,  the 
fum  of  fuch  aflowly-convcrging  feries  to  a confiderable  degree  of  exadtnefs,  is  dill 
a great  defideratum  among  Mathematicians.  But  Mr.  Hcllins  has,  in  fome  degree, 

overcome  this  difficulty,  by  (hewing  us  that  the  very  differential  feries  a — 

• T*  'V 

— & c itfelf  may  be 
fuccef;  fully 


D'.*»  D**x*  D'“x«  D"x*  D'x4 * 6  D'V. 
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fucccfsfully  employed  for  this  ptirpofc,  or  fo  as  to  enable  os  to  find  the  value  o( 
the  feries  a + bx  + ex'  4-  dx*  - 4*  ex'  '+■  /a1  + gx*  + bx,’  -f-  &c  to  any 
degree  of  exaflnefs  fUat  wianay  dclice,. though  it’s  terms  flionld  decreafe  wjilj 
an  exceflive  degree  of  flownefs,  if  we  will  have  the  patience  to  make  four,  or 
more,  fucceifive  applications  of  the  faid  differential  ferics  to  certain  feriefes  of 
the  form  of  the  ferics  a — bx  + ex'  — d x‘  + ex'  , — fx'  + gx*  — lx' 
-¥■  &c,  which  are  derived  from  the  original  feries  « + fa  + r#*.  4-  d> c*  4-  ex* 
+ A*  + ix°  + bx’ ;+  &c  of  which  we  are  endeavouring  to  find  the  font, 
And  the  explanation  of  Mr.  Heflins ’s  method  of  making  the  faid  fucceflivc 
applications  of  the  faid  differential  feries  to  this  purpofe,  together  with  a very 
full  illullration  of  this  method  in  the  cafe  of  a particular  example,  namely,  in 


finding  tbe.fum  of  the  flowly-converging  feries 


, 

+ IT 

loth  Tradt. 


•f  ^ — |-  — — 4-  &c,  make  up  the  chief  contents  of  this 


31 


o-Q 

34 


+ 


o^l* 

35 


i6 


39 


40 


But  it  muff  be  confefled  that  thefc  repeated  applications  of  the  faid  Differ- 
ential Series  to  this  purpofe  are  fo  exceedingly  tedious  and  laborious,  that  it 
is  probable  few  perfons  will  ever  have  recourfe  to  them  for  the  purpofe  of  finding 
the  value  of  a flowly-converging  feries  of  the  faid  form  a + bx  4-  ex'  4-  dx' 
-4-  ex*  + /**  4-  £**  4-  bx’  4-  &c.  And  therefore  it  is  dill  to  be  wifhed  that 
ingenious  Mathematicians  would  exert  their  talents  and  fagacity  to  find-out 
fome  ealier  way  of  finding  the  value  of  fuch  a feries. 

The  defeription  and  explanation  of  this  method  of  applying  the  faid  differ- 
ential feries  to  the  fummation  of  the  flowly-converging  feries  a 4-  bx  4-  ex' 
-4-  dx1  -4-  ex*  -4-  /**  4-  gx*  + bx’  4-  &c  begin  in  page  615  and  extend  to 
the  end  of  Art.  1 5 in  page  628  j and  the  illullration  of  the  method  by  applying 

it  to  the  fummation  of  the  feries  — 1 — 1-  — + 4-  4.  4. 

31  34  33  3«  37  38 

4-  + &c>  begins  in  page  628,  and  ends  in  page  680.  The 

degree  of  exaflnefs  obtained  by  thefc  long  and  laborious  calculations  is  fuch  as 
gives  us  (he  number  2*302,585,092,573,344,422  for  Napier’s  logarithm  of  10, 
or  of  the  ratio  of  10  to  1 ; of  which  number  the  firft  ten  figures  2.302,585,092 
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are  cxad,  the  more  accurate  value  of  that  logarithm  being  a. 302., 585,092, 994, 
045,684,017,  Sec.  This  is  a confiderable  <!cgrce  of  exa&nefs;  but  it  is  too 
dearly  purchafed  by  1'uch  an  itamenfe  quantity  of  calculation  as  has  been 
employed  to  obtain  it. 

• f «►-  • -*i  ■ 

The  lift  1 5 pages  of  this  Volume,  from  page  680  to  the  end  of  page  695, 
contain  an  account  of  fomc  conjeftural  methods  of  finding  the  fums  of  flowly. 
converging  feriefes  of  the  foregoing  form  a + b*  + «*  + 4x*  + + f*1 

+ jx*  + bxf  + &c,  that  have  occurred  to  me,  and  by  which  we  may  obtain 
the  value  of  the  feries  exa&  to  about  three  places  of  decimal  figures. 


FRANCIS  MASERES. 

Inner  Texiple,  January  10,  1801. 
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AN  APPENDIX 


TO  THE  TRACT  OF 

DR.  EDMUND  HALLEY, 

INTITLE  D, 

“ An  tafy  Demonf ration  of  the  Analogy  of  the  Logarithmick  Tangents  to  the 
“ Meridian  Line , or  Sum  of  the  Secants ; with  various  Methods 
“ of  Computing  the  fame  to  tlx  utmoji  Exaflnefs  j" 

Which  has  been  Re-printed  in  the  Second  Volume  of  this  Coileftion  of 
Mathematical  T rafts,  intitled,  Scripores  Logaritbmici,  in  pages  76,  77, 
78,  &c,  - - - - 84  : Containing  the  Solution  of  a Curious  Problem, 
relating  to  Navigation,  propofed  by  Dr.  Halley  in  the  latter  part  of 
the  faid  Traft. 


By  FRANCIS  MASERES,  Esq^  F.  R.  S. 

CORSITOR  BARON  OF  THE  COURT  OF  EXCHEQUER*. 


* N.  B.  I have  put  my  name  to  the  following  Solution  of  this  curious  and  difficult  Problem,  be- 
ciufc  I have  drawn  it  out  in  its  prefent  form.  But  the  fubtlance  of  it  was  communicated  to  me  by  my 
learned  friend  Mr.  George  Atwood,  M.  A.  and  F.  R.  S.  late  Fellow  of  Trinity  College,  Cambridge. 
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APPENDIX  \ 

, . • . 

TO  THE  TRACT  OF  -Y 

''  * . .X 

DR.  EDMUND  HALLEY, 

XNTITLED, 

“ An  tafy  Demonfiration  of  the  Analogy  of  the  Logaritboick  Tangents  to  the  Meridian 
“ Line,  or  Sum  of  the  Secants-,  with  various  Methods  of  Computing  the  fame  to 
“ the  utmcjl  ExaOnefs , &c." 


Article  i.  r | ' H E above-mentioned  Trad  of  Dr.  Halley  was  firfl:  pub- 
I lilhed  in  the  Philofophical  Tranfadions  of  the  Royal  Society 
of  London,  in  the  year  1 69  j -6,  in  Number  119,  Vol.  XIX  of  the  faid  Tranf- 
adions ; and  was  publiflicd  a Iccond  time  in  the  year  1708,  in  the  fecond  vo- 
lume of  the  Collection  of  Mathematical  and  Philofophical  Trads,  in  three 
volumes,  octavo,  called  Mifcellanea  Curiofa,  pages  20,  21,  22,  See,  - - - 36  ; 
and,  laflly,  has  been  publilhed  a third  time  in  the  beginning  of  the  year  1 792, 
in  the  fccond  volume  of  the  prefent  Colledion  of  Mathematical  Tracts,  called 
Scriplorcs  Logarithmic i,  pages  76,  77,  78,  8tc,  - - - 84.  Towards  the  end  of 
this  Trad  Dr.  Halley  has  propofed  a certain  Problem  relating  to  Naviga- 
tion, which,  I believe,  has  never  received  a compleat  and  accurate  folution 
to  this  day;  though  it  has  been  refolvcd  in  a tentative  way  by  Mr.  John 
Robertson,  the  late  Librarian  of  the  Royal  Society  (who  had  formerly  been 
the  head  Mailer  of  die  Royal  Military  Academy  at  Portfmouth,)  in  his  valu- 
able Treatife  on  Navigation,  Book  VIII,  Sed.  IV,  Problem  X,  page  360,  and 
likewife  by  Monfseur  Bouguer,  a diflinguiflied  Member  of  the  Royal  Academy 
of  Sciences  at  Paris,  in  his  copious  and  learned  Treatife  on  Navigation,  pub- 
lished at  Paris,  in  the  year  1 7 33,  and  intitlcd.  Nouveau  Traite  de  Navigation, 
contenant  la  1 hcorie  el  la  Pratique  du  Pilotage,  in  the  5th  Book  of  the  faid  Trca- 
tife,  Seftion  I,  Chapter  II,  pages  332,  353,  under  the  title  of  Sixieme  Prcbleme 
General-,  and  likewife  by  the  late  Mr.  Israel  Lyons,  in  the  Appendix  to 
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t’  c Nautical  Almanack  for  the  year  1772.  The  pafl'age  of  Dr.  Halley’s  faid 
diianirfc,  in  which  he  makes  mention  of  this  Problem,  is  in  the  words  fol- 
lowing. “ 1 reed  not  Jbevo  bow,  ly  fegrefflve  work,  to  find  tbs  latitudes  firm  the 
“ tncnJ.ior.il  parts  ; the  nut  bod  being  fujficicntly  obvious  : I Jhall  only  conclude  with 
“ the  propofol  of  a Problem,  which  remains  to  make  this  dotlrine  com  pleat ; and 
“ that  is  this  : 

“ A fl  ip  fails  from  a given  latitude,  and,  having  run  a certain  number  if  leagues, 
“ has  altered  her  longitude  ly  a gives  angle,  ft  is  repaired  to  find  the  ceurft 
“ fleered . 

“ ‘The  Solution  here  f would  be  very  acceptable,  if  not  to  the  Putlick,  at  leaf  to 
“ the  Author  of  tb:s  Trail ; b ng  l-.kely  to  open  feme  further  light  into  the  myfteries 
“ of  Geometry."  See  Vol.  'll.  of  this  prelent  Collection  of  Tracts,  called, 

S.riptores  L garitbmici,  page  83. 

Art.  2.  In  this  Problem  the  Chip  is  fuppofed  to  have  failed  always  in  the 
fame  courfe  during  the  whole  voyage,  or  in  fuch  a line  as  to  have  always  cut 
the  fevcral  meridian  lines  *t>r  circumferences  of  great  circles  of  the  Earth  pall- 
ing through  its  two  Poles,)  over  which  it  has  palled,  in  the  lame  angle : and 

the  Earth  is  fuppofed  to  be  of  a fphcrical,  and  not  a fpheroeidical,  or  other 
oval,  figure ; and  confequently  all  the  meridian  lines,  (or  circumferences  of 
great  circles  of  the  Earth  that  pafs  through  the  two  Poles,)  will  be  equal  to 
the  circumference  of  the  Equator  : And  by  the  difference  of  the  Jhip's  longitude  at 
/be  beginning  and  at  the  end  of  the  voyage,  (which  difference  is  here  fuppofed  to 
be  given,  or  known,)  we  arc  to  underftand  the  arch  of  the  circumference  of 
the  Equator  that  is  intercepted  between  two  meridian  lines,  (or  the  circum- 
ferences of  two  great  circles  of  the  Earth  paffing  through  the  two  Poles,) 
that  are  drawn  through  the  (hip’s  two  politicos  at  the  beginning  and  at  the  end 
of  the  voyage.  Thefe  things  mull  be  thoroughly  underftood,  and  carefully  at- 
tended to,  in  order  to  have  a clear  idea  of  the  meaning  of  the  Problem  of 
which  we  are  going  to  attempt  the  Solution. 

Art.  3.  Let  the  point  P,  in  Fig.  1,  denote  one  of  the  Poles  of  the  Earth, 
and  the  line  H I denote  a part  of  the  circumference  of  the  Equator,  or  great 
circle  of  the  Earth  which  is  drawn  through  its  center  at  right  angles  to  its  axis. 
Let  A and  B be  two  points  on  the  furface  of  the  Earth,  both  fituated  on  the 
fame  fide  of  the  Equator,  but  at  unequal  diftances  from  it ; and  let  the  diflance 
of  A from  the  Equator  be  greater  than  the  diftancc  of  B from  it,  or,  in  other 
words,  let  the  latitude  of  A be  greater  than  the  latitude  of  B.  Alfo  let  A 
and  B be  Situated  in  different  meridian  lines  PAL  and  P B M,  which  cut 
the  line  H I,  or  the  circumference  of  the  equator,  in  the  points  L and  M. 
Ti:en,  it  is  evident,  the  arch  L M of  the  circumference  of  the  equator  will  be 
the  difference  cf  the  longitudes  of  the  points  A and  B,  from  whatever  original 
meridian  line  the  faid  longitudes  may  be  reckoned. 

Further,  let  a fbip  be  fuppofed  to  fail  from  the  point  A to  the  point  B in 
a line  that  cuts  all  the  meridian  lines,  over  which  it  paffes,  in  the  fame  angle 
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in  which  its  fil'd  cl  i red  ion,  when  ir  fets  out  from  A,  cuts  the  meridian  line 
PAL  which  pafles  through  its  fil’d  petition  A,  or  in  an  angle  equal  to  the 
angle  LAB;  by  which  angle  we  are  to  underd.md  the  redilineal  angle  con- 
tained between  a tangent  to  the  meridian  circle  PAL  in  th?  point  A,  and  a 
tangent  to  the  curve  line  A B (delcribed  by  the  Ihip  in  her  patfage  from  A to 
B,)  in  the  lame  point  A. 

This  curve  line  A B,  deferibed  by  the  Ihip  in  her  paflage  from  A to  B,  is 
called  a loxcdrmiil'  line,  or  lcxoJrom:ck  curve,  from  the  two  Greek  word'  Ae*oV, 
eblijue,  and  fpotLo:,  a cour/e,  becauie  it  is  oblique  in  its  courfc,  or  direction,  or 
cuts  the  feveral  meridian  lines,  over  which  it  pafles,  in  an  oblique  angle.  And 
it  is  alfo  called  a rhumb-line  ■,  and  the  angle  LAB,  in  which  it  cuts  the  feveral 
meridian  lines  over  which  it  pafl’cs,  is  called  the  angle  of  the  rbumb}  or  tbe 
rhumb-angle. 

Now  in  the  foregoing  Problem,  propofed  by  Dr.  Halley,  the  arch  AL, 
or  the  latitude  of  the  point  A (from  which  the  (hip  fets  out  upon  her  voyage,) 
is  fuppofed  to  be  known ; but  not  the  arch  B M,  or  the  latitude  of  the  point  B, 
at  which  the  Ihip  arrives  after  palling  along  the  loxodromick-line,  or  rhumb- 
line, A B.  And  the  arch  L M,  or  the  difference  of  the  longitudes  of  the 
points  A and  B,  is  alfo  fupp  ‘fed  to  be  known ; and  likewife  the  length  of  the 
loxodromick-line,  or  rhumb-line,  A B,  which  the  (hip  has  deferibed  in  her 
paflage  from  A to  B.  And  from  thefe  data  we  are  required  to  find  the 
Thumb-angle  LAB,  in  which  the  rhumb-line  A B cuts  all  the  meridian  lines 
over  which  the  Ihip  has  palled. 
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Art.  4.  Before  we  enter  upon  the  Solution  of  this  Problem,  it  will  be  ne- 
cetfary  to  Ihew  the  relation  of  the  rhumb-line,  or  loxodromick  line,  A B,  or 
diilance  run  by  the  fhip,  to  the  difference  of  the  latitudes  of  the  points  A and 
B,  and  confequently  how  B M,  or  the  latitude  of  the  point  B,  may  be  derived 
from  A L,  or  the  latitude  of  the  point  A,  and  the  length  of  the  rhumb-line 
A B,  together  with  the  magnitude  of  the  rhumb-angle  L A B,  when  A L,  A B, 
and  the  angle  LAB  are  previoufly  known.  Now  this  relation  of  the  difference 
of  the  latitudes  of  the  points  A and  B to  the  length  of  the  rhumb-line  A B and 
to  the  rhumb-angle  LAB,  may  be  demonllrated  in  the  following  manner. 


LEMMA  I.  A THEOREM, 


If  there  be  two  points  A and  B (as  in  Fig.  a,)  on  the  furface  of  the  Earth, 
both  on  the  fame  fide  of  the  Equator  H 1,  but  at  different  diftances  from  it; 
and  the  diflance  of  the  point  A from  the  Equator  is  greater  than  the  diftance 
of  the  point  B from  it ; and  the  faid  points  are  fituated  in  different  meridian 
circles  PAL  and  P B M,  which  cut  the  Equator  in  the  points  L and  M re- 
fpe  “lively  ; and  A B be  a loxodromick  line,  or  rhumb-line,  extending  from 
the  point  A to  the  point  B : the  length  of  the  faid  line  A B wilt  be  to  the 
difference  of  the  two  circular  arches  AL  and  BM,  (which  are  the  latitudes  of 
the  two  points  A and  B,)  as  the  radius  of  a circle  is  to  the  co-fine  of  the 
rhumb-angle  LAB. 

In  the  meridian  circle  PAL,  which  paffes  through  the  point  A,  take  the 
arch  P CL  equal  to  the  arch  P B of  the  meridian  circle  PBM,  which  paffes 
througlithe  point  B.  Then  will  the  arch  QL  be  equal  to  the  arch  B M,  or 
the  latitude  of  the  point  B ; and  confcquently  the  arch  A Q_  (which  is  the 
txcefs  of  the  arch  A L above  the  arch  QJL,)  wilt  be  equal  to  the  excels  of  the 
arch  A L above  the  arch  B M,  or  will  be  the  difference  of  the  latitudes  of 
the  two  points  A and  B.  We  are  therefore  to  fliew  that  the  length  of  the 
rhumb-line  A B will  be  to  the  length  of  the  circular  arch  A Q_as  the  radius  of 
a circle  is  to  the  co-fine  of  an  angle  in  the  faid  circle  equal  to  the  rhumb-angle 
LAB,  or  QA  B. 


DEMONSTRATION. 


Let  the  line  QB  reprefent  the  arch  of  a circle  of  which  the  pole  P is  the 
center,  and  either  of  the  lines  PQjmd  P B is  the  radius,  or  the  arch,  of  a 
’ parallel 
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parallel  of  latitude  paff.ng  through  the  point  B.  And  let  this  arch  Q_B  be 
fuppofed  to  be  divided  into  a very  great  number  of  very  fmall  and  equal  parts, 
fuch  as  Br,  eg,  gk,  kn,  Sec;  as,  for  example,  into  ten  thoufand  million  of 
fuch  parts.  And  through  each  of  the  points  of  divifion,  c,  g,  k,  n,  &c,  let 
the  meridian  circles  Pr,  Pg,  P k,  Pit,  Sec,  be  fuppofed  to  be  drawn,  cutting 
the  loxodromick,  or  rhumb,  line  BA  in  the  points  C,  D,  E,  F,  See. 

Further,  through  the  point  C draw  a parallel  of  latitude,  or  circle  parallel  to 
the  Equator,  cutting  the  meridian-line  Pg  in  the  point  G,  and  the  meridian 
line  PL.,  or  PQ__,  in  the,point  R.  And,  in  like  manner,  through  the  point 
D draw  another  parallel  of  latitude,  or  circle  parallel  to  the  Equator,  cutting 
the  meridian-line  P t in  K,  and  the  meridian-line  P in  S;  and  through 
the  point  E draw  another  parallel  of  latitude,  or  circle  parallel  to  the  Equator, 
cutting  the  meridian-line  Pn  in  N,  and  the  meridian-line  PQ_in  T ; and,  in 
like  manner,  conceive  other  parallels  of  latitude,  or  circles  parallel  to  the 
Equator,  to  be  drawn  through  all  the  other  points  of  divifion  in  the  loxodromick 
line  A B,  however  great  their  number  may  be. 

Art.  5.  Then  it  is  evident  that,  fince  the  circles  BQjind  C R are  parallel  to 
each  other,  they  will  intercept  equal  portions  of  the  two  meridian  circles  P c 
and  P Qj  and  confequently  the  little  arch  RQ^of  the  meridian  circle  P Q__ 
will  be  equal  to  the  little  arch  C c of  the  meridian  circle  P e.  And,  for  a like 
reafon,  the  little  arch  SR  of  the  meridian  circle  P Qjvill  be  equal  to  the  little 
arch  DG  of  the  meridian  circle  P^;  and  the  little  arch  T S of  the  meridian 
circle  PQ^  will  Ire  equal  to  the  little  arch  EK  of  the  meridian  circle  P k;  and 
the  little  arch  O T of  the  meridian  circle  P Q__  will  be  equal  to  the  little  arch 
F N of  the  meridian  circle  P n.  And  the  like  equality  will  take  place  between 
all  the  following  little  arches  of  the  meridian  circle  P Q^,  lying  between  the 
points  A and  O,  and  the  corrcfponding  little  arches  of  the  feveral  following 
meridian  circles  drawn  through  the  following  points  of  divifion  in  the  loxodro- 
mick line  A B lying  between  the  points  A and  F.  Therefore  the  fum  of  all 
the  little  arches  RQ_,  SR,  T S,  OT,  &c,  of  the  meridian  circle  P Q^,  con- 
tinued to  the  point  A,  that  is,  the  whole  arch  AQ__,  will  be  equal  to  the  fum 
of  all  the  little  arches  C c,  D G,  EK,  F N,  &c,  of  the  feveral  meridian  circles 
Pr,  P g,  Pi,  P n.  Sec,  lying  between  the  points  A and  B. 

And  the  whole  loxodromick  arch  A B is  equal  to  the  fum  of  all  its  parts,  or 
the  fmall  arches  B C,  CD,  D E,  E F,  &c,  continued  to  the  point  A. 

Therefore  the  whole  loxodromick  line  A B will  be  to  the  whole  circular  arch 
AQ^,  or  to  the  difference  of  the  latitudes  of  the  points  A and  B,  in  the  lame 
proportion  as  the  fum  of  all  the  little  loxodromick  arches  B C,  CD,  D E,  E F, 
&c,  continued  to  the  point  A,  is  to  the  fum  of  all  the  little  circular  arches  C r, 
DG,  EK,  FN,  &c,  of  the  different  meridian  circles  P r,  P g,  P k,  P n,  Sec, 
correfponding  to  them.  We  muff  therefore  endeavour  to  Ihew  that  this  latter 
proportion,  to  wit,  the  proportion  of  the  fum  of  all  the  little  loxodromick 
arches  BC,  CD,  DE,  EF,  &c,  continued  to  the  point  A,  to  the  fum  of  all 
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the  little  circular  arches  C c,  DG,  EK,  FN,  &c,  correfponding  to  them,  is 
equal  to  that  of  the  radius  of  any  circle  to  the  co-Gne  of  an  angle  equal  to  the 
thumb-angle  LAB,  in  the  fame  circle. 

Art.  6.  Now,  bccaufe  the  circular  arches  B c,  eg,  gk,  kn,  &c,  continued  to 
the  point  Q_,  ate  fuppofed  to  be  all  equal  to  each  other,  and  extremely  nume- 
ronv-as,  for  example,  not  fewer  than  ten  thoufand  millions,  it  follows  that  the 
faid  arches  mud  all  be  cxtreamlv  fmall,  and  confequcntly  that  the  correfpond- 
ing  loxodromick  arches  B C,  CD,  D E,  EF,  Sec,  continued  to  the  point  A, 
(into  which  the  whole  loxodromick  arch  A B is  divided  by  the  feveral  meridian 
circles  Pc,  P£,  Pi,  l’tt,  &c,  continued  to  the  point  Q^,)  will  alfo  be  ex- 
treamly  fmall,  ami  confequcntly  that  they  will  be  very  nearly  equal  to  their 
feveral  chords  refpedlively,  or  will  exceed  their  feveral  and  refpettive  chords 
in  very  fmall  ratios  of  majority.  And  it  follows  likewife  that  the  little  circular 
arches  Cr,  DG,  EK,  F N,  &c,  of  the  feveral  meridian  circles  Pc,  Pg,  Pi, 
P »,  Sec,  and  likewife  the  little  circular  arches  CG,  DK,  EN,  &c,  of  the 
feveral  parallels  of  latitude  C R,  D S,  E T,  See,  will  be  all  extrcamly  fmall, 
and  confequcntly  that  they  will  be  very  nearly  equal  to  their  feveral  chords 
Tefpeflivcly,  or  will  exceed  their  feveral  and  refpeftive  chords  in  very  fmall 
ratios  of  majority.  Therefore  the  fum  of  all  the  chords  of  the  feveral  little 
loxodromick  arches  BC,  CD,  D E,  EF,  tec,  continued  to  the  point  A,  may 
be  ccnfidered  as  equal  to  the  fum  of  all  thofc  arches  theinfclves,  or  to  the 
whole  loxodromick  arch  A B ; and  the  fum  of  all  the  chords  of  the  feveral 
little  circular  arches  C c,  DG,  E K,  FN,  &c,  correfponding  to  the  loxodro- 
niick  arches  B C,  CD,  D E,  E F,  Sec,  may  be  confidcred  as  equal  to  the 
fum  of  all  the  faid  arches  themfelves,  and  confequently  as  being  equal  to  the 
circular  arch  A Q_of  the  meridian  circle  PAL,  or  to  the  difference  of  the  la- 
titudes of  the  points  A and  B.  We  mult  therefore  now  endeavour  to  fliew 
that  the  fum  of  all  the  chords  of  the  little  loxodromick  arches  B C,  C D,  DE, 
E F,  tec,  continued  to  the  point  A,  is  to  the  fum  of  all  the  chords  of  the  cor- 
refponding little  circular  arches  Cf,  DG,  EK,  FN,  &c,  in  the  proportion 
of  the  radius  of  any  circle  to  the  co-Gne  of  an  angle  equal  to  the  rhumb-angle 
LAB,  in  the  fame  circle. 

Art.  7.  We  mud  now  conGder  the  feveral  little  triangles  BCr,  CDG, 
DEK,  FEN,  Sec,  (continued  to  the  point  A,)  formed  by  the  chords  of 
the  feveral  little  loxodromick  arches  B C,  CD,  D E,  E F,  Sec,  and  the  chords 
of  the  feveral  correfponding  little  circular  arches  C c,  DG,  EK,  FN,  &c,  of 
the  meridian  circles  P e,  P g,  P k,  P n,  Sec,  and  the  chords  of  the  feveral  other 
cortefponding  little  circular  arches  Be,  CG,  DK,  E N,  &c,  of  the  parallels 
of  latitude  BQ__,  CR,  DS,  E T,  Sec;  which  triangles  will  all  be  right-lined 
triangles,  bccaufe  they  will  be  formed  by  the  chords  of  the  faid  feveral  little 
loxodromick  arches  and  circular  arches,  and  not  by  the  faid  loxodromick  and 
circular  arches  themfelves. 

Now,  bccaufe  the  little  circular  arch  C e is  extreamly  fmall,  the  angle  con- 
tained 
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tained  between  its  chord  and  a tangent  to  it  in  the  point  C will  be  extreamly 
fmall ; and  confequently  the  faid  chord  may  be  confidered  as  co-inciding  with 
the  faid  tangent : and,  in  like  manner,  becaufe  the  little  loxodromick  arch  B C 
is  extreamly  fmall,  the  angle  contained  between  its  chord  and  a tangent  to  it  in 
the  point  C will  be  extreamly  fmall ; and  confequently  the  faid  chord  may  be 
confidered  as  co-inciding  with  the  faid  tangent.  Therefore  the  angle  contained 
between  the  chord  of  the  circular  arch  C r and  the  chord  of  the  loxodromick 
arch  B C,  will  be  equal  to  the  angle  contained  between  the  tangent  of  the  cir- 
cular arch  C r in  the  point  C and  the  tangent  of  the  loxodromick  arch  B C 
in  the  fame  point  C,  that  is,  to  the  angle  made  by  the  loxodrorhick  curve 
C B with  the  meridian  circle  P r,  or  to  the  angle  of  the  rhumb.  Therefore, 
in  the  little  right-lined  triangle  BCr,  formed  by  the  chords  of  the  loxodromick 
arch  B C and  the  two  circular  arches  C r and  B r,  the  angle  BCr  will  be 
equal  to  the  angle  of  the  rhumb.  Further,  the  angle  BrC,  m the  fame  right- 
lined  triangle,  which  is  formed  by  the  two  little  circular  arches  Br  and  Cr, 
will  be  a right  angle ; as  may  be  (hewn  in  the  manner  following.  The  plane 
of  every  parallel  of  latitude,  or  circle  parallel  to  the  Equator,  is  at  right  angles 
to  the  plane  of  every  meridian  circle  that  it  erodes.  Therefore,  if  a tangent 
be  drawn  to  the  parallel  of  latitude  B r,  or  B Q^,  in  the  point  r,  in  which  it 
cuts  the  meridian  circle  PCf,  the  faid  tangent  will  be  at  right  angles  to  a 
tangent  drawn  to  the  faid  meridian  circle  P C c in  the  fame  point  of  interac- 
tion r.  But  the  angle  made  by  the  chord  of  the  arch  Be  with  the  tangent  to 
the  faid  arch  in  the  point  c is  extreamly  fmall,  on  account  of  the  extreatn  l'mall- 
nefs  of  the  faid  arch ; and  therefore  the  faid  chord  may  be  confidered  as  co- 
inciding with  the  faid  tangent.  And,  for  a like  reafon,  the  chord  of  the  arch 
C c may  be  confidered  as  co-inciding  with  the  tangent  to  the  meridian  circle 
P C e in  the  fame  point  c.  Therefore  the  angle  contained  between  the  chord  of 
the  arch  B c , and  the  chord  of  the  arch  C c,  will  be  equal  to  the  angle  made 
by  the  two  tangents  of  the  faid  arches  Br  and  Cf  in  the  fame  point  r.  But 
the  angle  made  by  the  faid  two  tangents  is  a right  angle.  Therefore  the  angle 
made  by  the  faid  two  chords  will  alfo  be  a right  angle ; that  is,  the  angle  B r C 
in  the  right-lined  triangle  Br  C,  formed  by  the  chords  of  the  three  little  arches 
BC,  Cr,  and  Br,  will  be  a right  angle.  Therefore,  if  the  chord  BC  (which 
fubtends  the  right  angle  BrC,)  be  made  the  radius  of  a circle,  the  chord  Be 
will  be  the  fine  of  the  oppofite  angle  BCr,  that  is,  of  the  angle  of  the  rhumb, 
in  the  fame  circle  and  C c will  be  the  fine  of  the  angle  C Br,  or  of  the  com- 
plement of  the  angle  BCr,  or  the  rhumb-angle,  to  a right  angle,  or  will  be 
the  co-fine  of  the  faid  angle  BCr,  or  the  rhumb  angle,  in  the  fame  circle. 

And  in  the  fame'  manner  it  may  be  fhewn  that  in  the  next  little  right-lined 
triangle  C D G,  formed  by  the  chords  of  the  little  arches  CD,  D G,  and 
G C,  the  angle  D G C will  be  a right  angle,  and  that  the  chord  of  the  $rch 
C D will  be  to  the  chord  of  the  arch  D G as  the  radius  of  a circle  to  the  co- 
fine of  the  angle  C D G,  which  is  equal  to  BCr,  or  the  angle  of  the  rhumb  ; 
and  that  in  the  third  little  right-lined  triangle  D E K,  formed  by  the  chords 
of  the  arches  D E,  E K,  K D,  the  angle  E K D will  be  a right  angle,  and 
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that  the  chord  of  the  arch  D E will  be  to  the  chord  of  the  arch  E K as  the 
radius  of  a circle  to  the  co-fine  of  the  angle  DEK,  which  is  equal  to  BCr, 
or  the  angle  of  the  rhumb  ; and,  in  like  manner,  that  in  every  following  little 
right-lined  triangle  near  the  following  points  of  divifion  of  the  loxodromick 
line  A B,  formed  by  the  chord  of  the  little  loxodromick  arch  and  the  chords  of 
the  two  correfponding  little  circular  arches,  the  chord  of  the  loxodromick  arch 
will  be  to  the  chord  of  the  correfponding  little  circular  arch  that  is  a portion  of 
a meridian  line,  as  the  radius  of  a circle  to  the  co  fine  of  the  angle  of  the  rhumb. 
Therefore,  by  El.  5,  12,  the  fum  of  all  the  chords  of  the  faid  little  loxodro- 
mick arches,  lying  between  the  points  A and  B,  will  be  to  the  fum  of  all  the 
chords  of  the  correfponding  little  circular  arches  that  are  portions  of  the  feveral 
meridian  lines  lying  between  the  fame  points  A and  B,  in  the  lame  proportion 
of  the  radius  of  a circle  to  the  co-fine  of  the  rhumb-angle  in  the  fame  circle. 

But  the  fum  of  all  the  chords  of  the  faid  little  loxodromick  arches  B C, 
CD,  DR,  E F,  &c,  lying  between  the  points  A and  B,  is  equal  to  the  fum 
of  all  the  faid  loxodromick  arches  thcmfelves,  or  to  the  whole  loxodromick 
arch  A B ; and  the  fum  of  all  the  chords  of  the  little  circular  arches,  or  por- 
tions of  meridian  lines,  Cr,  DG,  EK,  FN,  &c,  lying  between  the  fame 
points  A and  B,  is  equal  to  the  fum  of  all  thofc  arches  thcmfelves,  and  con- 
sequently to  the  fum  of  the  correfponding  arches  QR,  RS,  ST,  TO,  &c, 
(continued  to  the  point  A,)  of  the  meridian  line  PAL,  (which  are,  rcfpec- 
tively,  equal  to  the  arches  Cr,  DG,  EK,  FN,  &c,)  or  to  the  whole  arch 
AQ__of  the  faid  meridian  line  P A L,  or  to  the  difference  of  the  latitudes  of 
the  two  points  A and  B.  Therefore  the  whole  loxodromick  arch,  or  rhumb 
line,  A B will  be  to  the  whole  circular  arch  A Q^,  or  to  the  difference  of  the 
latitudes  of  the  two  points  A and  B,  in  the  fame  proportion  of  the  radius  of  a 
circle  to  the  co-fine  of  the  angle  of  the  rhumb,  or  of  the  (hip’s  courfe,  or  the 
angle  LAB,  in  the  fame  circle.  q.  e.  d. 

Art.  8.  Coroll.  Therefore,  when  the  arch  A L,  or  the  latitude  of  the  firft 
point  A,  is  given;  and  the  length  of  the  loxodromick  arch,  or  rhumb  line, 
A B,  or  the  diftance  run  by  the  (hip  in  its  paflage  from  A to  B,  is  alfo  given  j 
and  likewife  the  rhumb-angle  LAB,  or  the  angle  of  the  fhip’s  courfe;  the 
arch  B M,  or  the  latitude  of  the  fecond  point  B,  may  be  found  in  the  following 
manner. 

Find  a fourth  proportional  to  the  radius  of  any  circle,  the  co-fine  of  the 
rhumb-angle  LAB,  or  angle  of  the  (hip’s  courfe,  and  the  length  of  the 
rhumb-line  A B,  or  the  diftance  run  by  the  (hip  in  her  paflage  from  A to  B. 
And  the  faid  fourth  proportional  will  be  equal  to  the  arch  A or  the  dif- 
ference of  the  arches  A L and  B M,  or  of  the  latitudes  of  the  places  A and  B. 
And,  having  found  this  fourth  proportional,  (which  is  equal  to  the  arch  A Q^,) 
fubtraft  it  from  the  arch  A L,  or  the  latitude  of  the  firft  point  A.  And  the 
remainder  will  be  the  length  of  the  arch  B M,  or  the  latitude  of  the  fecond 
point  B.  q,  e.  1. 
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Art.  9.  Having  fhewn,  in  the  foregoing  Corollary,  how,  from  the  latitude 
A L of  the  firil  point  A,  and  the  rhumb-angle,  or  angle  of  the  fhip’s  courfc, 
LAB,  and  the  length  of  the  loxodromick  arch,  or  rhumb-line,  A B,  or  the 
difiance  run  by  the  fhip  in  its  paffage  from  A to  B,  we  may  find  the  arch  BM, 
or  the  latitude  of  the  fecond  point  B ; we  will  now  proceed  to  ftiew  how,  from 
the  two  arches  A L and  B M,  or  the  latitudes  of  the  two  points  A and  B, 
the  rhumb-angle  LAB,  and  the  rhumb- line,  or  diftance  run,  A B,  we  may 
find  the  arch  L M in  the  circumference  of  the  Equator,  or  the  difference  of  the 
longitudes  of  the  two  points  A and  B.  In  order  to  this  it  will  be  neceffary, 
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in  the  firft  place,  to  fuppofe  the  Chip  to  continue  her  voyage  in  the  fame  courfe, 
or  in  the  fame  loxodromick  curve,  or  rhumb-line,  beyond  the  point  B,  till  fhe 
arrives  at  the  Equator,  and  to  find  the  difference  of  the  longitudes  of  the  firft 
point  A,  and  the  point  in  which  the  faid  loxodromick  curve,  or  line  of  the 
Ihip’s  paffage,  fo  continued  on,  will  meet  HI,  or  the  circumference  of  the 
Equator.  This  will  be  the  fubjedt  of  the  following  Problem. 


LEMMA  II.  A PROBLEM. 


Art.  io.  Let  P (io  Fig.  3,)  reprefent  one  of  the  poles  of  the  Earth  5 H I a 
part  of  the  circumference  of  the  Equator ; A a point  on  the  furface  of  the 
Earth  between  the  Pole  P and  the  Equator  HI;  and  B another  point  on  the 
furface  of  the  Earth  between  the  Pole  P and  the  Equator  HI,  that  is  nearer 
to  the  Equator  than  the  former  point  A,  and  is  fituated  in  a different  meridian  ; 
and  let  P A L be  a meridian  circle  pafiiilg  through  the  point  A,  and  meeting 
HI,  or  the  circumference  of  the  Equator,  in  the  point  L;  and  let  P B M be 
another  meridian  circle  pafiing  through  the  point  B,  and  meeting  H 1,  or  the 
circumference  of  the  Equator,  in  the  point  M : and  let  A B be  a loxodromick 
curve,  or  rhumb-line,  along  which  a (hip  fails  from  the  point  A to  the  point  B, 
keeping  always  the  fame  courfe,  or  cutting  all  the  meridian  lines,  over  which  it 
pafl'es,  in  the  fame  angle  LAB;  and  let  B V be  a continuation  of  the  fame 
loxodromick  curve,  or  rhumb-line,  A B,  to  the  point  V in  the  line  H I,  or  the 
circumference  of  the  Equator ; and  let  the  (hip  be  fuppofed,  after  it  has  arrived 
at  the  point  B,  to  continue  its  voyage  further  from  B to  the  point  V,  or  to  the 
Equator,  along  the  loxodromick  arch  BV,  which  cuts  the  feveral  meridian  lines, 
over  which  it  pafl'es,  in  the  fame  angle  L A B in  which  the  loxodromick  arch 
A B cut  the  feveral  meridian  lines  over  which  it  paffed.  And  let  the  circular 
arch  A L of  the  meridian  line  PAL,  or  the  latitude  of  the  firft  point  A,  be 
fuppofed  to  be  known  ; and  likewife  the  courfe  of  the  (hip,  or  the  rhumb-angle 
LAB;  and  the  length  of  the  whole  loxodromick  line  A B V from  the  firft 
point  A to  the  Equator,  or  the  whole  diftance  run  by  the  Ihip  in  pafling  from  A 
to  the  Equator.  It  is  required  to  find  the  length  of  the  arch  LV  ot  the  cir- 
cumference of  the  Equator,  or  the  difference  of  the  longitudes  of  the  points 
A and  V. 


SOLUTION. 
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SOLUTION. 


Art.  11.  Let  r be  put  for  the  radius  of  the  Earth,  or  of  any  one  of  its  great 
'circles;  and  t for  the  tangent  of  the  circular  arch  A L of  the  meridian  circle 
PAL,  or  of  the  latitude  of  the  firft  point  A,  or,  in  general,  for  the  tangent  of 
the  latitude  of  the  (hip’s  place,  during  its  palfage  from  A to  V,  in  a great 
circle  of  the  Earth  ; and  y for  the  fecant  of  the  fame  arch,  or  of  the  latitude  of 
the  (hip’s  place,  in  the  fame  circle  : and  let  / be  put  for  the  tangent  of  the 
rhumb-angle  LAB,  or  the  angle  of  the  (lrip’s  courfe,  in  the  fame  circle. 

Then,  fince  the  angle  L A B is  fuppofed  to  be  known,  its  tangent  t in  the 
circle  of  which  r is  the  radius,  will  be  known  alfo. 

Let  the  whole  arch  LV,  (which  is  the  difference  of  the  longitudes  of  the 
points  A and  V,  or  the  quantity  whofe  magnitude  we  are  to  find,)  be  conceived 
to  be  divided  into  fome  very  great  number  of  fmall  and  equal  parts,  as,  for  ex- 
ample, into  ten  thoufhnd  millions  of  fuch  parts.  And  let  the  point  of  divifion 
that  is  neared  to  the  point  M (in  which  the  meridian  line  which  pafles  through 
the  point  B cuts  the  equatorial  arch  HI,)  of  all  the  points  of  divifion  that  lie 
between  L and  M,  be  the  point  m ; fo  that  m M (hall  be  one  of  thofe  very 
fmall  parts  of  the  arch  L V.  And  through  m draw  the  meridian  line  Pm  cutting 
the  rhumb-line  AV,  or  A B V,  in  the  point  C.  And  through  the  point  B 
draw  a circle  parallel  to  the  Equator  H I,  cutting  the  meridian  circle  P C m in 
the  point  c.  And  let  the  chords  of  the  loxodromick  arch  B C and  of  the  three 
circular  arches  Cr,  B c,  and  M m be  fuppofed  to  be  drawn. 

Art.  12.  Then  it  is  evident,  that,  fince  the  arch  Mm  of  the  equatorial  circle 
HI  is  extreamly  fmall,  the  three  arches  BC,  C r,  and  B c,  (which  are  derived 
from  it  by  drawing  the  meridian  circle  P C m through  the  point  m,  and  the 
parallel  of  latitude  B c through  the  point  B till  it  cuts  the  faid  meridian 
circle  PCm  in  the  point  r,)  will  alfo  be  extreamly  fmall ; and  confeqoently 
the  chords  of  thefe  four  arches  Mm,  B C,  Cr,  and  B t,  will  be  very  nearly 
equal  to  the  faid  arches  thcmfelves  refpe&ively,  and  therefore  may  be  fubfli- 
tuted  for  them  in  our  invefligation  of  the  magnitude  of  the  whole  circular  arch 
LV,  which  is  the  objedl  of  this  Problem. 

Further,  it  is  evident,  that,  while  the  (hip  is  palling  from  the  point  A to  the 
point  V in  the  Equator,  the  loxodromick  curve  A B V will  increafe  from  0 
to  A B V ; and  the  circular  arch  L V of  the  Equator,  or  the  difference  of  the 
longitudes  of  the  points  A and  V,  or,  rather,  of  the  points  A and  C (fuppof- 
ing  C to  reprefent  the  feveral  fucccflive  places  of  the  (hip  in  its  paifage  from 
A to  V,)  will  at  the  fame  time  increafe  from  0 to  LV  ; and  the  circular  arch 
A L,  or,  rather,  C m,  or  the  latitude  of  the  (hip,  will  decreafe  at  the  fame 
time  from  AL  tot.  And  the  little  circular  arch  m M will  be  the  increment  of 

the 
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the  circular  arch  Ln,  or  of  the  difference  of  the  longitudes  of  the  points  A 
and  C in  a very  fmall  portion  of  time ; and  the  little  loxodromick  arch  C B 
will  be  the  contemporary  increment  of  the  loxodromick  arch  A C ; and  the 
little  circular  arch  C c will  lie  the  contemporary  decrement  of  the  circular  arch 
C m,  or  of  the  latitude  of  the  (hip’s  place. 

Art.  13.  Now  it  will  be  rather  more  convenient  for  our  inveftigation  of  the 
length  of  the  arch  LV,  that  thefc  three  lines  fhould  ail  increafe  together  than 
that  two  of'  them  fliould  increafe,  and  the  third  Ihould  decreafe.  And  there- 
fore, in  order  to  make  them  all  increafe  together  from  0 at  the  fame  time, 
we  will  fuppofe  the  (hip  to  fail  back  again  from  the  point  V in  the  circum- 
ference of  the  Equator  to  the  firft  point  A along  the  fame  loxodromick  line 
V B A.  And  then  the  circular  arch  V to,  or  the  difference  of  the  longitudes  of 
the  flrip’s  fucceffive  places,  will  increafe  gradually  from  0 to  V L ; and  the 
circular  arch  C to,  or  the  latitude  of  the  (hip’s  place,  will  at  the  fame  time  in- 
creafe gradually  from  0 to  LA,  or  AL;  and  the  loxodromick  arch  V C will 
alfo  increafe  gradually  from  0 to  V B C A : and  the  little  arch  M to  will  be  the 
increment  of  the  circular  arch  V to,  or  of  the  difference  of  the  longitudes  of  the 
Ih  1 p’s  places,  in  a very  fmall  portion  of  time;  and  the  little  arch  Cr  will  be 
the  increment  of  the  circular  arch  C m,  or  of  the  latitude  of  the  diip’s  place, 
in  the  fame  time  ; and  the  little  arch  B C will  be  the  contemporary  increment 
of  the  loxodromick  curve  V C.  And  confequently,  if  we  fubftitute  the  chords 
of  thefc  little  arches  inftead  of  the  arches  thcmfelves,  the  chord  of  the  little 
arch  M ra  will  be  the  increment  of  the  circular  arch  V to,  or  of  the  difference 
of  the  longitudes  of  the  Ihip’s  places,  in  a very  fmall  portion  of  time;  and  the 
chord  of  the  little  arch  Cr  will  be  the  increment  of  the  circular  arch  C m,  or 
of  the  latitude  of  the  (hip’s  place,  in  the  fame  time ; and  the  chord  of  the  little 
arch  B C will  be  the  contemporary  increment  of  the  loxodromick  curve  V C. 

Art.  14.  Let  the  circular  arch  C to,  or  m C,  or  the  varying  latitude  of  the 
fit  ip’s  place  in  her  paffage  from  V to  A along  the  loxodromick  curve  V B C A, 

be  denoted  by  the  letter  /,  and  its  little  increment  C r be  denoted  by  /,  or  the 
lame  letter  with  a point  placed  over  it  j and  let  V to,  or  the  varying  difference 
of  the  longitudes  of  the  (hip’s  places,  at  her  firft  departure  from  V,  and  in  the 
following  parts  of  her  paffage  from  V to  A,  be  denoted  by  the  Greek  letter  A, 

and  its  little  increment,  M to,  contemporary  with  the  increment  C c,  or/,  be 

denoted  by  or  the  fame  Greek  letter  with  a point  placed  over  it ; and  let _y 
denote  the  increment  of  y,  or  of  the  fecant  of  the  circular  arch  C to,  or  of  the 
latitude  of  the  point  C,  or  the  (hip’s  place,  contemporary  with  the  increment 

Cc,  or  /,  of  the  faid  arch  C m,  or/,  itfelf ; and  let  T denote  the  increment 
of  T,  or  of  the  tangent  of  the  circular  arch  C to,  or  of  the  latitude  of  C,  or 

the  (hip’s  place,  contemporary  with  / and  y. 

Then  will_y,  or  the  increment  of  y,  the  fecant  of  the  arch  C«,  be  to  /,  or 

Cc, 
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C (,  or  the  increment  of  the  faid  arch  C m itfelf,  as  the  reflangle  under  the  faid 
fecant  y and  the  tangent  T of  the  fame  arch  Cm.  to  the  fquare  of  the  radius 
of  the  circle  to  which  the  arch  C m belongs,  that  is,  to  the  fquare  of  the  radius 
r of  a great  circle  of  the  Earth  ; as  will  be  evident  from  my  Elements  of  Plane 
Trigonometry,  Prop.  30,  Coroll.  4,  art.  165,  pages  184,  185.  Therefore  we 

(hall  have  C c,  or  l,  = " * ji. 

But  T‘,  or  the  fquare  of  the  tangent  T,  is  equal  \o  yy  — rr,  or  the  cxcefs 
of  the  fquare  of  the  fecant  y above  the  fquare  of  the  radius  r.  And  confc- 

qucntly  T will  be  = y/yy — rr.  Therefore  will  be  = — CJLj — ; 

y * T y X */yy—rr 

and  confcqucntly  C c , or  l,  (which  is  equal  to  9T-—' will  be  z=  — —-x— - ■ . 

3 * T 3*  Jyy-” 

Further,  the  little  right-lined  triangle,  formed  by  the  chords  of  the  three 
little  arches  BC,  C c,  and  Br,  will  be  a right-angled  triangle  having  a right 
angle  at  the  point  c ; as  has  been  fhewn  above  in  art.  7.  Therefore,  if  C be 
made  the  center,  and  the  chord  C c be  made  the  radius,  of  a circle,  the  line 
Be  will  be  tangent  of  the  angle  BC  c in  the  faid  circle.  But  the  angle  BC( 
is  equal  to  the  angle  LAB,  or  the  rhumb  angle,  of  which  (by  art.  it,)  t is 
the  tangent  in  a great  circle  of  the  Earth,  or  in  a circle  of  which  r,  or  the  radius 
of  the  Earth,  is  the  radius.  Therefore  the  fmall  tangent  B c will  be  to  the  fmall 
radius  C e,  or  the  chord  of  the  little  arch  C r,  as  the  great  tangent  t of  the 
fame  angle  in  a circle  of  which  r is  the  radius,  is  to  the  radius  r ; and  confe- 

quently  B c will  be  = L*-li . 


But  C c has  been  fhewn  to  be  = — " * 3 — - 

3 x y/sy  ~ " 


Thereforfe  B c will  be  zz  — x — rr-x } ■ z= 


tr  x 3 


3 x " t X y/x>  — rr 


Art.  15.  Further,  becaufe  the  little  arch  B c of  the  circle  drawn  parallel  to 
the  Equator  through  the  point  B,  is  contained  between  the  fame  two  meridian 
circles  PC®  and  P B M as  the  little  arch  M m of  the  circumference  of  the 
Equator,  it  follows  that  B c will  be  to  the  whole  circumference  of  the  circle  to 
which  it  belongs  in  the  fame  proportion  as  M m is  to  the  whole  circumference 
of  the  Equator.  Therefore,  fermuianio,  B c will  be  to  M®  in  the  fame  pro- 
portion as  the  whole  circumference  of  the  former  circle,  or  of  the  parallel  of 
latitude  pafling  through  the  point  B,  to  the  whole  circumference  of  the  Equa- 
tor, and  confequently  as  the  radius  of  the  former  circle,  or  of  the  parallel  of 
latitude  pafling  through  the  point  B,  to  the  radius  of  the  Equator,  or  to  r.  But 
the  radius  of  the  parallel  of  latitude  that  paffes  through  the  point  B,  is  the  fine 
of  the  arch  P B in  the  meridian  circle  P B M ; or  (becaufe  the  points  B and 
C are  extrcamly  near  to  each  other,  and  confcqucntly  the  arch  P C in  the  me- 
ridian 
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ridian  circle  PC™  may  be  confidered  as  equal  to  the  arch  P B in  the  meri- 
dian circle  P B M,)  it  is  the  fine  of  the  arch  PC  in  the  meridian  circle  PC™, 
and  confequently  is  the  co-fine  of  the  arch  Cm  in  the  fame  meridian  circle,  or 
the  co-fine  of  the  latitude  of  the  point  C.  Therefore  the  little  arch  B c will  be 
to  the  little  arch  M m as  the  co-fine  of  the  arch  C m,  or  of  the  latitude  of  the 
point  C,  is  to  the  radius  r. 

But  the  co-fine  of  the  arch  C m is  to  the  radius  r as  the  radius  r is  to  the  fe- 
cant  of  the  fame  arch,  or  to  y. 

Therefore  the  little  arch  B c will  be  to  the  little  arch  M m as  r is  toy.  And 
confequently  the  chord  of  the  little  arch  B c (which  may  be  confidered  as 
equal  to  the  faid  little  arch  itfelf,)  will  alfo  be  to  the  little  arch  Mm  as  r is 

tojr.  Therefore  the  little  arch  Mm  will  be  = x the  chord  of  the  liede 
arch  Be. 


But  the  faid  chord  has  been  fhewn  to  be  equal  to 


tr  X y 


y x -Jn  - " 

Therefore  the  little  arch  M m will  be  ~ — x — ,r  * -f  — . — 

' y X •/»  - rr 

that  is,  a will  be  = — x y — . 

Vjy  - er 


But 


I y-y  Js  _ tr  X j _ t_  rXf 


v'Jtr  - rr 


r X Vyy  — rr 


•Jyy-rr 


Therefore  x will  be  = — X 


-/yy  -rr 


'xy  . 
VV  - rr 


Art.  t6.  But,  by  my  Elements  of  Plane  Trigonometry,  Prop.  30,  Coroll.  5, 
page  1 85,  the  very  fmall  increment  of  the  tangent  T of  the  arch  C m,  or  of 
the  latitude  of  the  (hip’s  place,  is  to  the  contemporary  increment  of  the  fecant 
y of  the  fame  arch  as  the  fecant  y is  to  the  tangent  T,  or  yy  — rr ; that  is, 
T is  to  y as  y is  to  T,  or  \/yy  — rr.  Therefore  y x y will  be  = T x 

jyy  — rr?  and  confequently  T will  be  = ■ } and  r x T will  be  = 

V yy  - rr 


ryy 


, and  r x—  will  be  = 
y 


•Sjy  - rr 


=,  and 


x —y~  be  — 


Jyy  - " 
ry 

l/yy-rr 

But  it  lias  been  fhewn  in  the  laft  article,  that  A is  — — x 

9 r 

Therefore  a will  be  = — X 


■Jyy  - rr 


Art.  17. 
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Art.  17.  But,  by  my  Elements  of  Plane  Trigonometry,  art.  267,  if  a cir- 
cular arch  and  its  tangent  arc  fuppofed  to  increafe  Iron)  0 at  the  lame  time, 
and  its  fecant  is  fuppofed  to  increafe  at  the  fame  time  from  its  firft,  or  lc,ft, 
magnitude,  which  it  has  when  the  arch  is  equal  to  0 and  begins  to  inciealc, 
that  is,  from  the  radius,  (for  the  fecant  is  equal  to  the  radius,  when  the  arch 
is  equal  to  «,)  and  during  the  increafe  of  thefe  three  quantities,  to  wit,  the  arc, 
tangent,  and  fecant,  a fourth  quantity  increafes  from  c,  and  in  the  fevcral  very 
fmall  portions  of  time  into  which  the  time  of  its  increafe  may  be  fuppofed  10 
be  divided,  receives  increments  which  are  to  the  contemporary  fmall  incre- 
ments of  the  tangent  in  the  proportion  of  the  radius  to  the  correfponding  lecant 
of  the  faid  arch,  the  faid  fourth  quantity  will  be  equal  to  the  portion  of  the 
axis,  or  afymptote,  of  a logarithmic k curve  of  which  the  fubtangent  is  equal 
to  the  radius  of  the  faid  circle,  that  is  intercepted  between  two  ordinates  to 
the  axis,  or  afymptote,  of  the  faid  curve,  of  which  the  lefler  is  equal  to  the 
radius  of  the  circle,  or  the  fubtangent  of  the  faid  logaritbmick  curve,  and  tht 
greater  is  equal  to  the  fiim  of  the  fecant  and  tangent  of  the  faid  arch  ; or,  in 
other  words,  the  faid  fourth  quantity  will  be  equal  to  the  logarithm  of  the  ra- 
tio of  the  fum  of  the  faid  fecant  and  tangent  of  the  faid  arch  to  the  radius  of 
the  faid  circle,  taken  on  the  axis,  or  afymptote,  of  a logarithmick  curve  of 
which  the  fubtangent  istqual  to  the  radius  of  the  fame  circle.  Therefore  the 


quantity  generated  by  the  little  increment  —y— » or  the  fum  of  all  the  very 
numerous  little  increments  denoted  by  the  fucceflive  values  of  the  fra&ion 


r * T,  will  be  equal  to  the  logarithm  of  the  ratio  of  the  fum  of  the  fecant  y 

and  tangent  T of  the  arch  C m,  or  of  the  latitude  of  the  point  C,  or  of  the 
(hip’s  place,  to  the  radius  r,  taken  on  the  axis,  or  afymptote,  of  a logarithmick 
curve  of  which  r,  or  the  radius  of  the  earth,  is  the  fubtangent.  And  confe- 

quently  the  quantity  A,  or  the  quantity  generated  by  the  little  increment 

X ■■■——,  (which  is  to  the  little  increment  L2LJ  jn  the  conflant  proportion  of 
/,  or  the  tangent  of  the  rhumb-angle  LAB  in  a circle  of  which  r is  the  ra- 
dius, to  r,)  will  be  equal  to  — x the  logarithm  of  the  faid  ratio  of  y + T 


to  r,  or  of  y ■+•  y/yy  — tt  to  r,  in  a logarithmick  curve  of  which  the  fub- 
tangent is  equal  to  r;  that  is,  the  arch  Vm  of  the  circumference  of  the  Equa- 
tor, or  the  difference  of  the  longitudes  of  the  points  V and  C,  will  be  equal 

to  the  prod uft  of  the  multiplication  of  the  fra&ion  ~ into  the  logarithm  of 

the  ratio  of  the  fum  of  the  fecant  y and  tangent  T,  or  \/yy  — rr,  of  the  arch 
Cm,  or  of  the  latitude  of  the  point  C,  to  the  radius  r ol  a great  ciicle  of  the 
earth,  in  a logarithmick  curve  of  which  r,  or  the  radius  ol  the  earth,  is  the 
fubtangent.  And  confequently,  if  we  fuppofe  the  point  C to  coincide  with  the 
Vol.  IV.  D p ’i«« 
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point  A,  or  the  (hip  to  have  paffed  over  the  whole  loxodromick  curve  VBC  A 
from  the  point  V in  the  Equator  to  the  point  A,  (in  which  cafe  the  arch  C in 
will  becomo  equal  to  the  arch  A L,  and  the  arch  V m will  become  equal  to 
the  arch  V L,)  the  arch  V L,  or  the  difference  of  the  longitudes  of  the  points 
V and -A,  will  be  equal  to  the  produift  of  the  multiplication  of  the  fraflion 

into  the  logarithm  of  the  ratio  of  the  fum  of  the  fecant  and  tangent  of  the 

arch  A L,  or  the  latitude  of  the  point  A,  to  the  radius  r of  a great  circle  of 
the  earth,  taken  on  the  axis,  or  afymptote,  of  a logarithmick  curve  of  which 
the  fubtangent  is  equal  to  r,  or  the  radius  of  a great  circle  of  the  earth. 

Qi  E.  I. 

Coroll.  i.  The  ratio  of  the  fum  of  the  fecant  and  tangent  of  a circular  arch 
to  the  radius  is  equal  to  the  ratio  of  the  radius  to  the  tangent  of  half  the  com- 
plement of  the  faid  arch  to  the  arch  of  a quadrant,  or  an  arch  of  90  degrees  : 
as  is  Ihewn  in  my  Elements  of  Plane  Trigonometry,  Prop.  23,  page  64. 
Therefore  the  arch  V L,  or  the  difference  of  the  longitudes  of  the  points  V 
and  A (®f  which  the  former  point  V is  in  the  Equator,)  will  be  equal  to  the 

prod uft  of  the  multiplication  of  the  fraflion  — into  the  logarithm  of  the  ra- 

tio  of  the  radius  r of  a great  circle  of  the  earth  to  the  tangent  of  half  the  com- 
plement of  the  arch  A L,  or  the  latitude  of  the  point  A,  to  the  arch  P L of 
the  meridian  circle  PAL,  (which  is  an  arch  of  90  degrees,)  taken  on  the  axis, 
or  afymptote,  of  a logarithmick  curve,  of  which  the  fubtangent  is  equal  to  r, 
or  the  radius  of  the  earth  ; or,  if,  for  the  fake  of  brevity,  we  denote  the  loga- 
rithm of  the  faid  ratio  of  the  radius  to  the  tangent  of  half  the  complement  of 
the  latitude,  in  the  faid  logarithmick  curve,  by  the  capital  letter  L,  we  (hall 
have  A,  or  the  arch  V L,  or  the  difference  of  the  longitudes  of  the  points  Y 

and  A,  = -i-  x L. 


Coroll.  2.  The  arch  P A of  the  meridian  circle  PAL,  is  the  complement 
of  the  arch  A L,  or  of  the  latitude  of  the  point  A,  to  the  arch  P L,  or  the 

arch  of  a quadrant.  And  confequcntly  the  arch  VL,  or  the  difference  of  the 

longitudes  of  the  points  V and  A,  will  be  — — X Log. - , in  a lo- 

tangent  of 

garithmick  curve  of  which  the  fubtangent  is  equal  to  r,  or  the  radius  of  the 
Earth. 

Coroll.  3.  If  the  angle  L A B,  or  the  rhumb-angle,  or  the  angle  of  the  (hip’s 
courfe,  is  an  angle  of  45  degrees,  or  half  a right  angle,  its  tangent  / will  be 

equal  to  the  radius  r,  and  confequently  the  quantity  — x L,  or  — x 

log.  — — , 'v‘*l  be  e(lual t0  7 X L,  or  — x log. — — , or  to  L, 

tangent  of  -j—  r tangent  of  — 

or 
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or  log. . Therefore,  in  this  cafe,  the  arch  V L,  or  the  difference  of 

tangent  of  -j- 

the  longitudes  of  the  points  V and  A,  will  be  equal  to  L,  or  log. , 

tangent  of  — 

or  the  logarithm  of  the  ratio  of  the  radius  r of  a great  circle  of  the  earth  to  the 
tangent  of  half  the  arch  P A,  or  of  half  the  complement  of  the  latitude  A L, 
taken  on  the  axis,  or  afymptote  of  a logarithmick  curve,  of  which  the  fubtan- 
gent  is  equal  to  the  radius  of  the  earth. 
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LEMMA  III.  A PROBLEM. 


Art.  1 8.  Let  the  Chip  be  fuppofed  to  fail  only  from  the  point  A (in  Fig.  3,) 
to  the  point  B,  which  is  not  in  the  Equator,  but  at  fume  diftance  from  it  on 
the  fame  fide  as  the  point  A,  and  in  a different  meridian.  And  let  both  the 
arches  A L and  B M,  or  the  latitudes  of  both  the  points  A and  B,  be  fup- 
pofed to  be  known  ; and  likewife  the  rhumb-angle  LAB,  or  the  angle  of  the 
Ihip’s  courfc,  and  the  length  of  the  rhumb-line  A B,  or  the  diftance  run  by 
the  Ihip  in  her  paftage  from  A to  B along  the  loxodromick  curve  A B.  It  is 
required  to  determine  the  length  of  the  arch  L M in  the  circumference  of  the 
Equator,  or  the  difference  of  the  longitudes  of  the  points  A and  B. 


SOLUTION. 


It  appears  from  the  foregoing  Problem  and  its  Corollaries,  that  if  the  (hip 
had  continued  her  courfe  along  the  line  B V till  fhe  had  cut  the  Equator  in 

the  point  V,  the  arch  LV  would  have  been  equal  to  the  quantity  -G  x 


log. 


— , in  a logarithmick  curve  of  which  the  fubcangent  is  equal  to  r. 


tangent  of  — — 

or  the  radius  of  the  earth.  And,  for  the  fame  reafon,  if  (he  had  begun  her  voy- 
age from  the  point  B,  and  had  gone  to  the  point  V in  the  Equator  along  the 
loxodromick  curve  B V,  which  cuts  the  feveral  meridian  lines,  over  which  it 
paffes,  in  the  fame  angle  as  the  loxodromick  curve  A B cut  the  meridian  lines 
lying  between  the  points  A and  B,  .pr-in  an  angle  equal  to  the  angle  LAB,  (of 
which  t is  the  tangent  in  a circle  of  which  r is  the  radius,)  the  arch  M V would 

in  the  fame  logarithmick 


have  been  equal  to  the  quantity  x log. 


tangent  of  • 


curve.  Therefore  the  arch  LM,  (which  is  the  excefs  of  the  arch  LV  above 
the  arch  M V,)  will  be  equal  to  the  quantity  — x log.  x 

tangent  of 

6 a 

log. — — > or  to  4*  X log. - — — log. - — — i that  is,  ilw 


tangent  of  - 


f r* 

tangent  of  — 


- PB 

tangent  of  — - 


arch 
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arch  L M,  or  the  difference  of  the  longitudes  of  the  points  A and  B,  will  be 
equal  to  the  produft  of  the  multiplication  of  the  frattion  — into  the  excefs 

of  the  logarithm  of  the  ratio  of  the  radius  r to  the  tangent  of  half  the  arch 
P A,  or  of  half  the  complement  of  the  latitude  of  the  firft  point  A to  an 
arch  of  90  degree?,  above  the  logarithm  of  the  ratio  of  the  radius  r to  the  tan- 
gent  of  half  the  arch  P B,  or  oi  half  the  complement  of  the  latitude  of  the 
fecond  point  B to  an  arch  of  90  degrees,  in  a logarithmick  curve,  of  which 
the  fubtangent  is  equal  to  r,  or  the  radius  of  the  Earth.  e.  i. 

Coroll.  1.  To  fhorten  the  foregoing  expreffion  of  the  value  of  the  arch 
L M,  let  a be  put  for  the  logarithm  of  the  ratio  of  the  radius  r to  the  tan- 
gent of  half  the  arch  P A,  and  let  b be  put  for  the  logarithm  of  the  ratio 
of  the  radius  r to  the  tangent  of  half  the  arch  P B,  in  a logarithmick  curve  of 
which  the  fubtangent  is  equal  to  r,  or  the  radius  of  the  Earth.  And  we  fliall 

then  have  LM=-^  x a — b,  or  the  difference  of  the  longitudes  of  the  two 
points  A and  B will  be  equal  to  the  produft  of  the  multiplication  of  the  frac- 
tion into  the  excefs  of  the  logarithm  a above  the  logarithm  b. 

Coroll.  2.  If  L A R,  or  the  angle  of  the  fhip’s  courfe,  be  45  degrees,  or 
half  a right  angle,  the  tangent  t will  be  equal  to  the  radius  r,  and  confe- 

quently  x a — b will  be  —■  x a — 8 ~ a — b.  Therefore  in  this 

cafe  the  arch  L M,  or  the  difference  of  the  longitudes  of  the  two  points  A and 
B,  will  be  equal  to  a — b,  or  to  the  excefs  of  the  logarithm  a above  the  loga- 
rithm b. 

Art.  19.  By  the  help  of  thefe  three  Lemmas,  we  may  now  proceed  to  folve 
the  Problem  propofed  by  Dr.  Halley,  which  is  as  follows. 


THE  PROBLEM  PROPOSED  BY  DR.  HALLEY. 


Let  P,  in  Fig.  1,  be  one  of  the  Poles  of  the  Earth ; H I a portion  of  the 
circumference  of  the  Equator  ; A and  B two  points  on  the  furface  of  the  Earth, 
both  on  the  fame  fide  of  the  Equator  H I,  but  at  different  diftances  from  ir, 
and  in  different  meridian  circles  P A L and  P B M,  which  cut  the  Equatorial 
arch  H 1 in  the  points  L.  and  M.  And  let  the  point  A be  more  dillant  from 
the  Equator  than  the  point  B.  Further,  let  a (hip  be  fuppofed  to  fad  Irom  the 

point 
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point  A to  the  point  B along  the  rhumb-line,  or  loxodromick  curve,  A B, 
which  cuts  all  the  meridians,  over  which  it  paffes,  in  the  fame  angle,  to  wit, 
in  an  angle  equal  to  the  angle  LAB.  And  let  the  arch  LM,  or  the  differ- 
ence of  the  longitudes  of  the  two  points  A and  B,  and  likewife  the  length  of 
the  rhumb-line,  or  loxodromick  curve,  A B,  or  the  number  of  miles  run  over 
by  the  (hip  in  her  paffage  from  A to  B,  and  the  arch  A L,  or  the  latitude  of 
the  firll  point  A,  from  which  the  (hip  begins  her  voyage,  be  fuppofed  to  be 
known  ; but  not  the  arch  B M,  or  the  latitude  of  the  fecond  point  B,  at  which 
the  (hip  arrives  after  palling  over  the  line  A B,  nor  tlie  angle  LAB,  which 
the  line  of  the  (hip's  courfs  makes  with  the  fcveral  meridian-lines  over  which  it 
paiiits.  it  is  required  to  find  the  (aid  angle  LAB. 


THE  SOLUTION. 


Art.  20.  In  the  foregoing  Problem,  or  Lemma  3d,  the  two  circular  arches 
AL  and  B M,  or  the  latitudes  of  the  points  A and  B,  were  fuppofed  to  be 
known  ; as  were  likewife  the  rhumb  angle  LAB  and  the  length  of  the  rhumb- 
line A B : and  the  length  of  the  Equatorial  arch  L M,  or  the  difference  of  the 
longitudes  of  the  two  points  A and  B,  was  fuppofed  to  be  unknown,  and  was 
derived  from  the  former  quantities  in  the  Solution  of  that  Problem,  and  was 

(hewn  in  Coroll.  1 of  the  faid  Problem,  to  be  equal  to—  x a-—  b,  the  let- 
ters a and  b being  put  for  the  logarithms  of  the  ratios  of  the  radius  r to  the 
tangent  of  half  the  arch  P A,  or  half  the  complement  of  the  latitude  of  the 
firff  point  A,  to  an  arch  of  90  degrees,  and  to  the  tangent  of  half  the  arch 
I’  B,  or  half  the  complement  of  the  latitude  of  the  fecond  point  B,  to  an  arch 
of  co  degrees,  in  a logariihmick  curve  of  which  the  fubtangent  is  equal  to  r, 
or  the  radius  of  the  Earth.  But  in  the  prefent  Problem  the  latter  of  thefe 
two  ratios,  (which  depends  on  the  arch  BM,  or  the  latitude  of  the  fecond 
point  B,)  and  confequcntly  its  logarithm  b,  is  unknown.  Nor  can  the  arch 
B M,  or  the  latitude  of  the  fecond  point  B,  be  derived  from  the  arch  A L, 
or  the  latitude  of  the  firll  point  A,  and  the  length  of  the  rhumb-line  A B, 
(which  arc  both  fuppofed  to  be  known,)  in  the  manner  directed  in  the  firff 
Lemma;  becaufe  in  that  Lemma  the  rhumb-angle  LAB  was  fuppofed  to 
he  known,  and  confequently  its  tangent  t (in  the  circle  of  wliich  r is  the 
ladius,)  was  alfa  known,  as  well  as  the  length  of  the  rhumb-line  A B, 
and  the  arch  A L,  or  the  latitude  of  the  firff  point  A ; whereas  in  the  prefent 
Problem  the  rhumb-angle  LAB  is  fuppofed  to  be  unknown,  and  is  the  very 

quantity  we  are  required  to  find.  Therefore  in  the  equation  LM  — y X a — b 

(obtained 
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(obtained  in  the  firft  Corollary  of  Lemma  3d,)  there  will  be  two  unknown 
quantities,  to  wit,  the  tangent  / of  the  unknown  angle  LAB,  and  the  loga- 
rithm b of  the  ratio  of  r to  the  tangent  of  half  the  arch  P B,  We  cannot 

therefore  confider  the  equation  LM  = ^ x a — b as  a Ample  equation  con- 
taining only  one  unknown  quantity  t,  (in  which  cafe  we  ftiould  haver  x LM 
— t x a — b,  and  t — L w— ^,)  but  mud  inveftigatc  the  relation  between 

the  two  unknown  quantities  t and  b,  which  are  mutually  dependant  on  each 
other,  and  mull  reduce  them  to  one,  before  we  can  difeover  the  value  of  l,  or 
the  tangent  of  the  unknown  angle  LAB.  And  this  invedigation  is  a matter 
of  great  nicety  and  difficulty. 


Art.  21.  Let  x be  put  for  the  co-fine  of  the  rhumb-angle  LAB,  of  which 
/ is  the  tangent,  in  the  circle  of  which  r,  or  the  radius  of  the  Earth,  is  the 
radius.  Then  will  the  fquare  of  the  fine  of  the  faid  angle  be  rr  — xx,  and  the 
faid  fine  itfelf  will  be  = \/  rr  — xx.  But  the  cofine  of  any  arc  is  to  its  fine 
as  the  radius  is  to  the  tangent.  Therefore  x will  be  to  \/ rr — tx  as  r is  to  f; 

and  confequcntly  t will  be  = r fr — — . But  it  has  been  Ihewn  above, 

in  Lemma  3d,  ait.  18,  that  the  arch  L M of  the  circumference  of  the  Equa- 
tor, or  the  difference  of  the  longitudes  of  the  points  A and  B,  is  = — x 

log.  log. . Therefore  the  faid  arch  LM,  or  the 

* tangent  of  — tangent  of  — 

» 

faid  difference  of  longitudes,  will  be  = r * ~ ” x **  X 


log. 


r PA 

tangent  of  — — 


— log. 


tangent  of  ■ 


log. 


r PA 

tangent  of  — 


— log. 


tangent  of  - 


■ ; or  (becaufe  a is  = log. 


tangent  of  • 


and  b is  r:  log. 


tangent  of  — — 


— ,)  L M will  be  =: 

PB  ' 


rr  — xx 


X a — b. 


Let  c be  put  for  the  arch  LM,  or  the  difference  of  the  longitudes  of  the 
points  A and  B,  which  in  the  prefent  Problem  is  fuppofed  to  be  known.  And 

we  (hall  then  have  c = ~ **-  x a — b ; in  which  equation  the  quantity  b 

is  unknown,  as  well  as  the  quantity  x,  but  is  dependant  on  it  and  may  be  de- 
rived from  it,  though  not  without  great  difficulty. 

Art.  22. 
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Art.  22.  Let  d be  put  for  the  length  of  the  loxodromick  curve  A B,  or  the 
diftancc  run  by  the  fhip  in  her  pafl'agc  from  A to  B. 

Then,  fince,  by  Lemma  i,  the  length  of  the  loxodromick  curve  A B is  to 
A Q_,  or  A L — B M,  as  r is  to  x,  and  / is  A L,  we  (ball  have  d to 
/ — B M as  r is  to  r j and  confcquently  dx  will  be  = / — BTdl  x r,  and 

/ — BM  will  be  = Therefore  (adding  BM  to  both  Tides,  we  fliall 

have  / =:  --  + B M,  and  (fubtrading  from  both  Tides,)  we  (hall  have 
BM  —l  — — ; that  is,  the  circular  arch  B M,  or  the  latitude  of  the  fecond 

tfx 

point  B,  will  be  equal  to  / — . 

Art.  23.  Now  let  q be  put  for  the  length  of  the  arch  PBM,  or  the  arch  of 
a whole  quadrant  of  the  meridian  circle  which  partes  through  the  point  B,  and 
of  which  r,  or  the  radius  of  the  circle,  is  the  radius.  Then  will  P B,  or 

P B M - B M,  be  = q — B M j or  (becaufe  B M is  - / — P B will 
be  (=  q — fl— - ~ q — I + ~i  and  confcquently  ” will  be  equal  to 

dx 

J — / + — j ^ 

( — — —)  ~ — — + — ■ Therefore  b,  or  the  logarithm  of  the  ratio  of 

the  radius  r to  the  tangent  of  the  arch  ~t  will  be  equal  to  the  logarithm  of 
the  ratio  of  the  radius  r to  the  tangent  of  the  arch  ^ 

Art.  24.  Further,  becaufe  in  every  circle  the  radius  is  a mean  proportional 
between  the  tangent  of  any  arch  lefs  than  90  degrees,  or  the  arch  of  a qua- 
drant, and  the  co-tangent  of  the  fame  arch,  or  the  tangent  of  its  complement 
to  the  arch  of  a quadrant,  it  follows  that  the  ratio  of  the  radius  r to  the  tangent 

of  the  arch  j-  + ~ will  be  equal  to  the  ratio  of  the  tangent  of  the 

arch  which  is  the  complement  of  the  arch  — l—  ■+■  ■ to  an  arch  of  a qua- 
drant, or  to  q,  to  the  radius  r.  But  the  complement  of  the  arch  l—  4. 

— to  the  arch  q \s  ( — the  arch  q — (—  — — + — ■=  q — — -f.  — ) 

— the  arch  -2-  + Therefore  the  ratio  of  the  tangent  of  the  arch 

— — to  the  radius  r will  be  equal  to  the  ratio  of  the  radius  r to  the 

a t lr 

tangent 
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of  the  arch  — (-  — ; and  confequently  the  logarithm  of  the  former 

ratio  will  be  equal  to  the  logarithm  of  the  latter  ratio.  But  the  logarithm  of 
the  latter  ratio  is  equal  to  b.  Therefore  the  logari  hm  of  the  former  ratio  will 
alfo  be  equal  to  b ; or  b will  be  equal  to  the  logarithm  of  the  ratio  of  the  tan- 
gent of  the  arch  — — I — - — to  the  radius  r.  Therefore  a — b will  be  — 

0 l t ir 

a I dx 
tangent  of  — + — — ■ 

a — log.  of ■ , and  confequently  L M,  or  r,  which  is 

equal  to  - — x a — b , will  be  zr  - — x 

r q l dx 
tangent  of  --  -f  — 

a — log.  of . We  mull  therefore  now  endeavour  to 

find  an  expreflion  for  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  of 
-j-  •+■  — ~ to  the  radius  r,  that  lhall  confifl  of  a fet  of  Ample  terms  in- 

volving either  known  quantities,  or  the  powers  of  the  unknown  quantity  x 
combined  with  known  quantities.  This  may  be  done  in  the  manner  following. 

Art.  25.  The  arch  P B is  lefs  than  the  arch  P M,  or  than  the  arch  of  a 
whole  quadrant  of  a circle.  And  confequently  the  arch  muft  be  lefs  than 
an  arch  of  45  degrees,  or  half  the  arch  of  a quadrant.  Therefore  the  comple- 
ment of  the  arch  4“  t0  an  arch  of  90  degrees,  mull  be  greater  than  an  arch 

of  45  degrees.  But  it  has  been  (hewn  that  the  arch  ~ + is  the 

complement  of  the  arch  — to  an  arch  of  90  degrees.  Thertfoic  the  arch 

tf  / dx 

f — will  be  greater  than  an  arch  of  45  degrees.  And  this  arch 

~ — f -j (being  the  complement  of  the  arch  — to  an  arch  of  90 

degrees,)  muft  be  lefs  than  90  degrees.  Therefore  it  will  be  greater  than  45 
degrees,  but  lefs  than  90  degrees.  But,  when  an  arch  is  greater  than  45  de- 
grees, hut  lei's  than  90  degrees,  or  the  arch  of  a quadrant,  Mr.  James  Gre- 
gory has  given  us  a feries  that  will  exprefs  the  logarithm  of  the  ratio  of  its 
tangent  to  the  radius  of  the  circle,  (which  logarithm  he  calls  its  artificial,  or 
kgaritbmick,  tangent,)  in  terms  involving  the  powers  of  the  excels  of  twice  the 
faid  arch  above  the  arch  of  a quadrant  and  the  powers  of  the  radius  of  the 
circle;  which  feries  is  as  follows.  If  the  radius  of  a circle  be  called  R,  and 
an  arch  that  is  lefs  than  an  arch  of  90  degrees,  but  greater  than  an  arch  of  45 
Vol.  IV.  E degrees, 
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decrees,  in  the  faid  circle,  be  called  A,  and  an  arch  of  90  degrees  in  the  faid 
circle  be  called  Q^,  and  an  arch  that  is  equal  to  2 A — Q_be  called  E,  the 
logarithm  of  ihe  ratio  of  the  tangent  of  the  arch  A to  the  radius  Rina  loga- 
richmick  curve  of  which  the  fubtangent  is  equal  to  the  radius  R,  will  be  equal 

to  the  infinite  feries  e -f-  -4 1 — — . q — ' ■ q '77>— , + &c.  * Therefore, 

in  24a4  S°4',r 

if,  in  the  circle  of  which  r,  or  the  radius  of  the  Earth,  is  the  radius,  and  in 

(jld t . 

which  q is  the  arch  of  a quadrant,  the  arch  — — (which  has  been 

(hewn  to  be  greater  than  an  arch  of  45  degrees  in  the  faid  circle,  but  at  the 
fame  time  is  lefs  than  the  arch  of  a whole  quadrant,  being  the  complement  of 

the  arch  y to  q,  or  the  arch  of  a quadrant,)  be  doubled,  and  from  the  double 
of  ir,  which  will  be  = q + / — y,  we  fubtraift  the  quadrantal  arch  q,  and 


fubflitute  the  remaining  arch  / — y in  ft  cad  of  E,  and  r inflead  of  R,  in  the 


terms  of  the  foregoing  feries  e q- 


q-  q-  

6*r  J4R4  5040a6 


dx 

kfinitum,  the  complicated  feries  thence  arifing,  to  wit,  the  feries  / — — + 

,vf|- 


1 - 


tl  t * 


6,xu-±r 


177  X / - 


<L  « 


+ &c  ad  infinitum,  will 


6 rr  * 24^  504or®  72,576^ 

be  equal  to  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  — + — 


— to  the  radius  r,  in  a logarithmick  curve  of  which  the  fubtangent  is 
equal  to  the  radius  r ; or  the  faid  feries  will  be  equil  to  b.  And  confcqucntfy 
the  equatorial  arch  L M,  or  c,  (which  is  equal  to  ' rr  ~ - - x — b ,)  will 

be  = ■v'rrj  *-  X the  excefs  of  a above  the  faid  complicated  feries  / — y + 


l - - 1 


7 _*)s 


5,  x,__(  ,;,d-7 j 


(>rr 


— zr  + t—  + ts~  + &c.  This  equation  mud 

S04or*  71,57  m 

now  be  reduced  into  a proper  form  for  a rcfolution  of  it ; which  may  be  done 

in  the  manner  following. 


* Mr.  James  Gregory  has  giren  us  only  there  five  terms  of  this  feries  ; and  thefe  are  all  that  I 
(hall  make  ufe  of  in  the  prefent  folution.  But  the  next  two  terms  of  the  feries  will  be  fo'.md  to  be 


5<M- 1 s' 


41,581  s'J 


39,916,800  a"5  95,800,320  a 

called  Serif  itres  Logarithmici,  page  433, 


— , as  is  (hewn  in  the  3d  volume  of  this  Collection  of  T rafts. 


Art.  26. 
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I -Si 


Art.  26.  The  fecond  term,  — of  the  foregoing  feries  is 


l>  — 


3 lU'x' 


tPx* 


6rr 

+ 3 rU*x%  — f/3.*1 
6^  ■ 


/ - 


And  the  third  term 


6rr 

ri/>  yrH'dx  3 rUtxx 

7T  “ “75  + ~ rr 

6rr 


£ }Atix  i io/V?-r*  t jW4*4 

/i  — + ^ p + — *f 


*4** 


r*/*  ( iOra/,//*4T*  lOr’/V^jr*  § qrlJ*x* 

IT  .1  „e  < ’ c 


24r4 

Ar* 


24T4 

r*/*  — -4*  10 r*M*jr*  — lor1/*./1*3  + t;rld*.\ 4 — 

24r9 


And  the  fourth  term, 


6i  x / — — I 


5040^° 


6t 


50401-* 


' }1  Jpffx  t 91 3 {WV  g 3 §l*tf*X* 

7 * 7 7 "**  r4 

7MV 


2ll*J*X* 


6l 

5040  r6 


Sr7/7  •jrWJx  2iril*J*x*  35r4/44/>AJ 

“ r»  7*  7*  75 

2\r't*J*x*  7 r/^x®  <ftr* 

r7  ' + r7  r7 


6IT7/7  — 4*7r*JV*  -f-  1 28  ir5/5  </*.*■*  — 21* fr4/4*/1**  + 2 13jr*/V4^4  — |28i#*M*xs 
+ 427  r/d*x6  — 6 1 2 

5040rtJ 

^ ^l9 

977  X 7 — — I 

And  the  fifth  term,  — r7^ — , is  = — 2 ’ ‘ ■ . x the  compound  quantity 

72,5762*  7*»S7  *2*  * ^ 7 

-0  9/Vx  36/7i/*jt*  84/*//ja-J  1 261*  {I* x4  126  84/12^*4®  i^-P/Px* 

* r r*  r*  r4  rs  r®  r7 

, qld*x%  tPx9  277  . , . r*i*  9r*/»,4*  , 36  r */*</* -r% 

+ ~3 pr  = — X th«  compound  quantity  — 2-^-  + ■ -- 

84r®/#</,x1  1 2 6r*/sE/4r4  126^/*^*  - S^r7/3*/6.*®  36 t*/*e/7*7  <)rf<Px 9 J°x9 

^ d*  75  T9  r9  r9  *“  r9  r9" 

277^  — 949|rW*  + 9972r^*/»x»  — 23,26Sr®/®</,A7  + 34,902r*/*</*A-4  — 

3 4,90 2 r4^4*/5**  -f*  2 3,268r,/,/V®A®  — 997  arV^/7#2  + 2493r&/ixl  — l^tfix9 

— rm7~.7 • 


72»576'*7 


/-ir 


/-if 


Therefore  the  faid  complicated  feries  / — 1 — — - + 


E 2 


6t  x 
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5°4°2° 


-f  See,  will  be  equal  to  the  feries  / -f 


62* 


+ 6l riP  - 427 Mdx  + 


*V* 

281 - 2i35r«/VJ.r>  + slj$2» P#x*  — 1281  2*/V>** 
+ 42  ~rU«x6  — 6l  tPx1  


co4or*» 


+ 277^/*  — *49Jr*^,^r  + 997ar7/V*r*  — ajl^Sr4/**/1*1  -f  34,902rs/*s/4*4  — 34,902r4/V>.** 
•f  — Q97*r*/V,4ry  -f  *493^***  — 2 77^.1  • 


72,S7<jr” 


. 1 r ■ r/  , rV*  . r‘/»  , 

+ &c  = the  relies  7 + -^  + ^ + 


6 ir7/* 


277r9, 


— the  feries 


5040^  7*»576r'r 

Jf»Wi  t $r*l*t?x  427  r*l*dx  ( 249^^ 

T ^TT  + --'-T  H 


+ &C 


ii2ii_r  + &c 

r or*  24r*  J040r,j  7**5  7^r‘7 

. r • yWx*  10r,/si^,jr*  | I j8lr*/srt,*x*  9972 rV7</*x*  . 

4.  the  feries  H — 4- — -f  ^ — — - + &c 

* or*  24r*  50407-**  72,576^* 

2I35r44,4.Y,jr*  2Jt268rW*.r>  - 

coJOr1*  7j,ct6  r*7 


— the  feries  ~ + 


+ the  feries 


5 r/J*x* 

3v9 

Ax' 


Icr'I'J'x* 

242’  50402"  72,5762** 

4.  !lHr’w  . 3 

50402'*  72,5762'* 


50402* 

1 28  trit'ifix*  34,9022*. *Vjr* 


— the  feries  ~ + - ... 

2+r*  5040  rl*  72»S76r17 

r . 4J7r/^«*6  23,268  r*/5/6.**  , 0 

•+-  the  feries  — — — -+-  — ZT—  + &c 

50402"  1 72,5762'* 

- . 6iV*jr’  9972r*/*rf*j(*  _ 

— the  fcncs  + 2^7.t  + &<= 

4-  the  feries  249  ir-£*  -f-  8cc 

T 7*.  5 762" 

— the  feries  *7  ‘'4-  + &c 

72,5762** 


- + &c 


= the  fcries 7 + ^ + ij; + + 7'$i  + &c 

, - . Ax  l*dx  </4r/jf  . 61  FJx 

- the  fer,es  T + + 7^ 


lTfPJx 


, , . U'x'  , 5 W>.»* 

+ the  feries  — + -^*- 
— the  feries  -7—-  H 

fir*  I2r7 


720  r7 


+ the  feries 
— the  feries  — r 


. Oil'. Px*  , 

+ 155T-  + 

6i/*</*2> 

+ ,442«  + 

6thd*x*  277 I'Ax* 

>42*  ' 1442*0  5762" 


80642* 
2'pl1J,xt 
20162*° 
*77/®J,*jr* 

■ 8642“ 

+ 8cc 


&c 
+ &c 
+ &c 


242* 


, 277  w»«»  , « 


2402"  1 5762** 

, , . Olltfix6  277/*  J*A*  . 

+ the  feries — q-  - ‘ + &c 

720r**  8642" 


— the 
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,1  c • btd^nf  27  iPtPx7  c 

-thcfeneS--  + J2_  + &c 
+ the  fcries  + &c 
~ thc  fcrics  + &c 


/» 

on- 


Art.  27.  Now  let  the  capital  letter  B be  put  = the  infinite  feries  I + 

6l/^  27  7/® 

+ ^ + 73^  + ^7t:76~  + &c  J and  1<?t  thc  capital  ^ttcr  C be  put  = the 


infinite  feries  d-\ - -f-  ^ 1- 

zr1  24/-*  720r° 


+ + &c ; and  let  D be  = the 


infinite  feries  — + 7^7-  + 7^75  + + &c  ■,  and  F be  = the  infinite 


fcries  £ + + 


6r* 


2r* 


,44/‘ 


+ + &c;  and  G be  r the  infinite  feri 


es 


5/^  TjjPd*  . . . ,/s  61 /V* 

77^  + 777^  + + &c  J and  H be  = tbe  infinitc  fcnes  777*  + 


zyil'd* 


2 4^ 


+ ty&r  + &c;  and  1 be  = the  infinite  ferics  ^7*  + -^r-  + &ci  *nd 

K be  =:  the  infinite  feries  — - + rrrrr  + &c ; and  L be  — the  infinite 


140*-“ 


5040^ 


JOl6rs 


feries  -F  &c ; and  M be  = the  infinite  feries  + &c.  And  the 


foregoing  complicated  feries  / — — 4. 


' — — * /— — * 61  x I ‘^V 

r . r , ~ r I 


brr 


2+r* 


J040  r* 


>77  * 

— — 77> — + &c,  ai  infinitum,  will  be  equal  to  the  fcries  b — — + — 

71,5,0*-  * r r* 


FI*  GX4  Hl>  ix*  «*’  ix' 

7T+-7T  — — + 7T— — + 7T- 


+ &c,  ad  infinitum. 


* + 


/ - 


6/r 


Art.  28.  But,  by  art.  25,  the  complicated  fcries  / • 

I ^*1*  x;  » <SV  f 

l-—\  61  x / — — j i77xl/-  — 

~ ?4~  H 7775? — + ^,-76r.r  + &c>  ad  infinitum,  is  equal  to  b,  or 

the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  -1-  + 1 t0  the 

2 12  r 

radius  r in  a logarithmick  curve  of  which  thc  fubtangent  is  equal  to  the  radius  r. 
Therefore  die  feries  b — " + £f!_  Ifi  + + 

r r*  r»  ^ r*  r»  ^ r*  r»  + ^T 
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— --  + &c,  ad  infinitum,  will  alfo  be  equal  to  die  faid  logarithm,  or  to  b. 
Therefore  a — b will  be  = a — the  ferics  b — — 4-  ~ — ~ 

r r r*  r4  r* 

4-  — —■  4-  ^ 4-  &c,  ad  infinitum,  — ilie  ferics  a — u -f  — — 

r"  r*  r*  r9  r 


Cx4  , Hv* 


>1 X9 


7T  + - r-^r+yr-  + r.  “ “ + 7 r - &c»  ai  '¥»>'*«. 


Art.  29.  But,  bccaufe  / is  tlie  exccfs  of  the  arch  q 4-  /,  or  twice  the  arch 
-I—  4 — —,  above  q,  or  tlie  arch  of  a quadrant,  it  follows  from  art.  2 5,  that 

the  feries  / 4-  — 4-  4 ; 4-  — -r-s  4-  &c,  ad  infinitum,  will  be  equal 

Crr  ;.jr*  jo.ot*  \i  ,570?'  * J • 1 

to  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  —■  4-  ~ to  the  ra- 
ilius  r in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  r.  There- 
fore B,  (which  is  equal  to  the  faid  feries  / -f-  — 4-  4-  — . 4 — — r 

v ^ Orr  Jar*  joaor*  7J,i7tr 

4-  &c,  ad  infinitum,)  will  be  equal  to  the  logarithm  of  the  faid  ratio  of  the 
tangent  of  the  arch  -2-  4-  ~ to  the  radius  r in  the  faid  logarithmick  curve. 

But  the  ratio  of  the  tangent  of  the  arch  ~~  4-  — , or  — .ti , to  the  radius  r 
is  equal  to  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  --  ~ -,  which  is 

the  complement  of  the  arch  -----  to  q,  or  the  arch  of  a quadrant ; and  confe- 

quently  the  logarithm  of  the  former  ratio  in  a logarithmick  curve  of  which  r 
is  the  fubtangent  is  equal  to  the  logarithm  of  the  latter  ratio  in  the  fame  loga- 
rithmick curve. 

Therefore  B (which  has  juft  now  been  (hewn  to  be  equal  to  die  logarithm 
of  the  ratio  of  the  tangent  of  the  arch  or  2-ti,  to  the  radius  r in 

the  logarithmick  curve  of  which  r is  the  fubtangent,)  will  alfo  be  equal  to  the 
logarithm  of  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  ■■  in  the 

fame  logarithmick  curve. 

Art.  30.  But  this  arch  is  equal  to  ~ A'  -,  or 

Therefore  B will  be  equal  to  the  logarithm  of  the  ratio  of  the  radius  r to 

the 
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the  tangent  of  the  arch  — in  a logarithmick  curve  of  which  r is  the  fub- 
tangent. 

But  a is  equal  to  this  logarithm,  as  appears  from  Coroll,  t,  to  Lemma  3d. 
Therefore  B will  be  equal  to  a.  And  confequently  the  ferics  a — b + 


ex 


:x  nx*  . fx*  ox*  hx‘  ix*  kx7  ex*  • j-c 

r r*  ' r*  r*  ^ r>  r*  ^r7  r‘  T r»  7 J 


will  be  equal  to  the  fame  feries  without  the  two  firft  terms  a — b,  that  is,  to 

, r . cx  tix*  , FX*  OX*  , Hx*  Ix*  , KX7  1.x*  MX*  - , 

the  feries  _ + _r_  — + -r-&c,  ^ 

infinitum. 

cx  nx*  Fx*  Ox*  HI1  IV*  Kx’  lx* 

r*  + r*  “ ~7*  _r  7*  “ + r> 


But  the  feries  a — a + 


4-  ^ — &c,  ad  infinitum,  has  been  fliewn  to  be  equal  to  a — b. 

TL  C r • CX  OX*  FX*  GX*  HX*  IX*  Kx7  IX*  , 

Therefotc  the  feries -d — ; r + -f z-  + r + 

r r*  r7  r*  r*  r*  r7  r1 


MX* 


— See,  ad  infinitum,  will  alfo  be  equal  to  a — b. 


Art.  31.  But  c,  or  the  equatorial  arch  LM,  or  the  difference  of  the  longi. 
tudes  of  the  points  A and  B,  is  = ~rr  ~-r-  x a — b.  Therefore  c,  or  L M, 


will  alfo  be  =:  — — 


Fx> 


I r • LX  D*’  , FX- 

X the  feries — 4-  — - 

r r1  ri 


fix*  Hx*  IX* 

T*  + 7*  7* 


^ — -T-  + “T  — ad  infinitum  j and  confequently  (multiplying  both 


fides  of  the  equation  by  *,)  we  fhall  have  cx  — s/ rr  — xx  x the  feries 

- ~ — + — “ >T  + 7T  — T*-  + 7T  — 7T  + 75-  — &c>  ad  ; 

and  (by  extrafling  the  fquare-root  of  the  refidu.il  quantity  rr  — .v.r,  and  fub- 
flituting  the  infinite  feries  to  which  it  is  equal,  to  wit,  the  infinite  feries  r — 

— — — — &c,  inflead  of  \/  rr  — \x  in  this  laft 

2r  Sr*  l6r»  11  Sr 7 2561* 

equation,)  we  fhall  have  cx  ~ the  produfl  of  the  multiplication  of  the  infinite 
- — — See,  into  the  infinite  ferics 

or*  l6r*  I l8r7  a fhr* 

CX  DX"  . FX*  GX*  , Hx*  IX*  , KX7  LX*  MX*  . J r 

7 — ~ + 7T  — 7T  + 7>*“7*‘+  T7'  — “+ 7T  - &f*  and  confc- 
quently  to  the  following  complicated  infinite  feries,  to  wit. 


2r 

eq 

feries  r — — 

Cx  Dx 
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Dx*  FA*  CX*  Hat*  KX1  LA 

^ r * r*  **  r*  r4  r*  r6  r7 


Mx9  . 

+ — T &C 


C.V*  Dx4  FAT*  CA6  ,H*7 

2r*  ' 2 r*  2 r4  2r*  2r® 


cx*  l)x° 

Sh"  + 87* 


8r« 

c*7 

i6r® 


lx" 

ITT 

Cx* 


+ “sTT  — 


KX» 

2r* 

II  x* 

8r*_ 

rx« 


4-  

T l6r7  l6r* 


+ &c 
+ &c 
+ &c 


-T^7+&c 


and  confequemly  (by  dividing  all  the  terms  of  the  lad  equation  by  *,)  we  (hall 
have  the  complicated  ferics 


Dr  r.r* 

C + 

r r 


lx*  , Kr  _ 

" 7T  + r6 


Cx1  Dx1  Fa4  <?a*  Mx4 

2r*  ' 2t*  2r*  2r*  2r* 


Lx7 


I*7 


2rT 


-== -&c 

rm 

K **  , 

1?“  + &c 


CA4  !>*•  CAT*  Hx'  - 

— 5^+  *3  - l^+  lir— + &c 


CA®  DA » 

TiT®’  + 


-^r  + &c 


— f ; in  which  equation  there  is  only  one  unknown  quantity,  to  wit,  x,  or  the 
co  fine  of  the  rhumb-angle  LAB.  Therefore  by  refolving  this  equation  we 
(hall  find  the  value  of  the  faid  co-fine  of  the  rhumb-angle  LAB,  and  confe- 
quently  (hall,  by  the  help  of  a table  of  fines  and  tangents,  difeover  the  magni- 
tude of  the  faid  angle  LAB  itfelf.  o,  l 1. 


Ait.  32.  This  equation  will  be  true  only  when  the  feveral  infinite  feriefes 
denoted  by  the  capital  letters  C,  D,  F,  G,  H,  I,  K,  L,  M,  See,  are  con- 
verging feriefes.  But  this  will  happen  only  when  /,  or  the  latitude  of  the  point 
A,  or  of  the  firft  place  of  the  (hip,  from  which  it  begins  its  voyage,  is  lefs 
than  r,  or  the  radius  of  the  Earth,  and  when  d , or  the  loxodromick  curve  A B, 
or  the  diftancc  run  by  the  (hip  in  going  from  A to  B,  is  alfo  lefs  than  r,  or 
the  radius  of  the  Earth  ; becaufc  the  quantities  / and  d occur  in  the  numera- 
tors of  the  terms  of  the  laid  infinite  feriefes,  and  the  quantity  r occurs  in  their 
denominators.  Therefore  the  faid  equation  will  be  true  only  when  / and  d, 
or  the  faid  latitude  of  the  point  A and  the  difiance  run  by  the  (hip  in  going 
from  A to  B,  are  lei's  than  the  radius  of  the  Earth. 

Art.  33.  In  order  to  limplify  the  notation  of  the  foregoing  equation,  let  1 
be  lubftituted  inftead  of  r , or  the  radius  of  the  Earth  ; or  let  the  radius  of  the 

Earth 
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Earth  be  called  i.  And  then  we  (hall  have  r*  = i,  and  r*  = i,  and  r*  ~ i, 
and  every  following  power  of  r = 1 } and  confequently  the  foregoing  equation 
will  become 


C — DX  -f-  tx'  — “ ex'  + HX*  — ; 


■ IX1  + KX*  — LX1  •+■  Mi'  &C 

CX*  DA-*  Fx4  CX}  HX*  IX 1 *x* 

— t , , "t  * *"  ~i  r * "T 

CX4  . Dx*  Fx*  . 6XT  HX*  , _ 

+ &c 


Cx*  Dx‘  Txs  ex’  Hjt* 

8 + X X + 8 X 

ex*  djt’  r» 


8 8 

Cx*  Dx’  n'  . 

-X  + x~x  + &c 

- £1'  + &c 


yfe  Example  of  the  foregoing  Solution. 


Art.  34.  Let  the  point  P,  in  Fig.  r,  denote  the  North  Pole  of  the  Earth, 
and  the  point  A,  from  which  the  (hip  begins  its  voyage,  be  in  North  latitude 
51*,  18',  and  in  Weft  longitude,  reckoned  from  London,  22*,  6'.  Let  the 
(hip  fail,  in  a direction  partly  tending  to  the  South  and  partly  to  the  Weft, 
along  the  loxodromick  curve,  or  rhumb-line,  A B,  which  cuts  all  the  meridian- 
lines, over  which  it  paffes,  in  the  fame  angle  LAB,  which  is  fuppofed  to  be 
unknown,  and  of  which  x is  the  co-iine  in  a circle  of  which  r,  or  i,  or  the 
radius  of  the  Earth,  is  the  radius.  And  let  the  length  of  the  (aid  rhumb-line 
A B,  or  the  diftance  run  by  the  (hip  when  (he  arrives  at  B,  be  564  miles ; 
and  the  length  of  the  equatorial  arch  L M,  or  the  difference  of  the  longitudes 
of  the  points  A and  B,  be  786  miles.  It  is  required  to  find,  from  thefc 
three  things  fo  given,  the  angle  L A B of  the  (hip's  courfe,  by  means  of  the 
foregoing  folution. 


Art.  35.  A degree  of  a great  circle  of  the  Earth  is  about  69  miles  and  a 
half.  Therefore  the  arch  AL,  or  the  latitude  of  the  point  A,  which  is  equal 


to  51*,  1 8',  (or  ft*  + or  51*  + T,  or  51°  + 0.3°,)  or  5T7l*,  will  be 
=:  51.3  x 69.5  miles  = 3565.35  miles.  But  the  radius  of  the  Earth  is  equal 
to  4000  miles.  Therefore  A L will  be  = of  the  radius  of  the  Earth, 

^ 4COO  v 9 


or  0.891,337  of  the  radius  of  the  Earth ; or  (bccaufe  the  radius  of  the  Earth 
is  called  !,)  A L will  be  = 0.891,337.  But  / is  :=  the  arch  A L.  There- 
fore / will  be  = 0.80 1,357. 

Vol.  IV.  F la 
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In  the  next  place  the  loxodromick  arch  A B,  or  the  diftance  run  by  the  (lup- 
in paffing  from  A to  B,  is  fuppofed  to  be  564  miles,  which  is  = of  the 

radius  of  the  Earth,  or  0.1+1  of  the  radius  of  the  Earth;  or  (becaufe  the  ra- 
dius of  the  Earth  is  called  1,)  the  loxodromick  arch  A B will  be  = 0.141. 
B it  d is  — the  loxodromick  arch  A B.  Therefore  d will  be  = 0.141. 

Thirdly,  by  art.  27,  the  capital  letter  C is  equal  to  the  infinite  feries  d 4. 

— . + — -f  •+■  ■ ' \ + &c,  and  therefore  (as  r is  = 1)  will  be  equal. 

d x the  infi- 


, . c . , ..  . , rj  , tw  , 6. pj  , mfj  , . 

to  the  infinite  fertes  d + h — + + arr H &c, 

2 24  7*0  0OO4 

■ r ■ . 1*  . 5I*  . I *77(*  , O 

nttc  feries  1 + t-  — + — +■  tt-t-  + &c 

a 24  720  8064 


But  / is  = 0.891,337. 

Therefore  /’  will  be  (=  0.891,337V)  = 0.804,481,  and  l*  will  be  (=: 
I’  X l*  — 0.804,481  x 0.804,481)  — 0.647,188,  and  /*  will  be  (ts 

l*  X /*  = 0.647,188  x 0.804,481)  = 0.520,650,  and  /*  will  be  ( = 

i‘  x f*  = 0.520,650  x 0.804,481)  = 0.418,853;  and  confequently  the 

£ , 5 * _l_  bll>  _|_  »77^ 

a 24 


feries  1 + 


720 


8064 


will  be  = 1.000,000  + 


0804,481  c x 0.647,188  , 61  x o.c2o,6;o  , 277xo.418.85j 

(-  — — + + 5—; — i.ooo.oco  + 

» 14  720  8064  ’ 

. 3.225,040  . J>-759.6S°  . 116.022,281  , 

0. 402.240  + 3 4-  3-  4 ^ — = t. 000, 000  + 0.402,240 

4-  0.134,831  + 0.044,110  4-  0.014,387  = *-J95i558.  Therefore  d x the 

infinite  feries  i+^.+£-f^  + |2I^+&c  will  be  = d x 1-595.558 

= 0.141  x 1.595.558  = 0.224,973.  Therefore  the  capital  letter  C will,  in 
this  cafe,  be  = 0.224,973. 

Fourthly,  the  fmall  letter  e,  which  is  equal  to  the  equatorial  arch  L M,  will 
be  786  miles,  or  of  the  radius  of  the  Earth,  or  x 1,  or  0.1965  x 

1,  or  0.1965. 

Therefore  the  equation  fet  down  above  in  art.  32,  will,  in  this  cafe,  become 

f 0.224,973  D*  + FA* OA*  + HX4  — IX*  4-  KX*—-  LX1  + Six’  &C 

ca*  Da*  __  aa*  Ga*  »**  jar^ Ka*  . 

*"*  T ' 1 1 a a ’’  1 2 ‘ 


car4 


D*S 


GX1 


— r + 8 r + r8 r + &c 

ca*  , Da’  ra*  , . 

~ “T  + -iT r + &c 

16  16  16 

_i£f!  + &c 

118  T 


ss  0.1965. 


Art.  3 6. 
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Art.  36.  We  muft  next  find  the  values  of  the  following  capital  letters,  D,  F, 
G,  H,  I,  K,  L,  and  M ; which  may  be  done  as  follows. 


The  capital  letter  D is  equal  to  the  infinite  feries  - — p H — 4. 

201^ ' + &c>  or  (becaufe  r is  = 1,)  to  the  infinite  feries  ~ 4-  + -~- 

+ I7  , ■ + &c,  or  to  d1  x the  infinite  feries  ~ 4-  — 4-  — — 4-  4. 

&c,  or  to  dx  x / X the  infinite  feries  — 4.  4.  4.  4.  84c.  But 

2 II  140  1016 

/ is  = 0.891,337,  and  /*  is  =:  0.804,481,  and  l*  is  = 0.647,188,  and  * is 
= 0.520,650.  Therefore  dx  x / X the  infinite  feries  — 4-  i,‘  4 ——  4. 

a 12  240 

+ fcc,  will  be  = d'  X 0.891,337  X the  infinite  feries  i-  4- 
+ + i57a 4-  &c,  = d x 0.891,337  x the  infinite 

lenes  — 4-  77—  + ™ v40  4-  — ,5-*  4-  &c , = </*  x 0.891,337  x 

the  infinite  feries  0.500,000  4-  0.335,200  4-  0.164,493  + 0-071,537  4-  &c 
= d * x 0.891,337  x 1.071,230,  &c,  = x 0.954,827.  But  d is  = 0.141. 
Therefore  d'  x 0.954,827  will  be  = 0.141  x 0.141  x 0.954,827  = 0.141 
X 0.134,630  = 0.018,983.  Therefore  the  capital  letter  D is  = 0.018,983, 
and  conlequendy  dx  is  = 0.018,983  x x. 

The  capital  letter  F is  = the  infinite  feries  ~ 4-  ■f’J’  + 

6r*  r J2r*  T l44rs  T R64r> 


+ Sec,  = the- infinite  feries  + 4.  &c,  = d>  x the 

infinite  feries  4"  + TT  + 7^  + TgJ  4-  &c*  = * X die  infinite  feries  ~ 

+ n + TZ + u 864 — ~ 4-  &C,  = d*  X the  infinite 

lenes  4-  — — 4.  -r  ^ — 4 gg- — 4.  &c,  = dl  x the  infinite  fe- 

ries 0.166,666  4-  0.335,200  + 0.276,1 56  4-  0.166,921  4-  See,  — d*  x 

0.944,943,  Sec,  = 0.141)*  X 0.944,943  = 0.002,688.  Therefore  fx*  is  = 
0.002,688  x x*. 

The  capital  letter  G is  :r  the  infinite  feries  4-  l-,J*  4-  4.  &c  =' 

24^  I44r*  T j76r»  

the  infinite  feries  • 4-  — — 4-  — 7'—  4-  Sec  — d+i  X the  infinite  feries  — 
*4  *44  J/6  .4 


*+■  777  4-  -^rr  + Sec  = d*l  x the  infinite  feries  — 4-  — - * °^°~m81 
*44  i,«  24  144 

F 2 4. 
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,<7  X Q-64T..M  &c  dH  x [hc  ;nfinite  fcrics  J_  J+op* 4L 
$76  *4  *44 

'7<?  ^6°"  + &c  = ^*1  X the  infinite  feries  0.208,333  + 0.340,789  + 

0.311,234  -f  &c  = i'l  x 0.860,356  = d*  x 0.891,337  X 0.860,356  = 
4*  x 0.666,867  = o.  1 4 i]‘  x 0.666,867  — 0.000,263.  Therefore  or*  will  be 
= 0.000,263  x **. 

The  capital  tetter  H is  equal  to  the  infinite  feries  ~ + "7^6^  + 

&c  = the  infinite  feries  — + + ’—r  + = dl  y tlie  infinite  feries 

2^,  2iO  (70 


24O 


576 


1 61/1  2-7«:/4  0 , . r . f . I . 61  X 0.804,481 

1 1 — — 4-  & c — a x the  infinite  leries  — 4 + 

24  ' 240  576  ■ 24  *4° 

x_o.64?..P8  &c  = „ the  infinite  feriw  J_  + H2ZM1!  + 

576  * *♦  24°  S7° 

4.  &c  = d>  X the  infinite  feries  0.041,666  •+•  0.204,472  + 0.311,234  + See. 
= a*  X 0515,711,  &c  = 0.141]’  x 0.515,711,  See  = 0.000,029.  There- 
fore liar*  will  be  = 0.000,029  x x*. 

The  capital  letter  I is  equal  to  the  infinite  feries  + &c  = 

the  infinite  feries  + &c  = d*  X / X the  infinite  feries  -4- 

+ tic  — d*l  x the  infinite  feries  -f  1---  - -j.  &c  = if*/  X 

864  7a°  aD4 

the  infinite  feries  — + -’fo.1'*?-  + &c  = d*l  X the  infinite  feries  0.084,722 

720  OO4 

-f-  0.257,918  + &c  = d*l  x 0.342,640,  8tc  = d“  X 0.891,337  X 0.342,640, 
&c  = d‘  x 0.305,407,  &c  = 0.141]*  x 0.305,407,  ficc  = 0.000,002. 
Therefore  1**  will  be  = 0.000,002  X 

The  capital  letter  K is  equal  to  the  infinite  feries  + &c 

= the  infinite  feries  4-  277  Xf*—  + &c  = d1  x the  infinite  feries  — — 

. 5040  2010  5°4° 

+ + &c  = # x the  infinite  feries  ^ + --7?  + &c  = 

d ' x the  infinite  feries  — + + &c  = d'  x the  infinite  feries. 

5O4O  2010 

0.012,103  -f  0.110,536  +■  &c  = d1  x 0.122,639,  &c  = 0.141!’  X 0.122, 639r 
&c  = 0.000,000,013.  Therefore  xx®  will  be  = 0.000,000,013  X **■ 

The  capital  letter  L is  equal  to  the  infinite  feries  ~^-t  + &c  = the  infi- 
nite feries  &c  = £1  x the  infinite  feries  ^ + 8cc  = d*l  x the  in- 


finite 
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finite  feries  0.034.350  + &c  = d*  X 0.891,337  x 0.034,350,  8tc  = d'  x 
0.030,617  = 0.141V  x 0.030,617  =0.000,000,004.  Therefore  lac’ will  be 
= 0.000,000,004  x 


And  the  capital  letter  M is  equal  to  the  infinite  feries 


7z,S7®r* 


+ &c  = the 


infinite  feries  — 7'*-  + &c  = X the  infinite  feries  ~777  + &c  = d*  x 
7i.S76  . s 7>.576 

the  infinite  feries  0.003,816  4-  &c  = 0.141'  X 0.003,816  = 0.000,000,000, 
083,  &c.  Therefore  M.r*  will  be  = 0.000,000,000,083,  &e  X a*. 


Therefore,  if  we  carry  the  computation  of  thefe  capital  letters  only  to  fix 
places  of  decimal  fra&ions,  we  may  confider  the  letters  K,  L,  and  M,  as  be- 
ing, each  of  them,  equal  to  o,  and  may  therefore  omit  the  feveral  terms  in  the 
above  complicated  equation,  fet  down  in  art.  35,  that  involve  them.  And 
then  the  faid  equation  will  be  as  follows ; to  wir. 


0.214,973  — kx  + rx' — ex'  + hx* — Ixs  + 0+0+0 

cx*  . djt*  rx*  . c*‘  hjt*  . Ix» 

a 


\.x  djt  rx-  ux- 

~ + 2 


O *f 

HX* 

2 


+ 5i- 


+ &c 
— &c 


ex*  Dx*  rx6  Gx1  H-r* 

r + ~i  r + 'i  sT 


8 

_ff!  + 

16  T 


8 

El! 

ib 


g-+  &c 

rx*  . 

+ &C 


5 ex* 


128 


+ &c 


= 0.1965. 


Art.  37.  In  this  equation  we  mull  now  reduce  the  feveral  compound  co-effi- 
cients of  **,  x4,  xl,  x*,  x *,  a*',  to  wit,  the  compound  quantities  + p — 


+ *~+-^-+7g>  and  — -E 77a>  *nto  Cngle  coefficient}:  which 

may  be  done  as  follows. 


Since  c is  = 0.224,973,  and  r is  = 0.002,688,  we  fball  have  ■—  ( = 

2—221)  =0.112,486,  and  + r E.  (=  + 0.002,688  — 0.112,486) 

= — 109,798. 

And,  fince  d is  = 0.018,983,  and  g is  = 0.000,263,  we  (hall  have  — o 
+ -J-  = — 0.000,263  + — °'-82’9-3  (=  — 0.000,263  + 0.009,491)  = + 
0.009,228. 

And, 
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And,  fince  h is  = 0.000,029,  we  (hall  have  + h — ~ = + 

0.002,688  0.224,071  , _ 

0.000,029 — g (=  + 0.000,029 — 0.001,344  — 0.028,122 

= + 0.000,029  — 0.029,466)  = — 0.029,437. 

And,  Cnee  I is  = 0.000,002,  we  (hall  have  — I + — + -§-=:  — 

1 O 

. , 0.000,161  o.oi8,oS»  , 

0.000,002  + - — - — * H jp—  ( = — 0.000,002  + 0.000,131  +0.002,373 

= — 0.000,002  + 0.002,504)  = + 0.002,502. 

Anti « * _£  W||J  ue  _ _ 0.000,019  _ 0.002.689  _ 0.124,973  / 

1 8 16  2 8 16  ' — 

— 0.000,014  — 0.000,336  — 0,014,061)  =:  — 0.014,411. 

And  + -L  + 4 + i will  be  = + + £o«Mj  ( = 

2 • o 10  x 8 1 j6  v 

+ 0.000,001  + 0.000,033  + O.OOI,l86)  = 0.001,220. 

Anj ” l if.  wiu  be  = — 0 000’0,9  _ 0.002,688  _ j x 0.114,97.2 

8 16  128  8 16  128 

, 1.124,861 

{—  — 0.000,003  — 0.000,168 Tjg — = — 0.000,003  — - 0.000,168  — 

0.008,788)  = 0.008,959. 


Therefore  the  foregoing  complicated  equation  will  now  become  as  follows,  to 

wit,  0.224,973  — 0.018,983  x a — 0.109,798  x a*  + 0.009,228  x a* 

— 0.029,437  X x*  + 0.002,502  X A*  — 0.014, 4H  x A* 

+ 0.001,220  X a’  — 0.008,959  x a*  8cc  =:  0.1965. 


Art.  38.  Now  let  all  the  terms  on  the  left-hand  fide  of  this  equation  that 
have  the  Cgn  — prefixed  to  them,  or  are  fubt rafted  from  the  other  terms  on 
the  fame  fide,  be  added  to  both  fides  of  the  equation.  And  we  (hall  then  have 
0.224,973  + 0.009,228  X a’  + 0.002,  02  x *‘  + 0.001,220  X *’ 

= 0.1965  + 0.018,983  x a +*>.109,798  X a*  + 0.029,437  x ** 

+ 0.014,411  x a*  + 0.008,959  x a*.  Therefore,  (fubtraft- 

ing  0.1965  from  both  fides,)  we  (hall  have 

0.028,473  + 0.009,228  X a*  + 0.002,502  x a‘  + 0.001,220  X a7  = 
0.018,983  x a + o 109,798  x a*  + 0.029,437  x A4 
+ 0.014,411  x a*  + 0.008,959  x *‘;  and  (fubtrafting 
0.009,247  x a’  + 0.002,502  X a‘  + 0.001,220  X a’  from  both  fides,)  we 
fliall  have  0.018,983  x a + 0.109,798  x a* 

— 0.009,228  X x1  + o 029,437  x a* 

— 0.002,502  x a*  + 0.014,411  x a‘ 

— 0.001,220  x a’  + 0.008,959  x a'  &c  = 0.028,473. 

Art.  39. 
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Art.  39.  In  this  equation  it  is  remarkable  that  0.109,798,  the  co  efficient 
of  **,  is  greater  than  0.013,983,  the  co-efficient  of  .r;  and  that  0.029,437, 
the  co-efficient  of  a*,  is  greater  than  0.009.228,  the  co-efficient  of  a’  ; and 
that  0.014,411,  the  co-efficient  of  x°,  is  greater  than  0.002,502,  the  co  effi- 
cient of  x s ; and  that  0.008,959,  *he  co-efficient  of  **,  is  greater  than  0.001,220, 
the  co-efficient  of  a’:  but  the  co-efficients  of  x,  xJ,  xS,  and  x’,  or  the  odd 
powers  of  x,  (to  wit,  0.018,983,  and  0.009,228,  and  0.002,502,  and 
0.001,220.)  are  every  one  lefs  than  the  next  before  it,  or  decreafe  when  the 
powers  of  x increafe  ; and  hkewife  that  the  co-efficients  of  x',  x *,  x‘,  and  a', 
or  the  even  powers  of  x,  (to  wit,  0.109,798,  and  0.029  437,  and  0.014,41 1, 
and  0,008,959,)  are  every  one  lefs  than  the  next  before  it,  or  decreafe  when 
the  powers  of  x increafe;  as  was  the  cafe  with  the  co-efficients  of  x,  x ’,  x\ 
and  x1,  or  of  tire  odd  powers  of  x. 

Art.  40.  We  mud  now  endeavour  to  refolve  this  lad  equation  obtained  in 
art.  38,  to  wit,  the  equation  0.018,983  X x -+-  0.109,798  x **  j—  0.009,228 
X .tJ  4.  0.029,437  X x*  — 0.002,502  x x‘  + O.Ot4,4tI  x x*  — 0.001,220, 
X x1  + 0.008,959  x x*  &c  = 0.028,473.  Now  this  can  only  be  done  by 
approximation;  and  1 take  Mr.  Rapuson's  method  of  rtfolving  equations  by 
approximation  to  be  the  bed  method  that  can  be  employed  for  this  purpofe. 
1 will  therefore  now  endeavour  to  find  a fird  near  value  of  x that  flrall  differ 
from  its  true  value  by  only  a tenth,  or  lefs  than  a tenth,  pare  of  the  faid  true 
value,  in  order  to  make  the  faid  fird  near  value  of  x the  balls  of  a further 
approach  to  its  true  value,  according  to  the  directions  of  Mr.  Raphson'S 
method. 

Art.  41.  Now,  in  order  to  find  this  fird  near  value  of  x,  I begin  by  ob* 
ferving,  that,  fince  r,  or  1,  is  the  radius  of  a great  circle  of  the  Earth,  and  x 
is  the  fine  of  a certain  angle  in  the  faid  circle,  (to  wit,  the  fine  of  the  angle 
which  is  the  complement  of  the  rhumb-angle  LAB  to  a right  angle,)  x mull 
be  lefs  than  1 ; and  confequently  that  xx  mud  be  lefs  than  x,  and  *J  than  xx, 
and  x4  than  at1,  and  every  following  power  of  x lefs  than  that  which  prcceeds  it. 
And  hence  we  may  conclude  that  the  two  fird  terms  of  the  left-hand  fide  of 
the  foregoing  equation,  to  wit,  the  two  terms  0.018,983  x x,  and  0.109,798 
X xx,  will  be  greater  than  the  two  next  terms,  or  than  any  other  two  terms, 
of  the  fame  fide  of  the  equation,  and  (becaufe  thofe  following  terms  are 
marked  alternately  with  the  figns  4-  and  — , and  confequently  tend  to  coun- 
terbalance each  other,  or  to  iliminilh  each  other’s  magnitudes,)  may  be  rea- 
fonably  fuppofed  to  be  pretty  nearly  equal  to  the  whole  infinite  feries  that  forms 
the  left-hand  fide  of  this  equation.  Let  us  therefore  fuppofe  thefe  two  terms 
to  be  equal  to  the  faid  whole  feries,  and  confequently  to  the  abfolute  term 
0.028,473  of  the  faid  equation.  And  then  we  (hall  have  the  following  quadra- 
tick  equation  to  refolve,  to  wit,  0.018,983  X x + 0.109,798  X xx  = 0.028,473. 
This  equation  may  be  refolved  as  follows. 

Let  both  fides  of  it  be  divided  by  the  co-efficient  of  xx,  to  wit,  0.109,798. 

And 
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And  we  fhall  have  xx  + °,ol-’?8|  x * 

0.109,798 


0.028,473 

0.109,798’ 


or  xx  + 0.171,890  x x 


= 0.259,311. 

Add  now  to  both  (ides  of  this  equation  the  fquare  of  half  the  co-efficient 
of  x,  or  of  half  0.172,890,  or  the  fquare  of  0.086,445;  which  fquare  is 
0.007,472.  And  we  (hall  have  xx  4-  0.172,890  X x + 0.007,472  ( = 
0.259,321  + 0.007,472)  — 0.266,793.  Therefore  (extracting  the  fquarc- 
roots  of  both  fides,)  we  (hall  have  x 4-  0.086,445  (—  ^ 0.266,793)  = 
0.516,520,  and  consequently  x (=  0.516,520  — 0.086,445)  z:  0.430,075. 
Therefore  the  firft  near  value  of  x in  the  foregoing  high  equation  will  be 
0.430,07  5 ; of  which  we  may  reafonably  fuppofc  at  leaft  the  firft  figure,  .4, 
to  be  exaCt. 


Art.  42.  We  will  therefore  now  fubftitutc  0-4,  inftead  of  x,  in  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the  equation  fct  down  in 
art.  38,  to  wit,  the  equation 

o 018,983  X x + 0.109,798  x xx  — 0.009,228  X x * 

4-  0.029,437  x x*  — 0.002,502  X **  + 0.014,411  X a* 

— 0.001,220  x x7  4-  0.008,959  x x * &c,  = 0.028,473,  in  order  to 

difcover  whether  the  value  of  the  faid  compound  quantity  refulting  from  fuch 
fubftitution  will  be  greater,  or  lefs,  than  the  abfolute  term,  0.028,473,  the 
faid  equation,  and  whether  its  difference  from  the  (aid  abfolute  term  will  be 
great,  or  fmall. 

Now,  if  we  fuppofc  * to  be  r 0.4,  we  fhall  have 
0.018,983  x * =0.018,983  x 0.4  = 0.007,593, 
and  0.109,798  x xx  — 0.109,798  X 0.16  = 0.017,567, 

and  0.009,228  x *’  = 0.009,228  x 0.064  — aooo,59o, 

and  o 029,437  X x*  = 0.029,437  x 0.0256  = 0.000,753, 

and  0.002,50a  xx*  — 0002,502  x c.01024  = 0.000,025, 

and  0.014,411  x a*  = 0014,411  x 0.004,096  = 0.000,059, 

and.  0.001,220  x *’  = 0.001,217  * 0.001,638,4  = 0.000,002, 

and  0.008,959  x x*  = 0.008,959  x 0.000,655,36  =:  0.000,005. 

Therefore  ihe  compound  quantity 

0.018,983  x a 4-  0.109,798  x aa  — 0.009,228  X a’ 

-t-  0.029,437  x .v*  — 0.002,502  x a*  -4-  0.014,411  x a* 

— 0.001,220  x a’  + 0.008,959  x **  will  be  = 

0.007,593  + 0.017,567  — 0.000,590  4-  0.000,753  — 0.000,025 

+ 0.000,059  —0.000,002  4-  0.000,005  — 8cc  = 0.025,977  — 0.000,617 
S 0.025,360;  which  is  lefs  than  0.028,473,  or  die  abfolute  term  of  the  equation 

0.01S, 
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0.018,983  x -v  + 0.109,798  X xx  — 0.009,228  X X* 

4-  0.029,437  x x®  — 0.002,502  x x‘  4-  0.014,411  X x* 

— 0.001,220  x x’  4-  0.008,959  x x*  — &c  = 0.028,473.  Therefore 

0.4  will  be  lefs  than  the  true  value  of  .v  in  the  faid  equation. 

Art.  43.  We  will  therefore,  in  the  next  place,  fuppofe  * to  be  equal  to  0.43, 
or  the  two  firft  figures  of  the  number  0.430,075,  which  was  obtained  in  art.  41, 
by  the  refolution  of  the  quadratick  equation  0.018,983  X if  4-  0.109,798  X xx 
0.028,473,  an<J  fubftitute  0.43  inftead  of  x in  the  compound  quantity 
"which  forms  the  left  hand  fide  of  the  equation 

0.018,983  x x 4-  0.109,798  x xx  *—  0.009,228  x ** 

4-  0.029,437  xx*  — 0.002,502  x x'  4-  0.014,411  x if* 

— 0.001,220  x x1  + 0.008,959  x x*  = 0.028,473. 

'Now,  if  x is  fuppofed  to  be  = 0.43,  we  (hall  have 
xx  (=  <M?‘)  — 0.1849, 
and  x*  (=  oT^V)  = 0.079,507, 
and  x * (=  0.43I*)  = 0.034,188, 
and  x*  (=  ol43\‘)  = 0.014,700, 
and  x®  ( = 0.43!®)  — 0.006,321, 
and  x’  (~  o.43>'0  = 0.002,718, 

and  x*  (=^43^*)  = 0.001,168  j and  confequently  we  (hall  have 
0.018,983  x x (=  0.018,983  x 0.43)  = 0.008,162, 

and  0.109,798  x xx  (=  0.109,798  x 0.1849)  = 0.020,302, 

and  0.009,228  x x*  (=  0.009,228  X 0.079,507)  = 0.000,733, 

and  0.029,437  x x*  {—  0.029,437  x 0.034,188)  = 0.001,006, 

and  0.001,502  X x*  {—  0.002,502  x 0.014,700)  = 0.000,036, 

and  0.014,411  X x®  (=  0.014,411  X 0.006,321)  :=  0.000,091, 

and  0.001,220  X xT  (=  0.001,220  X 0.002,718)  =:  0.000,003, 

and  0.008,959  X x*  (=  0.008,959  x 0.001,168)  = 0.000,010. 

Therefore  the  compound  quantity 
0.018,983  x x 4-  0.109,798  x xx  — 0.009,228  x x1 

4-  0.029,437  xx*  — 0.002,502  x x*  4-  0.014,411  x x® 

— 0.001,220  x x’  4-  0.008,959  x x*  will  be  = 0.008,162  4-  0.020,302 

— 0.000,733  4 0.001,006  — * 0.000,036  4-  0.000,091  — 0.000,003 

4-  0.000,010  — 0.029,571  — 0.000,772  = 0.028,7991  which  is  a little 

greater  titan  0.028,473,  or  l^c  abfolute  term  of  the  equation 
0.018,983  X x 4-  0.109,798  x xx  — 0.009,228  x x* 

4-  0.029,437  x x*  — 0.002,502  X x‘  + 0.014,411  X x® 
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— o.co i ,220  x *’  4-  0.008,959  x x*  — & c ==  0.028,473.  Therefore 
o 43  will  be  a little  greater  than  the  true  value  of  x in  that  equation. 

But  it  has  been  (hewn  above  that  0.4  is  lsfs  than  the  true  value  of  x in  that 
equation. 

Therefore  the  true  value  of  x in  that  equation  will  be  of  an  intermediate 
magnitude  between  0 4 and  0.43,  and  but  little  lefs  than  0.43,  becaufe  the 
abfolute  term  0.028,473  is  but  little  lefs  than  0.028,799. 

Art.  44.  In  order  to  obtain  the  value  of  x in  the  foregoing  equation 
0.018,983  x x 4-  0.109,798  X xx  — 0.009,228  x x * 

-f  0.029,437  x a4  — 0.002,302  X **  + 0.014,41 1 X a* 

— 0.001,220  x x'  + 0.008,939  X *'  — Stc  = 0.028,473  to  a greater 

degree  of  exaftnefs,  let  us  fuppofe  x to  be  equal  to  0.43  — z,  and  fubflitute 

the  powers  of  this  re  fid  oaf  quantity  0.43  — z inftcad  of  the  powers  of  x in 
the  laid  equation,  omitting  all  the  terms  of  thofe  powers  that  involve  any 
higher  power  of  z titan  its  fimple  power,  or  z itfelf.  This  may  be  done  in* 
the  manner  following. 

Since  x is  =:  0.43  — z,  we  fhall  have 

AW  (=1  O.43  z]*  = CU4p'  — 2 X 0.43  X z + See)  = 0.1849  0.86 

x z + See, 

and  x’  (=  0.43  — 2V  = o-4?’  — 3 X <M?’  X z 4-  See  = oi^?1  — 3 X 
0.1849  X 2 + See  = 0.43!’  — 0.5347  X z 4-  8 ec)  = 0.079,307 
— Q-5547  X z + 8cc, 

and  a4  (—  0.43  — 2I4  = 0^43!*  — 4 X X z + &c  = 0.43! * — 4 X 

0.079,507  X z + Sec  = 0.43I4  — 0.318,028  X z + See)  = 
0.034,18s  — o.3t8,028  X z + See, 

and  -v*  (=  0.43  — = CM3V  — 5 x cm?*  X z + 8ec  = 04?'  — 

5 X 0.034,188  X z 4-  Sec  = 0.43  V — 0.170,940  x z 4- 

Scc)  = 0.014,700  — 0.170,940  Xz  4-  &c,  

and  x*  (=  0T43  ^z\‘  = OM?*  — 6 x 0I43V  x z + Sec  = 0.4?*  — 6 x 

0.014,700  X z x Sec  ez  0.43V  — 0.088,200  X z + See)  = 

0.006,321  — 0.088,200  x z 4-  Sec, 

and  x’  (=  0.43  — "zj’  = 0.43V  — 7 X 043V1  x z + Sec  = 0^43!'  — 7 X 

o 006,321  x z 4-  See  =:  0.43I'  — 0.044,247  x z 4-  &c)  = 

0.002,718  — 0.044,247  X z + 8ec, 

and  x*  (=  0.43  = 0.43I'  — 8 x Q-43*'  X z 4-  Sec  = ol^i)'  — 8 x 

0.002,718  X z 4-  Sec  = 0.43''  — 0.021,744  X z + &c)  = 
o.oot,i 68  — 0.021,744X2  4-  &c. 

Therefore- 
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Therefore  the  compound  quantity 

0.018,983  x .v  + 0.109,798  x xx, — 0.009,228  x x* 

4-  0.029,437  x x*  — e.002,502  x x‘  4-  0.014,411  x x* 

— 0.001,220  x x7  + 0.008,959  X x*  will  be  = 


0.018,983 

X 

0.43  - z 

4-  0.109,798 

X 

0. 

1849  — 

— 

0.009,228 

X 

0 

b 

"■0 

Vp 

O 

- 0-55+7  x 

Z 

+ 

&c 

4- 

0.029,437 

X 

0.034,188 

— 0.3 18,028 

X 

Z 

4-  Sec 

— 

0.002,502 

X 

0.014,700 

0.170,940 

X 

z 

4-  &c 

+ 

0.014,41  I 

X 

0.006,321 

— 0.088,200 

X 

z 

+ See 

— 

0.001,220 

X 

0.002,718 

— 0.044,247 

X 

z 

-f*  &c 

4- 

0.008,959 

X 

0.001,168 

— 0.021,744 

X 

z 

4-  See 

— &c 


' 0.008,162  — 0.018,983  x z 

4-  0.020,302  — 0.094,426  x z + &c 

— 0.000,733  4-  0.005,118  x 2 — Sec 

4-  0.001,006  — 0.009,361  X z + See 

— 0.000,036  + 0.000,427  x 2 — 

4-  0.000,091  — - 0.001,271  x 2 + &c 

— 0.000,003  4-  0.000,054  x z — Sec 

. 4-  0.000,010  — 0.000,194  x z 4-  8ec 

f 0.029,571  — 0.124,235  x 2 + Sec 
\ — 0.000,772  4-  0.005,599  x z — Sec 
0.028,799  — 0.118,636  x z 4-  8ec. 


But  the  faid  compound  quantity  is  equal  to  the  abfolute  term  0.028,473. 

Therefore  0.028,799  — 0.118,636  X 2 will  alfo  be  equal  to  0.028,473; 
and  confequently  0.028,799  will  be  = 0.028,473  4-  0.118,636  X z,  and 
0.118,636  X 2 will  be  (=:  0.028,799  — 0.028,473)  = 0.000,326,  and  z 

will  be  =:  = 0.002,747.  Therefore  0.43  — 2,  or  x,  will  be  ( = 

0.430,000  — 0002,747)  = 0.427,253,  or  (negle&ing  the  two  lad  figures,) 
0.4272 ; or  the  more  accurate  value  of  x in  the  equation 

0.018,983  x x 4-  0.109,798  x xv  — 0.009,228  x x* 

4-  0.029,437  xx*  — 0.002,502  X x*  4-  0.014,411  X x® 

— 0.001,220  x x7  4-  0.008,959  x x*  — Sec  = 0.028,473  will  be  = 

O 4272.  Q*  E.  I. 


of 


Art.  45.  We  will  now  fubftitute  this  lad  value  of  x,  to  wit,  0.4272,  indcad 
x,  in  the  compound  quantity 

G 2 0.018, 
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0.018,983  x * + 0.109,798  x **  — 0.009,218  x a* 

+ 0.029,437  x a4  — 0.002,502  x a*  + 0.014,411  x a" 

— 0.001,220  x x1  4*  0.008,959  X .v*,  (which  forms  the  firft,  or  left- 

hand  fide  of  the  foregoing  equation,)  in  order  to  difcover  how  near  the  value 

of  the  faid  compound  quantity  refulting  from  the  faid  fubflitution  will  ap- 
proach to  the  true  value  of  the  faid  compound  quantity,  or  to  the  value  of  its 
equal,  the  abfohrtc  term,  0.028,473,  of  the  faid  equation;  and  confcquently 
to  find  how  near  the  faid  number  0.4272  will  approach  to  the  true  value  of  x. 
in  the  faid  equation.  This  may  be  done  in  the  manner  following. 

If  we  fuppofe  x to  be  equal  to  0.4272,  we  fhall  have 
**  (=  0.4272]*)  = 0.182,499, 

and  a*  ( = 0.4272*  = 0.42 7?’  x 0.4272 

= 0.182,499  x 0.4272)  = 0.077,963, 
and  * 4 (=  0.077,963  x 0.4272)  = 0.033,305, 

and  a*  (=  0.033,305  x 0.4272)  = 0.014,228, 

and  a*  (=  0.014,228  x 0.4272)  = 0.006,078, 

and  a*  (=  0.006,078  x 0.4272)  = 0.002,596, 

and  a*  (=  0.002,596  x 0.4272)  = 0.001,109, 

and  confequently  0.018,983  x x (=  0.018,983  x 0.4272)  = 0008,109*. 

and  0.109,798  x .VA(=:  0.109,798  x 0.182,499)  — 0.020,038, 

and  0.009,228  x a*  (=  0.009,228  x 0.077,963)  = 0.000,719, 

and  0.029,437  X a*  (=  0.029,437  X 0.033,305)  = 0.000,980, 

and  0.002,502  x *‘(  = 0.002,502  x 0.014,228)  = 0.000,035, 

and  0014,411  x a0  (=  0.014,411  x 0.006,078)  = 0.000,087, 

and  0-001,220  X *’ (=  0.001,220  x 0.002,596)  1=  0.000,003, 

and  0.008,959  x a*  (=  0.008,959  x 0.001,109)  — 0-000,010. 

Therefore  the  whole  compound  quantity 

0.018,983  x x + 0.109,798  x a.v — 0.009,228  x A* 

4-  0.029,437  x a*  — 0.002,502  x a’  4-  0.014,411  X x6 

— 0.001,220  x *’  + 0.008,959  X **  — &c  will  be  (= 

- 0.008,109 

4-  0.020,038  — 0.000,719 
J 4-  0.000,980  — 0.000,035 
4-  0.000,087  — 0.000,003 

-}-  0.000,010  — 8tc 

4-  0.029,224  — 0.000,757)  = o 028,467  ; which  is  very  nearly  equal  to 
0.028,473,  or  the  abfolute  term  of  the  equation 

0.018,983  X a + 0.109,798  X xx — 0.009,228  x A* 

4-  0.029,437  X a*  — 0.002,502  X a‘  + 0.014,411  x a* 

— 0.001,220  X *’  4-  0.008,959  x a*  — &c.  And  confequently  0.4272 
will  be  vety  nearly  equal  to  the  true  value  of  .v  in  the  faid  equation. 

d.  e.  1. 

Art.  46. 
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Art.  46.  Now  it  appears  from  the  Tables  of  Sines  and  Tangents,  that 
0.417,357,9  (which  differs  but  little  from  0.4271,  or  x,)  is  the  fine  of  an  arch 
of  25*,  18',  or  the  co-fine  of  an  arch  of  64*,  42',  in  a circle  of  which  the  ra- 
dius is  called  1.  Therefore  the  arch  of  which  x,  or  0.4272,  is  die  fine  in  the 
circle  of  which  1,  or  the  radius  of  the  Earth,  is  the  radius,  is  an  arch  of  25*, 
18'  very  nearly,  and  the  arch  of  which  it  is  the  co-fine  is  very  nearly  64°,  42'. 
Therefore  the  angle  LAB,  or  the  rhumb-angle,  or  the  angle  of  the  courfe, 
will  be,  very  nearly,  an  angle  of  64°,  42'.  £.  1. 

And,  becaufe  — is  = = 0.141,  we  (hall  have  — f=  0.141  x * = 

’ r 4000  T r v 

dx 

0.141  X 0.4272)  = 0.060,235,2,  and  confequently  / — (=/—  0.060,235 

= 0.891,337  — 0.060,235)  = 0.831,102  ; that  is,  the  length  of  the  arch 
B M of  the  meridian  line  P B M,  or  the  latitude  of  the  fecond  point  B,  will 
be  =:  0.831,1021  which  may  be  converted  into  degrees  and  minutes  in  the 
following  manner. 

Since  0.891,337  is  the  length  of  the  arch  AL,  or  the  latitude  of  the  firft 
point  A,  exprefled  in  decimal  pans  of  t,  or  the  radius  of  the  Eanh,  and 
0.83  1,102  is  the  length  of  the  arch  B M,  or  the  latitude  of  the  fecond  point  B, 

exprefled  in  decimal  parts  of  the  fame  radius,  and  (51',  18*',  or  51®  -+•  — f 

or  510  -f-  or  51*  + 0.3,)  or  51.3®,  is  the  length  of  the  former  arch  ex- 
prefled in  degrees  and  decimal  parts  of  a degree,  it  follows  that  the  length 
of  the  latter  arch,  B M,  exprefled  likewife  in  degrees  and  decimal  parts  of  a 
degree,  will  be  a fourth  proportional  to  the  three  numbers  0.891,337,  0.831,102, 

and  51.3*,  and  confequently  will  be  (=  S'-3  * °-8,1’IQ2  = 4*-J>u.t3«.6  ^ 

33  ^ 1 o v °-®9 1»337  °-«9'.337 

47.83®  = 47®  + t£  = -47*  + 7ST  = 47°»  49'-  Therefore  the  arch  BM, 
or  the  latitude  of  the  fecond  point  B,  will  be  47  degrees  and  49  minutes. 

0;  e.  1. 


A Proof  of  the  Truth  of  the  Cottclufions  obtained  in  the  proceeding  Artidet,  by  the 
Application  cf  the  foregoing  Solution  of  Dr.  Halley’;  Problem,  to  the  Example 
given  of  it  in  Art.  34. 


Art.  47.  Having  thus  found  the  angle  L A B of  the  Chip’s  courfe  to  be  am 
angle  of  64°,  42',  and  the  arch  BM,  or  the  latitude  of  the  fecond  point  B, 
to  be  an  arch  of  47®,  49',  we  will  now  try  the  truth  of  thefe  conclufions  by 
fuppofing  thefe  values  to  be  fuch  as  we  have  here  found  them,  and  deriving 

from 
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from  them  the  value  of  the  equatorial  arch  L M,  or  the  difference  of  the  lon- 
gitudes of  the  points  A and  B,  (which  before  was  fuppofed  to  be  given  and 

to  be  equal  to  786  miles,  or  — - of  the  radius  of  the  Earth,  or  — — of  the 

• * 9 4000  10,000 

radius  of  the  Earth,  or  =:  0.1965,  if  the  radius  of  the  Earth  be  called  1,)  by 

means  of  the  equation  L.M  = -i-  x u — b,  obtained  above  in  Lemma  3d, 

Coroll.  1.  For,  if  the  value  we  fhall  thereby  obtain  for  the  equatorial  arch 
L M (hall  appear  to  be,  nearly,  equal  to  786  miles,  or  0.1965  of  the  radius  of 
the  Earth,  we  may  juilly  conclude  that  the  foregoing  values  of  the  rhumb- 
angle  LAB  and  the  arch  B M,  or  latitude  of  the  lccond  point  B,  have  been 
rightly  afligned.  Now  this  invefligation  of  the  value  of  the  arch  L M may  be 
made  in  the  following  manner. 

If  the  rhumb-angle  L A B be  fuppofed  to  be  64*,  42',  its  tangent  t in  the 
circle  of  which  1,  or  the  radius  of  the  Earth,  is  the  radius,  will  be  2.1 15,516,5, 

and  confequently  the  fraffion  will  be  = :Sf  or  2.115,516,5. 

Further,  if  the  arch  B M,  or  the  latitude  of  the  fecond  point  B,  is  fuppofed 
to  be  470,  49',  the  arch  P B (which  is  its  complement  to  P M,  or  90  degrees,) 

will  be  42°,  1 1',  and  confequently  y will  be  (=  -■  ‘ '■*■)  = 210,  5',  30",  the 

tangent  of  which  in  the  circle  of  which  1,  or  the  radius  of  the  Earth,  is  the 
radius,  will  be  0.385,667,3. 

Laflly,  fince  the  arch  A L,  or  the  latitude  of  the  firft  point  A,  is  5 1°,  18% 
the  arch  P A (which  is  its  complement  to  P L,  or  90  degrees,)  will  be  38°, 

42',  and  confequently  ~ will  be  (=  3 — 19*1  21  » the  tangent  of  which 

in  the  circle  of  which  1,  or  the  radius  of  the  Earth,  is  the  radius,  wilt  be 
0.351,175,0. 

Now  a is  the  logarithm  of  the  ratio  of  the  radius  1 to  the  tangent  of 

and  b is  the  logarithm  of  the  ratio  of  the  radius  1 to  the  tangent  of  in  a 

logarithmick  curve  of  which  the  radius  1,  or  the  radius  of  the  Earth  is  the 
fubtangent.  Therefore  a will  be  the  logarithm  of  the  ratio  of  t to  0.351,175,0, 
and  b will  be  the  logarithm  of  the  ratio  of  1 to  0-385,667,3,  in  a logarithmick. 
curve,  of  which  r,  or  t,  or  the  radius  of  the  Earth,  is  the  fubtangent. 

Now,  if^  the  fubtangent  of  this  logarithmick  curve  was  called  0.434,294, 
481,903,251,827,651,128,  Sec,  and  the  logarithm  of  the  ratio  of  10  to  1 in  it 
was  called  1,  that  is,  if  theabfeifles  of  the  axis,  or  afymptote,  of  this  curve, 
were  denominated  according  to  Briggs's  fyflcm  of  logarithms,  the  logarithm 
of  the  ratio  of  1 to  0.351,175,0,  (which  is  equal  to  the  ratio  of  2 847,573,1 

to 
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to  1,)  would  be  0.454, 387,4,  and  the  logarithm  of  the  ratio  of  t to  0.385,667,3 
(which  is  equal  to  the  ratio  of  2.592,908,4  to  1,)  would  be  0.413,802,5. 
Therefore,  when  the  fubiangent  of  this  curve  is  called  1,  and  confequently  the 
logarithm  of  the  ratio  of  10  to  1,  taken  on  the  axis  or  afymptotc  of  the  faid 
curve,  is  called  2.302,585,092,994,045,684,017,991,  &c,  the  logarithm  of 
the  ratio  of  1 to  0.351,175,0  will  be  = 2.302,585,  &c  X 0.454,387,4  = 
t. 046,265, 6,  and  the  logarithm  of  the  ratio  of  t to  0.385,667,3  will  be  — 
2.302,585,  &c  x 0.413,802,5  =:  0.952,815,4.  Therefore  a will  be  = 
1.046,265,6,  and  b will  be  = 0.952,815,4,  and  confequently  a — b will  be 
= 1.046,265,6  — 0.952,815,4  = 0.093,450,2. 

But  we  before  found  that  -£■ , or  — , was  = 2.1 15,516,5. 

Therefore  -£•  X a — b will  be  = 2.115,516,5  X 0.093,450,2  = 0.197,695,4, 

or  (negletting  the  three  laft  figures,)  0.1976 ; that  is,  the  equatorial  arch  LM, 
or  the  difference  of  the  longitudes  of  the  points  A and  B,  will  be,  nearly,  = 

0.1976,  or  0.1976  of  1,  or  19,6  of  1,  or  of  the  radius  of  the  Earth,  or  7-— 

of  the  radius  of  the  Earth,  or  790.4  miles.  Now  this  number  of  miles,  790  4, 
is  very  nearly  equal  to  786  miles,  which  was  the  given  length  of  the  faid  equa- 
torial arch  LM  in  the  foregoing  Problem  of  Dr.  Halley.  And  therefore 
we  may  conclude  that  the  values  found  above  for  the  rhumb-angle  LAB  and 
the  circular  arch  B M,  or  the  latitude  of  the  feeond  point  B,  in  the  foregoing 
Solution  of  Dr.  Halley’s  Problem,  are  nearly  equal  to  the  true  values  of 
the  faid  angle  and  arch,  or  that  the  faid  angle  L A B is  nearly  equal  to  64°, 
42',  and  that  the  laid  arch  B M is  nearly  equal  to  47°,  49'.  Oi  e.  d. 

Art.  48.  As  there  are  32  points  in  the  compafs,  and  confequently  the  direc- 
tion of  every  point  makes  an  angle  of  (^-«  or)  n°,  15',  with  the  direflion 

of  the  point  immediately  proceeding  it,  the  diredlion  in  which  the  fhip  begins 
to  move  at  its  firft  fetting  out  from  the  point  A will  be  (64°,  42',  or)  56°, 
25'  + 8*,  27'  to  the  Weft  of  the  line  A L,  or  of  a direftion  due  South,  or 
will  he  8°,  27'  to  the  Weft  of  a direction  South-Weft  by  Weft,  or  will  be 
S.  W.  by  W.  with  8 degrees  and  27  minutes,  or  about  three  quarters  of  a 
point,  more  to  the  Weftward,  or  will  be  within  a quarter  of  a point  of  Weft 
South -Weft. 

Art.  49.  The  truth  of  the  foregoing  determination  of  the  rhumb-angle 
LAB,  in  the  example  that  has  been  here  given  of  the  foregoing  Solution  of 
Dr.  Halley’s  Problem,  has  been  confirmed  to  me  by  a determination  of  the 
fame  angle  (obtained  by  a different  procefs  from  that  of  the  foregoing  Solu- 
tion,) which  has  been  fent  me  by  the  learned  Mr.  Andrew  Mackay,  M.  A. 
of  Aberdeen  in  Scotland,  and  which  agrees  wiih  the  foregoing  determination  of 
it  to  about  half  a degree.  Mr.  Mackay  makes  the  angle  LAB  amount  to 

65*,  13',  — inftead  of  64°,  42' ; and  he  makes  the  arch  BM,  or  the  latitude 
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of  the  fecond  point  B,  amount  to  470,  21'— , inftcad  of  47*,  49'.  The  dif- 
ferences of  thefc  values  ef  LA  B and  B M,  from  thofe  obtained  above,  are  only 
3*'  + -nr  and  27'  -f  -A-,  which  mud  be  confidercd  as  but  trifling,  if  we  re- 

fleft  that  the  former  values  were  derived  from  the  refolution  of  an  equation, 
in  which  not  only  the  number  of  terms  involving  the  unknown  quantity  x was 
infinite,  but  each  of  the  co-efficients  of  the  powers  of  x in  the  faid  equation  was 
the  refult  of  the  addition  or  fubtradion  of  fevcral  infinite  feriefes  denoted  by 
the  capital  letters  C,  D,  F,  G,  H,  1,  K,  L,  M,  &c,  and  which  therefore 
could  not  be  refolved  with  perfctfl  accuracy. 

Art.  jo.  We  have  hitherto  confidercd  only  one  cafe  of  Dr.  Halley's  Pro- 
blem, namely,  that  in  which  the  point  A,  from  which  the  (hip  f'ets  out,  and 
the  point  B,  at  which  it  arrives,  are  both  on  the  fame  fide  of  the  Equator,  and 
the  firft  latitude  A L (which  is  fuppofed  to  be  known,)  is  greater  than  the 
fecond  latitude  BM.  We  will  therefore  now  proceed  to  confider  another  cafe 
of  this  Problem,  in  which  the  (hip  (hall  be  fuppofed  to  fail  back  again  from 
B to  A along  the  fame  loxodromick  curve,  or  rhumb-line,  B A,  which  it  had 
before  delcribed  in  failing  from  A to  B,  and  the  firft  latitude  (which  is  fuppofed 
to  be  known,)  will  be  that  of  the  point  B.  This  cafe  of  Dr.  Halley’s 
Problem  may  be  ftated  and  refolved  in  the  following  manner. 


PROPOSITION  V;  A PROBLEM; 

BEING 

ANOTHER  CASE  OF  DOCTOR  HALLEY’s  PROBLEM. 


Art.  ji.  Let  P (in  Fig.  1,)  be  one  of  the  Poles  of  the  Earth;  HI  a por- 
tion of  the  circumference  of  the  Equator;  A and  B two  points  on  the  furfacc 
of  the  Earth,  both  on  the  fame  fide  of  the  Equator  H I,  but  at  different  dif- 
tances  from  it,  and  in  different  meridian  circles  PAL  and  P B M,  which  cut 
the  equatorial  arch  H I in  the  points  L and  M.  And  let  the  point  A be  more 
diftant  from  the  Equator  than  the  point  B.  Further,  let  a fhip  be  fuppofed 
to  fail  from  the  point  B to  the  point  A along  the  rhumb-line,  or  loxodromick 
curve,  B A,  which  cuts  all  the  meridian- lines,  over  which  it  paffes,  in  the  fame 
angle,  to  wit,  in  an  angle  equal  to  the  angle  LAB.  And  let  the  arch  L M, 
or  the  difference  of  the  longitudes  of  the  two  points  B and  A,  and  likewife 
the  length  of  the  rhumb-line,  or  loxodromick  curve,  B A,  or  the  number  of 
miles  run  over  by  the  (hip  in  her  paffage  from  B to  A,  and  the  arch  B M,  or 
the  latitude  of  the  firft  point  B,  from  which  the  fhip  begins  her  voyage,  be  fup- 
pofed to  be  known  ; but  not  the  arch  A L,  or  the  latitude  of  the  fecond  point  A, 
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at  which  the  fh>p  arrives  after  palling  over  ihc  line  B A,  nor  the  angle  LAB, 
which  the  line  of  the  Ihip’s  courfe  makes  with  the  fcveral  meridian  lines  over 
which  it  pafles,  It  is  required  to  find  the  faid  angle  LAB. 


THE  SOLUTION. 


Art.  52.  In  Lemma  3d  the  two  circular  arches  A L and  B M,  or  the  lati- 
tudes of  the  points  A and  B.  were  fuppofed  to  be  known  ; as  were  liketvife  the 
rhumb-angle  LAB  and  the  length  of  the  rhumb-line  A B:  and  the  length  of 
the  equatorial  arch  L M,  or  the  difference  of  the  longitudes  of  the  two  points 
A and  B,  was  fuppofed  to  be  unknown,  and  was  derived  from  the  former 
quantities  in  the  folution  of  that  Lemma,  and  was  fliewn,  in  Coroll.  1 of  the 

faid  Lemma,  to  be  equal  to  — X a — b]  the  letter  r being  put  for  the  radius 

of  the  Earth,  and  / for  the  tangent  of  the  angle  L A B in  a circle  of  which  r 
is  the  radius,  and  a for  the  logarithm  of  the  ratio  of  the  radius  r to  the  tan- 
gent of  half  the  arch  P A,  or  half  the  complement  of  the  latitude  of  the 
point  A to  the  arch  P L,  or  an  arch  of  90  degrees,  and  b for  the  logarithm 
of  the  ratio  of  the  radius  r to  the  tangent  of  half  the  arch  P B,  or  half  the 
complement  of  the  latitude  of  the  point  B to  the  arch  P M,  or  an  arch  of  90 
degrees,  in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  r,  or  the 
radius  of  the  Earth.  But  in  the  prefent  Problem  the  former  of  thefe  two  ra- 
tios, (which  depends  on  the  arch  A L,  or  the  latitude  of  the  point  A,)  and 
confequently  its  logarithm  a,  is  unknown.  Nor  can  the  arch  A L,  or  the  la- 
titude of  the  point  A,  be  derived  from  the  arch  BM,  or  the  latitude  of  the 
other  point  B,  and  the  length  of  the  rhumb  line  BA,  (which  are  both  fuppofed 
to  be  known,)  in  the  manner  direifted  in  the  firft  Lemma;  becaufe  in  that 
Lemma  the  rhumb-angle  LAB  was  fuppofed  to  be  known,  and  confequently 
its  tangent  / (in  the  circle  of  which  r is  the  radius,)  was  alfo  known,  as  well  as 
the  length  of  the  rhumb-line  BA,  and  the  arch  B M,  or  the  latitude  of  the 
point  B ; whereas  in  the  prefent  Problem  the  rhumb-angle  L A B is  fuppofed 
to  be  unknown,  and  is  the  very  quantity  we  are  required  to  find.  Therefore 

in  the  equation  LM  = — y.  a — b (obtained  in  the  firft  Corollary  of  Lemma 

3d,)  there  will  be  two  unknown  quantities,  to  wit,  the  tangent  / of  the  un- 
known angle  LAB,  and  the  logarithm  a of  the  ratio  of  r to  the  tangent  of 

half  the  arch  PA.  We  cannot  therefore  confider  the  equation  LM  = —■ 

X a — b as  a ffmple  equation  containing  only  one  unknown  quantity  / (in 
vor..  IV.  H which. 
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which  cafe  we  (hould  have  r x L M =r  / X a — b,  and  t — ' * L",)  but  mult 

invclligate  the  relation  between  the  two  unknown  quantities  t and  a,  (which 
are  mutually  dependant  on  each  other,)  and  mud  reduce  them  to  one,  before 
we  can  dilcover  the  value  of  /,  or  the  tangent  of  the  unknown  angle  LAB. 
And  this  invefligation  is  a matter  of  great  nicety  and  difficulty,  as  we  have 
feen  in  the  foregoing  folution  of  the  firft  cafe  of  Dr.  Halley’s  Problem. 

Art.  53.  Let  x be  put  (as  before,)  for  the  co-fine  of  the  rhumb-angle  LAB, 
of  which  t is  the  tangent,  in  the  circle  of  which  r,  or  the  radius  of  the  Earth, 
is  the  radius.  Then  will  the  fquare  of  the_finc  of  the  faid  angle  be  rr  — xx, 
and  the  faid  fine  itfelf  will  be  = %/  rr  — x.v.  But  the  co-fine  of  any  arc  is  to 
its  fine  as  the  radius  is  to  the  tangent.  Therefore  x will  be  to  \/  rr  — xx  as  r 

is  to  / j and  confequently  t will  be  = r * — — . But  it  has  been  fhewn 

above  in  Lemma  3d,  Coroll.  1,  that  the  arch  L M of  the  circumference  of  the 
Equator,  or  the  difference  of  the  longitudes  of  the  points  A and  B,  is  = 

— X a — T'-  Therefore  the  faid  arch  L M will  be  = ' * '/rr~jrx  x a — £ 

1*  1 X f 


x 


Now  let  t be  put,  as  before,  for  the  arch  L M,  or  the  difference  of  the  lon- 
gitudes of  the  points  A and  B,  which  in  the  prefent  Problem  is  fuppofed  to  be 

known.  And  tv e fhall  then  have  c — x -*■-  X a — b ; in  which  equation 

the  quantity  a is  unknown,  as  well  as  the  quantity  x,  but  is  dependant  on  it, 
and  may  be  derived  from  it,  though  not  without  great  difficulty. 

Art.  54.  Let  d be  put  (as  before,)  for  the  length  of  the  loxodromick  curve 
B A,  or  the  diltance  run  by  the  fhip  in  her  paflage  from  B to  A ; and  let  m 
be  put  for  the  arch  B M,  or  the  latitude  of  the  point  B,  which  in  this  cafe  is 
fuppofed  to  be  known. 

Then,  fince,  by  Lemma  1,  the  length  of  the  loxodromick  curve  BA  is  to 
A Q_,  or  A L — B M,  as  r is  to  x,  and  B M is  = m,  we  (hall  have  d to 
A L — m as  r is  to  x ; and  confequently  dx  will  bc  = rX  AL  — m,  and 

• dx 

A L — m will  be  = . Therefore  AL,  or  the  latitude  of  the  point  A, 

will  be  equal  to  + m,  or  m + 


Art.  5c.  Now  let  q be  put  for  the  length  of  the  arch  PAL,  or  the  arch 
of  a whole  quadrant  of  the  meridian  circle  which  pafies  through  the  point  A, 
and  of  which  r,  or  the  radius  of  the  Earth,  is  the  radius.  Tlten  will  PA,  or 

PAL  — AL, 
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PAL  — A L,  he  = q — A L;  or  (becaufe  A L is  — m 4-  ^,)  PA  will  be 

(=  q — l>a  + = q — m — and  confequently  will  be  (= 

Ax 

f — m — — ^ 

— - ) — -f- Therefore  a,  or  the  logarithm  of  the  ratio  of 

the  radius  r to  the  tangent  of  the  arch  y,  will  be  equal  to  the  logarithm  of  the 
ratio  of  the  radius  r to  the  tangent  of  the  arch  -t ” 


Art.  56.  Further,  becaufe  in  every  circle  the  radius  is  a mean  proportional 
between  the  tangent  of  any  arch  lefs  than  90  degrees,  or  the  arch  of  a quadrant, 
and  the  co-tangent  of  the  fame  arch,  or  the  tangent  of  its  complement  to  the 
arch  of  a quadrant,  it  follows  that  the  ratio  of  the  radius  r to  the  tangent  of 

the  arch  — — y will  be  equal  to  the  ratio  of  the  tangent  of  the  arch 

which  is  the  complement  of  the  arch  -t " y to  the  arch  of  a quadrant. 


or  to  q,  to  the  radius  r.  But  the  complement  of  the  arch  j 

the 


to  the  arch  q is  (=  q 


0 I? ™ — q ? | m 


-+•  — 4-  — . Therefore  the  ratio  of  the  tangent  of  the  arch  — + — + — 
to  the  radius  r will  be  equal  to  the  ratio  of  the  radius  r to  the  tangent  of 
the  arch  ™ ; and  confequently  the  logarithm  of  the  former  ra- 

tio will  be  equal  to  the  logarithm  of  the  latter  ratio.  But  the  logarithm  of 
the  latter  ratio  is  equal  to  a.  Therefore  the  logarithm  of  the  former  ratio  will 
alfo  be  equal  to  a ; ora  will  be  equal  to  the  logarithm  of  the  ratio  of  the  tan- 
gent of  the  arch  — h — - + — to  the  radius  r.  Therefore  a — b will  be 

0 l 1 ir 


dx 

2 r 

>— f 

Ax 


~ log.  of 


. q m dx 
tangent  of  ~ + — ■ 4*  


• b ; and  confequently  L M,  or  c,  (which 


is  equal  to 


»/ rr  — xx 


X a 


b ,)  will  be 


^rr  — jrjr 


i c 1 . m . d* 

tangent  of  “ + — H 

log.  of *- - — b. 


We  rnuft  therefore  now  endeavour  to 
find  an  expreffion  for  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch 

Ha  j_ 
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— + + ~ to  the  radius  r,  that  £hall  confifl  of  a fet  of  Ample  terms  in- 

volving either  known  quantities,  or  the  powers  of  the  unknown  quantity  x 
combined  with  known  quantities.  This  may  be  done  in  the  manner  following. 

Art.  57.  The  arch  PA  is  lefs  than  the  arch  PL,  or  than  the  arch  of  a 
whole  quadrant  of  the  circle.  And  confequently  the  arch  ~ mud  be  lefs  than 
an  arch  of  45  degrees,  or  half  the  arch  of  a quadrant.  Therefore  the  comple- 
ment of  the  arch  to  an  arch  of  90  degrees,  mull  Ire  greater  than  an  arch 

of  45  degrees.  But  it  has  been  fhewn  (in  art.  56,)  that  the  arch  -f 

+ — is  the  complement  of  the  arch  — — , or  to  an  arch  of 

90  degree*.  Therefore  the  arch  — H ~~  + ~ be  greater  than  an  arch 

of  45  degrees.  And,  as  it  is  the  complement  of  the  arch  — to  an  arch  of 

90  degrees,  it  mud  be  lefs  than  an  arch  of  90  degrees.  Therefore  it  will  be 
both  greater  than  an  arch  of  45  degrees,  and  lefs  than  an  arch  of  90  de- 
grees. 

But,  when  an  arch  is  greater  than  45  degrees,  but  lefs  than  90  degrees, 
or  the  arch  of  a quadrant,  Mr.  James  Gregory  has  given  us  a feries  thac 
will  exprefs  the  logarithm  of  the  ratio  of  its  tangent  to  the  radius  of  the  circle, 
(which  logarithm  he  calls  its  artificial,  or  logaritbmick,  tangent,)  in  terms  in- 
volving the  powers  of  the  excefs  of  twice  the  faid  arch  above  the  arch  of  a 
quadrant,  and  the  powers  of  the  radius  of  the  circle  ; which  feries  is  as  fol- 
lows. if  the  radius  of  a circle  be  called  R,  and  an  arch  that  is  lefs  than  an 
arch  of  90  degrees,  but  greater  than  an  arch  of  45  degrees,  be  called  A, 
and  an  arch  of  90  degrees  in  the  faid  circle  be  called  Q^_,  and  an  arch  that 
is  equal  to  2 A — Q^be  called  E,  the  logarithm  of  the  ratio  of  the  tangent 

of  the  arch  A to  the  radius  R,  in  a logarithmick  curve  of  which  the  iub- 

tangent  is  equal  to  the  radius  R,  will  be  equal  to  the  infinite  feries  e + 

H q 87711  + &c.  Therefore,  if,  in  the  circle  of 

which  r,  or  the  radius  of  the  Earth,  is  the  radius,  and  in  which  q is  the  arch 

of  a quadrant,  the  arch  — + (which  has  been  fhewn  to  be 

greater  than  an  arch  of  45  degrees  in  the  faid  circle,  but  at  the  fame  time 
is  lefs  than  the  arch  of  a whole  quadrant,  being  the  complement  of  the  arch 

~ to  q,  or  the  arch  of  a quadrant,)  be  doubled,  and  from  the  double  of  it, 

which 
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which  will  be  = q 4-  tn  4-  — , we  fubtraft  the  quadrantal  arch  q,  and  fub- 
ftitute  the  remaining  arch  m 4-  inftcad  of  E,  and  r inftcad  of  R,  in  the 
terms  of  the  foregoing  feries  s + 5^  + £-4  + + &c,  ad 


infinitum,  the  complicated  feries  thence  arifing,  to  wit,  the  feries  m 4-  ^ + 
+ 


dx  f 

*77  * 


~d*}  t/*)1  , , dx[7 

"+t1  " + TI  6t  x « + — 

— -r-^ 1 — H “r — + — 4-  &c,  ad  infinitum,  will 

6rr  iv*  5°*°^  7,i57®r* 

be  equal  to  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  -* — |- 

+ — to  the  radius  r,  in  a logarithmick  curve  of  which  the  fubtangent  is 
equal  to  the  radius  r , or  the  faid  feries  will  be  equal  to  a.  And  confequcntly 
the  equatorial  arch  L M,  or  c,  (which  is  equal  to  - ~ ■ x a — b,)  will 


be  = 


4/rr  — XX 


X the  excefs  of  the  faid  complicated  feries  m -f  — + 


dx}* 
»+  T 


dx  * 
61  X m-\ 


t *]' 

J'7  X m H 


+ 


4-  See  above  the  known 


6rr  1 zv*  ' S°4 or“  ' 7*»57®*J 

logarithm  b.  This  equation  mud  now  be  reduced  into  a proper  form  for  a refo- 
lution  of  it ; which  may  be  done  in  the  manner  following. 


Si* 

*+  — 


Art.  58.  The  fecond  term,  — , of  the  foregoing  feries  is  = 

tm*dx  %md*xt  d*x*  r*m*  3r*m Xdx  %rmd9x%  d*x * 

*’  + + 3— — + — — + 3— j-  + + -T- 


6rr 

r*m * + 3 rxm*dx  -f-  3 ran/***  + /Ox* 

6fs 

-Tff . 

And  the  third  term, is  = 

Hr* 


6 rr 


$1 w4/v  iam*J'x*  lom1  d*x*  cmtbx4  d*x* 

mi  4-  4- 4- 4-  2 + 

~ r ~ r*  r*  ^ r4  T rS 


2V+ 


r*m*  C r*m*dx  10  r*m*J*x%  tOr*m%d*x*  ^rmd*x*  d*x* 

. — — -f + + + : — + — — 

r*  r*  r*  r»  r*  r* 

~ ^ 

r*m * + ^r4m*dx  + icr*m*d*x*  + 10 r*m*d*x*  + srmd+x4  -f  d*x* 

- — . 


And 


Digitized  by  Google 


54  an  appendix  to  dr.  halley’s  demonstration  of  the  analogy 
6.x 


And  the  fourth  term, 


61 


5C4Or0 


r 

50407*  x 1 


T~^)' 

m + — = 

r 


61 

50407* 


X the 


compound 

quantity 


C.  . 7 , 1I»W  . 5 5«t4^Jjr*  , 35«JJ*ic*  ji  **«/»** 

* + r + -7T-  + *V“  + "Hr-  + — 7i“  + 


'jmiPx6  ( 


5040^ 


x the  compound  quantity 


r7m7  nrW^x1  , 


7T  + 


+ 

r*  r*  r* 

2lr**i\/5.r*  7 rm.Px*  it1*7 

— — + -75-  + — 


35rJm,rf‘44r4  g 

r?  + 


Cir^m7  + 427r6we*/jr  4“  * 28  tr5/****/1**  -f-  2 4*  2!35r*«*</4r4  -f  1281  rtm%dix* 

+ 427  rrruPx6  + bid1*1 


dx\9 
377  X »»+  — 

1 r 

7M7«~ 


SCtyor*1  * 

= 7-7ir‘  * t^ie  c°mP°und  quantity 


is 


And  the  fifth  term, 

9 t)M%dx  j6r n7d*x%  %\m9d7x*  I iGm*J*x*  1 z6m4tfrxi 

m 4.  — | _ 4 _ j - | - + + - 

+ + 77  = Tjfs^i  * d,e  compound  quantity  ’£*  + 

84r*»»*s/,x*  , lzbrim'd+x4  t 126rAm*dixi  t 8 4r*a»W  , $brim*d7x7  t ^rmd9x* 

+ — Ti + 7> 1 7 1 7 *" 1 — 7 1 7~  + 

7 r9m9  -f*  J49JrV^f  + W]ir7m7dxx*  -f-  2 3,268r6jn*</,-r>  +■  3 4,90 2 r imtd* x*  + 

14,902 r+wfidtx*  + 2 3,2'>8r*«,/V*.r*  q972r*m*d7x7  + 2493 rm&>r  4-  xyjePx9 

7M76'’” 


*7. 

_ .74.9° 


»+ 


ZLl 

dx  m’T  r~1  m‘T  "71 

Tlicrefore  the  faid  complicated  feries  m + -i  4 1 + 

( «£]»  J* 9 

61  x /*+  — x m+  — 


~dt,9 

t»4 


+ &c,  will  be  equal  to  the  feries  m + •—  + 


+ 


50407*  "r  7*,  5767* 

i’/b*  +3r*/B*<ir  + Jrtltflx'  + <7>jr*  , 7>*3>4-57‘i7i,ott  4-  I Or'/n3^1  jr*  + iar1*rW  + jtW’*7  + </>*’ 
- 67  **  IV9  \ 

4.  6 1 r7m7  4.  4: 4"  4-  II} $r*M*J9x*  4"  >>] (r’m’^x4  4-  Jl8l r*M'J*xs 

4-  42  7rW*A*  4-  6 1 tl1  x1 

£0407*7 

4-  277 7®*®  + 2493TJm,<7jt  4-  ()q~  2r7m:tt*x'  4-  3 3,268r6«i6</Jx1  4.  j^ijoir'aiirf**4  4-  34,902r4»*</!jrs 
4-  I3,268rii7i»i6^e  4.  wjir'm'J’x’  4-  24937'»i7,4r'1  4.  zjycPx9 


72,5767’' 


+ See  = the  feries  — + 


<>7» 


4 4. 

247*  * 50407 


6l77«J 

j*r  * 


2777*271® 

7235767” 


+ itc  ad  infinitum, 

+ the 
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. . r • dx  , xr'm'dx  , tr+m+dx  , 427 r*m*dx  , 249 yfim%dx  . c ^ 

+ the  feries  - + 4-——  + + 4V  ..  „ + &c adinfimtum, 

r Or1  24#*  fO^Or**  72,^701- 7 

. « r • \rmd1xx  , iorimid>xM  . 1281  r*mittxx%  , 9Q72r7*f7</*»*  . c ».  r-,„„ 

6 r*  24r*  jC^Or11  72,576/-** 

, ■ n • tPx1  lo aiiCr4*/4//1.*5  2J,268r4»*i/,4:J  , c » • r •. 

+ the  feries  -r-r  + 2 h — — — - b — — , — -f  &c  ad  infinitum , 

6r*  24/*  5040/-1*  72i57t>r,? 

+ the  feries  + S±S2*^= + &c  <4  «»</««., 

24/*  5040r11  72,576/-** 

+ the  feries  — - -\ — + — — — -f  &c  ad  infinitum , 

l+f*  jo+or1*  72,576^'  1 J 

+ the  fencs  5040r»  + 7,,n6r.—  + &c  "rf"'**. 

+ the  feries  bul  \ + 997*r  + &c  infinitum, 

+ the  feries  *49 vm£t.  &c  ad  infinitum, 

7i,Sfir"  J > 

+ the  feries  *9  + Sec  ad  infinitum,  + & c 

72»570r 7 

= the  feries  m -f-  -f-  -b  -6l~--  4-  &c  ad  infinitum, 

*-*  24^  5040ra  72,576/-*  1 


6r* 

arl 


+ the  feries  ± + ££  + if**  + 6-I^f  + + &c  ^ 

+ the  feries  ^ + 6J^£l*  + £22^i!  + &c  aJ  infinitum, 

2r+  1 2r°  * 240^  4 20l6r10  ^ 7 

+ fer>cs  ~tt  + ”7"7~  + 6 + 2?J”  ***  + &c  a:/  infinitum. 


fir9 


tin 


>4+^ 


+ «l*e  feries  ^ ^ ^ + &c  ^ 

+ tlie  feries  ~ + + &c  ^ infinitum, 

+ the  feries  b'"^r,  4-  "^ff-  + &c  infinitum, 


JlOr 

+ the  feries  * H-  ,m f * + &c  ad  infinitum, 

So+or'i  aoi6r,J 

+ the  feries  *^'^,1  + &c  ad  infinitum, 

+ the  feries  + See  ad  infinitum, 

+ See  ad  infinitum. 

Art.  59.  Now  let  the  capital  letter  B be  put  = the  infinite  feries  m + 

+ ~i  + j^s  + ~ l^r  + &c : and  let  the  capital  letter  C be  put  = the 

infinite  feries  d + ^ + 5^7/  + &cj  and  let  D be  = the 

infinite 
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infinite  feries  — 4-  -f 

2>*  I ar4  240/*  1 


20i6r“ 


+ &c ; and  F be  = the  infinite 


feries  ^ (-1L  + ; and  G be  — the  infinite  feries 

or*  izr4  *4^  864  r* 


8$4r* 


£«t/4 


? ' ' " ,'l<  4.  gee  ; and  H be  = the  infinite  feries  — — -+-  — " %■ 

* Flhr’  •»  *«-4  * 


576r« 


»4r« 


I4W" 


+ + &c ; and  I be  = the  infinite  feries  -f  1”"‘  ^ + &c ; and 

5 "iOr  0047* 

K be  1=  the  infinite  feries  -6>^  -f-  a-'-rv  + &c ; and  L be  z the  infinite 

5040^  201 6r’ 

feries  ~~~i  -f  ; and  M be  z the  infinite  feries  + &c.  And  the 

8064  r*  ’ 72,5  m,br*  * 


« + 


Ax  )> 


t>rr 


Art* 

"+7» 

+ ~7fr  + 


61  x i»4 


504ar* 


, ( 1T\t 

6i  x »4  — 


, . Ax)9 

*n  x-‘«+  — 


-{-  &c,  ad  infinitum,  is  equal  to  a,  or 

dx 


foregoing  complicated  feries  m -f- 
“7  <!x\° 

277  x «H . 

— s 6lr h &c,  ai  infinitum,  will  be  equal  to  the  feries  b 

TX*  , CX4  , HA*  , IX6  KX1  , LA*  MX9  e J • X 

~+  — + 7T  + 7T+  — + 7r+7T  + &c«  ad  infinitum. 

*)» 

i*  "+  Ti 

Art.  60.  But,  by  art.  57,  the  complicated  feries  m — — + — — 

m_±J± 

*V*  "r  504or‘  'r  71,57  6r* 

the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  —■  +-  ~~  4-  —■  to  the 
radius  r in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  the  radius  r. 
Therefore  the  feries  b + - + — + y?  + — + — + — + ~pr 

+ — -f  Sec,  ad  infinitum,  will  alfo  be  equal  to  the  faid  logarithm,  or  to  a. 
Therefore  a — • b will  be  equal  to  the  exccfs  of  the  feries  b + — + 4. 

+ ^-  + ^ + ^-  + “T'+^'+15'  + &c>  “d  infinitum  above  b,  or 

will  be  equal  to  the  feries  b — i + + + TT+Tr+TT"  + 

+ pr  + 7T  + &c,  ad  infinitum. 

Art.  61.  But,  becaufe  m is  the  excefs  of  the  arch  q + m,  or  twice  the  arch 

-j-  — , above  q,  or  the  arch  of  a quadrant,  it  follows  from  art.  57,  that 

m + 
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n + + — + 6'"  . + -f  &c,  ad  infinitum,  will  be  equal  to 

the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  -f — f-  ~ to  the  ra- 
dius r in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  r.  There- 
fore B,  (which  is  equal  to  the  faid  ferics  m + ~ + — 4- 
-f-  See,  ad  infinitum,')  will  be  equal  to  the  logarithm  of  the  faid  ratio  of  the 
tangent  of  the  arch  — — | — "to  the  radius  r in  the  faid  logarithmick  curve. 

But  the  ratio  of  the  tangent  of  the  arch  or  r-~t  to  the  radius  r 

is  equal  to  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  • ~ ”,  which  is 

the  complement  of  the  arch  to  q,  or  the  arch  of  a quadrant ; and  confc- 

quently  the  logarithm  of  the  former  ratio  In  a logatithmick  curve  of  which  r 
is  the  fubtangent  is  equal  to  the  logarithm  of  the  latter  ratio  in  the  fame  loga- 
rithmick curve. 


Therefore  B (which  has  juft  now  been  (hewn  to  be  equal  to  the  logarithm 
of  the  ratio  of  the  tangent  of  the  arch  or  — t— , to  the  radius  r in 

the  logarithmick  curve  of  which  r is  the  fubtangent,)  will  alfo  be  equal  to  the 
logarithm  of  the  ratio  of  the  radius  r to  the  tangent- of  the  arch  in  the 
fame  logarithmick  curve. 

Art.  62.  But  this  arch  - — - is  equal  to  rM  ~ "M , or  — . 

Therefore  B will  be  equal  to  the  logarithm  of  the  ratio  of  the  radius  r to 

the  tangent  of  the  arch  ~ in  a logarithmick  curve  of  . which  r is  the  fub- 
tangent. __  ' " 

But  b is  equal  to  this  logarithm,  as  appears'from  Coroll.  1 to  Lemma  3J. 
Therefore  B will  be  equal,  to-?.  And  confequently  the  feries  u — jj  4. 

~ -K  t? — K-73-  + Tr  + — + -pr  + — + ~pr  + — + ■&<:,  ad  infinitum, 

will  be  .equal  to  the  fame  feries  without  the  two  firft  terms  b anti  — b, 
(which  counterbalance  and  deftroy  each  other,)  of  will  be  equal  to  the 


feries-  B + 

r 

hfinilutri. 

VoL.  IV. 


7*  V "t<?  TaC.U  .M\  1. x , w 

7T  + 7T  + — + 75-  * “ + 75?  + 7T  + &C,  a*  : 

I But 


Digitized  by  Google 


58  AH  APPENDIX  TO  DR.  HALLEY’S  DEMONSTRATION  OF  THE  ANALOGY 

. . , cx  , dj*  »•>*  c.v«  H*‘  it*  ki'  1.  »• 

But  the  feries  b — b+~  + -^-  + 71+73-  + 7T+  — +77-  + 77“ 
4.  ^ + &c,  has  been  lhcwn  to  be  equal  to  a — b. 

Therefore  the  feries  y+7r+7T  + 7r  + 7r  + 7r  + 7rH + 

— + See,  cd  infinitum , will  alfo  be  equal  to  a — b. 

r* 

Art.  63.  But  c,  or  the  equatorial  arch  LM,  or  the  difference  of  the  longi. 
tudes  of  the  points  A and  B,  is  = K'n~  *-  x a — b.  Therefore  c,  or  L M, 


will  alfo  be  = 

KX1  t LX*  . M 

— + 7i-  + 7 


rr  — jr.v 


. r . cx  , Dx*  rx*  c.x*  Hx*  I **  . 

X the  feries  7 + 7r+7r+“+7r  + 7r  + 


+ kc,  ad  infinitum ; and  confequently  (multiplying  both 

fides  of  the  equation  by  *,)  we  (h^l  have  c.v  — s/  rr  — xx  x the  feries 

L'  + ^+^  + ^+^+^+^+^+^  + &c;a„d(byex- 

trailing  the  fquare-root  of  the  refidual  quantity  rr  — .vjt,  and  fubftitut- 
ing  the  infinite  feries  to  which  it  is  equal,  to  wit,  the  infinite  feries  r — 

il al Sf! ZfH  &c,  inftead  of  rr  — xx  in  this  lad 

zr  8rJ  l6r‘  Ii8r>  lj6r« 

equation,)  we  (hall  have  cx  — the  prod uft  of  the  multiplication  of  the  infinite 
feries  - into  the  infinite  feries 

2+£ +£+£+£+£  + £ + £+£  + &c,  and  confe- 
quently to  the  following  complicated  infinite  feries,  to  wit, 

r 


cx 


Vx*  , 

1 . 

Hx‘ 

!fl  + 

XX7 

4. 

Lxf 

MX9 

7*“ 

+ 7^ 

T 

7T  + 

7T  + 

r6 

I 

r1 

1 

r* 

cx1 

Dx4 

TX> 

GX6 

H*7 

lx' 

Kx9 

“ 

iF 

2 ri 

Zr * """ 

iri 

2 r® 

2 r1 

Zr* 

Cxs 

DX6 

FX7 

Gx8 

H*» 

s* 

bT 

8r° 

8 r7 

8rs 

Cx7 

DX* 

r*\ 

1(1  r6 

i6r» 

i6r* 

+ Stc 


* — &c 


5cx» 

'wS3- 


— &c 


— &c: 


and  confequently  (by  dividing  all  the  terms  of  this  lad  equation  by  x ,)  we  Jhall 
have  the  complicated  feries 

C T 
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, D*  FX-  . OX' 

c+T  + -7r+~  + 


hx4 

lx* 

Kx6 

L*» 

MX* 

~r*~ 

4- 

r* 

4- 

~ + 

r> 

+ 

r* 

Tx * 

GX* 

IX» 

Kx* 

jr 4 

iT*” 

zr‘  ~ 

2r1 

2r* 

CX* 

DXS 

FXS 

G*7 

HX* 

Sr4 

8^ 

8r* 

8r7 

8 r« 

<0 

H 

O 

PX7 

Fa* 

16  r* 

i6r' 

l(jr* 

JCx* 

4-  &cc 


Ii8  r* 


— &C 

— &C 


— &c 

— r : in  which  equation  there  is  only  one  unknown  quantity,  to  wit,  x,  or  the 
co-fine  of  the  rhumb-angle  LAB.  Therefore  by  rcfolving  this  equation  we 
fliall  find  the  value  of  the  faid  co-fine  of  the  rhumt-angle  L A B,  and  confe- 
quently  (hall,  by  the  help  of  a Table  of  Sines  and  Tangents,  difeover  the  mag- 
nitude of  the  faid  angle  LAB  itfelf.  0*  e.  i. 


Art.  64.  This  equation  will  be  true  only  when  the  fcveral  infinite  feriefes 
denoted  by  the  capital  letters  C,  D,  F,  C,  H,  I,  K,  L,  M,  &c,  are  con- 
verging feriefes.  But  this  will  happen  only  when  m,  or  the  latitude  of  the  point 
B,  or  of  the  firft  place  of  the  fliip,  from  which  it  begins  its  voyage,  is  lefs 
than  r,  or  the  radius  of  the  Earth,  and  when  d,  or  the  loxodrotnick  arch  B A, 
or  the  diftance  run  by  the  fliip  in  going  from  B to  A,  is  alfo  lefs  than  r,  or  the 
radius  of  the  Earth  ; becaufe  the  quantities  m and  d occur  in  the  numerators 
of  the  terms  of  the  faid  infinite  feriefes,  and  the  quantity  r occurs  in  their  de- 
nominators. Therefore  the  faid  equation  will  be  true  only  when  m and  d,  or 
the  faid  latitude  of  the  point  B and  the  diftance  run  by  the  fhip  in  going  from 
B to  A,  are  lefs  than  the  radius  of  the  Earth. 


Art.  65.  In  order  to  Amplify  the  notation  of  the  foregoing  equation,  let  t 
be  fubftituted  in  its  terms  inftead  of  r,  or  the  radius  of  the  Earth  ; or  let  the 
radius  of  the  Earth  be  called  1.  And  then  we  (hall  have  r’  = 1,  and  r*  = 1, 
and  r*  — 1,  and  every  following  power  of  r = 1 ; and  confequently  the  fore- 
going equation  will  become 

f C + D*  + Ft'  + CJt*  4-  H.V*  4-  I*‘  4-  KXa  4-  ex’  4-  M.v*  + &C 

cx*  ox*  FX4  Cx‘  Hx6  Ix»  Kx*  . 

, — &C 

a a 2 2 2 2 2 


CX4  DX>  FX6  OX1  HI1  . 

"8  1 8 i 8 “C 

16  16  «6 

- 2?  - &C 
128 

— &C 


c.  • 


I 2 


An 
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An  Example  of  the  foregoing  SolutLn. 


I 

Art.  66.  Let  the  point  P,  in  Fig.  i,  denote  (as  before,)  the  North  Pole  of 
the  Eaith,  and  let  the  point  B,  from  which  the  (hip  begins  its  voyage,  be  in 
North  latitude  40*, 45',  and  in  Weft  longitude,  reckoned  from  Londonj  if,*. 
Let  the  (hip  fail,  in  a direction  partly  tending  to  the  North  and  partly  to  the  Ealt, 
along  the  loxodromick  curve,  or  rhumb-line,  B A,  which  cuts  all  the  meridian- 
Jines,  over  which  it  pall'cs,  in  the  fame  angle,  to  wit,  in  the  angle  LAB,  which 
is,  fup.pofed  to  be  unknown,  and  of  which  x is  the  co-line  in  a circle  of  which  r, 
or  i,  or  the  radius  of  the  Earth,  is  the  radius.  And  let  the  length  of  the  laid 
rhumb-line  B A,  or  the  diftance  run  by  the  fhip  when  flic  arrives  at  A,  be 
60  leagues,  or  1S0  miles.  And  let  the  length  of  the  equatorial  arch  LM,  or  the 
difference  of  the  longitudes  of  the  points  B and  A,  be  2*,  15'.  It  is  required 

to  find,  from  thefe  three  things  fo  given,  the  angle  LA  B,  of  the  fliip’s  courfe, 

by  means  of  the  foregoing  folution. 

Art.  67.  A degree  of  a great  circle  of  the  Earth  is  about  69  miles  and  a 
half  in  length.  Therefore  the  arch  BM,  or  the  latitude  of  the  point  B,  which 

is  equal  to  40*,  45'.  (or  4°°  + V,»  or  4°*  + ~.)  or  40.75,*,  will  be  = 

40.75  x 69.5  miles  =:  2832.125  miles.  But  the  radius  of  the  Earth  is  equal  td 
4000  miles,  and  confcquently  a mile  will  be  one  4000th  part  of  the  faid  radius. 

Therefore  BM  will  be  = 2832.125  X — , or  3 ‘ 3 — of  the  radius  of 

J J 4000  4000 

the  Earth,  or  ■ ,°(,'0?1.  of  the  radius  of  the  Earth,  or  0.708,021  of  the  radius 

of  the  Earth;  or  (becaufe  the  radius  of  the  Earth  is  called  1 ,)  the  arch  BM 
will  be  = 0.708,031  x 1,  or  0.708,031.  But  m is  — the  arch  B M.  There- 
fore m will  be  = 0.708,031.  • 

In  the  next  place  the  loxodromick  arch  B A,  or  the  diftance  ryn  by  the  fliip 

in. palling  from  B to  A,  is  fuppofed  to  be  180  miles,  which  is  = i8oiX 

or  of  the  radius  of  the  Earth,  or  0.04 ; of  the  radius  of  the  Earth ; or 

(bccaufe  the  radius  of  the  Earth  is  called  1,)  = 0.04 j X 1,  or  0.045  » 
that  the  loxodromick  arch  B A will  be  = 0.045.  But  ^ *s  = the  loxodromick 
arch  B A.  Therefore  d will  be  = 0.045. 

Thirdly,  by  art.  59,  the  capital  letter  C is  equal  to  the  infinite  feries  d + 

TF  + ^ t and  tliereforc  (as  r is  = 1)  it  will  be  equal* 

« to 
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to  the  infinite  fcries  d -f  — + 4.  &c,  — d x the  infi- 

x 14  720  8064  ’ 

nite  feries  1 +—+-—  + + &c.  But  m is  = 0.708,031. 

• 1 24  720  8064  ' ‘ 3 

Therefore  m'  will  be  (—  0.708,03?!*)  rz  0.501,307,  and  w4  will  be  ( = 

m*  X *»’  = 0.501,307  x 0.501,307)  = 0.251,308,  and  m°  will  be  (= 

•*»4  x m'  — 0.251,308  x 0.501,307)  =:  0.125,982,  and  m'  will  be  (= 

X m*  — 0.125,982  X 0.501,307)  — c.063,155;  and  confequently  the 

feries  1 + — — H — — 1 — — — (-  — will  be  = 1.000,000  + 

x 24  720  806+ 

0 ?or-3°7  . ? x 0.2,1,308  61  x 0.12;, 982  277  X o.o63-<S;  _ T „„  , 


^ = 1-000,000  + 

0.250,653  + + ’7-^3;  = 1.000,000  + 0.250,653 

+ 0.052,356  + 0.010,673  + 0.002,169)  — * -3 1 5*85 1 - Therefore  ^ x the 
infinite  feries  1 + — + — + + 17  7 " + &c  will  be  = d x 1.315,851 

2 24  1 720  8064  J J 

=.  0.045  X 1 .3 1 5,85 1 = 0.059,213.  Therefore  the  capital  letter  C will,  in 
this  cafe,  be  = 0.059,213. 

Fourthly,  the  fmall  letter  c,  which  is  equal  to  the  equatorial  arch  LM,  or 
to  2 degrees  and  15  minutes,  or  2 degrees  and  a quarter  of  a degree,  will  be 
(=  24  X 65)  miles  = 2.25  X 65.5  miles)  = 147.375  miles  = 147.37 5 x 

— ^ part  of  the  radius  of  the  Earth,  (=  = 0.036,843  of  the  radius 

of  the  Earth;  or  (becaufe  the  radius  of  the  Earth  is  ~ 1,)  the  faid  equatorial 
arch  LM,  or  c,  will  be  = 0.036,843  x 1,  or  0.036,843. 

Therefore  the  equation  fet  down  above  in  art.  65,  will,  in  this  cafe,  become 

- ^0.059,213  + DV  + FA1  4-  G**  *j-  It*4  + IXs  ■+■  KJt6  -+-  LX1  + M.V*  + &C 


CX4  rx*  TX6  G*7  Ha*  - 

1 *8  8 T T Uc 

cx 6 d*7  __  ^ 

16  16  16 

-l£-&c 

1^8 


= 0.036,843. 

I Art.  68.  We  muft  next  find  the  values  of  the  capital  letters,  D,  F,  G,  H,  1, 
K,  L,  and  M ; which  may  be  done  as  follows. 

The  capital  letter  I)  is  equal  to  the  infinite  feries  ~ + + 

20l6r* 
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^cc>  or  (becaufe  r is  equal  to  I,)  and  confequently  r‘,  r4,  r*,  and  r‘, 
are,  each  of  them,  equal  to  i,)  it  is  equal  to  the  infinite  feries  ~ 4-  ddli  4. 

+ &c  i and  confequently  it  will  be  = d'm  x the  infinite  fe- 


ries   H - — + 


2Cl6 

5*’ 


( )im 4 


4-  4-  &c,  = d'm  x the  infinite  feries  — 4. 

5X0^30?  + «Li^318  + »77  + &c,  = d'm  x the  infinite 

feries  -L  4.  + -l±£f±  + Sec,  = d'm  x the  infinite 

feries  0.500,000  4-  0.208,878  4-  0.063,874  + 0.017,310  + &c  = d'm  x 
0.790,062  = d1  x 0.708,031  x 0.790,062  = d'  x 0.559,388  = 0.045'*  X 
0.559,388  = 0.045  X 0.025,172  = 0.001,132.  n.  1.  1.  ■ 

The  capital  letter  F is  = the  infinite  feries  dL.  + ^—7  + — — 4- 

1 6r*  ur4  144  r®  1 864^* 

4-  8cc,  = the  infinite  feries  7-  4*  $ZL£.  4-  4.  ;77*‘ 4.  gjC>  — dl  x the 

O 12  144  004 

infinite  feries  -7-  4-  — + 4 H'.7.”-  4-  Sec,  = <f*  x the  infinite  feries  — 

+ 5-1^1*122  4-  ^UL2^£?  + 4.  &c,  = d>  x the  infinite 

feries  -i-  4-  + IV  ^.ll  4.  &c,  - d>  X the  infinite  fe- 

rics  0.166,666  4-  0.208,878  + 0.106,456  + 0.040,390  4"  &c,  — dl  x 
0.522,390  = 0.045]*  X 0.522,390  = 0.045)*  x 0.023,507  = 0.045  X 

0.00!,057  = 0.000,047.  <*.  E.  I. 

The  capital  letter  G is  ~ the  infinite  feries  + 6'-f  "■  + 4-  &c  = 

r 24^  *44r*  57®^ 

the  infinite  feries  4-  / 4.  It'”'-.—  4-  Sec  = d+m  X the  infinite  feries  — 

24  144  576  2+ 

6im_  277**_  4.  gfC  = d'm  x the  infinite  feries  — 4-  61  ? °:;olij2Z. 

‘44  576  =4  *44 

s_.7_x_q.151, 308  ge  = d'm  X the  infinite  feries  — 4-  . 3°-579,717  _j_ 

57<>  24  144 

's-*6  ‘ ^ + .Stc  7=  d'm  X the  infinite  feries  0.208,333  4-  0.212,359  4- 

0.120,854  4-  Sec  = d'm  x 0.541,546,  8cc  — d*  x 0.708,031  X 0.541,546 
— d'  X 0.383,431  = 0.045)*  x 0.383,431  = 0.045)*  X 0.017,254  =0.045)* 
X 0.000,776  = 0.045  X 0.000,035=  0.000,001.  Qc  E.  I. 

The  capital  letter  H is  equal  to  the  infinite  feries  ^ + 

&c 
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&c  = the  infinite  feries  — 4-  tlOL—  4.  -f  kc  = d>  x the  infinite  feries 

24  240  ' 576  ' ~ 

I 61  ml  , 277 m*  . ,,  , . - . , . 1 61  X 0.501,207  . 

— 4 -r  + &c  — ds  x the  infinite  feries - — — + 

24  240  j-;6  24  340  ' 


377  x_0.25M0_8  &c  = di  the  infini(e  feries  ± mn.VJ  _6±6il^i6_ 

576  24  240  T 57b 

+ &c  = d*  X the  infinite  feries  0.041,666  + 0.127,411  4-  0.120,854  4-  &c 

= d*  x 0.289,931  = 0.045]*  X 0.289,931  = 0.045I4  X 0.013,017  = 0^045!’ 

X 0.000,585  = 0.045I*  x 0.000,026  — 0.045  x 0.000,001,170  ==  0.000, 
000,052.  Q*  E.  I. 


The  capital  letter  1 is  equal  to  the  infinite  feries  + -|7Tj“r  + &c  = 

the  infinite  feries  4.  tl1?  — 4.  &c  = dtm  x the  infinite  feries  — 4- 
720  864  7ao  1 


4-  &c  = dim  x the  infinite  feries  — 4-  ~7,  x 0.501,307  gj,-.  _ (j»m  x 

864  7 10  864 

the  infinite  feries  — 4-  4-  &c  = dem  X the  infinite  feries  0.084,722 

4-  0.160,720  4-  &c  = tfm  x 0.245,442,  &c  — d*  X 0.708,031  X 0.245,442 
= </*  X 0.173,780  = 0.045I6  x 0.173,780  = 0.0451  x 0.007,820  = 
0.045]*  x 0.000,3 52  — 0.045!’  X 0.000,015,840  = 0.0454  X 0.000,000,712 
= O.O45  X 0.000,000,032  = 0.000,000,001.  Qi  e.  1. 


The  capital  letter  K is  equal  to  the  infinite  feries 
— the  infinite  feries  4-  • 4-  &c  — dT  x the  infinite  feries 

5040  2016  S°4<> 

— (-  &c  — d'  x the  infinite  feries  — - + 2,7  * °-$p'’307  4.  &c  = 
1 2016  5040  ' 2016 

if  x the  infinite  feries  4*  4-  &c  = d1  x the  infinite  feries 

5040  ' 2016 

0.012,103  4-  0.068,880  4-  &c  = d1  X 0.080,983  — 0.043!’  X 0.080,983  = 
0.045 0 X 0.003,644  = 0.0451'  X 0.000,164  = 0.045!*  X 0.000,007,380  = 

0.045!’  X 0.000,000,332  — 0.045’  * 0.000,000,015  “ 0.045  X 0.000,000, 
000,675  =:  0.000,000,000,030.  Qj  E.  1. 


The  capital  letter  L is  equal  to  the  infinite  feries  4-  &c  = the  infi- 

nite feries  2~J~-  4-  &c  = <?m  x the  infinite  feries  4-  &c  = d’m  x the  in- 

finite  feries  0.034,350  4-  &c  = d*  X 0.708,031  x 0.034,350,  &c  = dx  x 
0.024,321  = 0.045]'  x 0.024,321  = 0.045]’  X 0.001,094  = 0.0451°  X 
0.000,049  = 0-045  ‘ x 0,000,002,205  = O.045I4  X 0.000,000,099  = 0.045!’ 

X 
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X 0.000,000,004,455  = 0.045I'  x o.ooo,coo,ooo,zoo  = 0.045  X 0-000,000, 

000,009,000  = 0.000,000,000,000,405.  <1-  E.  I. 

And  the  capital  letter  M is  equal  to  the  infinite  fcrics  £ + &c  zz  the 

infinite  leries  -----  + Stc  — li*  x the  infinite  feries  ■ 77  - + &c  = d?  x 

72.i7<>  _ , 72.57'*  , 

tire  infinite  feries  0.003,816  + &c  = 0.0451''  X 0.00;, 8 16,  & c = 0.0451*  * 
0.000,171,730  = 0.045)’  X 000,007,727,400  = 0.045V  x 0.000,000,347,73 3 
zz  0.04^’  x 0.000,000,015,648  = 0.0  45I+  X o 000,000,000,704  zz  0.045V 
X 0.000,000,000,031,680  = 0.045)'  X 0.000,000,000,001,425  t=  0.045  x 
0.000,000,000,000,064  = 0.000,000,000,000,002,  e.  i. 

Therefore,  if  we  carry  the  computation  of  the  infinite  feriefes  denoted  by 
the  faid  capital  letters  C,  D,  F,  G,  H,  I,  K,  L,  and  M,  only  to  fix  places 
of  decimal  fractions,  we  may  confider.the  letters  H,  I,  K,  L,  and  M,  as  be- 
ing, each  of  them,  equal  to  o,  and  may  therefore  omit  the  fcvcral  terms  in  the 
above  complicated  equation,  fet  down  in  art.  67,  that  involve  them.  And 
then  the  faid  equation  will  be  as  follows  ; to  wit, 


0.059,213’+  vx  + ex’  + ex’  o + 0 + 0 + 0 + 0 4-&c 

_ C4^_  : rx4 , <J»» 0 — O ice 

2 2 2 2 


T 


EU-* 

' T 


r.i 

' T 

Li! 

rO 


r.jtJ 


— o — &c 


— i& 


— See 


=.  0.036,843. 


!C' 

“Til  ~Lc 


Art.  69.  In  tbit  equation  we  mufi  now  reduce  the  feveral  compound  co-effi. 
:nts  of  x%  a1,  a-4,  A‘,  A*,  x1,  and  .v',  to  wit,  the  compound  quantities  -f-  f — 


cicnts 


— , + c 

2 

5v 


D 

2 


- c 
8 * 


8 


4 6.’  , 


10> 


into  fimple  terms:  which  may  be  done,as-fql|ows. 


c /ic  0 °59.2tj  \ _ 


) = 0.029,606, 


. J vi  Ji:  A fl:li’  J “ ’ r 

_ o.o;q,2i.t'  _ 


Since  c is  = 0.059,213,  we  (hall  have  — ( = 

■ n:  " L-  ’ ^ . f<  1 i of!j  I.. 

and--  (-  — g— ')  = 0.007,402,  and  (=^biii)  =,0003, 701, and 

ye  , 5 y 6.0,-9,114  . 0.596, c6<.  l -1'1  X • •*  r-  2-'-:5*  :ii,t 

= ~rn-)  = 000HIi-  a 

J , ' ....  = 039  i-  Of.m.O  2-21131  41.1 

And,  fi.nc&  P is  =255.001^32,  we  (hall  ljave (— z: ■0.000,5662.0 


and 


(=■-  + 16.000,141;  and =i!t3':8oi^<^«6lOC3*0 

And, 
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And,  fince  f is  = 0.000,047,  we  fhall  have  — (=  -■,^0’047  = 0.000,023, 
«d  -f  (=  = 0.000,006,  and  £ (=  2f2g£2,  ’=  0.000,003.’ 

And,  fince  o is  = 0.000,00-1,  we  fhall  have  ~ (=  aoo°,°.0.1.)  — 0.000, oooj 


and  -j-  = 0.000,000. 


Therefore  + f — •—  will  be  (=  + 0.000,047  — 0.029,606)  = 

— 0.029,559  j and  4 o will  be  (*=  4 0,000,00!  — 0.000,566)  * 

— 0.000,565,  and  — — • — - will  be  (3:  — • 0.000,023  — 0.007,402) 

0.007,425  • anc^  “ ~ g-  will  be  (—  — 0.000,000  — 0.000,141)  ^ 

— 0.000,141  ; and g-  — JL  wiH  be  (—  — 0.000,006  — 0.003,701)  — 

— 0.003,7071  and g — will  be  (—  — 0.000,000  •— 0.000,070)  •=£ 

— 0.000,070 1 and  — ~ — £ wili  be  ( = — 0.000,003  — 0.002,313)  — 

— 0.002,316. 

Therefore  the  foregoing  complicated  equation,  fet  down  in  the  proceeding 
article,  will  now  become  as  follows,  to  wit,  6 

0.059,213  4-  0.001,132  x * — 0.029,559  x **  —0.000,565  x ** 

— 0.007,425  xx*  — 0.000,141  x — 0.003,707  x *• 

— 0.000,070  X *’  — 0.002,316  x .v*  — &c  = 0.036,843. 

Art.  70.  Now  let  all  the  terms  on  the  left-hand  fide  of  this  equation  that 
’have  the  fign  — prefixed  to  them,  or  are  fubt rafted  from  the  other  terms  on 
the  fame  fide,  be  added  to  both  fides  of  the  equation.  And  we  fhall  then  have 
0.059,213  4 0.001,132  X x = 0.036,843  + 0.029,559  x x* 

+ 0.000,565  x x3  4 0.007,425  X a*  4 0.000,141  x *’ 

+ 0.003,707  X **  4 0.000,070  x x*  + 0.002,316  x *’  + &c. 

Therefore,  (fubtrafting  0.036,843  from  both  fides,)  we  (hall  have 

0.022,370  4 0.001,132  X x = 0.029 ,559  x x*  4 0.000,565  x x* 

+ 0.007,425  X x*  4 0.000,141  x x'  4 0.003,707  x x* 

-f  0.000,070  x x>.  + 0.002,316  x *’  4 &c,  and  (fubtraft- 

4ng  0.001,132  x x from  both  fides,)  wc  Hull  have 

— 0.001,132  xx  4 0.029,559  x *’  4 0.000,565  x x* 

4 0007,425  x a*  4 0.000,141  x a*  4 0.003,707  x x* 

4 0.000,070  x *’  4 0.002,316  x a*  4 &c  = 0.022,370. 

¥°«”1V.  K.  Art.  71. 
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Art.  71.  In  this  equation  it  is  remarkable  that  0.029,559,  the  co-efficient: 
of  x*,  is  greater  than  0.001,132,  the  co-efficient  of  x;  and  that  0.007,425,. 
the  co- efficient*  of  x *,  is  greater  than  0.000,565,  the  co-efficient  of  x* ; and. 
that  0.003,707,  the  co-efficient  of  x‘,  is  greater  than  0.000,141,  the  co-effi- 
cient of  x * ; and  that  0.002,316,  the  co-efficient. of  x’,  is  greater  than  0.000,070, 
the  co  efficient  of  x*.  But  the  co-efficients  of  x,  x',  xS,  and  x\  or  the  odd 
powers  of  x,  (to  wit,  0.001,132,  and  0.000,565,  and  0.000,141,  ando 
0.000,070,)  are  every  one  lefs  than  the  next  before  it,  or  decreafe  when  the 
powers  of  x inoreafe  ; and  the  co-efficients  ofx’,  x*,  **,  and  **,  or  the  even 
powers  of  x,  (to  wir,  0.029,559,  and  0.007,425,  and  0.003,707,  and 
0.002,316,)  are  aifo  every  one  lefs  than  the  next  before  it,  or  decreafe  when, 
the  powers  of  x incrcafe;  as  well  as  the  co-efficients  of  x,  x’,  x',  and  x1,  or 
the  odd  powers  of  x.  ■ 


Art.  72.  We  muft  now  endeavour  to’refolve  this  lift  equation  obtained  in 
art.  70,  to  wit,  the  equation  — 0.001,132  X x + 0.029,559  X x‘ 

+ 0.000,565  x x1  + 0.007,425.x  x*  4-  0.000,141  Xi 

+ 0.003,707  X x*  + 0.000,670  X *’  + 0.002,316  X x*  +■  tec 

— 0.022,370.  Now  this  can  only  be  d6ne  by  approximation;  and  I take- 

Mr.  Raphson's  method  of  icfolving  equations  by  approximation  to  be  the 
beft  method  that  can  be  employed  ?6r  this  purpofe.-  I will  therefore  now 
endeavour  to  find  a-  firft  near  value  of  x that  lhall  differ  from  its  true  value 
by  only  a tenth,  or  lefs. than  a tenth,  part  of.  the  faid  true  value,  in  order  to 
make  th'e  faid  firft' near  value  ofx  the  balls  of  a further  approach  to  its  true 
value,  according  to  the  direftions  of  Mr.  Raphson’s  method. 

Art.  7 3-r  Now,  in  order  to  find  this  firft  near  value  of  x,  we  may  begin: 
by  obferving,  that  x,  (being  the  co-fine  of  a certain  angle  in  a circle  of  which . 
r,  or  1,  or  the  radius  of  the  Earth,  is  the  radius,)  muft  be  lefs  than  the  ra- 
dius r,  or  i;  and  confequemly  that  xx  muft  be  lefs  than  x*  and  x*  than  xx, 
and  x4  than  x1,  and  every  following  power  of  x muft  be  lefs  than  that  which 
p/eceeds  it.  And  hence  we  may  conclude  that  the  two  firft  terms  0.001,133 
X x,  and  0.009,559  x xx,  will  be  greater  than  the  two  next  terms,  or  than 
any  other  two  terms  on  the  fame  fide  of  the  equation.  We  will  therefore  negleA 
all  the  terms  on  the  left-hand  fide  of  the  equation,  except  the  faid  two  firft 
terms  — 0.001,132  x*  + 0.029,559  X xx,  and  will  fuppofetliofe  two  terms 
alone  to  be  equal  to  the  whole  left-hand  fide  of  the  equation,  and  confeqoently 
to  the  abfolute  term  0.022,370,  and  will  refolve  the  quadratick  equation  re- 
fulting  from  this  fuppofition,  to  wit,  the  quadratick  equation  — 0.001,132  Xx 
+ 0.029,559  x xx  = 0.022,370,  or  0.029,559  X xx  — a.001,132  x x = 
0.022,370.  This  may  be  done  in  the  manner  following,. 


Divide  all  the  terms  by  0.029,559,  or  the  co-efficient  of  xx.  And  we  fhall 


have  xx 


a.  001, 131 
0.029,559 


X 


0.012,370 
o.o«  9,559’ 


that 


is,  xx  — 0.038,296  X x = 
0.756,794. 
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<-0.756,791.  Divide  the  co-efficient  0.038,296  by  2 ; and  the  quotient  will  be 
0.019,148,  the  fquare  of  which  is  0.000,366,645,904.  Let  this  fquare  be 
added  to  both  fides  of  the  equation.  And  we  (hall  have  xx  — 0.038,296  X * 
+ oToi  9,148V  = 0.756,791  + 0.000,366,645,904  = 0.757,157,645,904. 
Therefore  (extrafting  the  fquare- roots  of  both  fides,)  we  (hall  have  x — . 
0.019,148  = 0.870,  8tc,  and  confequently  * will  be  = 0.870  + 0.019,  &c 
= 0.889,  &c.  Therefore  the  firft  near  value  of  x in  the  foregoing  high 
equation,  fet  down  in  art.  70,  will  be  0.889  i °f  which  it  feems  rcafonablc  to 
fuppofe  that  the  firft  two  figures,  0.88,  may  be  exaft. 

Art.  74.  We  will  therefore  now  fubftitute  0.88,  inftead  of  x,  in  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the  equation  fet  down  in 
art.  70,  to  wit,  the  equation 

— 0.001,13a  X * 4-  0.029,559  x xx  + 0.000,565  x x’ 

4-  0.007,42 5 x x 4 4-  0.000,141  x *'  + 0.003,707  x ** 

4-  0.000,070  x 4-  0.002,316  x x*  4-  &c,  = 0.022,370,  in  order 

■to  difcover  whether  the  value  of  the  faid  compound  quantity  rcfulting  from  fuch 

fubftitution  will  be  greater,  or  lefs,  than  the  abfolute  term,  0.022,370,  of  the 
faid  equation,  and  whether  its  difference  from  the  faid  abfolute  term  will  be 
great,  or  fmall. 

Now,  if  we  fuppofe  * to  be  = o.?3,  we  fhall  have 
xx  (=  0.88  X 0.88)  = 0.7744, 

and  at*  (=  0.7744X0.88)  = 0.681,472,  • 3 

and  x4  (=  0.681,472  X 0.88)  = 0.599,695, 

.and  x*  (=  0.599,695  X 0.88)  = 0.527,731, 

and  se‘  (=  0.527,731  X 0.88)  = .0.464,403, 

and  x’  (=  0.464,403  x 0.88)  = 0,408,674, 

and x*  (=  0.408,674  X 0.88)  = °-359,633,  and  confequently 

0.001, 1 32  x x (=  0.001,132  x 0.88)  = 0.000,996, 
and  0.029,559  x xx  (=  0.029,559  x 0.7744)  = 0.022,890, 
and  0.000,565  x x*  (=  0.000,56 5 X 0.681,472)  = 0.000,385, 

and  0.007,425  x x 4 (=  0.007,425  x 0.599,695)  = 0.004,452, 

and  0.000,141  x x*  (=  0.000,141  x 0.527,731)  = 0.000,074, 

and  0.003,707  x x*  (=  0.003,707  x 0.464,403)  = 0.001,721, 

and  0.000,070  x x1  (—  0.000,070  x 0.408,674)  = 0.000,028, 

and  0.002,316  X x*  (=0.002,316  x 0.359,633)  = 0.000,833. 

Therefore  the  compound  quantity 
— 0.001,132  x x 4-  0.029,55 9 x xx  + 0.000,565  X x* 

4-  0.007,425  x x4  + 0.000,141  x x*  + 0.003,707  x x* 

K 2 + 
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+ 0.000,070  x *’  + 0.002,326  x will  be  ( = 

— 0.000,996  + 0.022,890  4-  0.000,385  4-  0.004,452  4-  0.000,074 

4-  0.001,721  4*  0.000,028  + 0.000,833  = — 0.000,996  + 0.030,383)  sr 
4-  0.029,387 ; which  is  greater  than  0.022,370,  or  the  abfolute  term  of  the- 
equation 

— 0.001,132  x x 4-  0.029,559  X xx  + 0.000,565  x ** 

+ 0.007,425  X At4  + 0.000,141  X *’  + 0.003,707  X *“ 

4-  0.000,070  x *’  + 0.002,316  x x*  — 0.022,370.  Therefore 0.88  will! 

be  greater  than  the  true  value  of  x in  the  f.ud  equation. 

Art.  75.  We  will  therefore,  in  the  next  place,  fuppofe  x to  be  equal  to  0.88! 

— z,  and  fubftitute  0.88  — sr  inflead  of  x in  the  terms  of  the  foregoing  equa- 
tion, but  with  an  omiflion  of  all  the  terms  that  involve  any  higher  powers  ofz 
than  its  fimple  power,  or  z itfelf,  agreeably  to  the  rules  of  Mr.  Raphson’s. 
method  of  approximation.  This  may  be  done  in  the  manner  following. 

Since  x is  = 0.88  — z*  we  fliall  have 

xx  (s s 0.88  — 2]*  = o.8S'‘  — 2 X 0.88  X z 4-  &c)  = 0.7744  — 1.76 
X z + &c, 

and  *5  (=  0.88  — z*1  = odsB’  — 3 X 0.881*  X * + &c  = oJ38^  — 3 X 
0.7744  X 2 + &c)  = 0.681,472 — 2.3232  x * + &c, 
and  **  (=  0.88  — 2>‘  = olfil4  — 4 X oT88t’  x z + &c  = odHD4  — 4 X 
0.681,472  X z + &c)  = 0.599,695  — a.725,888  X z + &c, 

and  *5  (=  0.88  — =r'od!8>  — 5 X 0.8814  x z + &c  — ail?'  - 
5 X 0.599,695  X 2 + &c)  = 0.527,731  — 2.998,475  x SB.. 
4-  &c, 

and  x'  (=  0.88  — = 0881*  - 6 x olsl8  X 2 4-  &c  =^88l*  — 6 x: 

0.52 7»73*  x z x 8cc)  = 0.464,403  — 3.166,386  x 2 + &c,. 
and  x1  (=s  0.88  — ?1’  ^ 0.88^  — 7 X 0.8816  x 2 + &c  = odlB’  — ■ 7 X 
0.464,403  x 2 + &c)  = 0.408,674  — 3.250,821.  x 2 + &c,. 
and  *’  (=  0.88  — "zl*  = odjB1  — 8 x 0.88'’  x 2 + &c  m ol88|*  — 8 x. 

0.408,674  X 2 + &c)  = 0.359,633  — 3.269,392  X z 4-  &c.. 

Therefore  0.001,132  x x will  be  (=  0.001,132  X 0.88  — 2 = 0.001,132 
X 0.88  — 0.001,132  X z)  = Q.000, 996  — 0.001,132  X 2, 

and  0.029,559  x xx  will  be  (=  0.029,559  X 0.7744  — 1.76  x "2)  = 
0.029,559  X 0.7744  — 0.029,559  X 1.76  X 2)  = 0.022,890  — 
0.052,023  X 2„ 

and 


Digitized  by  Google 


OT  THE  LOOAR ITHMICK  TAHOENTS  TO  THE  MERIDIAH  HHE,  &C.  69 


and  0.000,565  x a’  will  be  (=  0.000,565  x 0.681,472  — 2.3232  x z = 
0.000,565  x 0.681,472  — 0.000,565  x 2.3232  X z)  = 0.000,385 

— 0 001,312  X 2, 

and  0.007,425  x a4  will  be  (=  0.007,425  x 0*599.695  — 2.725,888  x z = 
0.007,425  x 0.599,695  — 0x07,425  x 2.725,888  X z)  — 0.004, 
452  — 0.020,239  X z, 

and  0.000,141  x a*  will  be  (=  0.000,141  X 0.527,731  — 2.998,475  x z 
= 0.000,141  X 0.527,731  — 0.000,141  X 2.998,475  x z)  =: 
0x00,074  — 0.000,422  X z, 

and  0.003,707  x a4  will  be  (=  0.003,707  x 0.464,403  — 3,160,386  x z 
= 0.003,707  X 0.464,403  — 0.003,707  x 3.166,386  X z)  = 
0.001,721  — 0011,738  X z, 

and  0.000,070  x x1  will  be  (r:  0.000,070  x 0.408,674 — 3.250,821  x z 

— 0.000,070  X 0.408,674 — 0.000,070  x 3.250,821  x z)  = 
0.000,028  — 0.000,227  x z, 

and  0.002,316  x x*'  will  be  (—  0.002,316  x 0.359,633  — 3*269,392  x z 
= 0.002,316  X 0.359,633  — 0.002,316  X 3.269,392  X-  z)  = 
0.000,833  — 0.007,562  X z ; 
and  confequently  the  compound  quantity 

— 0.001,132  x * + 0.029,559  X xx  + 0.000,565  x a1 

+ 0x07,425  x a4  + 0.000,141  x xs  4*  0.003,707  x a4 

+ 0.000,070  x x’  + 0.002,316  x a*  will  be 

— 0.000,996  + 0.001,132  X z 
4*  0.022,890  — 0.052,023  x z 
4*  0.000,385  — 0.001,312  x z 
4-  0.004,452  — 0.020,239  x z 
+ o 000,074  — 0.000,422  x z 
4*  0.001,721  — 0.011,738  x z 
-b  0.000,028  — 0.000,227  x z 
4-  0.000,833  — 0.007,562  X z 

— 0.000,996  + 0.001,132  X z 
+ 0.030,383  — 0.093,523  x z 

= + 0.029,387  — 0.092,391  X z.. 

But  the  compound  quantity 
— 0.001,132  X x + 0.029,559  X**+  0.000,565  X ** 

+ 0.007,425  X a4  + 0.000,141  X a*  + 0.003,707  X a* 

4-  0.000,070  x a’  4-  0.002,316  X a*  + &c  is  = 0.022,370. 

Therefore  0.029,387  — 0.092,91  X z is  alfo  sz  0.022,370.  And  con- 
fequently 
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fequently  (adding  0.093,391  X 2 to  both  Tides,)  we  fliall  have  0.039,387  = 
0.022,370  + 0.092,391  X z,  and  (fubtra&ing  0.022,370  from  both  fidesj 

0.092,391  X 2 = 0.007,017,  and  z = = 0.0759. 

Therefore  x,  or  0.88  — z,  will  be  (=  0.8800  •— 0.0759)  = 0.8041;  or 

the  fecond  near  value  of  x in  the  equation 

— 0.001,13a  X x 4-  0.029,559  x xx  + 0.000,565  x x* 

+ 0:007,425  x x*  + 0.000,141  X + 0.003,707  X x* 

+ 0.000,070  X *’  + 0.002,316  x *'  + &c  zz  0.022,370  will  be  = 

0.8041.  e.  t. 


Art.  76.  We  will  now  fubflkute-this  laft  value  of  x,  to  wit,  0.8041,  indead 
of  x,  in  the  compound  quantity 

— 0.001,132  X x + 0.029,559  x xx  -f  0.000,565  x *’ 

+ 0.007,425  x x*  + o.ooo.Ht  x a*  + 0.003,707  x x 4 

+ 0.000,070  x x’  4-  0.002,316  x (which  forms  the -firft,  or  left- 

hand,  fide  of  the  foregoing  equation,)  in  order  to  difeoverhow  near  the  value 

of  the  faid  compound  quantity  refulting  from  the  faid  fubditution  will  ap- 
proach to  the  true  value  of  the  faid  compound  quantity,  or  to  the  value  of  its 
equal,  the  abfoltite  term,  0.022,370,  of  the  faid  equation;  and  confequently 
to  find  how  near  the  faid  number  0.8041  will  approach  to  the  true  value  of  a 
in  the  faid  equation.  This  may  be  done  in  the  manner  following. 

If  we  fuppofe  x to  be  = 0.8041,  we  (hall  hayc 
xx  — 0.8041]*  = 0.646,576,81, 
and  x ’ (=  0.646,577  x 0.8041)  = .0.519,912, 

and  x4  (=  0.519,912  x 0.8041)  = 0.418,061, 

and  x*  (=  0.418,061  x 0.8041)  = 0.336,162,  1 

and  x*  ( = 0.336,162  x 0.8041)  = 0.270,307, 

and  x’  (=0.270*307  x 0.8041)  = 0.217,353, 
and  x*  (=  0.217,353  x 0.8041)  = .0,174,773, 


and  confequently  0.001,132  x x (•=  0.0014132  X 018041)  — o 000,910, 
and  0.029,559  x-xx  (=  0.029,559  x 0:646,577)  = 0.019,112, 
and  0.000,565  x x*  (=  0.000,565  x 0.519,912)  = 0.000,293, 
and  0.007,425  x x*  (=  0.007,425  X 0.418,061)  = 0.003,104, 

and  0.000,141  X 0.000,141  x 0.336,162)  = 0.000,047, 

and  0003,707  x x*  (=  0.003,707  X 0.270,307)  = 0.001,00?, 

and  0 000,070  X *’  (=  0.000,070  x 0.217,353)  = 0.000,015, 

aijd. 0.002,3 16  x .v*  (=  0.002,316  x 0.174,773)  = 0.000,404, 


«nd 
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and  — 0.001,132  x * + 0.029,559  X xx  + 0.000,565  x ** 

+ 0.007,425  X **  + 0.000,141  x **  + 0.003,707  x *& 

+ 0.000,070  X *’  + 0.002,316  X *'  = — 0.000,910  + 0.019,112 

+ 0.000,293  + 0.003,104  + 0.000,047  + 0.001,002  + 0.000,015  -f 
0.000,404  _ — 0.000,910  + 0.023,977  = 0.023,0674  which  is  greater 
than  0.022,370,  or  the  abfolute  term  of  the  equation 

— 0.001,132  x x + 0.029,559  X **  -f  0.000,565  x ** 

+ 0.007,425  x *4  + 0.000,141'  x ad  -h  0.003,707  x x‘ 

0.000,070  x a*  + 0.002,316  x *'  + &c  = 0.022,370.'  Therefore 
0.8041  is  greater  than  the  true  value  of  x in  that  equation  : but  the  difference 
between  them  is  not  great. 

Art.  77.  We  wiir  therefore,  in  the  next  place,  fnppofe  the  value  of*  in  the 
foregoing  equation  to  be  equal  to  0.8,  and  fubftitute  0.8  inftcad  of*  in  the 
compound  quantity 

— 0.001,132  X X + 0.029,559  X XX:+  0.000,565-  x *v 

+ 0.007,423  X x*  + 0.000,14.1  x Xs  + 0.003,707-  X ** 

+ 0.000,070  x *’  + 0.002,316  x **,  (which  forms  the  firft,  or  left- hand, 
fide  of  that  equation,)  in  order  to  difeover  how  nearly  the  value  of  the  faid 
compound  quantity  refulting  from  that  fubflitution  will  approach  to  the  true 
value  of  the  faid  compound  quantity,  or  of  its  equal,  the  abfolute  term, 
0.022,370,  of  the  faid  equation.  This  may  be  done  in  the  manner  following. 

If  we  fuppofe  * to  be  = 0.8,  we  (Kail  have  **  (=  oTI)’)  = 0.64, 
and  **  (=  0.64  X 0.8)  =■  0.5123 
and  x*  (=  0.512  x 0.8)  — 0.4096, 
and  **  ( = 0.4096  X 0.8}  = 0.327,68,. 
and  *‘  (=  0.327,68  X 0.8)  = 0.262,144, 
and  a’  (=0.262,144  X 0.8)  = 0.209,7 1 5,23 
! and  x'  (=  0.209,715,2  X 0.8)  = 0.1673772,16. 

Therefore  0.001,132  x *- will  be  (=  0.001,132  x 0.8)  = 0.000,905 

and  0.029,559  x **  will  be  (=  0.029,559  x 0.64)  = 0.018,917; 

and  0.000,565  x *1  will  be  (=  0.000,565  x 0.512)  = 0.000,2891 

and  0.007,425  x * f will  be  (=  0.007,425  x 0.4096)  = 0.003,041.; 

and  0.000,141  X **  will  be  (=  0.000,141  x 0.327,68)  = 0.000,046} 

and  0.003,707  x a”  will  be  (=  0.003,707  x 0.262,144)  = 0.000,971; 

and  0.000,070  X *’  will  be  (=  0.000,070  x 0.209,7 15)  = 0.000,014; 

and  0.002,316  X **  will  be  (=  0.002,316  x 0.167,772)  = 0.000,388} 

and  confequenlly  the  whole  compound  quantity 
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— 0.001,132  X x + 0.029,559  X XX  + 0.000,565  X AJ 

4-  0.007,425  x x*  4-  0.000,141  x + 0.003,707  x ** 

4-  0.000,070  X 4“  0.002,316  X *'  will  be  = — 0.000,905  4-  0.0 18, 

917  4-  0.000,289  4-  0.003,041  4-  0.000,046  4-  0.000,971  4-  0.000,014  + 
0.000,388  = — 0.000,905  4-  0.023,666  = 01022,761  ; which  is  a little 
. greater  than  0.022,370,  or  the  abfolute  term  of  the  equation 

— 0.001,132  x # 4-  0.029,559  X xx  4-  0.000,565  x x ‘ 

+ 0.007,425  X **  4-  0.000,141  X *•’  4-  0.003,707  x x* 

4-  0.000,070  X x1  4-  0.002,316  x **  4-  &c  = 0.022,370.  Therefore 

0.8  will  be  nearly  equal  to,  but  a little  greater  than,  the  true  value  of  x in 
the  faid  equation.  Oj  e.  i. 

Art.  78.  In  order  therefore  to  find  a Hill  nearer  value  of  the  root  of  the 
faid  equation 

— 0.001,132  X x 4-  0.029,559  X xx  4-  0 000,565  x .v1 

4-  0.007,425  X x*  + 0.000,141  X 4-  0.003,707  X x * 

4-  0.000.070  X *’  + 0x102,316  X x'  = 0.022,370,  by  Mr.  RaphsoN’s 

method  of  approximation,  let  us  fuppofe  x to  be  equal  to  0.8  — z , and  let  us 

fubfiitute  0.8  — z inftead  of  x in  the  terms  of  the  faid  equation,  omitting  all 
the  terms  in  the  values  of  the  fevcral  powers  of  0.8  — 2 which  involve  any 
higher  powers  of  z than  die  fimplc  power,  or  z itfelf.  This  may  be  done  in 
the  manner  following. 

Since  x is  = 0.8  — z,  we  (hall  have 
xx  (—  0.8 — z*  ezodfl*  — 2 X 0.8  X z 4-  8 tc)  = 0.64  — 1.6  x 2 
4-  &c, 

and  x * (=  o78  — z’  = o8i'  — 3 x 0.81*  x 2 4-  &c  = o.bl*  — 3 x 0.64 
X 2 4-  &c)  = 0.512  — 1.9a  X 2 4-  &c, 

and  x*  (=  0.8  — 2I4  = o.8]‘  — 4 x o^1  X e 4-  &c  = 0.8  *'  — 4 X 0.51a 
x 2 4-  &c)  = 0.4096  — 2.048  x'  z 4-  &c, 

and  x*  (=  0.8— al*  = 0.8  V — 5 X 0.8  )*  x 2 4-  &c  =:  o.8"l!  —5  X 0.4096 

X 2 4-  &c)  = 0.327,68  — 2.0480  x 2 + &c, 

and  xa  (=  0.8  — = o.8,l‘  — 6 X 0.8  V X 2 4-  &c  s=  o.tff — 6 X 0.327,68 

X z + See)  = 0.262,144  — 1.966,08  X 2 4-  5tc, 

and  *’  (=:  0.08  — ?]’  =:  oTiV  — 7 x "oF]8  X t + = odil'  — 7 X 0.262, 

144  X 2 + &c)  =:  0.209,715,2 — 1.835,008  x 2 4-  &c, 

and  2*  (=  0.8  — z\‘  = 0.8 1*  — 8 X o.8l’  x 2 4-  See  = "o78l*  — 8 X 0.209, 
715,2  X 2 4-  &c)  = 0.167,772,16  — 1.677,721,6  X 2 4-  See, 

and  confequently  0.001,132  X * (=  0.001,132  x 0.8  — 2I  = c.ooi,T32  X 
0.8  — 0.001,132  X 2)  = 0.000,905,6  — 0.001,132  x 2, 

and 
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and  0.029,559  x xx  (=  0.029,559  X 0.04  — 1.0  x 2 + 8cc  = 0.029,559 
X 0.64  — 0.029,559  x 1.6  x z 4-  &c)  = 0.018,917,76  — 
0.047,294,4  x z 4-  &c, 

and  0.000,565  x *’(=  0.000,565  X 0.512  — 1.92  X 2 + &c  = 0.000,565 
X 0.512  — 0.000,565  X 1.92  x z + &c)  = 0.000,289 — 0.001, 
084  x z 4-  8cc, 

and  0.007,425  X x*  (=  0.007,425  X 0.4096  — 2.048  X z 4-  &c  = 0.007, 
425  x 0.4096  — 0.007,425  x 2.048  x z + &c)  = 0.005,041 

— 0.015,205  x z + &c, 

and  0.000,141  X xs  (=  0.000,141  X 0.327,68  — 2.0480  x z 4-  &c  = 

0.000,14!  X 0.327,68  — 0.000,141  x 2.0480  x z + &c)  = 

0.000,046  — 0.000,288  X z + &c, 

and  0.003,707  X x*  (=  0.003,707  X 0.262,144  — 1.966,08  x z 4-  &c  = 

0.003,707  X 0.262,144  — 0.003,707  X 1.966,08  x z + &c)  = 

0.009,971  — 0.007,288  x.z  + &c, 

and  0.000,070  x *»  (=  0.000,070  X 0.209,715  — 1.835,008  x z 4-  &c 
= 0.000,070  X 0.209, 7 15  — 0.000,070  X 1.835,008  x z — 8cc) 
= 0.000,014  — 0.000,128  X z + &c, 

and  0.002,316  X .v*  (=  0.002,316  X 0.167,772  - 1.677,721  X z 4-  &c 
= 0.002,316  X 0.167,772  — 0.002,316  X 1.677,721  X z 4-  &c) 

— 0.000,388  — 0.003,875  X z + &c. 

Therefore  the  .compound  quantity 

— 0.001,132  x x + 0.029,559  X xx  + 0.000,565  x ** 

4-  0.007,425  x x*  + 0.000,141  X xs  + 0.003,707  X ** 

+ 0.000,070  x x1  4-  0.002,31 6 x x’  + &c,  will  be  = 

— 0.000,905  4-  0.001,132  x z 

4-  0.018,917  — 0.047,294  x z 4-  &c 

4-  0.000,289  — 0.001,084  x z 4-  &c 

4-  0.003,041  — 0.015,206  x z 4-  &c 

4-  0.000,046  — 0.000,288  x z 4-  &c 

4-  0.009,971  — 0.007,288  X z 4-  &c 

4-  0.000,014  — 0.000,128  x z 4-  &c 

4-  0.000,388  — 0.003,875  x z 4-  &c 

_ f — 0.000,905  4-  0.001,132  X z 1 

L 4-  0.023,666  — 0075,163  X z 4-  &c  f 

= 0.022,761  — 0074,051  X z -1-  &c. 

But  the  faid  compound  quantity  is  equal  to  the  abfolaue  Derm  0.022,370, 
of  the  equation 

— 0.001,132  X*  + 0.029,559  X xx  4-  0.000,565  X at’ 

4-  0.007,425  x x*  4-  0.000,141  x x1  + 0.003,707  x x ” 

4-  0.000,070  x 4-  0.002,316  x a*  4-  &c  ==  0.022,370. 

Vol.  IV.  L Therefore. 
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Therefore  0.022,761  — 0.074,071  x z + &c,  will  alfo  be  equal  to  the 
faid  abfolute  term  0022,370.  And  confequently  0022,761  will  be  = 
0022,370  + 0.074,031  X z,  and  0.074,031  X swill  be  (=  0.022, e6i  — 

0.022,770)  = 0.000,391,  and  2 will  be  = - = 000;, 2S1.  There- 

fore  x,  or  o.S  — 2,  will  be  (=  0.800,000  — 0.005,281)  = 0.794,719; 
that  is,  the  more  accurate  value  of  the  root  of  the  laid  equation  will  be 
0 794»7 1 9-  <1:  r-  u 

Art.  80.  Having  thus  obtained  the  number  0.794,719,  or  (dropping  the 
two  laft  figures,  19,  as  probably  not  exaft,)  the  number  0.7947  for  the 
value  of  x in  the  equation 

— 0.001,132  x x + 0.029,559  X xx  + 0.000,565  x ** 

+ 0.007,425  X x*  -+■  0.000,141  x x‘  + 0.003,707  x #* 

4-  0.000,070  X x7  -f  0.002,3*6  x x*  -f  &c  = 0.022,370,  we  will  now 
proceed  to  fubftitme  the  faid  number  in  the  compound  quantity  which  forms 
the  left-hand  fide  of  this  equation,  in  order  to  fee  how  nearly  the  value  of  the 
faid  compound  quantity  refulting  from  this  fubftitution  will  approach  to  the 
true  value  of  the  faid  compound  quantity,  or  to  its  equal,  the  abfolute  term 
0.022,370,  and  confequently  to  determine  how  nearly  the  faid  number  0.7947 
will  approach  to  the  true  value  of  x in  the  faid  equation.  This  fubftitution 
may  be  made  in  the  following  manner. 

If  we  fuppofe  x to  be  equal  to  0.7947,  we  fhall  have 

xx  =.  0.631,548,  and  #*  = 0.501,891,  and  x*  — 0.398,852, 
and  x'  — 0.316,967,  and  x*  zz  0.251,893,  and  x1  = 0.200,179, 
and  x ' ~ 0.159,082,  and  confequently 

0.001,132  X * (=  0.001,132  x 0.7947)  = 0.000,899, 
and  0.029,559  X xx  (=  0.029,559  X 0.631,548)  = 0.018,668, 
and  0.000,565  X x*  (=  0.000,565  X 0.501,891)  = 0.000,282, 
and  0.007,425  x .v*  (=  0.007,425  X 0.398,852)  = 0.002,961, 
and  0.000,141  X x*  (—  0.000,141  X 0.316,967)  ~ 0.000,044, 

, and  0003,707  x x*  (—  0.003,707  x 0.251,893)  = 0000,933, 
and  0.000,070  X x 1 (—  0.000,070  x 0.200,179)  = 0.000,014, 
and  0.002,316  x a*  (=  0.002,316  x 0.159,082)  = 0.000,368.  • 

Therefore  the  compound  quantity 

— 0.001,132  X x + 0.029,559  X xx  4-  0 000,565  X x* 

+ 0.007,425  X .v4  -f  0.000,141  X x*  + 0.003,707  X x4 

+ 0.000,070  X x’  + 0.002,316  X x*  will  be  = — 0.000,899  + 

o 018,668  + 0.000,282  + 0.002,961  + 0.000,044  + 0.000,933  -4- 
o 000,014  + 0.000,368  — — 0.000,899  -f  0.023,270  = + 0.022,371  ; 
which  is  greater  than  the  abfolute  term,  0.022,370,  of  the  equation 
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— 0.001,132  X x 4-  0.029,559  x + © 000,565  X 

+ 0.007,425  x x*  + 0.000,141  x .v‘  + 0.003,707  X *4 

+ 0.000,070  x x'  + 0.002,316  X #*  + Sic  = 0.022,370  by  only 

an  unit  in  the  iixth  place  of  deiimal  fractions.  We  may  therefore  concFude 

that  the  number  0.7947  is  very  nearly  equal  to  the  true  value  of  .v  in  the  faid 
equation.  q.  e.  i. 

Art.  81.  Now  it  appears  from  Shkrwin’s  Table  of  Sines  and  Tangents, 
that,  if  the  radius  of  a circle  be  called  1,  the  number  0.7947  will  be  the  fine  of 
an  angle  of  52  degrees  and  38  minutes,  and  the  co-line  of  an  angle  of  37  de- 
grees and  22  minutes.  Therefore  the  rhumb-angle  LAB,  or  the  angle  of  the 
Ihip’s  courfe,  of  which  x,  or  0.7947,  is  the  co-tine,  will  be  an  angle  of  37  de- 
grees and  22  minutes.  e.  i. 

Art.  82.  If  the  (hip  failed  in  a diredion  due  North-Eaft,  the  rhumb  angle 
LAB  would  bean  angle  of  45  degrees.  Cut  the  angle  L A B is  only  3;®, 
22',  which  is  lefs  than  450  by  7®,  38'.  Therefore  the  diredion  in  which  the 
fhip  fails  will  be  to  the  North  of  a diredion  due  North- Eaft,  and  will  make  an 
angle  of  7®,  38',  with  that  diredion.  This  angle  of  70,  38'  is  lefs  than  a 
whole  point  of  the  compafs,  (or  a 32d  part  of  the  four  right  angles  fubtended 

by  the  whole  circumference  of  a circle,  or  than  or  it®  -f  — , or  1 1“  -f- 
1®  6o'  , 3 3 

— , or  it®  + — or  11®,  15',  by  an  angle  of  3®,  37'.  Therefore  the  direc- 
tion in  which  the  fhip  fails  will  be  North-Eafi  by  North,  with  3®,  37'  to  the 
Eaft,  or  North-Eaft  by  North,  with  fomething  lefs  than  a third  part  of  (it®, 
15',  or)  a point  of  the  compafs  towards  the  Eaft.  <2..  e.  i. 


A Determination  of  the  Length  of  the  Artb  AL,  or  the  Latitude  of  the  Second  Point  A. 


Art.  83.  We  may  now  determine  the  latitude  of  the  fecond  point  A,  at 
which  the  fhip  arrives  after  palling  along  the  loxodromick  arch  B A.  This  may 
be  done  in  the  manner  following. 

Since  r is  = 1,  and  d is  =:  0.045,  and  x is  = 0.7947,  we  (hall  have  ~ 
(~d!l=dx=:  dX  0.7947  = 0.045  X 0-7947)  = 0.035,761 ,5,  or  (ne- 

dx 

gleding  the  laft  figure  5)  — 0.035,761.  Therefore  m + — will  be  ( = m 4. 
0.035,761  =:  0.708,031  -f  0.035,761)  = 0.743,792.  But  the  arch  A L,  or 
the  latitude  of  the  point  A,  is  = m + — . Therefore  the  faid  arch  will  be 

=:  0.743,792,  or  743,792  millionth  parts  of  t,  or  of  the  radius  of  the  Earth ; 
which  may  be  exprefied  in  degrees  and  minutes  by  proceeding  as  follows. 

L a The 
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The  arch  BM,  or  the  latitude  of  the  firft  point  B,  exprcfled  in  millionth 
parts  of  t,  or  the  radius  of  the  Earth,  will  be  to  the  arch  A L,  or  the  lati- 
tude of  the  fecond  point  A,  exprcfled  in  the  like  parts  of  the  radius  of  the 
Earth,  in  the  fame  proportion  as  the  faid  firft  arch  B M,  exprcfled  in  degrees 
and  decimal  parts  of  a degree,  is  to  the  laid  fecond  arch  A L,  exprefled  alfo 
in  degrees  and  decimal  parts  of  a degiee.  But  the  arch  B M is  -=r  0.708,031, 
or  708,031  millionth  parts  of  the  radius  of  the  Earth,  and  contains  40%  43', 

or  40"  + or  40®  4-  —_,)  or  40.75I®.  Therefore,  if  wc  take  a fourth  pro- 
portional to  the  three  numbers  0.708,031,  0.743,792,  and  40.73)*,  the  faid 
fourth  proportional  will  be  the  value  of  the  arch  A L exprefled  in  degrees 
and  decimal  parts  of  a degree.  But  the  faid  fourth  proportional  will  be  ( ~ 

X 40.75)9  = J -050,507  X To- 7 5b  = 42.8o"8V,  or  42®  4-  ^5!. 


Therefore  the* length  of  the  arch  A L,  exprefled  in  degrees  and  decimal  parts 

c , -1,  , . . 8ofi*  , . , 60  x 8o8'  „ , 

of  a degree,  will  be  = 42  4-  — (=  42  + , ■ - = 42  4* 


48,480' 


= 42®  4-  48'  4-  1521  = 42»  + 48'  4.  60  * <8°"  = 42"  4.  48'  + - 

^ ' IOOO  ^ It*  |QCO  T IT  ! 1000  — 


42“  4-  48'  + 28"  + ?£-  = 420  4-  48'  4-  28"  4 


60  x 8oo#,/ 


42°  + 48' 


4 28"  4 4 Too  ) = 44°  4^  + 28"  4-  48"',  or,  very  nearly,  42°  -f 

48'  4-  29"  i that  is,  the  latitude  of  the  fecond  point  A,  (at  which  the  Ihip 
arrives  after  palling  over  the  loxodromick  arch  BA,)  when  exprefled  in  de- 
grees and  minutes,  will  be,  very  nearly,  42s,  48',  29".  <*.  e.  1. 


A Prcof  of  the  Truth  of  the  Coixluficns  that  have  been  obtained  in  the  preceedin g 
Articles,  by  the  Application  cf  the  foregoing  Solution  of  the  Second  Cafe  of  Dr. 
Halley’/  Problem,  to  the  Example  given  of  it  in  Art.  66. 


Art.  84.  Having  thus  obtained  the  magnitude  of  the  rhumb-angle  LAB 
and  the  length  of  the  arch  A L,  or  the  latitude  of  the  fecond  point  A,  (at 
which  the  (hip  arrives  aficr  palling  over  the  loxodromick  arch  B A,)  and  hav- 
ing had  the  length  of  the  arch  B M,  or  the  latitude  of  the  firft  point  B (from 
which  the  Ihip  begins  her  voyage,)  given  us  at  full,  we  may  now  determine, 
by  the  help  ot  Lemma  3d,  Coroll,  t,  the  length  of  the  equatorial  arch  LM, 
or  c,  or  the  difference  ot  the  longitudes  of  the  two  points  A and  B,  (which 
was  before  fuppofed  to  be  given  and  to  be  22  2°,  15',  or  147.375  miles,  or 
147  miles  and  fomething  mote  than  a third  part  of  a mile.  And,  if  the  value 
we  Ihall  obtain  for  the  faid  arch  L M,  or  the  difference  of  the  longitudes  of  the 

points 
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points  A and  B,  by  fnch  determination,  fhall  be  found  to  be  nearly  equal  to 
the  magnitude  of  it  that  was  given  in  the  foregoing  example,  to  wit,  2°,  15', 
or  147.375  miles,  the  faid  relult  will  be  a confirmation  both  of  the  juftnefs  of 
the  reafonings  adopted  in  the  foregoing  folution,  and  of  the  exactnefs  with 
which  the  feveral  arithmetical  operations,  contained  in  the  application  of  that 
folution  to  the  precccding  example,  have  been  performed.  This  determination 
of  the  length  of  the  faid  equatorial  arch  L M may  be  performed  in  the  manner 
following. 

It  is  (hewn  in  Lemma  3d,  Coroll.  1,  that,  if  r be  put  for  the  radius  of  the 
Earth,  and  t be  put  for  the  tangent  of  the  rhumb-angle  LAB  in  the  circle  of 
which  r,  or  the  radius  of  the  Earth,  is  the  radius,  and  a be  put  for  the  loga- 
rithm of  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  — , taken  on  the 

axis,  or  afymptote,  of  a logarithmick  curve,  of  which  r,  or  the  radius  of  the 
Earth,  is  the  fubtangent ; and  b be  put  for  the  logarithm  of  the  ratio  of  the 

radius  r to  the  tangent  of  the  arch  - * , taken  on  the  axis,  or  afymptote,  of  the 

fame  logarithmick  curve  ; and  r be  put  foe  the  equatorial  arch  L M,  or  the  dif- 
ference of  the  longitudes  of  the  points  A and  B ; we  fhall  have  e,  or  L M, 

= ~ X a — b.  We  muft  therefore  now  compute  this  quantity  ~ y.  a — b 

upon  a fuppofiiion  that  the  thumb  angle  LAB  is  = 37’,  22',  and  that  the 
arch  B M is  = 40°,  45',  and  that  the  arch  A L is  = 4 c°,  48',  29". 

Now,  fince  the  angle  LAB  is  = 37“,  22',  its  tangent  t,  in  a circle  o* 
which  r,  or  the  radius  of  the  Earth,  is  the  radius,  will  be  = o.  763,636,2  X r> 
or  (becaufe  r is  fuppofed  to  be  = i,)  will  be  = (0.763,636,2  X 1,  ot) 

0.763,636,2.  And  confcquently  the  quantity  -£•  X a — b will  be  (=  °''6,’6,f’’2 
X a — b,)  =0.763,636,2  X a — b. 

Wc  mull  next  find  the  values  of  the  logarithms  a and  b;  which  may  be  clone 
as  follows. 

The  arch  AL,  or  the  latitude  of  the  point  A,  is  = 42®,  48'',  29//.  There- 
fore the  arch  P A,  or  the  complement  of  the  arch  A L Co  the  arch  PL,  or 
the  arch  of  a quadrant,  will  be  (=  90* — 42°,  48',  29")  = 47®,  11',  31"; 

and  confcquently  the  arch  ™ will  be  as  23',  35',  45",  3 o'" ; the  tangent  of 
which,  in  a circle  of  which  the  radius  is  called  1,  is  = 0.436,801. 

The  arch  B M,  or  the  laiitude  of  the  point  B,  is  = 40®,  45'.  Therefore 
the  arch  P B,  or  the  complement  of  the  arch  BM  to  the  arch  P M,  or  the 

arch  of  a quadrant,  will  be  = 49°,  1 5'' ; and  confcquently  the  arch  ” will  be 

= 24*,  37’,  30";  the  tangent  of  which  in  a circle  of  which  the  radius  is 
called  i,  will  be  0.458,363. 

Therefore 
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Therefore  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  will  be 
equal  to  the  ratio  of  i to  o 436,801  ; and  the  ratio  of  the  radius  r to  the  tan- 
gent of  the  arch  ~ will  lie  equal  to  the  ratio  of  1 to  0.458,363.  Therefore  a 

will  be  the  logarithm  of  the  ratio  of  1 to  0.436,801,  in  a logarithmick  curve  of 
which  1,  or  the  radius  of  the  Earth,  is  the  fubtangent ; and  b will  be  the  lo- 
garithm of  the  ratio  of  1 to  0 458, 363,  in  the  fame  logarithmick  curve. 

Further,  the  ratio  of  1 to  0.436,801  is  equal  to  the  ratio  of  2.289,37a  to  1 ; 
and  the  ratio  of  1 to  0.458,363  is  equal  to  the  ratio  of  2.181,676  to  I.  There- 
fore a will  be  the  loga'ithm  of  the  ratio  of  2.289,372  to  1 in  a logarithmick 
curve,  of  which  1,  or  the  radius  of  the  Earth,  is  the  fubtangent ; and  b will 
be  the  logarithm  of  the  ratio  of  2.181,676  to  1 in  the  fame  logarithmick 
curve. 

Now,  if  the  radius  of  the  Earth,  or  the  fubtangent  of  the  faid  logarithmick 
curve,  were  called  0.434,294,481,903,251,827,  &c,  and  confequently  the  lo- 
garithm of  the  ratio  of  10  to  1 in  the  fame  curve  were  called  1,  (as  it  is  in 
Briggs's  fyflem  of  logarithms,)  the  logarithm  of  the  ratio  of  2.289,372  to  1 
would  be  = 0.359,708,9,  and  the  logarithm  of  the  ratio  of  2.181,676  to  1 
would  be  = 0.338,788,4;  as  will  appear  from  a table  of  Briggs’s,  or  the 
common,  logarithms.  Therefore,  when  the  radius  of  the  Earth,  or  the  fub- 
tangent of  the  faid  logarithmick  curve,  is  called  1,  and  confequently  the  loga- 
rithm of  the  ratio  of  to  to  1,  is  called  2.302,585,092,994,045,684,  &c,  the 
logarithm  of  the  ratio  of  2.289,372  to  1 will  be  (=:  2.302,585,  &c  X 
0.359,708,9)  = 0.828,260,  and  the  logarithm  of  the  ratio  of  2.181,676  to  1 
will  be  (=  2.302,585,  &c  x 0.338,788,4)  = 0.780,089.  Therefore  <j  will 
be  = 0.828,260,  and  b will  be  = 0.780,089;  and  confequently  a — b will 
be  (=0.828,260  — 0.780,089)  = 0.048,171. 

Therefore  y X a — b,  or  0.763,636,2  X a — b,  will  be  (=  0.763,636,2 

X 0.048,171)  = 0.036,785;  that  is,  e,  or  the  equatorial  arch  LM,  or  the 
difference  of  the  longitudes  of  the  points  A and  B,  will  be  = 0.036,785,  or 
36,785  millionth  parts  of  1,  or  the  radius  of  the  Eatth,  or  36,785  millionth 

parts  of  4000  miles,  or  (=  . 3'''  X 4000  miles  = H'.' 40.000  jj 
1 v 1000,000  ^ 1000,000 

147.14)  — 147  miles  + ■—  of  a mile,  or  147  miles  and  about  a feventh  part 

of  a mile.  c^  e.  i. 

Art.  85.  This  quantity,  147.14  miles,  differs  very  little  from  147.375  miles, 
or  2°,  15',  which  was  the  length  of  the  equatorial  arcli  LM  that  was  given 
in  the  foregoing  example.  And  therefore  we  may  reafooably  conclude,  boih 
that  the  realonmgs  uled  in  the  foregoing  Solution  of  this  fccond  cafe  of 
Dr.  Halley’s  Problem  are  juft,  and  that  the  numerous  arithmetical  operations, 
contained  in  the  application  of  the  faid  folution  to  the  foregoing  example,  have 
been  rightly  performed. 

Prtpara- 
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Preparations  for  the  Solution  of  a Third  Crfe  of  Dr.  Halley's  Problem. 


Art.  86.  We  have  hitherto  fnppofed  the  two  points  A and  B,  (from  one  of 
which  the  (hip  begins  its  voyage,  and  at  the  other  of  which  it  arrives  at  the 
end  of  its  voyage,)  to  be  both  fitnated  on  the  fame  fide  of  the  Equator.  But 
it  may  happen  that  thefe  points  may  be  on  different  fides  of  the  Equator,  or 
that  the  (hip  may  crofs  the  line  in  its  paffage  from  one  point  to  the  other.  This 
cafe  therefore  remains  to  be  coniidered,  in  order  to  a compleat  folution  of 
Dr.  Halley’s  Problem  in  all  its  varieties.  Now,  in  order  to  obtain  the  fo- 
lution of  this  laft  cafe  of  the  Problem,  it  will  be  neceffary  that  we  fliould  pre- 
viottfly  give  a folution  of  the  following  Lemma,  or  preliminary  Problem. 


PROPOSITION  VI. 

L E M M A IV.  A PROBLEM. 


Art.  87.  Let  the  fiiip  be  fnppofed  to  fail  front  the  point  A (in  Fig.  4,)  which 
is  fmtated  on  one  fide  of  the  Equator  III,  to  the  point  D,  which  is  fitnated 
on  the  other  fide  of  it,  and  in  a different  meridian  from  the  point  A.  And 
let  L be  the  point  in  which  the  meridian  line  P A,  which  paffes  through  the 
point  A,  cuts  the  equatorial  line  H I ; and  N be  the  point  in  which  the  me- 
ridian line  P D,  which  paffes  through  the  point  D,  cuts  the  fame  line  H I : So 
that  the  arch  A L of  the  meridian  circle  PAL  (hall  be  the  latitude  of  the 
point  A,  and  the  arch  D N of  the  meridian  circle  P N D (hall  be  the  lati- 
tude of  the  point  D.  And  let  both  the  arches  A L and  D N,  or  the  latitudes 
of  both  the  points  A and  D,  be  fnppofed  to  be  known  ; and  likewife  the 
rhumb-angle  LAD,  or  the  angle  of  the  (hip’s  courfe;  and  the  length  of  the 
rhumb-line  A D,  or  the  dittance  run  by  the  Ihip  in  her  pallagc  from  A to  D 
along  the  loxodromick  curve  A D,  which  we  will  fuppofe  to  cut  the  line  H I, 
or  the  circumference  of  the  Equator,  in  the  point  V.  It  is  required  to  de- 
termine the  length  of  the  arch  L N in  the  circumference  of  the  Equator,  or  the 
difference  of  the  longitudes  of  the  points  A and  D. 


SOLUTION. 


It  appears  from  Lemma  II,  and  its  Corollaries,  that,  if  the  (hip  had  con- 
tinued her  courfe  from  the  point  A along  the  line  AV  only  till  (he  had  cut  the 
circumference  of  the  Equator  in  the  point  V,  the  arch  LV  of  the  circumference 

of 
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of  the  Equator  would  have  been  equal  to  the  quantity  — x log. - 

tangent  of  — — 

• m t 
in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  r,  or  the  radius 

of  the  Earth.  And,  if  we  fuppofe  the  oppofite  pole  of  the  Earth  to  be  denoted 
by  the  fmall  letter  p,  it  will  follow  from  the  fame  Lemma  and  its  Corollaries, 
that  the  arch  V N of  the  circumference  of  the  Equator  will  be  equal  to  the  quan- 


tity — X log. 


r /D 

tangent  of  - — 


in  the  fame  logarithmick  curve. 


Therefore  the 


equatorial  arch  LN,  which  is  the  lum  of  the  two  arches  LV  and  V N,  will 

t 


be  equal  to  the  quantity  — x loi 
to  the  quantity  — X ^log. 


O’ 

tangent  of 


X log. 


tangent  of 


/>D 


, or 


t rA 

tangent  of  — 


+ log- 


tangent  of  - — 


; that  is,  the  arch 


LN,  or  the  difference  of  the  longitudes  of  the  points' A and  D,  will  be  equal 


to  the  produft  of  the  multiplication  of  the  fraiflion  — into  the  fum  of  the  lo- 

r • 

garithm  of  the  ratio  of  the  radius  r to  the  tangent  of  half  the  arch  P A,  or  of 
half  the  complement  of  the  latitude  of  the  firft  point  A,  to  the  arch  of  a qua- 
drant, and  the  logarithm  of  the  ratio  of  the  radius  r to  the  tangent  of  half  the 
arch  p D,  or  of  half  the  complement  of  the  latitude  of  the  fecond  point  D to 
the  arch  of  a quadrant,  in  a logarithmick  curve  of  which  the  fubtangent  is 
equal  to  r,  or  the  radius  of  the  Earth,  <U  e.  i. 


Coroll.  i.  To  fhorten  the  foregoing  exprefiion  of  the  value  of  the  arch  L N, 
let  a be  put  for  the  logarithm  of  the  ratio  of  the  radius  r to  the  tangent  of 
half  the  arch  PA,  and  let  the  fmall  Greek  letter  C be  put  for  the  logarithm 
of  the  ratio  of  the  radius  r to  the  tangent  of  half  the  arch  p D,  in  a logarith- 
mick curve,  of  which  the  fubtangent  is  equal  to  r,  or  the  radius  of  the  Earth. 

And  we  fhall  then  have  LN  = - x a + £ ; or  the  difference  of  the  longi- 
tudes of  the  two  points  A and  D will  be  equal  to  the  produft  of  the  multi- 
plication of  the  fraction  ■-  into  the  fum  of  the  two  logarithms  a and  J. 


Coroll.  2.  If  LA  D,  or  the  angle  of  the  fhip’s  courfe,  be  43  degrees,  or 
half  a right  angle,  the  tangent  / will  be  equal  to  the  radius  r,  and  confequently 

— x + S "ill  be  ( = — Xa+5)  — a + Z . Therefore  in  this  cafe  the 

y 

arch  l,  N,  or  the  difference  of  the  longitudes  of  the  two  points  A and  D,  will 
be  equal  to  a 4-  S,  or  to  the  fum  of  the  two  logarithms  a and  £. 

Fig-  4- 


Digitized  by  Google 


OF  THE  LOO  AKITHMtCK  TANGENTS  TO  THE  MERIDIAN  LINE,  8cC. 


8 1 


e-t 


Vol.  IV.  M . Artl  8S* 


Digitized  by  Google 


Si  an  appendix  to  dr.  halley’s  demonstration  op  the  analogy 

Art.  8S.  By  the  help  of  this  4th  Lemma  we  may  now  proc-ed  to  folve  the 
third  and  lad  cafe  of  Dr.  Halley’s  Problem,  which  is  as  follows. 


PROPOSITION  VII;  A PROBLEM? 

BEING 

A THIRD  CASE  OF  DOCTOR  HALLEY’s  PROBLEM. 


Let  P (in  Fig.  4,)  be  one  of  the  poles  of  the  Earth  i and  let  the  other 
pole,  (which  is  not  fet  down  in  the  figure,)  be  fuppofed  to  be  denoted  by  the 
fmall  letter  p ; let  H I be  a portion  of  the  circumference  of  the  Equator;  A 
and  D two  points  on  the  fuiface  of  the  Earth,  on  different  fides  of  the  Equator 
H I,  to  wit,  A on  the  fide  of  the  pole  P,  and  D on  the  fide  of  the  oppofitc 
pole/>,  and  at  either  equal  or  unequal  diftances  from  the  Equator,  but  in  dif- 
ferent meridian  circles  PAL  and  P N D,  which  cut  the  equatorial  arch  H I 
in  the  points  L and  N.  Further,  let  a (hip  be  fuppofed  to  iaif  from  the  point 
A to  the  point  D along  the  rhumb-line,  or  loxodromick  curve,  AV  D,  which 
cuts  all  the  meridian-lines,  over  which  it  pafies,  in  the  fame  angle,  to  wit,  in  an 
angle  equal  to  LAD,  or  L A V,  and  which  cuts  the  equatorial  arch  HI  in 
the  point  V.  And  let  the  equatorial  arch  LN,  or  the  difference  of  the  lon- 
gitudes of  the  two  points  A and  D,  and  likewife  the  length  of  the  rhumb-line, 
or  loxodromick  curve,  A D,  or  A V D,  (or  the  number  of  miles  run  over 
by  the  fhip  in  her  paffage  from  A to  D,)  and  the  arch  A L,  or  the  latitude  of 
the  firft  point  A,  (from  which  the  fhip  begins  her  voyage,)  be  fuppofed  to  be 
knosvn  ; but  not  the  arch  DN,  or  the  latitude  of  the  lecond  point  D,  (at 
which  the  fhip  arrives  after  pafling  over  the  loxodromick  arch  A D,)  nor  the 
angle  LAD,  or  LAV,  which  the  line  of  the  (hip's  courfe  makes  with  the 
feveral  meridian-lines  over  which  it  pafles.  It  is  required  to  find  the  laid  angle 
LAD,  or  LAV. 


THE  SOLUTION. 


Art.  89.  In  the  foregoing  Problem,  or  Lemma  4th,  the  two  circular  arches 
A L and  DN,  or  the  latitudes  of  the  points  A and  D,  were  fuppofed  to  be 
known ; as  were  likewife  the  rhumb-angle  L A D,  or  L A V,  and  the  length  of 

the 
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the  rhumb-line  A D : and  the  length  of  the  equatorial  arch  L N,  or  the  dif- 
fcicnce  of  the  longitudes  of  the  two  points  A and  D,  was  fuppofed  to  be  un- 
known, and  was  derived  front  the  laid  former  quantities  in  the  foliation  of  that 

Problem,  and  was  flicwn,  in  Coroll,  i of  the  faid  Problem,  to  be  = — X 

a 4-TT  the  letters  a and  S being  put  for  the  logarithms  of  the  ratios  of  the 
radius  r to  the  tangent  of  half  the  arch  P A,  or  half  the  complement  of  the 
latitude  of  the  fi  ft  point  A to  the  arch  of  a quadrant,  or  to  an  arch  of  90  de- 
grees, and  to  the  tangent  of  half  the  arch  p D,  or  half  the  complement  of  the 
latitude  of  the  fecond  point  D to  the  arch  of  a quadrant,  or  loan  arch  of  90 
degrees,  in  a logarithmic k curve  of  which  the  fubtangent  is  equal  to  r,  or  the 
radius  of  the  Earth.  But  in  the  prefent  Problem  the  latter  of  thefe  two  ra- 
tios, (which  depends  on  the  arch  D N,  or  the  latitude  of  the  lecond  pointJD,) 
and  conlequently  its  logarithm  S,  is  unknown.  Nor  can  the  arch  D N,  or  the 
latitude  of  the  fecond  point  D,  be  derived  from  the  arch  A L,  or  the  latitude 
of  the  fiift  point  A,  and  the  length  of  the  rhumb  line  A D,  (which  are  both  fup- 
pofed to  be  known,)  in  the  manner  directed  by  the  fir  ft  Lemma;  becaufe  in 
that  Lemma  the  rhumb-angle  LAB  was  fuppofed  to  be  known,  and  confc- 
qucntly  its  tangent  / (in  the  circle  of  which  r is  the  radius,)  was  alfo  known,  as 
well  as  the  length  of  the  rhumb-line  A B,  and  the  arch  A L,  or  the  latitude  of 
the  firft  point  A whereas  in  the  prefent  Problem  the  rhumb-angle  LAD  is 
fuppofed  to  be  unknown,  and  is  the  very  quantity  which  we  are  required  to 

find.  Therefore  in  the  equation  LM  = X a + S (obtained  in  the  firft 

Corollary  of  Lemma  4th,)  there  will  be  two  unknown  quantities,  to  wit,  the 
tangent  / of  the  unknown  angle  L A D,  and  the  logarithm  £ of  the  ratio  of  r 
to  the  tangent  of  half  the  arch  p D.  We  cannot  therefore  confider  the  equa- 
tion LM  = j X it  t C as  a fimple  equation  containing  only  one  unknown 
quantity  t (in  which  cafe  we  ftiould  have  r x LM  = / X a + 6,  and  confe- 
quently  t — but  mull  inveftigate  the  relation  between  the  two  un- 

known quantities  t and  £,  (which  are  mutually  dependant  on  each  other,)  and 
muft  reduce  them  to  one  unknown  quantity,  before  we  can  difeover  the  value 
of  t,  or  the  tangent  of  the  unknown  angle  LAD.  And  this  inveftigation  is 
a matter  of  great  nicety  and  difficulty,  as  we  have  found  in  the  folutions  of  the 
two  former  cafes  of  Dr.  Hal  let's  Problem. 

Art.  90.  Let  x be  put  for  the  co-fine  of  the  rhumb-angle  LAD,  of 
which  i is  the  tangent,  in  the  circle  of  which  r,  or  the  radius  of  the  Earth, 
as  the  radius.  Then  will  the  fquare  of  the  faid  co-fine  be  xx,  and  confeqoently 
the  fquare  of  the  fine  of  the  fame  jingle  LAD  will  be  rr  — xx,  and  the 
faid  fine  itfelf  will  be  ~ a/  rr  — xx.  But  the  co-fine  of  any  arc  is  to  its 

fine  as  the  radius  is  to  the  tangent.  Therefore  x will  be  to  \/  rr  xx  as  r 
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is  to  / ; and  confequently  t w ill  be  — — x-  ^'r — — Therefore  will  be  (= 

) = , and  - x a t S will  be  = ~ X a + G. 

But  it  has  been  (hewn  above  in  ait.  87,  Lemma  IV,  Coroll.  1,  that  the  equa- 
torial arch  L N is  =:  — X d~+  !?  Therefore  the  faid  arch  L N,  or  the 


difference  of  the  longitudes  of  the  points  A and  D,  will  be  equal  to  — — — 

X « + C. 

Let  c be  put  for  the  arch  LN,  or  the  difference  of  the  longitudes  of  the 
points  A and  D ; which  in  the  prefent  Problem  is  fuppofed  to  be  known. 

And  we  ffiall  then  have  c — ' " ^ X a + S ; in  which  equation  the  quan- 
tity C is  unknown,  as  well  as  the  quantity  x,  but  is  dependant  on  it,  and  may 
be  derived  from  it,  though  not  without  great  difficulty. 


Art.  91.  Let  d be  put  for  the  length  of  the  loxodromick  arch  A V D,  or 
the  diftance  run  by  the  (hip  in  her  paff'age  from  A to  D;  and  l for  the  iength 
of  the  arch  A L,  or  the  latitude  of  the  firft  point  A. 

It  is  (hewn  above  in  Lemma  1,  art.  7,  page  10,  that  the  loxodromick  arch 
A B,  (in  fig.  2,)  is  to  the  circular  arch  A Q_,  (or  to  the  difference  of  the 
arches  A L and  B M,  or  of  the  latitudes  of  the  points  A and  B,)  as  the  radius 
of  a circle  is  to  the  co-fine  of  the  thumb-angle  L A B.  Therefore,  when  the 
arch  B NJ  is  equal  to  o,  or  the  point  B co-incides  with  the  point  M,  or  is 
fituated  in  the  Equator,  and  the  arch  A (^becomes  equal  to  the  whole  arch 
A L,  or  to  the  whole  la'itude  of  the  point  A,  the  loxodromick  arch  A B will 
be  to  the  w'hole  arch  A L,  or  to  the  whole  latitude  of  the  point  A,  as  the  ra- 
dius of  a circle  is  to  the  co-fine  of  the  rhumb-angle  LAB.  Therefore,  in 
fig.  4,  the  loxodromick  arch  A V will  be  to  the  whole  arch  A L,  or  to  the 
whole  latitude  of  the  point  A,  as  the  radius  of  a circle  is  to  the  co-fine  of  the 
rhumb-angle  LAV,  or  as  r is  to  x;  and,  in  like  manner,  the  loxodromick 
arch  D V will  be  to  the  whole  arch  D N,  or  to  the  whole  latitude  of  the  point 
D,  in  the  proportion  of  the  radius  of  a circle  to  the  co-fine  of  the  rhumb-angle 
D V ir  made  by  the  loxodromick  arch,  or  rhumb- line,  V D,  with  the  meridian 
line  P V continued  beyond  the  point  V (where  it  cuts  the  equatorial  arch  H I,) 
to  the  point  *,  or,  (becaufc  the  faid  rhumb-angle  D V w is  equal  to  the  thumb- 
angle  L AV,  the  direftion  of  the  (hip’s  courfe  being  fuppofed  to  cut  all  the  me- 
ridian lines,  over  which  it  paffes,  in  the  fame  angle,)  in  the  proportion  of  the 
radius  of  a circle  to  the  co-fine  of  the  rhumb  angle  LAV,  or  in  the  proportion 
of  r to  .v.  We  (hall  therefore  have  the  loxodromick  arch  V D to  the  circular 
arch  D N in  the  fame  proportion  as  the  loxodromick  arch  A V to  the  circular 
arch  A L.  Therefore  (by  Euclid’s  Elements,  book  5,  prop.  12,)  the  fum 
of  the  two  loxodromick  arches  A V and  V D will  be  to  the  fum  of  the  two. 

circular 
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circular  arches  A L and  D N in  the  fame  proportion  as  the  loxodromick  arch 
A V is  to  the  circular  arch  A L,  or  as  r is  to  x-,  that  is,  the  whole  loxodromick 
arch,  or  rhumb  line,  A V D will  be  to  A L -4-  UN  (the  Aim  of  the  latitudes 
of  the  two  points  A and  D,)  as  r is  to  x ; or,  (becaufe  d is  equal  to  the  ioxo- 
drotnick  arch  A V D,  and  / is  equal  to  the  arch  A L,)  d will  be  to  / + D N 
as  r is  to  x.  Therefore  dx  will  be  = f+  D X r , and  / + DM  will  be  = 

— , and  D N will  be  = — - /. 

Art.  02.  Now  let  q be  put  for  the  length  of  the  arch  fDN,  or  the  arch 
of  a whole  quadrant  of  the  meridian  circle  winch  pafl'ts  through  the  point  D, 
and  of  which  r,  or  the  radius  of  the  Earih,  is  the  radius.  Then  will  p D,  or 

^DN  - DN,  be  = y — DN;  or  (becaufe  D N is  = ~ — /,)  p D will  be 

( — q — — y — - + /,  and  confcquently  will  be  (= 

d*  , > 

r- — ) = ~ — ^ -f  — . Therefore  S,  or  the  logarithm  of  the  ratio  of 

the  radius  r to  the  tangent  of  the  arch  will  be  equal  to  the  logarithm  of  the 
ratio  of  the  radius  r to  the  tangent  of  the  arch  ^ 


Art.  93.  Further,  becaufe  in  every  circle  the  radius  is  a mean  proportional 
between  the  tangent  of  any  arch  lefs  than  90  degrees,  or  the  arch  ot  a quadrant, 
and  the  co-tangent  of  the  fame  arch,  or  the  tangent  of  its  complement  to  the 
arch  of  a quadrant,  it  follows  that  the  ratio  of  the  radius  r to  the  tangent  of 

the  arch  - 1 — will  be  equal  to  the  ratio  of  the  tangent  of  the  arch 

which  is  the  complement  of  the  arch  ~ “ 7;  H — ~~  to  die  arch  of  a quadrant. 


or  to  q,  to  the  radius  r. 


But  the  complement  of  the  arch  — 


to  the  arch  y is  (—  q 


+ 


Jx l_ 

2r  2 


Therefore  the  ratio  of  the  tangent  of  the  arch  - ■+■  - — 


/ 


to  the  radius  r will  be  equal  to  the  ratio  of  the  radius  r to  the  tangent  of 
the  arch  “7  + ~~  '•  ar|d  consequently  the  logarithm  of  the  former  ra- 


tio will  be  equal  to  the  logarithm  of  the  latter  ratio.  But  the  logarithm  of 
the  latter  ratio  is  equal  to  C.  Therefore  the  logarithm  of  the  former  ratio  will 
alfo  be  equal  to  6;  or  6 will  be  equal  to  the  logarithm  of  the  ratio  of  the  tan- 
gent 
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cent  of  the  arch  -2-  + — — to  the  radius  r.  Therefore  a + t will  be 

b l lr  l 

1 [ 1 

— a + log.  of  tangent  of  - . \Yc  mud  therefore  now  endeavour 

to  find  an  expreflion  for  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch 
-L  -i — — to  the  radius  r,  that  fliall  conlift  of  a fet  of  limple  terms  in- 

volving either  known  quantities,  or  the  powers  of  the  unknown  quantity  x 
combined  with  known  quantities.  This  may  be  done  in  the  manner  following. 

Art.  94.  The  arch  pD  is  lefs  than  the  arch  p N,  or  than  the  arch  of  a 
whole  quadrant  of  a circle.  And  confcquently  the  arch  mud  be  lefs  than 
an  arch  of  45  degrees,  or  half  the  arch  of  a quadrant.  Therefore  the  comple- 
ment of  the  arch  — to  an  arch  of  50  degrees,  mull  he  greater  than  an  arch 

of  45  degrees.  But  it  has  been  fhewn  (in  art.  92,)  that  the  arch-?  is  equal 

to  — + — , the  complement  of  which  to  the  arch  y,  or  an  arch  of 

00  degrees,  is  — + — — . Therefore  — + — — is  alfo  the  com- 

plement  of  the  arch  ~ to  an  arch  of  90  degrees.  Therefore  the  arch  ~ -f. 

mud  be  greater  than  an  arch  of  45  degrees. 

But,  when  an  arch  is  greater  than  45  degrees,  but  lefs  than  90  degrees, 
or  the  arch  of  a quadrant,  Mr.  James  Gregory  has  given  us  a feries  that 
will  exprefs  the  logarithm  of  the  ratio  of  its  tangent  to  the  radius  of  the  circle, 
(which  logarithm  he  calls  its  artificial,  or  kgaritbmick , tangent,)  in  terms  in- 
volving the  powers  of  the  cxccfs  of  twice  the  faid  arch  above  the  arch  of  a 
quadrant,  and  the  powers  of  the  radius  of  the  circle  ; which  feries  is  as  follows. 

If  the  radius  of  the  circle  be  called  R,  and  an  arch  of  the  circle  that  is  lefs  than 

an  arch  of  90  degrees,  but  greater  than  an  arch  of  45  degrees,  be  called  A, 
and  an  arch  of  90  degrees  in  the  faid  circle  be  called  Q^,  and  an  arch  that 
is  equal  to  2 A — be  called  E,  the  logarithm  of  the  ratio  of  the  tangent 
of  the  arch  A to  the  radius  R,  in  a logarithmick  curve  of  which  the  fub- 
tangent  is  equal  to  the  radius  R,  will  be  equal  to  the  infinite  feries  e + 

h - -+•  61 E -) V-.  + &c.  Therefore,  if,  in  the  circle  of 

Ok*  j+r4  50401*  7Z,5;6»* 

which  r,  or  the  radius  of  the  Eardi,  is  the  radius,  and  in  which  q is  put  for  the 

_ fa  y 

arch  of  a quadrant,  the  arch  ■—  + — — — (which  lias  been  fhewo  to  be 

greater 
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greater  than  an  arch  of  45  degrees  in  the  (aid  circle,  bnt  at  the  fame  time 
is  Id's  than  the  arch  of  a whole  quadrant,  being  the  complement  of  the  arch 

^ to  q,  or  the  arch  of  a quadrant,)  be  doubled,  and  from  the  double  of  it, 
which  will  be  j + * — /,  we  fubtrafl  the  quadrantal  arch  q,  and  fub* 
ftitute  the  remaining  arch  7 — I inflcad  of  E,  and  r inftead  of  R,  in  the 

terms  of  the  foregoing  feries  e + -^—A  + -6lE  - + ■ ■' " ' + &c,  ad 

infinitum , the  complicated  feries  thence  arifing,  to  wit,  the  feries  7 — / + 


&c,  ad  infinitum , 


be  equal  to  the  logarithm  of  the  ratio  of  the  tangent  of  the  arch 


will 

jh_ 

2r 


— — to  the  radius  r,  in  a logarithmick  curve  of  which  the  fubtangent  is 
equal  to  the  radius  r. 


But  it  has  been  (hewn  in  the  preceeding  art.  93,  that  the  logarithm  of  this 
ratio  is  equal  to  C. 


- - i\ 


Therefore  C will  be  equal  to  the  faid  infinite  feries  — — l + ' — + 

(S 

7 x 


-V  6ix^~ 

' ' 1 + 


nr*  • 50401*  7*>S76r‘ 

equatorial  arch  L N,  or  r,  (which  is  equal  to 


+ 8cc.  And  confequcntly  the 
X a + f,)  will 


be  = '/rr~'x  x the  fum  of  the  known  logarithm  a and  the  faid  complicated 


Tx  y (Tx  V , (Z  V (2  y 

__/)  (7-/j  61  x\—  — /J  nqj  xj—  — /J 


infinite  feries  — — / + — * , . , . , 

r 6rr  24 r*  50401*  71,576*-* 

+ &c.  This  equation  mull  now  be  reduced  into  a proper  form  for  a refo- 
lution  of  it ; which  may  be  done  in  the  manner  following. 


Art.  95.  The  fecond  term, 


'III 

trr 


of  the  foregoing  feries  is  = 


J’x* 

ri 
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5 d'x'l  . «/»*»  jrJ'x'l  , 3r»./v>  r>/> 

T*  r»  r ' - _ r‘  ~ r 3 + r» »»  _ 

Crr  6rr 

f/3a*  — ^rltPx*  -f*  3r*/*</4*  — r1/* 

6 r* 


±-/)‘ 


. . . , . . r ’i.  r*  r4  rJ  r*"^*r 

And  the  third  term,  — is  =r -r 

24r4  2 4^ 


^*1  Sr!J*x*  , lOrW^*  , <rW.r 

“ r*  + r*  r*  + r» 


r</* 

r» 


24^ 


tflx*  — $rLl*x*  4-  I0ri/V*.»,J  — 1 OrV^z/Vv1  + $r*!4Jr  — r*/5 
2.^r* 


And  the  fourth  term. 


f ***  J 
61  X / j 


5040r* 


6t  dx  .V  61  , 

r x 1\  = X the 

5040^  J r j 5040/* 

V4  2ld*X*t* 


, . ifix7  ~ti*x6l  2 1 d*X%l*  ^Cr/fr4/* 

compound  quantity  — + - 

6 1 , , <flx ■»  7 <•/,/»**  , 11  r'l'J>x9 

^ x the  compound  quantity  — — p 1 - — 


+ J±1  -l9  = 


50401-° 


31 \r'PJ*x*  i;HW.rl  1 trtpj'x1 


7r,i,Jx 


r'P 


blcPxi  — 427 rUPx*  4-  1 'S tr'.’VAi*  — ' 1 3 + 2135r4/4i/J.'«s  — I 23 lr%lltPx% 

+ 4»7rW.r  — ()  1 r:/T 


‘ j 04  Or"* 

277  X j — <1 

And  the  fifth  term,  <*  = ■ *77 

7*»>7cr 


X the  compound  quantity 


72,5  ;6r* 

giPxU  36  rfijr’/*  84^*1  */»  1 '/4  r 1 W4.rV*  84./,j>i'1  j6Jlx'/> 

3~  ‘ rl  7»  ‘ H M ‘ rl  ^ 


+ 2^1  — /•  = . . 's'-76r«  x t'le  compound  quantity 

84r«^^»  , llfir*/*./**'  126r«;V*t«  S4cW».*»  36  r'Ptfix9  grW*  r»/» 

r®  r*  r9  * 7“  r»  ’*  T9  W 

277  J®*’  — ngy/J’x9  + qgyir'-l'iPx''  — 23,i68rW.«*  + 34,902r‘/4</5*‘ 
i — ^4,902rly*/^4Ar4  4*  — 997 triPJ*x*  + *49}r'/V*  — 277 r4/9 

— 7>,576r*f  - 


rl 

— 277 


r4 

**• 


Qrhl*x%  36  r%;td1x‘f 

-Q  • 


Therefore  the  faid  complicated  feries  J—  ~ ! + ^—7— (-  dL___ 


^_A‘ 


61  X / — — . 


5040c® 


6 rr 
Jx 

*77  x T 

H — + &c  <ti  infinitum  will  be  equal  to  the  feries 


7J.576®' 


//jf 
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Jx  ; . ^3-rJ  — %rhflxx  -f  3r2/**£ if  — r3/J 

_ _ / + -6— 

-j-  — $rt<l*x*  + i02*/1./5.v>  — ! cr’.'lrl’'/1  -+~  $r*l*Jx  — 

»4r» 

+ but1*1  — 427 rWV  + l!8lr*W«'  — 2 1 3 JrV^jr*  + _ l2Sl23/3</=x*  4. 

427  f*t*Jx  — 61  2T/> 


C040r13 

+ iyyit>x'>  — 24932/./’*’'  + 9972r*/*i/V  — 2 3,268r>/3,/«2»  + 34,90?r*.*4J».r»  — 34,9022V' </■*** 
+ 23,26s.- 'A/1*3  — 9972r2/’n~*x*  + 249;rs/’,/r  — 2772*/’ 


7->S16r" 


+ 8cc,  a<i  infinitum,  = 

, , • / . r»/»  . r>/«  , 6ir’/» 

— the  fcries  / + -r-r  + — i + r 

or4  24/*  5040/-' 


*77  r*/* 

r + + &c  ad  infinitum. 


r • 3 r-i-ax  y~rax  427 r~rax  24c \r-r<iv  „ . . 

+ the  fenes  7 + — — + — + ttcadtnfiuilum. 


jr'PJx  ^r*l*Jx  427  r*/*<ir  , 249  3r’ 


1 (V  * IrlJ^x*  . iwrr»-»-  . 1 jo  ir  Ji'ii ~x~  997  22'/'rf-.v-  , _ , . _ . 

— thc  fcnes  6r*~  + _T7~  + ' 30402 ' 3 ~ + +8 ccadwfimlum. 


l02>/’</’.r» 


T l8l*s/3./*.t’  997 Zr3;7./1  v* 


+ the  feries 


(/’x1  I O r*PJ‘x*  2I3{r4/4</’.r’  23,268r6/6</’x» 


6r> 


242- 


+ 

50402-' 


72,3762" 


t &c«<i  infinitum. 


r . $r/J*x*  213522/2 </**♦  34,90222/2^*2*  - .... 

— the  fenes  — ^ + -^7—  + ~ brT,—  + &c  ai  «>»/#», 

+ the  fencs  i^s  H ^40^2  ■ + + &c  ad  "fin, turn, 

— ^ fenes  50402"  + ---— ^ - + &c  ad  infinitum, 

+ the  fcries  — I-  &c  ad  infinitum, 

' 5040rIJ  Jiftftr11  J 9 

— the  feries  *_47  + 8tc  ad  infinitum, 

+ the  feries  *7  + See  infinitum,  — &c  = 

— the  feries  l + + &c  a</  infinitum, 

. v /•  • 1 f*3**  1 jW*  , 6i/Vx  tnPdx  „ .... 

+ the  fenes  7 + — + 7^7  + -^7  + -8^-,  + &c  ad  infinitum, 

U*x%  ^ . 6ifi<Px* 

2 r* 


- the  feries  ^ ^ + &c  ad  infinitum, 


1 2r*  ' 240  r1 

, . r iPx*  6l/4</,4T*  iyiPifix*  a . . - . 

+ thc  fenes  -fiTT  + -77^-  + -7^3-  + + &c  ai  mfimtum, 

- the  feries  ^ 

24.  *■— ,0 


>442*' 


5762** 
tyjPifrxi 


+ 8cc  ad  infinitum. 


+ the  feries  + 6~~  + ~‘b‘r,r  + &c  ad  infinitum, 

, . . b,Ulx>  . zyitij'x*  , . , . , . 

— the  fcn«s  ~^nr  + 86-~—  + &c  t>d  mfimtum, 

Voi.  IV.  N 
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, .1 - r • 6trf,jrT  . iy'P/Px7  , 0 , . - . 

-I-  the  feries 4-  — — — - 4-  See  £</  infinitum. 

5040- *5  20l6r'*  J 1 

— the  fcrics  •g^  ,«•  4-  &c  infinitum, 

-I-  the  feries  + &c  a</  infinitum,  ' 

72,j'/Or  » 

— &c  ad  infinitum. 


Art.  9 6.  Now  let  the  capital  letter  B be  put  = the  infinite  feries  / 4 -,-1- 
+ + 717-77feTT  + &c  J and  let  the  capital  letter  C be  put  = the 

infinite  feries  J 4 p + ~ + + &c;  and  let  D be  = the 

infinite  feries  ~ 4 + 8tc ; and  F be  = the  infinite 

lerics  — 4 — -f  * r~  + -=777 — h &c ; and  G be  = the  infinite  feries 

or*  nr*  1 4+r0  864^ 

— j 4-  . 4.  7 " ' 4 &c  ; and  H be  = the  infinite  feries  — h — - 

,42*  1442*  T 5762*  2.|r*  ,402* 

+ + &c  s and  1 bc  = tlie  infinite  feri”  + &C  i antl 

K be  ~ the  infinite  feries  - 6 — a 4 2-7~~  + &c ; and  L be  =:  the  infinite 

5040  r*  10162* 

feries  4 &c  ; and  M be  = the  infinite  feries  —77---,  4 &c. 

0064  rm  72,5  7 or* 


dx 


And  the  foregoing  complicated  feries  / H — - 


. ix 

61  x 

r 

50402"*" 


6rr 


dx  "V 


dx 

277X  T " '« 

+ ;T7.~.i — + ®tc  infinitum  will  be  equal  to  the  feries 


7».S'6r* 

CX  DX*  . FX*  GX4  HXS  IX6  , KX7  IX*  MX®  0 , 

- » + 7““+h— “ + 7---F  +7T-7J-+  7r  -&c  -rf 

infinitum. 


dx 


Art.  97.  But,  by  art.  94,  the  complicated  feries  — — / 4 — - 


-/ 


f dx  4 , dx  ~?\7  f dx 

1—  -1  277xiT-/j 


6rr  T 
dx 

,77  x 'T  - / 

—4^  - — 50402*  + —-,75762*  + &c  ***«*"■  is  cclual  t0  C>  °r 

the  logarithm  of  the  ratio  of  the  tangent  of  the  arch  — -p  — — to  the 

radius  r in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  the  radius  r. 

Therefore 
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r • r ■ , C*  D»*  , Tx*  Cx*  , Hx>  l*‘  It1  LJt* 

Therefore  the  fcries  - 8 + - — 7?-  + — — >'  + 7."  “ — + 7T ,r 

4-  ~ — &c  ad  infinitum  will  alfo  be  equal  to  the  faid  logarithm,  or  to  C. 
Therefore  a -f  C will  be  equal  to  the  fum  of  a and  the  faid  feries  — b -f-  ™ 

+ 71 7T+7J-  — — + 7? 7T-  + 7T  — &c  ad  i”fimtum,  or  will  be 


1 1 r • • Dx*  1 fJC'  1 •*  , ha' 

equal  to  the  feries  a — b + 7 r + — -*>-  + 7f 

’~7-  +75 etc  ad  irfinitum. 


GX4 


Art.  98.  But,  bccaufe  l is  the  excefs  of  the  arch  y + /,  or  twice  flic  arch 
~ — | — above  q,  or  the  arch  of  a quadrant,  it  follows  from  art.  94,  that 

/ + r-  + —v  + — — i + — 4-  &c  ad  infinitum  will  be  equal  to 

the  logarithm  of  the  racio  of  the  tangent  of  the  arch  — — 1-  — - to  the  ra- 

o ta  11 

dius  r in  a logarithmick  curve  of  which  the  fubtangent  is  equal  to  r.  There- 
fore the  quantity  B,  (which  is  equal  to  the  faid  feries  / -fr-  ~ 

-j-  + &c  ad  infinitum,')  wilt  be  equal  to  the  logarithm  of  the  faid 

ratio  of  the  tangent  of  the  arch  ~ to  the  radius  r in  the  faid  logarith- 

mrck  curve. 

But  the  ratio  of  the  tangent  of  the  arch  — + or  t0  the  radius  r 

is  equal  to  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  - ~ 1 , which  is 
the  complement  of  the  arch  to  q,  or  the  arch  of  a quadrant ; and  confe- 

quenlly  the  logarithm  of  the  former  ratio  in  a logarithmick  curve  of  which  r 
is  the  fubtangent  is  equal  to  the  logarithm  of  the  latter  ratio  in  the  fame  loga- 
rithmick curve. 

Therefore  B (which  has  juft  now  been  (hewn  to  be  equal  to  the  logarithm 
of  the  ratio  of  the  tangent  of  the  arch  ~ + or  to  the  radius  r in 

the  logarithmick  curve  of  which  r is  the  fubtangent,)  will  alfo  be  equal  to  the 
logarithm  of  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  in  the 

fame  logarithmick  curve. 

N a B ut 
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But  this  arch  - is  equal  to  ~~  or  — . 

i ^ a i 

Therefore  B will  be  equal  to  the  logariihrn  of  the  ratio  of  the  radius  r to- 
the  tangent  of  the  arch  ^ in  a logarithmick  curve  of  which  r is  the  fub- 
tangent. 

But  a is  equal  to  this  logarithm,  as  appears  from  Coroll,  i to  Lemma  3d. 
Therefore  B will  be  equal  to  a.  And  confcquently  the  feries  a — 1 -(• 
~+---7i-  + 7r—7r  + -T^ &c  ad  infinitum 

will  be  equal  to  the  fame  feries  without  the  two  firft  terms  a and  — b, 
(which  counterbalance  and  dellroy  each  other,)  or  will  be  equal  to  the 

feries  - — ~ H 

r r 

hfinitum. 

But  the  feries  1 

4.  — — &C  ad  infinitum  has  been  Ihewn  to  be  equal  to  a + C. 

1 r9 

r . r . cx  DX*  , FX*  CX4  BX*  IX*  . Kxt  Lx* 

Therefore  the  feries  - — — ~+rr__+_ 4. 

if*!  — See  ad  infinitum  will  alfo  be  equal  to  a 4-  C. 

Arc.  99.  But  c,  or  the  equatorial  arch  LN,  or  the  difference  of  the  longi. 
tudes  of  the  points  A and  D,  is  = — ~ X a + C.  Therefore  c,  or  LN,  will 

alfo  be  equal  to  1 — - X tlie  feries  — — -jp  + - j 7^  + 

Hi!  _ ' i!  4-  Hi!  — he  ad  infinitum  j and  confequently  (multiplying  both 
fides  of  the  equation  by  *,)  we  fhall  have  cx  — \/  rr  — xx  x the  feries 

7 ~ 7-  + 7T  - 7T  + 7T  “ pr  + 7T  - 7i-  + 7T  - &c  ad  «#»*"*  > 
and  (by  extrafling  the  fquare-root  of  the  refidual  quantity  rr  — xx,  and  fub- 
diluting  the  infinite  feries  to  which  it  is  equal,  to  wit,  the  infinite  feries  r — 

ii  _ — — — -11 ^i—  — &c  ad  infinitum , indead  of  \/  tr  — xx,  in 

this  lad  equation,)  we  fhall  have  cx  = the  produd  of  the  multiplication  of  the 


infinite  feries  r — — — g jj-  — 


5-f* 


i6f* 


ia8r7 


— he  into  the  infinite  feries 


~_  “!  4-  «’_«!  + 4 -4  + 4- 4 + 4 - &c,  and  confe- 

r r»  T ,t  1*  ' r»  r‘  r * r*  ' r*  ’ 

quently  to  the  following  complicated  infinite  feries,  to  wit. 


ex 
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< 


Fx*  Gx4 

HX* 

IX*  KX* 

« 1 + 

Mx* 

7*  T 

+ 7T 

r»  + r* 

r* 

(X  L 

Cx*  DX4 

Fx* 

Cl*  Hx* 

u* 

Kx* 

+ &c 

IT  IT 

2r4 

+ 

pr  2r« 

+ 

Hr* 

2 r* 

Cx* 

4. 

Dx*  Fx’ 

4_ 

Ox* 

Hx* 

i- 

sT 

T 

aT>  8r* 

IT 

8r* 

- cx’ 

_L 

Dx* 

Fx* 

H-  &C 

16  r* 

l6r» 

lOi4 

l 


^4-  + &c 

1 2b  r* 


— &c; 


and  confcquemly  (by  dividing  all  the  terms  of  this  lad  equation  by  at,)  we  (hail 
have  the  complicated  fcries 


Fx* 

Ox’ 

, 1 

Rx4 

lx* 

_L 

*x» 

Lx’ 

4_ 

MX* 

~T 

— "r*~ 

T 

T 

r» 

1 

r* 

r’ 

r 

r> 

Cx* 

+ — 

Tx 4 

_L 

GX* 

Hx® 

»«' 

2r* 

+ ir> 

2r+ 

T 

ir* 

ar“ 

+ art 

ir* 

Cx4 

1 

DX* 

FA* 

CX» 

HX* 

T 

8r* 

6r* 

+ ITT 

8r* 

Cx*  D>I  F.v* 

l6r*  *"  l6r'  i6r* 

JCx* 

lab/-* 


— &c 
+ &c 
+ &c 
-f  See 

+ &c 

— &c 


— e:  in  which  equation  there  is  only  one  unknown  quantity,  to  wit,  a-,  or  the 
co- fine  of  the  rhumb-angle  LAD.  Therefore  by  refolving  this  equation  we 
(hall  find  the  value  of  the  faid  co-fine  of  the  rhumb-angle  LAD,  and  confc- 
quently  dial!,  by  the  help  of  a Table  of  Sines  and  Tangents,  difeover  the  mag- 
nitude of  the  faid  angle  LAD  itfelf.  «•  c*,  e.  i. 


Art.  100.  This  equation  will  be  true  only  when  the  feveral  infinite  feriefts 
denoted  by  the  capital  letters  C,  D,  F,  G,  H,  I,  K,  L,  M,  &c,  are  con- 
verging feriefes.  But  this  will  happen  only  when  /,  or  the  latitude  of  the  point 
A,  or  of  the  firft  place  of  the  (hip,  from  which  it  begins  its  voyage,  is  lefs 
than  r,  or  the  radius  of  the  Earth,  and  when  d,  or  the  loxodromick  arch  AD, 
or  the  dillance  run  by  the  (hip  in  going  from  A to  D,  is  alfo  lefs  than  r,  or  the 
radius  of  the  Earth  ; becaufe  the  quantities  / and  d occur  in  the  numerators 
of  the  terms  of  the  faid  infinite  feriefes,  and  the  quantity  r occurs  in  their  de- 
nominators. Therefore  the  laid  equation  will  be  true  only  when  l and  d,  or 
the  faid  latitude  of  the  firft  point  A and  the  diftance  run  by  the  (hip  in  going 
from  A to  D,  arc,  each  of  them,  lefs  than  r,  or  the  radius  of  the  i’arth. 


Art.  101.  In  order  to  fimplify  the  notation  of  the  foregoing  equation,  let  t 
be  fubftituted  in  its  terms  inllead  of  r,  or  the  radius  of  the  Earth  ■,  or  let  the 

radius 
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radius  of  the  Earth  be  called  i.  And  then  we  (hall  have  r'  — i,  and  r*  ~ i, 
and  M = i,  and  every  following  power  of  r in  like  manner  =:  i ; and  con- 
fcquently  the  foregoing  equation  will  become  as  follows,  to  wit, 

C — DX  4-  FX*  Gt*  + Ha4 IX*  ■+■  KA'4 LX7  + M.\*  — &C 


cr*  , DX*  Fx*  . C.X*  1 

— T + r-—+T- 

CA4  D.V* 

r + "5 


, 1X»  KJ1  . . 

+ + See 

, ex 1 mx*  „ 

+ r + &c 


Cx  i 

16"  ' 


- S'  + *« 

&C 


Art.  ica.  Tt  remains  that  we  make  an  application  of  the  foregoing  fohnion 
to  (ome  particular  example,  as  we  did  of  the  two  Motions  of  the  two  foregoing 
cafes  of  this  Problem  in  the  former  part  of  this  Difcourfe.  The  firft  of  thclc 
examples  (which  is  given  above  in  pages  33,  34,  35,  36,  &c,  - - - - 45) 
was  taken  from  Mr.  Robertson’s  Treatife  on  Navigation,  page  560  ; and  the 
other  example  (which  is  given  above  in  pages  60,  61,  62,  63,  &c,  ...  73,) 
was  taken  from  Monfieur  Bougcer’s  French  Treatife  on  Navigation,  page  333. 
But  neirher  of  thofe  eminent  authors  has  given  us  an  example  of  this  third  cafe 
of  Dr.  Hal-ley’s  Problem.  And  therefore  I have  been  obliged  to  frame  one 
myfelf.  And,  in  endeavouting  to  do  this,  l have  found  that  there  is  no  fmall 
danger  of  aligning  to  tlie  loxodromick  arch  AV  D,  .or  the  diflancc  run  by  the 
fhip  in  her  pafl’age  from  A to  D (which  is  denoted  in  the  foregoing  general 
folution  by  the  fmall  letter  r/,)  And  to  the  equatorial  arch  LN  (which  is  de- 
noted in  the  foregoing  general  folution  by  the  fmall  letter  c,)  magnitudes  which 
may  afterwards  prove  to  be  incompatible  with  each  other,  and  confequently 
make  the  folution  of  the  Problem  impoffible.  This  misfortune  I at  firft  fell 
into  in  my  endeavours  to  form  an  example  to  .the  foregoing  folution.  But  [ 
have  Cnee  taken  proper  meaftires  to  avoid  it,  and  have  framed  an  example  in 
which  the  magnitudes  afligned  to  the  loxodromick  arch  A V D and  the  equa- 
torial arch  LN,  or  to  the  quantities  d and  c,  (which  are  both  fuppofed  to  be 
given  in  this  Problem,)  are  compatible  with  each  other,  and  the  folution  of  the 
'Problem  is  conftquently  poffiblc.  This  example  is  as  follows. 


An 
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An  Example  of  the  foregoing  SoUtrH  of  tie  Third  Cafe  of 
Dr.  Halley’;  Problem. 


Art.  103.  Let  the  point  P,  in  Fig.  4,  denote  the  North  Pole  of  the  Eaith, 
and  H I denote  a part  of  the  circumference  of  the  Equator.  And  let  the  point 
A,  (which  lies  between  the  North  Pole  P and  the  Equator  H I,)  be  only  five 
degrees  to  the  North  of  the  Equator;  or  let  the  arch  A L,  (which  is  the  lati- 
tude of  the  point  A,)  be  an  arch  of  five  degrees.  Let  the  fhip  fail,  in  a direc- 
tion partly  tending  to  the  South  and  partly  to  the  Weft,  along  the  loxodromick 
curve,  or  rhumb-line,  AD,  which  cuts  all  the  meridian- lines,  over  which  ic 
pafles,  in  die  fame  angle  LAD,  which  is  fuppofed  to  be  unknown,  and  of 
which  * is  the  co-line  in  a circle  of  which  r,  or  1,  or  the  radius  of  the  Eirth, 
is  the  radius.  And  let  the  faid  rhumb-line  A D be  fuppofed  to  crofs  the 
equatorial  arch  H T,  and  to  cut  it  in  the  point  V,  and  to  be  continued  to  the 
point  D,  which  lies  on  the  South  fide  of  the  Equator,  or  between  the  South 
Pole,  (which  I fuppofe  to  be  denoted  by  the  final  1 letter  p,  though,  from 
want  of  room,  it  is  not  fet  down  in  the  figure,)  and  the  Equator.  And  let 
the  length  of  the  faid  rhumb-line,  AVD,  or  the  diftance  run  by  the  fhip  in 
paffing  from  A to  D,  be  564  miles.  And,  laftly,  let  the  length  of  the  equa- 
torial arch  LN,  or  tire  difference  of  the  longitudes  of  the  points  A and  D, 
be  324.904  miles.  It  is  required  to  find,  from  thefe  three  quantities  fo  given, 
(to  wit,  the  firft  latitude  A L.,  or  five  degrees,  the  rhumb  line  AVD,  or  364 
miles,  and  the  equatorial  arcliLN,  or  324.904  miles,)  the  angle  LAD,  of 
the  (hip’s  courfe,  by  means  of  the  foregoing  folution. 

Art.  104-  A degree  of  a great  circle  of  the  Earth  is  equal  to  about  69  miles 
and  a half,  or  69  5 miles.  Therefore  the  arch  A L,  or  the  latitude  of  the 
firft  point  A,  (being  equal  to  5 degrees,)  will  be  equal  10(5  x 69.;  miles, 
or)  347 -J  miles.  But  the  radius  of  the  Earth  is  = 4000  miles.  Therefore  A L 
will  be  = 347.5  X the  4000th  part  of  the  radius  of  the  Earth,  or  will  be 

(=  347-5  X ~ = 0.086,875.  of  the  radius  of  the  Earth;  or  (be- 

caufe  the  radius  of  the  Earth  is  fuppofed  to  be  called  1,)  AL  will  be  — 
0.086,875  x 1,  or  0.086,875.  But  / is  = AL.  Therefore  / will  be  = 
0.086,875. 

Jn  the  next  place  the  loxodromick  arch  A D,  or  the  diftance  run  by  the  fhip 

in  paffing  from  A to  D,  is  fuppofed  to  be  564  miles,  which  is  = of  the 

4000 

radius  of  the  Earth,  or  0.141  of  the  radius  of  the  Earth;  or  (bccaufe  the  ra- 
dius 


Digitized  by  Google 


96  an  appendix  to  dr.  halley’s  demonstration  of  thb  analogy 

dius  of  the  Earth  is  called  1,)  the  loxodromick  arch  A D will  be  = 0.141  X 1, 
or  0.141.  But  d is  — the  loxodromick  arch  A D.  Therefoie  d will  be  = 
0.141. 

Thirdly,  the  fmall  letter  c,  (which  is  equal  to  the  equatorial  arch  LN)  will 

be  =:  324.904  miles,  or  of  the  radius  of  the  Earth;  or  0.081,201  of 

the  radius  of  the  Earth,  or  (becaufc  the  radius  of  the  Earth  is  called  1,)  will 
be  = 0.081,201  x 1,  or  0.081,201. 

Therefore  the  general  equation  fet  down  above  in  art.  101,  to  wit,  the 
equation 

C DX  4-  F.V*  ex'  + HA'*  — IX*  + KX*  — LXT  + MX*  &C, 


CX * DX1  FX4  C.r* 

""  2 ' 1 2 2 


HX*  , lx7  KX*  0 

b h &c, 

2 2 2 1 


_ 4.  — — — 4-  — — — 4- 


Cl” 

lb 


8 

D*» 

|6 


8 

rjt1 

7b 


— e,  will,  in  this  cafe,  become 

C DX  -f  PX*  — GX*  + HX4  — IX*  + KX* 


+ &C, 


- S + &c« 


• LX*  + MX*  — &C, 


CX*  , DX*  FX4  CX*  HX®  IX7  KX1  . - 

— + &c, 

CX4  DX*  FX*  GX*  HX*  , 0 

8 ^ “ft  ^ ~R  ft  ^ ®CC> 


8 

CX* 


8 

DX 


~t£  + &c’ 


= 0.081,201. 


Art.  105.  We  mud  next  find  the  value  of  the  capital  letter  C ; which  may 
be  done  as  follows. 

The  capital  letter  C is  equal  to  the  infinite  feries  d q — — 4. 

4 4 2r‘  1 247-*  7201“ 

•+■  + &c«  and  therefore  (as  r.is  ez  1,  and  confequently  r‘,  r4,  r‘,  r‘, 

&c,  are  alfo,  each  of  them,  = 1,)  will  be  equal  to  the  infinite  feries  d + 

PJ  5 PJ  , 61PJ  iy;PJ  - , e-c-r-  , P , c/4 

- + + &c,  a d x the  infinite  fenes  t + — + 

4-  + Stc.  But  / is  = 0.086,875.  Therefore  /*  will  be  (— 

720  OCO4  ' ' 


0.086,875 
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0.086,875  x 0.086,875)  — 0.001,547,  and  l*  will  ho  (—  0.007.547  X 
°-OD7’5 47)  = 0.000,056,9,  and  l"  will  be  (=  / 4 x /*  — 000^056.9  x 
°-°°7>54?)  — 0.000,000,429,  and  will  be  (—  /*  x /*  ~ 0000,000,429 

X 0.007,547)  = 0.000,000,003  ; and  confequcntly  the  f„rics  14--—  4 

-S-  + + -Ig-  + &c  "ill  be  = , + 2fa»Z  + IJLSZ^SSte  + 

4-  Sec  =14  0.003,773  4 .'wa" s<,.5 


*4 


ftl  X 0.000,000,4,9  t 277  x 0.000,000,007 
7:0  806J 

, 0.000,026,169  0.000,000,811  , „ 

+ J75—  + — + &C  = I + 0x03,773  4 o.ooo,ou,8  4 

0.000,000,036  + 0.000,000,000,  8ec  + See,  or  (if  we  negleft  the  figures  that 
are  below  the  fixdi  place  of  decimal  fractions,)  will  be  — 1 4 0.003,773  4 
0.000,011  4 0.000,000,  Sec  4 0.000,000,  8cc  4 Sec  — 1.003,784.  There- 


fore d x the  infinite  feries  14  T + + &c  »>•*  be  = 

d x 1.003,784,  See  = 0.141  x 1.003,784,  Sec  = 0.141,533,  &c.  There- 
fore the  capital  letter  C will  be  — 0.141,533,  8ec. 

Art.  106.  Therefore  the  equation  fet  down  above  in  art.  104,  will  become 
as  follows ; to  wit, 


0.141,533  — DX  + TX'  — C*’  +-  »**  — I*’  + K*“  — LX 7 4 Mr*  — &C 

c**  . da*  fa*  Ox*  nr*  , ix*  icx* 

- — 4 — 4 


4 &c 


c**  , •>*’  rx*  c*»  hx* 

8 ' 8 8 + 8 g“  4 8ec 

-&  + *« 

— See 

= 0.081,201. 

Now  let  all  the  terms  of  this  equation  that  are  marked  with  the  fign  be 

added  to  both  fides  of  the  equation.  And  we  lhall  have' 

0.141,533  4 F.v1  + ax*  + Kr6  4 M*‘  4 &C 

DX*  ex'  tx>  . . 

+ — 4 — + — 4 See 

, Dx*  , ca>  . . 

+ -g-  + -g—  4 Sec 


Vol.  IV. 


4^1  4 &c 

4 Sec 


0-081,201 
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O.08 1,201  + DX  •+-  0XS  + lx‘  + Lx’  + &C 


CX*  , FX* 

+ T + T" 


nr8  . ic*^ 

~ ' z 


, CX*  , Ft*  Hi* 

+ T + T + T 


+ &c 
+ &c 


16 


+ £+  &C 

+ 17T  + &C 


+ &c; 

and  confequently  (fubtrading  0.081,201  from  both  Tides,)  we  (hall  have 
0.060,332  ■+•  fx*  + iix*  + kx®  + MX*  + &c 


+ 


+ + '-T  + &c 

+ X + T + &c 
+ £ + &c 


•f  8tc 


DX  + 

OX1  + IX*  + l.yt  + &c 

+ 

21 '+'Ji  + ?£  + ±f  + &C 

- ‘ 

+ TtT  + T + &c 

+ S + &C5 

and  laftly,  (fubtrading  all  the  terms  on  the  left-hand  fide  of  the  equation, 
except  the  firft  term  0.060,332,  from  both  Tides  of  the  equation,)  we  (hall 


except 
have  the  equation 


DX 


CX 

2 


HX4  ■+• 

IXs  KX® 

+ 

LX 1 

— MV* 

+ ' 

¥X* 

CX*  , H*‘ 

!** 

+ ~ 

2 

— + — 

2 

CX4 

D*1  . »x8 

CX* 

HX* 

t-  — 

nr 

— + ~T 

8 

+ 8 

n 

K 

0> 

D** 

+ — 

* 10 

16 

+ ;>6 

5cx" 


128 


- & C 


= 0.060,332. 


+ &c 
Art.  107. 
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Art.  107.  We  will  now  proceed  to  find  the  values  of  the  capital  letters,  D, 
F,  G,  H,  1,  K,  L,  and  M ; which  arc  equal  to  the  feveral  infinite  feriefes  fet 
forth  above  in  art.  96,  which  confift  of  terms  that  involve  the  powers  of  the 
known  quantities  / and  d,  together  with  certain  numeral  co-efficicnts.  This  may 
be  done  in  the  manner  following. 

The  capital  letter  D is  equal  to  the  infinite  feries  ~ 4-  -^r  4-  + 

a'oiTT"  4-  &c,  or  (becaufe  r is  = 1,)  to  the  infinite  feries  — + + 

— — + - — + &c,  or  to  tf!  x the  infinite  feries  — — f — 4 + 

240  2016  a 11  240 

4-  &c.  But  / is  = 0.086,875,  antl  f*  is  = 0.007,547,  and  1*  is  =: 

.1 

0.000,057,  an£i  f 's  — 0.000,000,  &c.  Therefore  the  infinite  feries  — 4- 


— 4-  — 4"  -^-4r  4-  &c  will  be  ( = the  infinite  feries  — 4- 

ti  240  2016  4 2 


5xo.007.547 


^i_x  0^000^057  277j<_ 0^00,000  the  infiokc  ferjes  J_  iOJWf 

240  20t6  2 12 

4-  0.000,000  4-  &c  = the  infinite  feries  0.500,000  4-  0.003,145 


0.003,477 

240 


4-  0.000,014  4-  0.000,000  4-  &c)  = 0.503,159;  and  confequently  d'l  x 

the  infinite  feries  -4-^—4-  — 4-  -^7  4-  &c  will  be  — d'l  x 0.503,159 

= d1  X 0.086,875  x 0.503,159,  &c  = d'  x 0.043,712  = o.i4ri*  x 
0.043,712  — 0.141  x 0.006,163  = 0.000,869.  Therefore  the  capital  letter  D 
will  be  = 0.000,869.  e.  1. 

The  capital  letter  F is  = the  infinite  feries  4-  ~ + 4-  -^r~ 

4-  &c,  = the  infinite  feries  y 4-  4-  6 ' 1 ■—  4-  * 4-  &c,  =:  dl  x the 

infinite  feries  -J-  4-  — — I-  — — h + &c,  = <P  x the  infinite  feries  y 

6 1 11  144  864  6 

+ 5 * °;rM4~  4-  61  x 0-°OC'°57  4-  2 77  X °;000'-  4-  &C,  = d>  X the  infinite 


144 


864 


feries  y — h 4-  _?-°°3’477  _|_  0.000  OQO  4.  &c  — x the  infinite  fe- 

6 u 1 144 

ries  0.166,666  4-  0.003,145  4*  0.000,024  4-  0.000,000  4-  &c,  = d*  x 
0.169,835,  &c  = 0.141]’  X 0.169,835,  &c  = 0.141)*  x 0.033,946  = 0.141 
X 0.003,376  = 0.000,476.  0.  e.  1. 


The  capital  letter  G is  =:  the  infinite  feries  4-  -7^7?  4- 

O 2 


■ &c  = 
the 
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the  infinise  ferics 


t !ti* 
~ 


6 lll/i* 
*44 


4-  See  — </♦/  X the  infinite  ferics  — 


S7& 


l4 


4-  + *77'—  See  = a4/  x the  infinite  reties  — 4-  — ----°,077tIlZ. 

*44  5', 6 ' El  *44 

E7LX  °,°?C£f7  + &c  _ dH  x the  infillite  fcrics  _L  + + 

• 4-  &c  = /f4/  X the  infinite  ferics  0.208,333  + 0.003,156  4- 
0000,027  4-  &c  — d*l  x the  infinite feries 0.2 1 1,536  4-  &c  — </4  x 0.086,875 
X c.2i  1,556  = a4  x 0.018,379  = o.TTT)*  x 0.018,379  = 0.141]*  x 0.002, 
591  =0.741)’  X 0.000,365  = 0.141  X 0.000,051  — 0.000,007.  e.  1. 

The  capital  letter  II  is  equal  to  the  infinite  feries  + — - 'T  4-  4. 

&c  = the  infinite  feries  ^ 4-  + &c  = d‘  x the  infinite  feries 

— — h 4-  — — 4-  &c  = d'  x the  infinite  ferics  — 4-  61  * 0-^°".;47  , 

,77  xo.opo.oi7  = th(,  jnfinhe  feries  ± + ^60.167  _2_°*;.7S9_ 

57*  24  240  576 

4-  &c  = ^’  X the  infinite  feries  0.041,666  + 0.001,918  4-  0.000,027  4-  &c 
= ds  x 0.043,611  = 0.1411*  x 0.043,611  = o 14T)4  x o 006,149  = 0.7471* 
X 0.000,867  = 0.141]*  X 0.000,122  = 0.141  X 0.000,017,  = 0.000,002. 

di  e.  1. 

The  capital  letter  I is  equal  to  the  infinite  feries  4-  4-  &c  = 

the  infinite  feries  4-  + kc  = d*l  x the  infinite  feries  — 4. 

*i£r  + &c  = X the  infinite  feries  ^ 4-  277  xji°^07,.;i?  4-  &c  = d1/  x 

the  infinite  feries  ~ -{-  4-  &c  = d*l  x the  infinite  feries  0.084,722 

4-  0.002,419  4-  &c  = 0*1  x 0.087,141  = d*  X 0.086,875X0.087,141 
= d*  x 0.007,571  — * 41)°  x 0.007,571  — 0.141.*  x 0.001,067  = 

oi4i"V  X 0.000,150  = o.i4il*  x 0.000,021  = 0.141  ’ X 0.000,003  = 0.141 
X 0 000,000  = 0.000,000 ; that  is,  the  capital  letter  I will  be  equal  to  a 
quantity  which  is  lefs  than  0.000,001,  and  which  therefore  need  not  be  taken 
into  confideration  in  a calculation  which  is  intended  to  be  carried  to  only  fix 
places  of  decimal  fractions.  4.  e.  i. 

The  capital  letter  K is  equal  to  the  infinite  feries  ' -‘-r  4-  ,7**;.  4-  See 

5040  r*  20l6rB 

.=  the  infinite  feries  r'~  4 — 2-7-  ~ 4-  &c  = ad  x the  infinite  ferics  -^L. 

zoro  J040 

4* 


5040 
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4-  ~-27 '■£  4 &c  = d7  x the  infinite  feries  + - ' 7 4.  See  = 

d'  x the  infinite  feries  + &c  = d7  x the  infinite  feries- 

^040  2010 

0.012,103  + 0.001,037  4 &c  = d’  X 0.013,140  &C  =_o. rjl)’  X 0.013,140 
= 0.1411*  x 0.001,852  = 0.147*'  x 0.000,261  = o.rp1  x 0.000,036  = 

o.  1 4 1 x 0.000,005  = O.I41'1  X o.ooo.ooo  = 0.000,000;  that  is,  the  capi- 
tal letter  K will  be  equal  to  a quantity  which  is  lefs  than  o 000,001,  and  which 
therefore  need  not  be  taken  into  confideration  in  a calculation  which  is  intended 
to  be  carried  to  only  fix  places  of  decimal  fraftions.  q_.  e.  i. 

The  capital  letter  L.  is  equal  to  the  infinite  feries  4-  See  = the  infi- 

nite feries  -2g7^  + &c  = fl  x the  infinite  feries  4-  &c  ss  d*l  x the  in- 
finite feries  0.034,3  ;o  4-  & c = d*  X 0.086,873  X 0.034,350,  = d'  x 

0.003,004  — 0.141V  x 0.003,004  = 0.141V  X 0.000,423  — 0.141V  x. 

0.000,059  =:  0.1411*  X 0.000,008  = 0.1411*  X 0.000,001  = 0.141 11  x 

0.000,000  = o.coo.coo;  that  is,  the  capital  letter  L.  will  be  equal  to  a quan- 

tity that  is  lefs  than  0.000,001,  and  which  therefore  need  not  be  taken  into 
confideration  in  a calculation  which  is  intended  to  be  carried  to  only  fix  places 
of  decimal  fractions.  0^  e.  i. 

And  the  capital  letter  M is  equal  to  the  infinite  feries  + See  — the 

infinite  feries  + &c  = d*  x the  infinite  feries  ~77  -■  4-  &c  =:  d*  x 

7*.i7<>  7M76  * 

the  infinite  feries  0.003,816  4-  &c  = o.  1 4i|*  X 0.003,816  = o.  1 4 ll*  x 
0.000,538  = o.i^TV  X 0.000,075  = 0.141V  X 0.000,010  = o.i^V  x 
0.000,001  — 0.141U  X o ooo.coo  = 0.000,000  ; that  is,  the  capital  letter  M 
will  be  equal  to  a quantity  that  is  lefs  than  0.000,001,  and  which  therefore  need 
not  be  taken  into  confideration  in  a calculation  which  is  intended  to  be  carried 
to  only  fix  places  of  decimal  fraflions.  0^  e.  i. 


Art.  108.  We  raufl  now  reduce  the  feveral  compound  co-efficients  of  x % 
x*,  **,  *■*,  x‘,  x7,  and  a-*,  to  wit,  the  compound  quantities  — f 4 — — , 4-  c — 


- h 4-  -f-  4-  4*.  + I 


o n „ 1 h r , c , 

T — •“*  •_K  + T+  “r  + T6''  + L 


I o D , , K , H . F , JC  . - , 

- r--,  and  — m 4-_-4-_4._4._I,  ,nto  fimple  quanti- 

ties : which  may  be  done  as  follows. 

Since  c is  = 0.141,533,  and  f is  = 0.000,476,  we  fho.ll  have  — f 

4- 
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+ — (=  — 0.000.476  + °,14la?ft*  = — 0.000,476  + 0.070,766)  2=  + 
0.070,290. 

And,  fmce  p is  = 0.000,869,  and  a is  = 0.000,007,  we  fhall  liave  + o 

n . , 0.000,  S6g  ^ % 

— (=  4 0.000,007 — - = + 0.000,007  o 000,434)  = — 

0.000,427. 

And,  fince  c is  = 0.141,533,  and  F is  = o 000,476,  and  11  is  = 0.000,002, 

n 11  1 , t . c , , 0.000,476  0.141,(35 

we  fhall  have  — h 4-  — 4-  -3-  (=  — 0.000,002  4 4- 

= — 0.000,002  4-  0.000,238  4-  0.017,691  = 0.000,002  4-  0.017,929) 

= 4-  0.017,927. 

And,  Cnee  d is  = 0.000,869,  and  c is  = 0.000,007,  and  I is  = 0.000,000, 

„ ,,  , T « o , . 0.000,007  0.000,860 

we  mail  have  + 1 g-  (=  + 0.000,000 j-— 2- 

= + 0.000,000  — 0.000,003  — 0.000, 10S)  zz  — 0.000,1 1 1. 

And,  fince  c is  = 0.141,533,  and  f is  = 0,000,476,  and  h is  = 0.000,002, 

and  k is  = 0.000, ooo,  we  fhall  have  — k + -—  + -g-  + -^-(=  — 0.000, 


<500  + 


0.000,00.:  0.000,476  0.141, (33  


— — 0.000,000  + 0.000,001  + 


0.000,059  4-  0.008,845)  = + 0.008,905. 

And,  fince  d is  = 0.000,869,  and  c is  = 0.000,007,  antl  1 ‘s  = 0.000,000, 
and  l is  alfo  = 0.000,000,  we  fhall  have  + 1 £ ( = -j- 

0.000,000  0.000,007  0.000,860 

0.000,000 - - — g ^ — = -f  0,000,000  — 0.000,000 

— 0.000,000  — 0.000,054)  = — 0.000,054. 

And,  laflly,  fince  c is  =0.141,533,  and  f is  = 0.000,476,  and  11  is  = 
0.000,002,  and  k is  = 0.000,000,  and  m is  alfo  = o.oco.ooo,  we  fliall  have 

k , h r . jc  , , 0.000,000  0.000, OOJ 

-M  + +-r+_+A5(=_  0.000,000  + — + f 

0.000,476  . ( X 0.141,(33 

4-  t” — h - y-- ■ = — 0.000,000  4-  0.000,000  + 0.000,000  4- 

10  1 20  1 • 

. 0.707,66?  - . AV 

0.000,029  4 — - -■  = -J-  0.000,029  + 0.005,528)  = 4-  0.005,557.  — 

Therefore  the  equation,  fet  down  above  in  art.  106,  to  wit,  the  equation 
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DAT  — FA.-*  4-  GX3  — HX4  ■+.  I At'  — KX°  + LX7 MX*  + &C, 

. C.X*  DX>  rx*  GXS  Bl*  IX1  KX*  „ 

‘ 7~  " Z 1 2 1 2~  1 ^ ~2  ’ 

. rx*  tixs  , rx * ox»  . 11 X*  - 

+ -O — + — 5-  + -0 


8 8 8 


— 0.060,332,  will  become  as  follows,  to  wit, 

0.000,869  x x + 0.070,290  X x*  — 0.000,427  x x* 

+ 0.017,927  xx4 — 0.000,111  x x’  + 0.008,905  x ** 

— 0.000,054  x x7  + 0.005,557  x x*  = 0.060,332  ; which  equation 

we  mud  therefore  now  endeavour  to  refolve,  in  order  to  difcover  the  magni- 

nitudc  of  the  rhumb-angle  LAD,  of  which  x,  or  the  root  of  the  faid  equa- 
tion, denotes  the  co-fine. 


Art.  109.  In  this  equation 

0.000,869  x x + 0.070,290  xx*  — 0.000,427  X x3 

+ 0017,927  xx*  — 0,000,111  x x*  + 0.008,905  x x* 

7 — 0.000,054  x *’  + 0.005,557  X **  = 0.060,332,  it  is  remarkable 

that  0.070,290,  the  co-efficient  ot  x’,  is  greater  than  0.000,869,  the  co-effi- 

cient of  x;  and  that  0.01  7,927,  the  co  efficient  of  .v4,  is  greater  than  0.000,427, 
the  co-efficient  of  x* ; and  that  0.008,905,  the  co-efficient  of  x4,  is  greater 
than  0.000,111,  the  co-efficient  of  x’ ; and  that  0.005,557,  the  co-efficient  of 
**,  is  greater  than  0.000, o54,the  co-efficient  of  x\  But  the  co-efficients  of  x, 
x3,  xs,  and  x’,  (to  wit,  0.000,869,  at>d  0.000,427,  and  0.000,111,  and 
0.000,054,)  are  every  one  lefs  than  the  next  before  it,  or  decreafe  when  the 
powers  of  x increafe  5 and,  in  like  manner,  the  co-efficients  of  x*,  x4,  x%  and 
x*,  or  of  the  even  powers  of  x,  (to  wit,  0.070,290,  and  0.017,927,  and 
0.008,905,  and  0.005,557,)  are  ev’cry  one  lefs  than  the  next  before  it,  or 
decreafe  when  the  powers  of  x increafe;  as  was  the  cafe  with  the  co-efficients 
of  x,  x % x5,  and  x7,  or  of  the  odd  powers  of  x. 

Art.  no.  We  mull  now  endeavour  to  refolve  the  final  equation  obtained  in 
art.  108,  to  wit,  the  equation  0.000,869  X x -f  0.070,290  X x* 

— 0.000,427  x x*  + 0.017,927  x x4  — o.ooo.tii  x x* 

+ 0.008,905  X x*  — 0.000,054  X x7  + 0.005,557  Xx*  — &c 

— 0.060,332;  which  may  be  mod  eafily  done  by  Mr.  Raphson’s  method  of 

approximation.  I fhall  therefore  now  endeavour  to  find  a firfl  near  value  of  ,v, 
that  (hall  differ  from  its  true  value  by  only  a fmall  part  of  the  faid  true  value, 
in  order  to  make  the  faid  firft  near  value  of  x the  bafis  of  a further  approxima- 
tion to  its  true  value,  according  to  the  direftions  of  Mr.  Raphson’s  method. 

Art.  hi. 
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Art.  in.  "Now,  in  order  10  obtain  this  fi:ft  near  value  of  x.  I begin  by 
obUrvlng  that,  fsacc  »•,  or  i,  is  the  radius  of  a great  circle  i f the  fcaitli,  and  .v 
is  •.!>.-  fine  of  a certain  angle  in  the  fa’ul  circle,  (to  wit,  the  fine  of  the  angle 
\v  l.icii  is  the  complement  of  the  rhumb  angle  L A D to  a right  angle.  1 x tnuft 
b Itfs  than  i ; and,  consequently,  that  ax  mull  be  left  than  x,  and  x‘  than  xx, 
and  x*  than  x‘,  and  c\ cry  following  power  of  x than  that  which  immediately 
prtecedt  ir.  And  heme  we  tv.r.y  conclude  that  the  two  firft  terms  cn  the  left- 
hand  file  of  the  for  going  equation,  to  wit,  the  terms  0.000,869  x x,  and 
0.070,290  X x'x,  will  le  greater  than  the  two  next  terms,  or  ihan  any  other 
two  terms  on  the  lame  fide  of  the  equation,  and  (beciufe  thole  following  terms 
are  marked  alternately  with  the  figns  4-  and  — , and  confequcntly  tend  to 
counterbalance  each  other,  or  to  diminifh  each  oihcr’s  nngnitudes,)  may  be 
reafonahlv  fuppofed  to  be  pretty  nearly  equal  tn  the  whole  infinite  fcries  that 
forms  the  left-hand  tide  of  the  faid  equation.  We  will  therefore  fuppofe  thefe 
two  terms,  taken  togetlicr,  to  be  equal  to  the  whole  of  the  faid  infinite  (cries, 
and  canfequcrtly  to  its  equal,  the  abfolute  term,  0.060,732,  of  the  faid  equa- 
tion. And  then  we  (hall  have  the  following  quadraiick  equation  to  refoive, 
to  wit,  0.000,869  x x + 0.070,290  X xx  = 0.060,332.  This  equation  may 
be  refolved  as  follows. 


In  the  firft  place,  let  both  fides  of  it  be  divided  by  the  co  efficient  of  xx. 


to  wit,  0.070,290.  And  we  (hall  have  xx  + 0°°°’?6.?  x x 
’ ' ■*  0.070,25a 

+ 0.012,363  X .V  = 0.858,329.  ✓ 


0.060,33; 

0.0;  0,-50’ 


or  xx 


Secondly,  add  to  both  the  fides  of  this  equation  the  fqtiare  of  half  the  co- 
efficient of  x,  or  of  half  0.012,363,  or  the  fquarc  of  0.006, 18 1 ; which  fquare 

is  0.000,038,204,761.  And  wefhall  have  xx  + 0.012,363  X x -4-  0.006,  r 8 tY 
= 0.858,329  -f-  0.000,038,  &c  — 0.858,367.  Therefore  (extrafting  the 
fquarc-rnois  of  both  fides,)  we  (hall  have  x -f  0.006,181  :=  0.926,  &c, 
and  confcquently  x (=  0.926  — 0.006)  = 0.92.  Therefore  the  firft  near 
value  of  .v  in  the  foregoing  high  equation,  will  be  0.92  ■,  of  which  number 
it  feems  reafonablc  to  fuppole  the  firft  figure  .9  to  be  exa t\ 


/ 


Arr.  in.  We  will  therefore  now  fubftitute  0.9,  inftead  of  x,  in  the  com- 
pound quantity  which  forms  the  left-hand  fide  of  the  foregoing  infinite  equa- 
tion 0.000,869  X x + 0.070,290  x xx  — 0.000,427  x .v* 

+ 0.017,927  x x*  — 0.000,111  x -t-  0.008,905  X a' 

— 0.000,054  x a7  + 0.005,557  x a*  — &c,  = 0.060,332,  in  order 

to  difeover,  whether  the  value  of  the  faid  compound  quantity  refulting  from 
fuch  fubftitution,  will  be  greater,  or  lefs,  than  the  abfolute  term,  0.060,332, 
of  the  faid  equation,  and  whether  its  difference  from  the  faid  abfolute  term 
will  be  great  or  final). 

Now,  if  we  fuppofe  x to  be  = 0.9,  we  fliall  have 

xx 
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xx  (—  0.9.*)  = 0.81, 
and  *’  (=  0.81  x 0.9)  — 0.729, 
and  a:4  ( = 0.729  X 0.9)  = 0.656,1, 
and  x*  ( = 0.656,1  x 0.9)  = 0.590,49, 
and  **  ( = 0.590,49  X 0.9)  = 0.531,441, 
and  sc’  0.531,441  X 0.9)  = 0.478,296,9 
and  *'  (n  0.478,296,9  X 0.9)  ~ 0.430,467,21,  and  confcquently 

0.000,869  X x (=  0.000,869  x 0.9)  = 0.000,782, 
and  0.070,290  x vx  ( = 0.070,290  X o.Sl)  = 0.056,935, 

and  0.000,427  x *’  (=  0.000,427  X 0.729)  = 0.000,311, 

and  0.017,927  x x*  (=  0.017,927  X 0.656,1)  = 0.011,762, 

and  o.ooo,tli  X **  (=  0.000,111  X 0.590,49)  = 0.000,065, 

and  0.008,905  x x‘  (=  0.008,905  X 0.531,441)  = 0.004,732, 

and  0.000,054  x «’  (=  0.000,054  x 0.478,296,9)  = 0.000,026, 

and  0.005,557  X **  (=  0.005,557  x 0.430,467,21)  = 0.002,392. 

Therefore  the  whole  compound  quantity 

0.000,869  x x + 0.070,290  x xx  — • 0.000,427  X x1 

H-  0.017,927  x x4  — 0.000,111  x + 0.008,905  x x* 

— 0.000,054  x *’  + 0.005,557  X x*  will  be  = 

’ 0.000,782 

+ *056,935  — 0.000,311 

* + .011,762  — 0.000,065 

+ .004,732  — 0.000,026 

„ + .002,392  — &c 

— 0.076,603  — 0.000,402 

= 0.076,201  ; which  is  greater  than  0.060,332,  or  the  abfolutc  term  of  the 
equation 

0.000,869  x * + 0.070,290  X **  — 0.000,427  x *’ 

+ 0.017,927  xx*  — 0.000,111  x *‘  + 0.008,905  x x* 

— 0.000,054  x *’  + °*0O5,557  X *' — &c  =0.060,332.  Therefore  0.9 
mud  be  greater  than  the  true  value  of  x in  the  fame  equation.  <^.  e.  i. 

An.  113.  Since  it  appears  that  * is  lefs  than  0.9,  let  us,  in  the  next  place, 
foppofe  it  to  be  equal  to  0.8,  and  fubftitute  0.8,  inftead  of  it,  in  the  terms 
of  the  compound  quantity 

0.000,869  X * + 0.070,290  x xx  — 0.000,427  x a3 

+ 0.017,927  xx*  — 0.000,111  x **  + 0.008,905  x 

— 0.000,054  x 4-  0.005,557  x x*f  in  order  to  difcover,  whether  the 

Vou.  IV.  P value 
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value  of  the  faid  compound  quantity  refulting  from  fuch  fubditution  will 
be  greater,  or  left,  than  0.060,332,  or  the  abfolute  term  of  the  equation  which 
we  arc  endeavouring  to  refolvc,  and  confcquently  whether  0.8  is  greater,  or 
lefs,  than  the  true  value  of  x in  that  equation. 

Now,  if  .v  be  fuppofed  to  be  ~ 0.8,  we  fliall  have 
xx  — 0.64,  and  *’  = 0.512,  and  x*  — 0.4096,  and  = 0.327,68,  and  .v*  — 
0.262,144,  and  x’  zz  0.209,715,2,  and  a*  = 0.167,772,16,  and  confcquently 

0.000,869  X x (=  0.000,869  x 0.8)  = 0.000,695, 
and  0.070,290  x xx  {■=:  0.070,290  x 0.64)  = 0.044,985, 

and  0.000,427  x x ’ (=  0.000,427  x 0.512)  r=  0.000,218, 

and  0.017,927  X x 4 (=  0.017,927  X 0.409,6)  = 0.007,343, 

and  o.ooo.tn  x **  (=  0.000,1  it  x 0.327,6s)  = 0.000,036, 

and  0008,905  x x‘  (=  0.008,905  X 0.262,144)  = 0.002,334, 

and  0.000,054  X *’  (=  0.000,054  x 0.209,715,2)  = 0.000,011, 

and  0.005,557  x a*  (=0.005,557'  X 0.167,772,16)  = 0.000,932. 

Therefore  the  whole  compound  quantity 
0.000,869  X * + 0.070,290  X xx — 0.000,427  x x* 

+ 0.017,927  Xx*  — 0.000,111  X + 0.008,905  x x*  , 

— 0.000,054  X x*  + 0.005,557  x x*  will  be  = 

0.000,695 

+ 0.044,985  — 0.000,218 

■ + 0.007,343  — 0.000,036  > 

+ 0.002,334  — 0.000,011 
. + 0.000,932  — &c 

— 0.056,289  — 0.000,265  — 0.056,024 ; which  is  left  than  0.060,332,  or 
the  abfolute  term  of  the  equation 

0.000,869  x x 4-  0.070,290  x x*  — 0.000,427  x *■* 

+ 0.017,927  X x*  — 0.000,111  x x*  + 0.008,905  x x* 

— 0.000,054  X *T  + 0.005,557  x x*  — &c  = 0.060,332.  Therefore 
0.8  muft  be  left  than  the  true  value  of  x in  that  equation.  0.;  e.  i. 

Art.  1 14.  We  have  now  found  that  the  true  value  of  x is  left  than  0.9,  but 
greater  than  0.8,  or  is  of  an  intermediate  magnitude  between  0.8  and  0.9.  And, 
as  the  quantity  0.056,024,  which  refults  from  the  fuppofition  that  * is  = 0.8, 
differs  much  left  from  0.060,332,  or  the  abfolute  term  of  the  equation 
0.000,869  x * + 0.070,290  x x*  — 0.000,427  X ** 

+ 0.017,927  xx*  — 0.000,111  x .v*  + 0.008,905  x ** 

— 0.000,054  x x1  + 0.005,557  x Jr*  — &c  = 0.060,332,  than 
c.076,201,  which  icfults  from  the  fuppofition  that  .v  is  = 0.9,  (the  difference 

of 
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of  0.056,004  and  0.060,332,  being  only  0.004,308,  whereas  the  difference 
between  0.076,201  and  0.060,332  is  0.015,869,  which  is  more  than  triple  of 
0.004,308,)  it  feems  reafonable  to  conclude  that  the  difference  between  0.8  and 
the  true  value  of  ,v  in  the  faid  equation,  will  be  lefs  than  the  difference  bc- 
iweed  0.9  and  the  faid  true  value.  Jt  therefore  will  be  more  convenient  to 
fuppofe  * to  be  = 0.8  4 z,  and  to  fubftitutc  0.8  4 z,  inftead  of  nr,  in  the 
terms  of  the  foregoing  equation,  in  order  to  difeover  a near  value  of  the  dif- 
ference z,  bv  which  the  quantity  0.8  falls  fhort  of  the  true  value  of  x,  than  to 
fuppofe  jr  to  be  0.9  — z,  and  to.  fubftitutc  0.9  — z,  inftead  of  x,  in  the 
terms  of  the  faid  equation,  in  order  to  difeover  a near  value  of  the  difference  z 
by  which  the  quantity  0.9  exceeds  the  faid  true  value.  We  will  therefore  now 
fuppofe  nr  to  be  ■=  0.8  4 z,  and  will  proceed  to  fubftitutc  0.8  4 z inftead  of  ar 
in  the  terms  of  the  foregoing  equation 

0.000,869  X .v  4-  o 070,290  X xx  — 0.000,427  X *’ 

4 0.017,927  X xA  — 0.000,111  X -+•  0.008,905  X x* 

— o oap.054  X w’  4 0.005,557  x #'  — &c  = 0.060,332,  but  with  an 

omiflion  of  all  the  terms  that  involve  any  higher  power  of  z than  its  fimple 

power,  or  z itfelf,  in  order  to  obtain  a near  value  of  the  difference  z by 
which  x exceeds  0.8,  and  confcquently  a more  exact  near  value  of  x than  0.8, 
or  that  which  we  had  before.  This  may  be  done  in  the  manner  following. 

Jf  we  fuppofe  x to  be  — 0.8  4 z,  we  fhall  have 
xx  (=:  0.8  -r  z|*  =~o^‘  4 2 X 0.8  X z 4 &c)  = 0.64  + 1.6  x z 
+ &c, 

and  *’  (=  0.8  ^4~2))  ="o8l’  4 3 x o.8l*  X z + &c  = o.$‘  4-  3 X 0.64 
X 2 4-  See)  = 0.512  4-  1.92  x 2 4-  &c, 

and  a4  ( = 0.8  4-  *14  — o fi4  4-  4 X ofts!’  X z 4 &c  — o.sl*  4-  4 X 0.512 

K z 4 & c)  = 04096  4-  3.048  X z 4-  &c, 

and  x*  (=  0.8  4-^*  = oftiV  + 5 X~o!bV  x z 4-  &c  = ITsl*  4-  5 X 

0.4096  X z 4-  &c)  =:  0.327,68  4-  2.0480  X z + 8tc, 

and  x*  (=  0.8  4^)4  = oHV  4 6 x o.8l5  x z + &c  ==  o!s*s  + 6 x 

0.327,68  x z 4-  &c)  = 0.262,144  + 1.966,08  x 2 4-  &c, 

and  x1  (*=  0.8  4-  zj’  =~o.1lV  + 7 x 0.8 1*  x 2 4 &c  = 0.8 1’  4-  7 X 
0 262,144  x 2 4-  &c)  = 0.209,7 + 1.835,00s  x 3 4 
&c, 

and  x*  (=  0.8  4-  zY  sz  0.8  1*  + 8 x o.S'7  x 2 4-  &c  ~ oHf}’  4-  8 x 
0.209,715,3  X z 4 &c)  = 0.167,772,16  + t.677,721,6  x z 
4 &c, 

P 2 • - 1 and 
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And  confcquently  

0.000,869  x a (=  0.000,869  X 0.8  4 z — 0.000,869  X 0.8  4 
0.000,869  X z)  = 0.000,695  4 0.000,869  X z, 

and  0.070,290  x xx  (■=  0.070,290  X 0.64  4 1.6  x z 4 &c  = 0.070,290 

X 0.64  4 0.070,290  x 1.6  X * 4 &c)  = 0.044,985  4 0.112, 

464  X z + &c, 

and  0.000,427  X a’  ( = 0.000,427  x 0.512  4 1.92  x z 4 &c  = 0.000, 

427  x 0.512  + 0.000,.} 27  x-  1.92  X z 4-  &t‘)  = 0.000,218  4 

0.000,819  X z + &c, 

and  0.017,927  x **  (=  0.017,927  x 0.4096  4 2.048  x z + &c  = 0.017, 
927  x 0.4.096  4 0 017,927  x 2.048  X z 4 &c)  = 0.007,343 
0.036,714  x z 4 &c, 

and  0-000,111  x a‘  0.000,111  X 0.327,68  4 2.0480  x z 4 kc  — 
0.000,111  X 0.327,68  4-  o.ooo,m  X 2.0480  x z 4 &c)  zz 
0x00,036  4 0000,227  X 2 -f  &c, 

and  0.008,905  x **  (=  0.008,905  x 0.262,144  + 1.966,08  x z 4 &c 
= 0.008,905  x 0.262,144  4 .0.008,905  x 1.966,08  X 2 4 &c) 
= 0.002,334  4-  0.017,507  X z 4-  &c, 

and  0.000,054  X *’  (=  0.000,054  x 0.209,715,2  4 1.835,008  x z 4 &c 
= 0.000,054  x 0.209,715,2  4-  0.001,054  x 1.835,008  x z 4 
&c)  — 0.000,011  4 0.000,099  x z 4 &c, 

and  0.005,557  X x*  (=  0.005,557  X 0.167,772,16  4 1.677,721,6  x~  z 4 
&c  = 0.005,557  X 0.167,772,16  4 0.005,557  x 1.677,721,6 
X z 4 See)  zz  0.000,932  4 0.009,323  X z 4 &c. 

Therefore  the  compound  quantity 

0.000,869  x * 4 0.070,290  x xx  — 0.000,427  x 

4 0.017,927  x a*  — 0.000,111  x a*  4 0.008,905  x A* 

— 0.000,054  x at  4 0.005,557  x a*  will  be 

0.000,695  4 0.000,869  x 2 
4 0.044,985  4 0.112,464  x 2 4 &c 

— 0.000,218  — 0.000,819  x z — 8cc 

_ I 0.007,343  4 0.036,714  x 2 4 

— 0.000,036  — 0.000,227  x 2 — &c 

4 0.002,334  4 0.017,507  x 2 4 &c 

— • 0.000,011  0.000,099  x 2 — &C 

, 4 0.000,932  4 0.009,323  x z 4 &c 

0.056,289  4 0.176,877  x z 4 &c 

— 0.000,265  — 0.001,145  x 2 — &c 

==  0.056,024  4 0.175,732  x 2 4 &c. 

But 
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But  the  faid  compound  quantity  is  equal  to  the  abfolute  term  0.060,332. 

Therefore  the  quantity  0.056,024  4-  0.175,732  x z 4-  &c,  will  alfo  be 
equal  to  0.060,332.  And  confcquently  0.175,732  X 2 + &c,  will  be  ( = 

0.060,332  — 0.056,024)  = 0.004,308,  and  2 + &c  will  be  (= 

= o 024,  and  z will  be  = 0.024  — &c,  or  will  be  fomewhat  lefs  than  o 024. 
Therefore  x,  or  0.8  4-  will  be  = 0.8  4 0.024  — See  = 0.824  — & a 
that  is,  the  next  near  value  of  x in  the  equation 

0.000,869  x x 4-  0.070,290  x xx  — 0.000,427  x x5 

4-  0.017,927  X »'*  — 0.000,111  x x*  4-  0.008,905  x x* 

— 0.000,054  x *’  4-  0.005,557  x x*  — &c  = 0.060,332,  will  be  ~ 

0.824  — & c.  or  fomewhat  lefs  than  0.824,  and  may  therefore  be  fuppofed  to 

be,  very  nearly,  =:  0.82.  q.  e.  i. 

Art.  1 15.  \Vc  will  now  try  the  degree  of  exaftnefs  of  the  number  0.82, 
juft  now  found  for  the  laft  near  value  of  x,  or  the  root  of  the  equation 
0.000,869  X x 4-  0.070,290  x -v*  — 0.000,427  x x* 

+ 0.017,927  X x*  — 0.000,111  x *’  + 0.008,905  x x‘ 

— 0.000,054  X *’  + 0.005,557  x *'  — &c  = 0.060,332,  by  fubftitut- 

ing  the  faid  number  inftead  of  x in  the  terms  of  the  compound  quantity  which 

forms  the  left-hand  fide  of  the  faid  equation  ; by  which  means  we  lball  difeovee 
how  nearly  the  refult  of  the  faid  fubftitution  will  approach  to  the  abiolute 
term,  0.060,332,  of  the  faid  equation,  or  to  the  true  value  of  the  faid  com- 
pound quantity  in  the  faid  equation,  and  confequently  (hall  be  able  to  form 
a judgement  of  the  degree  of  exaftnefs  with  which  the  faid  number  0.82  will 
approach  to  the  true  value  of  x in  the  faid  equation.  This  fubftitution  may 
be  made  as  follows. 

If  we  fuppofe  x to  be  = 0.82,  we  (hall  have 

xx  — 0.672,4,  and  x*  ~ 0.551,368,  and  x4  = 0.452,121, 
and  x‘  = 0.370,739,  and  x*  — 0.304,006,  and  x 1 = 0.249,285, 
and  x*  ~ 0.204,414,  and  confcquently 

0.000,869  X x (=  0.060,869  X 0.82)  =0.000,712, 
and  0.070,290  X xx  (=  0.070,290  X 0.6724)  = 0.047,263, 
and  0 000,427  x x*  (=0.000,427  X 0.551,368)  = 0.000,235, 
and  0.017,927  X x*  (=  0.017,927  X 0.452,121)  = 0.008,105, 

and  0.000,111  X x*  (=  0.000,111  X 0.370,739)  =:  0.000,041, 

and  o 008,905  X x*  (=  0.008,905  X 0.304,006)  = 0.002,707, 

and  0.000,054  X xf  (=  0.000,054  X 0.249,285)  = 0.000,013, 

and  0.005,557  x x*  (=  0.005,557  x 0.204,414)  = 0.001,136, 

Therefore 
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Tbercfoie  the  compound  quantity 

0.000,869  X x + 0.070,490  X xx  — 0 000, 447  X x* 

+ 0.017,947  X x*  — o.coo.m  X x*  + 0.008,905  X ** 

— 0.000,054  X*'  + 0.005,557  X *'  will  be  = 

! 0.000,7 1 2 

■f  .047,263  — 0.000,435 

+ .008,105  — 0.000,041 

+ .002,707  — 0.000,013 

+ .001, 436 

= 3 0.059,943  — 0.000,289  = 0.059,634  j which  is  very  nearly  equal  to, 
but  fomewhat  lefs  than,  the  abfolute  term,  0.060,332,  the  difference  being 
only  0.000,69s,  or  about  the  86th  part  of  the  faid  abfolute  term  0.060,332. 
Therefore  0.82  will  be  very  nearly  equal  to,  but  fomewhat  lefs  than,  the  true 
value  of  x in  the  faid  equation 

0.000,869  x * + o 070,290  X .V*  — 0.000,447  x X’ 

+ 0.017,927  X *4  — o.ooo,tti  x .v*  + 0.008,905  X x* 

— 0.000,054  x x'  + 0.005,557  X **  — &c  = 0.060,332. 

Q.  E.  I. 

Art.  1 1 6.  Having  thus  found  the  value  of  x,  or  the  root  of  the  foregoing 
-equation,  to  be  pretty  nearly  — 0.82,  we  will  now  proceed  to  apply  this 
number  to  the  determination  of  the  magnitude  of  the  rhumb-ancle  LAD. 
Now  it  appears  from  the  Tables  of  Sines  and  Tangents,  that,  if  the  radius 
of  a circle  be  called  1,  the  co-fine  of  an  arch  of  34*,  54'  will  be  rr  0.820, 1 5 1, 9, 
and  the  co-fine  of  an  arch  of  340,  55^,  will  be  = 0.819,985,4.  Therefore 
the  angle  LAD,  of  which  we  have  found  the  co-fine  * to  be  = 0.82,  will  be 
very  nearly  equal  to  34*,  55'.  So  that  the  faid  rhumb-angle,  or  angle  of 
the  (hip’s  courfe,  which  we  have  been  fo  long  in  learch  of,  may  now  be  con- 
cluded to  be  very  nearly  equal  to  34  degrees  and  55  minutes.  <4.  s.  1. 

And,  becaufe  — is  = = 0.141,  we  (hall  have  — (=  0.141  X x 

’ r 4000  r ' 7 

— 0.141  X 0.82)  = 0.115,62,  and  confcquently  — — l (=.  0.115,62  — l 

— 0.115,620  — 0.086,875)  = 0.028,745;  that  is,  the  length  of  the  arch 
D N of  the  meridian  circle  PN  D/>,  or  the  latitude  of  the  fecond  point  D, 
will  be  :=  0.028,745  ; which  may  be  converted  into  degrees  and  minutes  in 
the  following  manner. 

Since  0.086,875  is  the  length  of  the  arch  A L,  or  the  latitude  of  the  firll 
point  A,,  exprefled  in  decimal  parts  of  1,  or  die  radius  of  tbe  Earth,  and 
0.028,745  is  the  length  of  the  arch  D N,  or  the  latitude  of  the  fccond  point  D, 
exprefled  in  decimal  parts  of  the  fame  radius,  and  5*,  is  the  length  of  the 
former  arch  exprefled  in  degrees,  it  follows  that  the  length  of  the  latter  arch 

DN, 
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t)  N,  exprefled  likewifc  in  degrees  and  in  decimal  parts  of  a degree,  will  be 
a fourth  proportional  to  the  three  numbers  0.086,875,  0.028,745,  and  5°, 

and  confequently  will  be  = = 1.654,388%  or  1 de- 

gree and  .fo  4,388  of  a degree.  But  -6’-4’3  - of  a degree  are  equal  to 

0 1,000,000  D 1 ,000,000  0 1 

60  X 654,188  r . l8.26l,28o  c o t 

-T-i—  ©I  a minute,  or  to  2 it — of  a minute,  or  38  minutes  and 

1,000,000  1,000,000 

•■"63,280  of  a minute,  or  28  minutes  and  of  a minute,  or  58  minutes 

1,000,000  J 100,000  J 

and  ^°-*  of  a fccond,  or  38  minutes  and  - of  a fccond,  or  38 

100,030  J 100,000  J 

minutes  and  ,<?-  of  a fecond,  or  28  minutes  and  15  feconds,  and 

IO, COO  J J 10.000 


10,009 


of  a fecond,  or  38  minutes  and  15  feconds,  and  more  than  ~ of  a fccond, 

or  38  minutes  and  nearly  1 6 feconds.  Therefore  the  arch  DN,  or  the  lati- 
tude of  the  fecond  point  D,  will  be  equal  to  I degree,  38. minutes,  and  nearly 
16  feconds.  k.  1. 


A Proof  of  the  T ruth  of  the  Concluftons  that  have  been  obtained  in  the  proceeding 
Articles,  by  the  Application  of  the  foregoing  Solution  of  the  Third  Cafe  of  Dr. 
Hallet’j  Problem,  to  the  Example  given  of  it  in  Art.  103. 


Art.  1 1 7.  Having  thus  obrained  the  magnitude  of  the  rhumb-angle  'LA  D, 
and  the  length  of  the  arch  DN,  or  the  latitude  of  the  fecond  point  D,  (at 
which  the  fhip  arrives  after  patting  over  the  loxodromick  arch  AVD,)  and 
having  had  the  length  of  the  arch  A L,  or  the  latitude  of  the  firft  point 
A (from  which  the  Ihip  begins  her  voyage,)  given  us  at  firft,  we  may  now, 
from  thele  three  things  atfumed  as  known,  determine,  by  the  help  of 
Lemma  4th,  Coroll.  1,  the  length  of  the  equatorial  arch  L N,  or  the  dif- 
ference of  the  longitudes  of  the  two  {joints  A and  D,  which  was  before 
fuppofed  to  be  given  and  to  be  = 324.904  miles,  or,  very  nearly,  325 
miles.  And,  if  the  value  we  (hall  obtain  for  the  faid  arch  LN,  or  the  dif- 
ference of  the  longitudes  of  the  points  A and  D,  by  fuch  determination, 
(hall  be  Found  to  be  nearly  equal  to  the  magnitude  of  it  that  was  given  in  the 
foregoing  example,  to  wit,  324.904  miles,  or  325  miles,  the  faid  refulc  will 
be  a confirmation  both  of  the  juftnefs  of  the  reaionings  adopted  in  the  fore- 
going folution,  and  of  the  exaftnefs  with  which  the  feveral  arithmetical  opera- 
tions, contained  in  the  application  of  that  folution  to  the  prcceeding  example, 

have 
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Lave  been  performed.  This  determination  of  the  length  of  the  (aid  equatorial 
arch  L N may  be  performed  in  the  manner  following. 

It  is  (hewn  in  Lemma  4th,  Coroll.  1,  that,  if  r be  put  for  the  radius  of  the 
Earth,  and  / be  put  for  the  tangent  of  the  rhumb-angle  L A D in  the  circle  of 
.which  r,  or  the  radius  of  the  Earth,  is  the  radius,  and  <t  be  put  for  the  loga- 
rithm of  the  ratio  of  the  radius  r to  the  tangent  of  the  arch  ^ > taken  on  the 

axis,  or  afymptote,  of  a logarithmick  curve,  of  which  r,  or  the  radius  of  the 
Earth,  is  the  lubungent ; and  S be  put  for  the  logarithm  of  the  ratio  of  the 

radius  r to  the  tangent  of  the  arch  taken  on  the  axis,  or  afymptote,  of  the 

fame  logarithmick  curve  ; and  c he  put  for  the  equatorial  arch  LN,  or  the  dif- 
ference of  the  longitudes  of  the  points  A and  D;  we  lhall  have  r,  or  LN, 

~ ~ x -f-  ».  We  tmift  therefore  now  compute  this  quantity  X “ + i 

upon  a fuppofition  that  the  rhumb  angle  LAD  is  = 34°,  55',  and  that  the 
arch  A L is  — 5 degrees,  and  that  the  arch  D N is  = 1°,  38',  16". 

Now,  fincc  the  angle  LAD  is  = 34*,  55',  its  tangent  t,  in  a circle  of 
which  r,  or  the  radius  of  the  Earth,  is  the  radius,  will  be  = 0.698,042,2  X r, 
or  (bccaufe  r is  fuppofed  to  be  = 1 ,)  will  be  = 0.698,042,2  X 1,  or 

0.698,042,2.  And  confequently  the  quantity  ^X«  + 5 will  be  ( = 

X a + C, ) or  0.698,042,2  x a + C. 

We  mull  next  find  the  values  of  the  logarithms  a and  C ; which  may  be  done 
as  follows. 

The  arch  A L,  or  the  latitude  of  the  point  A,  is  5 degrees.  Therefore  the 
arch  P A,  or  the  complement  of  the  arch  A L to  the  arch  P L,  or  to  the  arch 
of  a quadrant,  or  an  arch  of  90  degrees,  will  be  (=  90°  — 5)  = 8j°;  and 

confequently  the  arch  ^ will  be  (=s  ?Z_)  — 420,  30' ; the  tangent  of  which, 

in  a circle  of  which  the  radius  is  called  1,  is  2=  0.916,331,1.  Therefore  a is 
the  logarithm  of  the  ratio  of  1 to  0.916,331,2. 

The  arch  D N,  or  the  laiitude  of  the  fccond  point  D,  is  = 1*,  38',  16". 
Therefore  the  arch  p D,  or  the  complement  of  the  arch  D N to  the  arch  p N, 
or  to  the  arch  of  a quadrant,  or  to  an  arch  of  90  degrees,  will  be  (cr  90°  — 

h°,  3 S',  10'  ) = 88°,  21',  44"  ; and  confequently  the  arch  ^ will  be  = 

44°,  to',  52",  or,  nearly,  44®,  it';  the  tangent  of  which,  in  a circle  of 
which  the  radius  is  called  i,  is  0.971,891,7.  Therefore  6 is  the  logarithm  of 
the  ratio  of  1 to  0.971,891,7. 

Further, 
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Further,  the  ratio  of  1100.916,331,2  is  equal  to  the  ratio  of  1.091,308,5 
to  t;  and  the  ratio  of  1 to  0.971,891,7  is  equal  to  the  ratio  of  1.028,921,2 
to  1.  Therefore  a will  be  equal  to  the  logarithm  of  the  ratio  of  1.091,308,5 
to  1 , and  £ will  be  equal  to  the  logarithm  of  the  ratio  of  1.028,921,2  to  1, 
taken  on  the  axis,  or  alymptote,  of  a. logarithmick  curve,  of  which  r,  or  1,  or 
the  radius  of  the  Earth,  is  the  fubtangenc. 

Now,  if  the  radius  of  the  Earth,  or  the  fubtnngent  of  the  faid  logarithmick 
curve,  were  called  0.434,294,381,903,251,827,  &c,  and  confequently  the  lo- 
garithm of  the  ratio  of  10  to  1 in  the  lame  curve  were  called  1,  (as  it  is  in. 
Briggs's,  or  the  common,  fyftem  of  logarithms,  of  which  there  are  tables 
publilhed,)  tire  logarithm  of  the  ratio  of  1.091,308,5  to  1 would  be  — 
0.037,947,5,  and  the  logarithm  of  the  ratio  of  1.028,921,2  to  1 would  be 
= 0.012,582,1  ; as  will  appear  from  a table  of  Bricgs's,  or  the  common, 
logarithms.  Therefore,  when  the  radius  of  the  Earth,  or  the  fiibtangent  of 
the  faid  logarithmick  curve,  is  called  1,  and  confequently  the  logarithm  of  the 
ratio  of  10  to  1,  is  called  2.302,585,092,994,045,684,  &c,  the  logarithm  of 
the  ratio  of  1.091,308,5  to  t will  be  f=  2.302,585,  &c  X 0.037,947,5) 
z:  0.087,377,  and  the  logarithm  of  the  ratio  of  1.028,921,2  to  t will  be  (=r 
2.302,585,  &c  x 0.012,382,1)  = 0.028,510.  Therefore  the  logarithm  a 
will  be  =:  0.087,377,  and  the  logarithm  C will  be  = 0.018,510;  and  con- 
fequently a + i will  be  (=  0.087,377  •+■  0.028,510)  = 0.115,887. 

Therefore  ^-Xn  + t,  or  0.698,042,2  X <»  + £,  will  be  ( = 0.689,042,2 

X 0.115,887)  = 0.080,894;  that  is,  r,  or  the  equatorial  arch  LN,  or  the 
difference  of  the  longitudes  of  the  points  A and  D,  will  be  = 0.080,894,  or 

80,894  millionth  parts  of  1,  or  the  radius  of  the  Earth,  or  8°’8r>4  X 
4000  miles  “ 3*Mi-’.c00  mj[es  = Vi’S'j6  miles  r:  323.576,  or  323  miles  +- 

^ 1000,000  toco  J J Jl  ’ J J 

of  a mile,  or  323  miles  and  fomething  more  than  half  a mile. 

t^  E,  1. 

Art.  118.  This  quantity,  323.576  miles,  differs  but  little  from' 324.904. 
miles,  which  was  the  length  of  the  equatorial  arch  L N that  was  given  in  the 
foregoing  example.  And  therefore  we  may  reafonably  conclude,  both  that 
the  realonings  ufed  in  the  foregoing  folution  of  this  third  cafe  of  Dr. 
Halley’s  Problem  are  juft,  and  that  the  numerous  arithmetical  operations, 
contained  in  the  application  of  the  faid  folution  to  the  foregoing  example,  have 
been  rightly  performed. 

Art.  119.  The  folutions  which  have  been  given  above  of  the  foregoing  three 
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cafes  of  Dr.  Halley’s  Problem  *,  with  the  illuftration  of  each  folution  by  a 
tunable  example,  feem  to  contain  a full  and  fatisfa&ory  anfwer  to  the  inquiries 
of  that  learned  writer.  And  therefore  I fliall  here  take  my  leas-e  of  this  fub- 
jeft,  and  conclude  the  prefent  Difcouife. 

July  4,  1795. 

* I have  called  this  Problem  Dr.  Halley's  Prof  Jem , bccauCe  I believed  it  to  have  been  firfl  pro- 
■pofed  to  the  learned  world  by  Dr.  Halley  ; which  he  himlelf  alfo,  from  the  manner  in  which  he  men- 
tion* it,  feem*  to  have  thought  to  have  been  the  cafe.  But  the  learned  Dr.  Andrew  Mackav,  of 
Aberdeen,  L.  L.  D.  (who  has  lately  been  honoured  with  a degree  of  Doctor  of  Laws  by  the  Univer- 
ftfy  of  Aberdeen,)  has  informed  ane  by  a letter  dated  from  Aberdeen,  May  13th,  179$,  that  Dr. 
Hailey  was  not  the  fink  propofer  of  this  Problem,  but  that  it  had  been  propofed  before  iu  the  year 
if*39,  in  page  181  of  a book  publifhed  in  duodecimo  on  the  fiibjc^t  of  Navigation,  and  infilled, 
A learned  ireatife  on  Globes , (ife%  written  JS  Jl  in  Latin  by  Mr.  Robert  Hues,  and  by  him  Jo  puhlijhcd ; 
q flerwards  illujf  rated  with  Hates  by  Johanna  ifaocus  Pont  anus  ; and  now  lately  made  into  Englfb  fur  the 
Unfit  of  the  unlearned,  by  John  Chilmead,  M.  A.  of  Cbrtjf- Church  in  Oxford.  London,  1639.  And 
the  word*  in  which  it  i*  propofed  in  this  book,  are  (a*  Dr.  Mackny  inform*  me,)  thefe  that  follow, 
to  wit,  “ The  difference  of  i.ongt’ude  and  the  di/ianee  briny  given,  how  to  jind  the  Rum  be  ami  the  Jtf- 
44  ftrenee  of  Latitude .**  After  which  the  Propofer  adds  thtfc  word*  : There  is  not  any  thing  in  all  this 
art  more  difficult  and  bard  to  be  fouml  than  the  Rum  be  out  of  the  d flame  and  difference  of  Longitude  given. 
Neither  can  it  bee  done  upon  the  Globe  without  long  and  tedium  fratiifr9  and  many  repetitions  and  men - 
furations , 
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PRsEFATIO 

AD  ILLUSTRIS SIMOS  POTENTISSIMOSQUE 

HOLLANDI/E  ET  WESTFRISIiE 

O R D I N E S. 


ILLUSTRISS1MI  0RDIKES, 

TYRUS  ilia,  quae  ollm  partu  clara,  urbibus  genitis,  Lepti,  Utica,  & ilia 
Romani  imperii  semula,  terrarum  orbis  avida,  Carthaginc}  ctiam  Gadi- 
bus  extra  orbem  conditis  ; ut  ait  Plinius  : Tyrus,  inquam,  ilia,  qua;  mcrcaturis 
& mercium  exagogis  faciundis  omnia  mediterranei  maris  littora  complevit,  et 
navigandi  (ludio  rcliquas  Phoenicia  maritimas  urbes  longe  antecelluit : qusque 
fola,  fuperatis  terrarum  anguftiis,  per  mare  Erythrteum  elapfa,  Afise  et  Africa; 
littora  luftrare,  et  externa  maria  tcntare,  natura  propemodum  rcluftante  et  in- 
vite, aufa  eft  : cui  uni  Rex  Solomon,  Ifthmi  illius  dominos,  claftcm  fuam  auro, 
argento,  aromatis,  lapidibus  preriofis  et  gcmmis  reportandis,  cominittendam 
cenfuit : Ea,  inquam,  Tyrus,  univerfam  Phocniciam  novarum  rerum,  et 

artium  inveftigandarum  (ludio  inflammavit.  Huic  enim  Grammatica,  in  litc- 
rarum  inventione ; Arithmetica,  ob  numerorom  ufum ; Aftronomia,  in  navi- 
giorum  curfu  regundoj  Geographia,  in  terra:  marifque  delineaiione  ; origincm 
fuam  debcnt ; ut  reiiquarum  rerum  plurimas,  et  human*  vit*  opportunas,  in- 
vcntiones  nunc  miftas  faciam.  Tyrii  enim,  ob  mercimonia  et  commercia, 
qu*  cum  omnibus  gentibus  exercebant,  ingeniis  utilitate  et  emoiumento  ad 
abdita  perfcrutandum  excitatis,  quam  plurima  in  lucem  protraxerunt.  Quotief- 
cunque  igitur  iftud  cum  animo  meo  reputo,  permulia  in  liac  noftra  patria  iftis 
baud  diffimilia  adverto  ; quod  tanto  evidcntius  erit,  ft  fuperiorum  feculorum 

tencbras 
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tencbras  cum  hSc  luce  confcramus.  Cum  enim  jam  priJem  Arabicarum  et  In- 
dicarum  mercium  monopolion  Alcxandrini  in  Africa  et  AfiA  poflidercnt,  Ve- 
ntti  in  Europa ; et  (ut  omnium  rerutu  lute  funt  periodi,  fuus  ortus  et  interitus) 
cum  tandem  aliquando  Columbus  in  Americara  expeditionc  fufcepia  penctra- 
viflei : Lufrtani  quoque,  vitatis  longo  circuitu  terrarum  excurrentium  promon- 
toriis,  in  Indiam  Orientalem,  et  inlulas  aromatiferas  navigationem  inftituerunt. 
Inde  paulaum  accifa  Alexandrinomm  portoria ; et  Venetorum  uberrimus  ille 
vefligalium  proventus  non  p.irum  eft  imminutus.  Omnemque  lumc  adeb  ccn- 
fum  Lufitanix  reges  in  fuum  fifeum  redegerunt.  Atque  ifto  fuccelTu  et  occa- 
fione  totam  propeinodum  Europam  multos  annos  vcfligalem  habuit  Hifpania  : 
donee  tandem  ipfe  Novus  Orbis  (poflquam  jugi  adeb  diri  depuduiffet)  fatis  ita 
volventibus  in  vctlris  pcnetralibus  Amftelodami,  atque  alibi,  horrea  aromataria 
ct  pipera-aria  propemotlum  ignaris  vobis  exftruxiflet.  Qua  opportunitate  exci- 
tati,  navigandi  ftudio  clalBbus  veftiis  maria  omnia  compleviftis.  Inde  adeb 
fattum,  ut  homines  noftri,  quibus  autea  nihil  eflet  inerti  otio  antiquius,  jam 
omnia  maria  follicitare,  ct  deficiente  terra  in  ipfo  Occano  crrarc  gaudeant, 
terras  ignotas  quserentes,  Atque  hinc  quoque  tanu.s  veftris  urbibus  fplendor 
accelTit,  atque  illarum  artium  cultura  fingularis  et  eximia  emicuit,  quarum 
praeconio  Phccnices  tantopere  celebrantur.  VOS  enim,  quamvis  maximo  et 
difficillimo  bello,  ab  hofte  potentiflimo,  terra  manque  diftineremini,  Academiam 
tamen  Lugduni  in  Batavis  erexillis,  viris  celeberrimis  et  dodlrint  excellenti 
undique  evocatis,  quorum  opera  liberalia  ingenia  excolcrentur ; et  profedtb 
fpem  veftram  eventus  non  eft  fruftratus.  Habctis  enim  ingenia  ad  omnem 
doftrinam  percipiendam  excitata : homines,  inquam,  non  minus  gnavos,  quant 
ingeniofos,  qui  omnia  fua  (ludia,  omnem  operant  ad  Patrise  falutem  et  celebri- 
tatem  confcrre  fumma  cententione  nituntur  : quibus  omnibus,  ut  in  do«ftrin4  et 
ingenio  priores  partes  non  invitus  tribuam ; ita  afledu,  et  anitno  in  patriam 
propenfo  me  cuiquam  concelTurum  negabo ; et,  ft  non  aflequor  quantum  qui- 

dem  optem,  at  faltem,  quantum  fedulitate  ct  induftria  confequi  potero,  id 

/ 

omne  Deo  ct  Patris  facrum  lubens  offeram.  Utque  hujus  affcdlus  aliquod 
pignus  extaret ; non  qtiidcm  illud  veftrS  Amplitudine  dignum,  nifi  ipli  non  in- 
dignum  efle  voluiffetis  ; cum  rei  maritima:  curam  adeb  anxie  et  follicitb  gera- 
tis,  ut  etiam  uhrb  prxmiis  propofitis  omnes  ad  earn  juvandam  promovendamque 
invitetis.  Vcftia  igitur  autoritate,  Ordints  Il/uJIriJfimi,  permotus,  exiftimavi,  me 
operam  non  inutilem  aut  infrufhiofam  collocaturum,  fi  navigandi  leges  accurate 
et  non  fallaci  demonftratione  inftrucrem ; quod  ipfum  quoque  videbam  viros  in 
hoc  dofto  pulvere  verfatiffimos  Temper  omni  ftudio  effe  conatos.  Poftquam  enim 

humanuni 
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humanum  genus  Deo  docente  navigarc  didiciffet,  et  cutn  ipfe  pontus  littoribus 
carcrer  j Noachns  cutn  univerfi  mundi  depofito  folis  fludtibus  vehebatur.  Poftea 
hominum  induftria  etiam  vela  excogitata  funt,  qu®  ventos  proceliafque  reci- 
percnt,  quorum  impetu  navis  impulfa  curreret.  Sed  eadem  frenum  ei  quoque 
injecit,  et  clavo  gubernatorem  admovit.  Ut  adeo  vafta  moles  exiguo  guber- 
naculo  regeretur,  et  pro  voftoris  arbitrio  motus  fuos  componeret  j atque  curfus 
fuos  ita  infle&erer,  ut  etiam  contra  vencorum  (luus  obniteretur,  et  hoc  patflo 
terrartim  orbem  ultrb  citroque  portaret.  Earn  adebob  caufam  jam  olim  omnes 
tam  follicite  huic  uni  rei  incubuerunr,  ut  curfuum  ratio  ipfis  ccrta  condaret,  et 
cos  regundi  fcicntia  qusedam  extaret,  cujus  prxceptis  et  duclu  navem  falvam 
in  portu  collocartnt.  Multb  autem  maxitne  proavorum  noftrorum  mcmoria, 
poftquam  immani  et  audaciffimo  aufu  longinqute  illse  navigationes  trans  mare 
Oceanum  tentari  occccpt®.  Tunc  enim  liomines  dofti,  et  qui  fupra  caeteros 
faperent,  id  unice  operam  dederunt,  ut  certd  aliqua  ratione  et  via  navigandi 
artem  conftituerent,  qu®  in  eo  tota  maxime  eft  fita,  ut  longitudinem  et  lati- 
tudinem  cujufquc  loci  habeant  cxploratam.  Quarum  altera  ex  obfervationibus 
coelcftibus  haud  admodum  difficulter  quotidie  eruitur.  Ad  longitudinis  autem 
invcfligationem  nihil  ufquam  extabat  auxilii,  aut  prrefidii.  Tandem  Magnes 
reperuis,  et  ex  ipfis  terrse  vifceribus  eft  erutus ; faxum  impolitum  id  quidem, 
nullo  fplendore,  opacum,  afperum,  fcabrum,  colore  ferrugineo ; fed  cuivis 
gemmar  contra  comparandum.  Hie  eft  ille  magnes,  qui  noftri  mifertus,  tan- 
quam  officiofiflimus  'cplywy or,  miferos  mortales,  etiam  vitas  fuse  prodigos,  per 
totum  terrarum  orbem  falvos  et  fofpites  deduceret ; et  in  ipfis  tenebri*,  erroni- 
bus  illis  facem  allucerct ; ac  nodb,  interdib,  tanquam  nomenclator  aliquis,  om- 
nium curfuum  plagas  referret,  et  fidi  monitoris  officium  faceret.  Atque  illinc 
honiinibus  fagacibus  cogitatio  injedla,  horum  curfuum  affedtiones  accuratius 
ferutandi.  Unde  illud  continuo  notatum,  longitudinis  et  latitudinis  invefti- 
gandas  rationem  perbcllam  bine  pofle  deiivari ; et  ex  curfus  plaga,  atque  asfti- 
mata  ejus  quantitate,  iftas  quotidie  ad  abacum  venire.  In  ferutandis  igitur  lcgi- 
bus  ejus  lincas,  qua:  magnetic®  acus  dudlu  a navibus  deferibitur,  iifque  accu- 
ratius explicandis,  certatim  a doflis  pariter  et  indoctis  integrum  jam  faeculutn 
laboratur.  Cum  longitudinis  inveniend®  via  in  medio  mari  nulla  extet  alia, 
prater  earn  unam,  qua:  acus  magnetica:  indicio  eruitur.  Et  profedld  omnes  or* 
maritimte  hanc  incudem  jam  diu  tuditlrunt  j neque  id  privatim  folum,  fed 
etiam  publice.  Senfit  ea  res  et  Vcftram,  Illujlrijftmi  Ordines,  quoque  curam. 
Quoties  enim  libcralitatem  veftram  fenferunt  ii,  qui  loxodromiarum  ufum  fact- 
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liorem  felicioremque  proferre  funt  conati  ? five  id  in  tabulis  planis,  feu  in  gibbis 
fphterarum  fcgmentis  cxplicarent : ut  nullus  quidquam  hac  in  parte  rem  ma- 
ritimatn  juvifl'e  exiltimatus  fit,  qui  non  rcapfc  fit  expcrtus,  VOS  id  oinni  folli- 
crtudine  et  cur  a eniti,  uc  ea  quoque  pars  tam  abfolma  fit,  quam  per  naturam 
ei  liccat.  Quod  adco  non  indignum  veftra  Majedate  exidiniatis  ; ut  etiam 
ultio  omnium  dudia  provocetis.  Ncc  immeritti:  cum  tot  hominum  fortutsse 
rudentibus  quotidie  committantur,  et  in  vafto  illo  Oceano  natcnt.  Ut  enim 
navigandi  indudria  nulli  gentium  concedimus,  ita  navigiorum  multitudine  et 
agilitatc  rciiquis  facile  pares  fumus.  Cumque  multi,  laudando  de  patria  bene  me- 
rendi  fludio,  aurcs  vellras  crebrd  fatigent,  et  longitudinis  rationes  in  mari  ex- 
plicatas  vobis  exhibcrc  gcdiant : non  cxiflimavi,  me  quoque,  aut  patrise,  aut 
hari.m  rerum  cupidis  deeffe  debere.  Quamobrem  ifla  omnia  ab  ipfo  funda- 
mento  folidis  rationibus  arceflere  inditui,  ut  inde  quantum  res  ipfa  in  mart  fe- 
ral, aut  quam  prope  ad  verum  accedat,  definite  conflarct,  Dedi  itaque  ope- 
ram,  ut,  fummi  cum  diiigentia  annotatis  didicultatibus,  quas  vitari  aut  interpo- 
lare  neceflc  fit,  praeccpta  certa,  brevia,  fadione  expedita  ct  parabilia,  in  medium 
proferrem,  et  omnia  demonflrationibus  firmata,  ufu  obfervata,  ordine  et  vi4 
condituerem.  Qua:  ut  omnibus  bonis  et  veritatis  dudiofis  grata  fore  mihi  eft 
perfuafiflimum ; ita  hunc  meum  laborcm  vobis  quoque,  Ordinis  lUufiriffimj, 
probari  unice  optem, 

Vtfir*  AmplituiM 

Addidiffimus, 

WILLEBRORDUS  SNELLIUS, 

1 Royen,  R.  F. 


BENEVOLO 


Digitized  by  Googl 


( ) 


BENEVOLO  LECTORI. 


CUM  fupremi  numinis  providentia  primam  illam  rerum  omnium  maflam, 
fub  qua  totius  naturae  moles  latebat  indigefta,  fuis  locis  difparavilfet  j et 
hxc  inferiora,  five  vi  magnetics  divinitus  infitS,  feu  ratione  Iforropica  libratis 
circa  id  mundi  pun&um  dementis,  diffociaviflec : Aer  quidem  ille  fpirabilis 
fupra  nos,  et  inde  purius  elementum,  fuas  fibi  fedes  delegerunt.  Ne  autem  il- 
lius  molis  nucleus,  et  reliquis  gravior  terras  globus  aqueo  humore  proxime  am- 
bitus et  circundatus,  terrenis  animantibus  eifet  inhabitabilts ; ided  Divina  ilia 
mens,  mundi  archite&atrix,  Terram  hanc  diffregit ; et  montes  quidem  attolli,  ac 
valles  jufiic  fubfidere  : ut  in  his  cavitatibus,  tanquam  finubus,  circumfluum  et 
innataturum  alioquin,  lvumorem  exciperet ; aut  in  terra:  vifceribus  concretum 
egeflutnquc,  in  ampliflimum  asquor  evolveret.  Atque,  ita  pofitis  diverforum 
eltmcntorum  limitibus,  terra  cmincnte,  et  aqua  deprellll,  in  eadem  perfefti  or- 
bis  fpecie,  humanum  genus  alios  alio  difparavit.  Inde  neceftitas,  an  libido,  P'  online 
terras  clement©  adco  diffociabili  difleptas  luftrandi,  mortales  inceJTit  animos. 

A quorum  cupiditate  ct  ingenio,  ut  neque  aer,  nec  ipGus  terras  intima  penetra- 
lia tuta  cfl'c  potuerunt : ita  quoque  non  marini  xquoris  vehementia,  non  infant 
fluftus,  nec  infida  vada,  neque  ventorum  frementium  impetus  eorum  conatus 
inhibere  potuerunt ; quo  minus  regiones  adeo  immenfo  sequore  disjunct  as,  mer- 
cibus  ex  alio  Orbe,  ct  ad  luxuriant  petitis,  adirent ; vel  ccelum  ipfum  petituri, 
fi  lucri  odor  ullus  iftinc  adfpiraret.  Primis  quidem  faeculis,  et  fub  ipfis  mundi 
incunabulis,  quamdiu  mortales  in  locb  mediterraneis  setatem  agebant,  ubi  avitis 
laribus  et  fundis  vitam  parce  ac  duriter  tolcrabant, 

Non  turbida  ponri 

JEquora  lxdebant  naves  ad  faxa  virofque. 

Sed  temere  incaflfum  mare,  fluftibu’  fxpe  coortis, 

Sasvibat,  leviterqtie  minas  ponebat  inaneis. 

Nec  poterat  quenquam  rapidi  * pellacia  ponti 
Sulxlola  pellicere  in  fraudem  ridentibus  nndis. 

Impsoba  navigii  ratio  turn  coxa  jacebat. 

Phoenices  primum  mercaturis  et  mercibus  fuis  avaritiam,  et  magnificentiam,  et 
iriexplcbiles  cupiditates  omnium  rerum  importavertint  in  Grzciam,  inquit  Cicero: 
araynMts  fofliot  Aryv®T>»  ri  x*I  A'rrifia.  Et  fane  ip(a  gens  Phccnicum  in  magn& 
glor.a  liteiarum  mventionis  et  fiderum,  navaliumquc  et  bellicarumanium,  PI  into 
Vo l.  IV.  R ftiit. 


* Forte  le* 
gentium  fort  I, 
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fuit.  Et  HeroJoto  quoque  in  fuarum  hifloriamm  limine,  Pliocniccs,  inquir, 
t] ui  a mari  quod  rubritm  voratur  prof'efti,  pofitis  fedibus  in  ea  rcgione,  quant 
nunc  quoque  incolunt,  longinquis  continub  nasigaiionibus  incubuerunt : faci- 
endlfque  aEgyptiarum  et  Aflyriarum  mercium  veckuris,  cum  in  alias  plagas, 
turn  etiam  Argos  pcrvenerunt.  Argos  enim  ea  tempeftate  oniaibus  Grseci* 
civitatibus  amccellebat.  Hue  poriu  appulfos  Pliccnicas  njcrcimonia  expofuille 
1’erlse  memorant : et  quinto  fextove  quim  appulilfent  die,  cunftis  fere  diven- 
ditis,  fotminas  ad  marc  vcnille,  cum  alias  multas,  turn  regis  quoque  filiam,  cut 
nomen  diet  idem  quod  Gucci  tradunl,  - lo,  tiliam  Inaclu.  Dumque  hx  navi 
afliftentes  mercarentur  qua:  maxime  expetetent,  in  eas  unanimi  confenfu  Phoe- 
nices  impetum  feciiTe;  et,  plerifqtie  canon  fug.i  clapfis,  lo  cum  aliis  aliquot  cor- 
repta,  in  /Egyptum  retro  vela  convertifle.  Scilicet  tu  ad  hue 

Ultimus  immenfo  reflabas,  Nile,  labori. 


Verum  navigandi  artis  gloriam,  « fabric*  rationem  antiquiffttniR  Prometheus 
apud  jEfchylum  fibi  vendicat, 

Qgi>.our<iou*MyxT*  J*  u tic  Z/JSj?  in' 
tujl  Wtulb.M* 

F.t  profeflo  qui  naves  ad  oras  aliquas  ignotas  appuliflent,  et  praeter  illorutn 
littora  vcl  remis,  vel  expaflis  velis  novo  et  ante  cunt  diem  ipfis  invifo  vehiculo 
per  maria  difeurrerent,  Barbarorum  animos  non  minus  percelluerunt,  quam 
Argo  paftoris  illius  animum  apud  Attium,  qui,  cunt  navem  nunquam  ante  vidiffet, 
ut  procul  divinum,  et  novum  Argonautarum  vehiculum  ftupens  ct  perterritus 
confpexit.  Ea  quidem  res  adeo  grata  illis  temporibns  accidit,  ut  quicunque 
commodiorem  vdociorfmque  aliquam  navigii  fpeciem  excogitaviflet,  vel  eiepe- 
ditionem  in  oras  nulli  priorum  adiras  inftituilTet,  corum  inauftriam  ad  errorem 
fabulse  traduxerint;  ut  divinitus  naves  hominibus  datas,  et  Deorum  aufpiciis 
ftruftas  et  fabricatas  aflfeverare  non  dubitaverint. 


• ipfamque  fecandis 


* Fort!  Is-  Argois  navibus  • jatfient  fudalle  Minervam. 

gcndumfoictf 

trtkibut,  vcl  Fuga  Phryxi  et  Hcllcs  Arieti  vefkori  imputatur,  qui  ob  hoc  benefi- 

ratibut.  cium  princeps  inter  Zodiaci  figna  rcfulget,  et  nobis  ver  aperit.  Hac  omnes 
poetarum  tabula:  perfonant,  omnis  fcena  fervet,  et  ab  eo  cafu  etiam  anguftiftimo 
inter  Afiam  et  Europam  freto  nomen  eft  impolitum.  Atqui  dum  Phryxus  cum 
Helle  forore  novercales  inlidias  fugcret,  vAeui  Z to  xf>e,  navem 

nruftus  eft,  cujus  infigne,  et  inde  quoque  nomen,  Aries  erat.  llle  enim  in  prora 
vel  pifkus  vel  fiftus  Rabat.  V'erum  quia  non  tantum  a Grammaticis,  fed  etiam 
a Philologis  doctiffimis  de  hoc  navis  infigni  feu  wopamy*?  multa  prodita  exftant, 
qu*  nimis  jocularia  et  perquam  abfurda  funt,  operas  pretium  erit  haec  enucleate 
De  Infigni,  explicantem  Jofephum  Scaligerum  audire.  IUpanyMv  (inquit)  erat  in  prori  : et 
' '*««!*»''(*»»  ibi  ftatuebatur  Deus,  Heros,  beftia,  aut  aliud  quid,  tinde  nomcn  babebatna- 
poGto.n  Pr°r  vis.  1°  xxvucap.  Ackorum  Apoftolicorum  ; <»  xrKify  vxpsorijiy  Aiwxboou,  ni- 
mirum  TO  wxfxmwn  ii  wXmb  i»  T,j  Tfufx  Zyj  rvut  AteexxpKc,  Glolfa  Juvenalis  : Pe- 
n asus,  Trierarchi  filius,  ex  cujus  Liburnx  parafia  nomen  accepit.  Videtur 

accipere 
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cccipcre  paraliam  pro  parafemo,  fi  locus  mendo  non  vacar,  et  Liburna  ca  ha- 
buit  vafi^uo,  Pegafum.  At  Tutela  ftatuebatur  in  puppc,  cjuae  differcbat  l De  Tutel* 
parafemo  dupliciier ; tum  quod  illius  locus  Temper  crar  in  prora,  hujus  autem  n,v,*> PUP* 
in  puppe  ; tum  quod  tutela  femper  erat  Deus,  aut  Dea  : erat  Deus,  **  poCt4, 

aut  Heros,  aut  animal,  aut  aliud  quid.  Dcnique  navis  a parafemo,  non  a tu- 
tela  nomen  habebat.  Ovidius : 

Eft  mihi,  sitque  precor,  fiava;  tutela  Mincrvae 
Navis,  & a pidla  Caffide  nomen  habet. 

Nimirum  Caflis  erat  to  vxfxm/xov,  et  ab  eS  Navis  vocabatur  Caflis.  Minerva 
autem,  cujus  erat  tutefa,  deftituta  erat  in  puppi,  aut  in  apluftri.  In  primo 
lliados  : nvTai  yxf  ubi  xx.fx  xapuptx.  Scholion  : {»«#•  rrl  -rw,  cixjoroXii* 

«<r»»  ayabifutl*  u)  liloVft  run  Btm.  HefychillS  : lUnanmi.  0«ei,  ftmiuf  If  >r«rt  **t* 
xaf  Trpfxfxf  t ay  nay.  Peril  US  l 

Ingentcs  de  puppe  Dei  — — 

Glofla  vetus  : Navium  tutelam  dicit,  quam  in  puppibus  habent,  vel  pingunr. 

Plutarchus:  rMS’xyo/xnof  txti  m-MXtfa  Twcpa,  xsd  TH  KuCiivrrx,  x»  tw  wilt  to 

Nam  oiiro  t«  waparr/M*  nomen  habebat,  ut  ilia,  in  qua  Paulus  Apoftolus  naviga- 

bat,  vocabatur  Caftores.  Scio  equidein  de  Tutela  navium  niultos  feripfifle. 

Sed  turn  cos  video  non  bene  hxc  diftinguere,  turn  etiam  Grammaticos  to 
vxfMypui  cum  Tuteli  confundere.  Grtect  exprimunt.  Tutelam  au- 

tem non  habent,  quo  exprimanr. 

Fuerit  ergo  Phryxseus  Arias,  non  Aries,  fed  Navigii  genus.  De  Tauro  fab u la 
baud  eft  abfimilis : 

Sic  et  Europat  niveum  dolofo 
Credidit  Tauro  latus,  et  fcarentem 
Belluis  Pontum,  mediafque  fraudes 
Paliuit  audax. 

Contra  Lycophron  in  obfeuro  fuo  pocmate  cecinit,  Europam  a Pi  rati  s in  man  us 
traditam  Aftero  Crette  regi. 

— . — xlyjtxXulov  ifiTfivcow  To£i» 

Xafxirltxv  ontlxisy  lb  xyxxloaoy 

Axuxflx  KfTTit  A'njy  rjxlnXaTr. 

Id  eft,  vertente  Scaligero: 

extulcre  captivam  bovem 

Paronis  intra  taurifrontis  atveum 
Ad  fan&a  templa  conjugem  Saraptiam 
Dictaea  Cretes  Stellioni  principi. 

Rapta  igitur  Europa  Agenoris  Phocnicite  Regis  filia  & Cretenfibus  navi,  cujus 
infigne  Taurus  erat;  tdque,  quemadmodbm  ex  Pcrfarum  hiftoriis 
Herodotus  interpretatur,  tanquam  hoftimentum  injuriarum  i Phocni- 
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cibus  prius  illatarum.  Ita  naves  ve!  a figtira,  uel  a ■ma.zxnu.-t  in  fabtlas  et  mi- 
racuta  verttintur.  Triptolemi  bcnelicium  in  humanum  genus  (ingulare  fuit, 
qui,  ghndibus  repudiate,  frugibus  vc&i  docuit,  et  jutTu  C’crcris  aguculturam 
mftroxir. 

Geminos  dea  fertilis  Angues 

Curiibus  adinovit,  frxnffque  coercuit  ora: 

Et  medium  ccc'.i,  tctrx'que  per  sea  vedH  eft. 

Atquc  levem  currnm  Tritonida  mifit  in  arcera 
Triptolemo,  panimque  rudi  data  femina  juffit 
Spargere  homo,  paitim  p ft  tcmpora  longa  recukx. 

Jam  fupcr  Europen  fublimis  et  Afida  tcrram 
Ye&us  cratjuvenis,  Scythitaique  advertitur  oras. 

Et  qux  fequuntur.  Atqui  Philocborus  autor  eft,  TftVIeVww  [Air.cZ  reXocy  voocii* 
Xevrx  ran  iroXwi  rov  ciror  icafcrxc*  i)iro>o!ur3«t  Sc  rcu^urbr  opo  tk*  cx~r,  i%tcr  T>  Kxl  T* 
T riplolcmum,  longa  navi  ad  civitalcs  maritimas  appuljum,  frumtntum  JJiri- 
I’nijjfe  ; navem  autm  vi/am  ejfe  angucm  ala/nm,  quia  banc  /pec  i cm  uhunquefud  JigurJ 
yrferret.  Credo,  roftra  navium  animaliom  quorundam  roftra  ftmilitudine  qua- 
dam  expreiTifle,  ut  inde  etiam  roftra  di&a  fine ; atquc  ita  veteres  rei  geftas 
Dc  fabuU  verUltcm  fa^ulx  coloribus  involvitle,  et  pofteris  per  manus  tradidilfe.  Hand 
'Dicdali ctlca-  a'*°  argumento  Dxdali  ct  Icari  fabula  conflata  eft  : 

Dxdalus  (ut  fama  eft)  fugiens  MinoYa  regna 
Prxpetibus  pennis  aulus  le  credere  coelo, 

Infuetum  per  iter  gelidas  enavit  ad  Ar&os, 

Chalcidicaque  lev  is  tandem  fuper  aftitit  arce. 

Sed  ifte  quoque  arox'irxxi  [xyStiiTxt  c y>  ixxry  t £ uty  autm,  n X l . 4 Xao cutrfo*  x X:  :UX C" ~/Zr 
Tor  Mnu,  to  amipilo*  rZ  jcmocli,  fabuloib  avolavijfe  narralur  cum  jilio 

Jcare,  quod,  navem  naflui,  Mintem  effugerit,  cum  ptrjequentes  eum  non  inveni- 
rent.  Ego  cxiftimcm  ilium  non  magnj  nave  fugam  follicitafle,  ne  vel  le- 
viffimam  fugx  fufpicionem  Tyranno  daret ; fed  fmgulos  minoribus  cymbulis 
corio  undique  contetflis  fe  commififfe  : quemadmodum  barbari  etiamnum  hodie 
prope  Fretum  Davis  in  America  his  illigati  ad  umbilicum  ufque,  et  coriaceo 
iwatvn  parte  corporis  eminente  tefri,  uovunrti  remo  uno,  duabus  paknulis  in- 
ftrudlo,  navigant. 

Non  hi  earinas  quippe  e pinu  texere 
Fec£rc  morem,  non  abiete  (ut  ufus  eft) 

Curvant  fafelos  : Sed  rei  ad  miraculum 
Navigia  jundis  Temper  aptant  pellibus, 

Corioque  vaftum  ftepe  pcrcurrunt  falum: 

Et  Dxdalam  quidem  ita  inTularum  aut  continentis  littora  propius  legifle  : lea- 
KsVrtBvUe- rum  ver°  'on6'us  proved um  undarum  impeiu  fubverfum  periitFe.  Et  Pegafus 
rophotuc.  quoque  et  Bellerophon  hue  accedat : ifto  nempe  equo  ligneo  per  vias  cxru leas 
vettus ; ita  enim  Conon  narraiione  fua  quadragefima  apud  Photium  prodidit : 
a*  TCffxfocxori  IcofU,  T * wtf'c  A'rtfbycdxf  iconic  rrifat  *!»,-«  EXXssur  [A'.Orty.  Duos  fra- 
mes 
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tres  fuifle  Cephea  et  Phinea  : ac  Cephei  quidem  regnum,  Phoenicia:  poftea  tfo^ne  Perfro  ct 
men  inrliiifle,  cum  ad  cum  diem  Joppe  & maritim&  civitate  appellatum  fuiflet : Andromeda, 
habuifletquc  imperii  tcrminos  a mari  noftro,  ad  cam  ofque  Arabiam,  qua:  ad 
Erythrseum  mare  periinet.  Fuifle  item  Ccpheo  infigni  pukhritudine  filiam 
quam  proci  ambirent,  Phoenix  quidam,  et  ipfe  Cephei  frater  Phincus.  At 
Ccphcum,  podquam  varia  de  utroque  Cecum  ipfe  confidcriflet,  Phncnici  tandem 
defpondere  filiam  flatoifle,  ac  per  fili*  raptum  confentientem  fuam  vohintatem 
obtegere.  Abreptatn  igithr  fuifle  ex  defcrta  quidam  infula  Andromcdam,  in 
quam  folcret  Vencri  Cacrificii  oblgtura  fecedere.  Ita  cum  Phcenicis  hujus  ra- 
pientii  navi  (quse  Cctus  diAa  efl,  five  a pifcis  illius  fimilittidine,  five  cafu  aliquo) 
Andromeda  tanquam  infcieme  patre  aveheretur,  miferc  earn  ejulifle,  opemquc 
cum  lachrymis  invocafle.  Ad  ca  Perfeum,  Danais  (ilium,  forte  foruina  pricier- 
navigantcm,  curfum  inhibuifie  : primoque  mox  pudlae  adfpedtu,  pietate  fimul 
ct  amore  captum  : turn  navigium  illud  Ceti  nomine  expugnafie,  et  veclores, 
tantum  non  in  lapidem  prse  metu  verfos,  occidiflc.  Atque  hunc  ilium  effc 
Graccx  fabulte  Cetum,  hos  homines,  Gorgonis  vifo  capite  in  faxa  mutatos. 

Et  Palatphatus  libro  prime  mirabilium  hiftoiiarum,  (qui  folus  e quinque  hodie 
fupereft,)  eandem  fabulam  ad  hiftoriae  veritatem  paulo  aliter  revocat.  Bixxifs^oVrnc 
i»  pfvyic!  x vig,  ts  yij®'  Kef.VSt^*,  xxXnr  *0  iyodbos,  OS,  xxlxmrjcuras  pzxfo't, 

(AvI^ito  tx  nrxpxSxXaactx  yuo, x.  oveux  r,  rw  tvXona  us  xxl  ruv  fxxrtv  twv  irXel ut 

evop*  tyn.  Btlleropbon,  inquit,  erat  Pbryx,  dome. , Jm  gtrtere , Corintbius,  vir 
Jormofut  et  Jirenuus,  qui,  fairicatd  lengd  navi,  i leas  maritimis  pradai  ageiat ; 
navi  nomen  erat  Pega/o ; quemadmodum  eliim  nunc  dierum  Jingula  naves  nomen 
aliquod  Jortiuntur.  Ita  quoque  Troicis  temporibus  Tyrrheni  piraticarn  exer- 
cebant,  myoparonibus  et  triremibus  fuis  mare  infeftantes,  quaruin  triremium 
tina  nomine  Scylla,  ut  reliquas  vincebat  celeritate,  ita  fupri  omnes  mercatoriis 
navigiis  infidiabauir : cam  triremem,  ut  ait  Palsphatus,  Ulyfles  et  celeritate 
navis  fua:  et  fecundo  vento  ufus,  felicitir  effugit : *»  x*i  *%is  rjirpxc  my**,  T®  ft 
XxvXXx'  aStx  n TfiTfvs  tx  Xwrd  tut  *Xuu>  rjXXxfaC xnirx  xroXXaxi?  ii{yx£tTO  (Beuux. 

Hue  Poctarum  princeps  fpedtifle  videtur,  cum  lib.  5.  Cloantho,  qui  Scylla  vc- 
hebatur,  vidtoriam  tribuit : 

ilia  Noto  cities  voluen'que  fagitta 

Ad  terram  fugit,  et  portu  fe  condidit  alto. 

In  his  quidem  hadtenus  fabularum  figmentis  omnia  fuerunt  involuta.  At  ille,  D--  navi  Ar- 
qui  primus  omnium  longa  nave  maria  tentavit,  quanta  nominis  celebritate  in  fr°>  et  Arg<>- 
hominum  fermonibus  verfatur  ? quanto  ambitu  edebratur  { ut  verc  poctis  fa-  oa“!“rurn 
bularum  Oceanum  reclufifie  videatur  : 

Utinam  ne  in  nemore  Pelio  fecuribus 
Cxfa  cecidiflet  abiegna  ad  terram  trabes : 

Neve  inde  navis  inchoandx  exordium 
Gaepifiet,  qux  nunc  nominator  nomine 
Argo,  qui  vefti  Argivi  delecli  viri 
Petebant  illam  pellem  inauratam  arietis 
Colchis,  imperio  regis  Pelise  per  dolum. 

Longa 
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Longa  enirn  nave  Jafonera  primum  navigaffc,  Philoftephanus  autor  eft.  Ait  Pli- 
nius  libri  feprimi  capite  fexto  ei  quinquagefimo  : 

Bene  diflepti  foedera  mundi 
Traxit  in  unum  Thell'ala  pintis, 

Jufsftque  pati  verbera  puntura. 

Hu  it  h;ec  TiK-nwoWof©'  prima,  in  cam  cum  Jafonc  qnatuor  ct  quinquaginta  Ar- 
gonauts funt  ingrefli.  Hxc  neinpe  erat  ilia  delcfta  heroura  manus,  &s7& 
tsum  aid®*.  In  hanc  unam  flos  totius  Grtecise  co-ivit : Hercules,  Caftor,  Pol. 
lux,  Diis  geniti ; ahique  et  reges  ei  regum  filii : Vales  Mopfus,  ct  Itlmon  : Nau. 
pegus  Argus  : 

Tors  tibi,  nequa 

Parte  trahat  taciturn  puppis  mare,  fixaque  fluflu 
Vel  pice  vel  molli  concludcre  vulnera  ccri. 

Celcuftcs  ipfe  Orpheus, 

qui  carmine  tonfas 

Ire  docet,  lumrao  pafsirn  ne  gurgite  pugnent. 

Navis  magifter  et  gubernator  Tiphys, 

Qui  maris  infidias,  clar.x  qui  fidera  noflis 
Norit,  et  e claufis  quern  deftinet  jEolus  antris. 

Non  metuat  cui  regna  ratis,  cui  tradere  caelum.’ 

Denique  navem  ipfam  fatidicam  et  humana  voce  locutam,  fama  eft : habuic 
enim  rpw*  ix  tk  buiun:  Sfw,  cariname  Dodonide  quercu  , aiunt  enim  Junonem* 
alii  Mmervam 

Cxfo,  tnonku  Jovis,  augure  luco, 

Arbore  pnefaga  tabulas  animafle  loquaces. 

Unde  et  Ciceroni  divinum  Argonautarum  vebiculum  dicitur.  . Itincris  quoque 
ftadiafmi,  et  curfus  ita  accurate  a poetis  proditi  funt,  tanquam  fingulos  ex 
ip  forum  diariis  exprefliflent ; per  quae  maria,  quibus  vends  cucurrerint,  quae  lit- 
tora  praetervedli  fint,  quos  portus  intrarint,  qu»  freta  tranfierint,  qua  promon- 
toria  et  qoorumnam  fluviorum  oftia  prseternavigaverint,  ad  quas  gentes  et  nar 
tiones  acceffciint,  quemadmodum  in  ultimum  Euxini  Pooti  angulum  penetra- 
verint, 

«<  b*3»  ixurir  Jfo’f*©*. 

Denique  quomodo  ad  Eridani  oftia  in  Peuce  infula  in  reditu  hyemaverint ; reli- 
qua  lubens  mitto.  Et  ifta  quidem  hadlenus  wiprEw  Euxini  Pond  nobis  uni  verst  tn 
ob  oculos  ponunt,  et  heroutn  duros  labores  quos  in  hac  expeditione  pertule- 
tunt ; qux  autem  finis  adeo  difficilis  expeditionis  fuerit,  ex  Plinio  facilj  imel- 
liges  i is  enirn  libri  terdi  et  trigefimi  capite  tertio  eas  or  as  auri  feraces  prodidit. 
Jam,  inquit,  regnaverat  in  Colchis  Salauces  et  Efibopes,  qui  Terrain  virginem 
na&us,  plurimum  argenti  aurique  eruiffe  dicitur  in  Suanorum  gentc,  et  alioquin 

velleribus 
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velleribus  aureis  inclyto  regno.  Sed  et  illius  aureae  camera:,  et  argente*  tra- 
bes  narrantur,  et  columnar  atquc  paraftatte.  Hinc  adeo  iftis  Heroibus  lacr* 
ilia  fames,  et  cupiditas,  et  ardor,  et  pcricula,  et  Kies,  et  diflidia,  et  csedes,  et 
nione  atque  ambitus  itinemm.  Hoc  nempe  illud  erat  ad  cujus  farnam  univeiia 
Grtecia  aures  arrigeret;  bare  ilia  prasda,  quam  jam  animo  atque  oculis  deftina- 
Yeranr,  quseque  illos  patriis  fedibus  excitos  ad  terrarn  inliofpitam  mitterer. 

Sed  fabuJarum  fails  eft;  omnia  enim  perfequi  infinitum  fit.  Quamobrem  ma- 
nifeflo  liinc  liquet,  fingulas  gentes  mediterranci  maris  accolas  navium  inventio- 
Tiem  fibi  vendicare  conatas  effe,  aut  fingularia  ftia  beneficia  et  pericula  fabularum 
involyciis  pofteritati  commcndare  ftuduifie.  Et  quo  firmius  ea  hominum  ani- 
mis  infigerent,  non  puduit  cos  fideribus  et  ctclo  fua  nomina  inferibere.  IHic 
enim  nobis  Aries,  Taurus,  Pcgafus,  Cctc,  Argo,  navium  nomina,  totidem 
Earum  expedicionum  teftes  refulgent,  quorum  lettrnis  ignibus  et  fulgore  Phrc- 
nices,  Cretenfes,  Corinthii,  'I  bclfali  induftriam  fuam  poileris  teflatam  fecerunt. 

Et  fane,  quam  certnm  eft,  ab  his  fingulis  navium  alias  atque  alias  formas  ad 
expeditiorem  curfum,  aut  onerum  fubveiftiones,  aut  mcrcium  exagogas,  efle  ex- 
cogitatas,  quemadmodum 

etiam  qutedam  nunc  artes  cxpoliuntur, 

Nunc  etiam  augefeunt : nunc  addita  navigiis  funt 
Multa: 

tarn  indubitatum  quoque  nobis  eft,  primam  navis  fabriram  a Noacho,  Dei  ipfius  ]>  «rei  No- 
juffu,  ejus  podifmum  et  fpatia  metante  fuifle  inftitutam.  Cum  enim  lurmanum  >chi. 
genus  a majorum  fuorum  inftitutis  difeefliflet,  et,  deferto  divini  numinis  vero  et 
iegitimo  cultu,  ultimam  improbitaiis  et  fcelcrum  omnium  lineam  tranfiliilfet,  ne- 
que  concionantcm  monentcinque  Noachnm  audiret : fed  divini  fenis  monitis  in- 
fuper  habitis,  etiam  in  dies  in  pejus  ruerent,  et  ab  omni  virtute  pedem  retro  re- 
ferrent : tunc  demiim,  tanquam  malo  inveterato,  et  rebus  defperatis,  Deus  ipfe, 
ut  hanc  improbitatem  sternis  tenebris  damnaret,  Noacbum  ad  .awniyuw  inftruxit, 
et  quemadmodum  unumquodque  fieri,  et  mundi  depofitum  cuftodiri,  vellet,  ■ 
oftendit : quae  animantia  in  femcn  refervari : quotque  fingulorum  generum  in 
arcam  admitti : ubi,  et  quemadmodum  ftabulari  oporteret,  edocuit.  Seculum 
integrum  duravit  ea  navigii  molitio,  quam  a forma  x/Cvtm,  Arcam,  dicimus.  . 
Corporaturam  et  arcs  modum  Deus  quoque  ipfe  prxfcripfic.  Trecentorum, 
inquit,  cubitorum  efto  areas  longitudo,  quinquaginta  latitudo,  et  triginta  alt i- 
tiido  ejus;  ampliffimo  fane  et  maximo  fpatio ; ut  podifmus  ejus  e longitudine 
et  latitudine  major  fcfquijugero  Romano  deprehendatur.  At  forsiin  hominibus 
quibufdam  nimium  curiofis,  quofquc  divina  opera  ad  luimani  cerebri  normam 
cxigere  nihil  pudet,  ifia  minus  fidei  habere  videantur,  fi  hanc  molem  ad  noftri 
xvi  navigia  conferamus ; et  partium  fymmetria  infuper  baud  fairs  ad  itlam 
confuetudinem  apta.  Atqui  ludibria  regum  in  mari  lafcivientium,  qui  trire- 
mes luforias  et  cubiculatas  exftruxerunt,  fatis  fuperque  (idem  facient.  Hi 
enim,  ifto  exemplo  baud  dubio  incitati,  earn  fabricam  funt  aemulati : nam  et 
hsec  area  quoque  a profanis  feriptoribus  lilerarum  monumentis  fuit  celebrata  ; fi 
quid  Jofepho  credimus,  qui  Berofi  Chaldsei,  Hieronymi  -£gyptii,  Mnafese, 

Nicolai  Damafceni,  ahorumque  complurium  autoritatem  appellat.  Atque  hinc 

faftiim 
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factum  arbitror,  quod  Ptolomseus  Phitadelplms  ( qui  ftudioltflimi  munificentifc 
limam  bibliothecam,  libris  undique  maxim!  impend!  conquifiiis,  indruxit)  ad 
xivtulationem  divini  opcris  maxima  navigia  conllruxerit.  Memoriae  enim  pro- 
ditum  elt,  cum  o nines,  qui  ante  fe  fuerani  reges,  navium  copii  ct  magnifi- 
ccnlii  fuperavilfe  ; inter  qua*  ceteris  pradabant  Tp*axj*Trpn<  K»,  tuanpit  fdm, 
nam  aliarum  numerus  erat  infinitus.  Sed  et  Ptolomastis  Phi'opator,  hujus  ne- 
pos,  navigii  magnitudine  cum  longe  fuperavit.  Unius  autem  menfuram  & 
X)e  magni  CallixetlO  Athenzus  ita  cxpredit  : Ttteapaxctlspn  vav»  xaruntiJaeia  o $i>.^irarw£, 

naviPlok)mjri  T(J  lymtr  iiam-elun  oytJcrxoyla  wxyjm,  oxrj  tTl  x*»  Tfttaxovtx  at xq  xxpoSs  lit  xmqoin^ 

St  tut  ct* prellu  Tifffxpalxt-.'U  oxtu  xxyy»,  Ptokm/eus  Pbilopator  navert i qua* 
draginta  trdinum  eouj/ruxit,  longam  ducentoj  et  ofteginta  citbiltj,  latam  itttrtk  ft- 
ros  o’lt  et  triginta , alt  am  ad  acrtftoHon  ufqm  etlc  et  quadragmta,  & puppt  at- 
test jttmmd  ad  mare  ujqut  cubitos  tret  et  quir.quaginta  ; aim  in  mari  curfum 
expediret,  recipiebat  remiges  quatcr  mille  et  amplius,  mimttros  quadringrntos, 
milites  rl.illiarios  feri  ter  mille,  prater  aliam  hoininum  turbam  fub  tranftris,  et 
pratcrea  commeatum  maximum  ; materies  ad  hanc  unam  comportata  f.uts  fuif. 
let  faciundis  triremibus  quinquaginta.  Idem  Phiiopntor  aliam  quoqtie  locavit 
faciundam,  quae  in  Nilo  navigaret,  $*xit*.vyt>  cubiculatam,  longitudme  dimidii 
(tadii,  qui  funt  pedes  trecenti,  latitudinc  cubitorum  triginta,  alcitudine  fere 
quadraginta ; rcliquum  porrd  ornatum,  partium  fingularum  dtfpofitionem  et 
Dc  magni  commenfum  ibidem  videto.  Verum  has  omnes  facile  fuperaverit  Hu-ronis  Sy- 
ravi Hicroui,,  racufarutn  tyranni  navis  ilia,  ApyturSm  l yiuul rptt  horhn,  cui  faciund® 

Syriculwuaa  Archimedes  erat  pixfeftus;  ejus  molis  amplitudinem  et  fabricani  Molchion 
rigls‘  integro  tibro  huic  rei  dicato  explicavit ; trecentis  enim  operis  fabricatn,  prater 
adminiftros,  tradlantibus,  ad  cam  faciundam  fexaginta  triremium  matena  fuit 
congeda;  et  navis  corporatura  ita  intits  diftindta,  et  in  fuas  fedes  tributa,  tit  re- 
migtbus,  nautis,  militibus,  veftoribufque  reliquis  recipiundis  cuique  fua  loca, 
et  lua  receptacula  eirent  affignata.  In  hie  ea-lem  navi  erant  pratcrea  varia  coe- 
nacula,  ctibicula,  ambulationes,  horti,  pifeium  vivarium,  eqnilia,  Scholafteria, 
Veneris  templum,  balnea,  clibani,  culin®,  mol®,  et  alia  compluria  : et  hxc 
inids  quidem.  Ini'upcr  navis  ipfa  ferreo  vallo  circumdataj  et  turribtis  odto, 
duabtis  in  puppi,  totidem  in  prori,  reliquis  autem  in  lateribus  difpofitis  munira; 
fuper  navi  foils  murus  erat  cum  propugnaculis ; er  in  muro,  turribtis,  ac  car- 
chefiis  per  totam  navem  multx  machin®  bellicse  erant  difpofit®  : et  inter  relt- 
quas  una,  qu®  (ax um  trecentarum  librarum,  atque  fagittam  duodccim  cubito- 
rum  ad  ftxcentorum  pedum  intervallum  vibraret ; et  ne  omnia  nimts  fcrupulole 
perfequi  videar,  leftorem  ad  Athenxum  remittam,  unde  plura  ad  fatietatem  et 
ftuporem  ufqtte  de  hac  eadem  navi  ligillatim  tibi  petcre  licebit;  et  quidem  ita, 
ut  nobis  non  navis  pidhtra,  fed  cadelli,  aut  urbis,  vel  inful®  alicujus  deferiptio 
ante  oculos  poni  videatur  : 

pelago  credas  innare  revulfas 

Cycladas,  aut  monies  concurrere  montibus  altos  ! 

Tama  mole  viri  turritis  puppibus  indant. 

Hanc  tamen  Syracufiam  iixaV*pi»  Romani  etiam  fiiperavifle  videntur  fabricatis 
navibus  ad  obelifeos  ab  Alexandria  ad  Oftiam  ufque  tranfvehendos.  Super  omnia 

(inquir 
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Plinius  lib.  36,  cap.  9,)  acceffit  difficultas  mari  Romam  devehendi,  fpeftatis 
admodum  navibus.  Divus  Auguftus  priorem  advcxcrar,  miiaculique  gratia 
Ptitcolis  navalibtts  perpetuis  dicaverat ; fed  incendio  confumta  eft.  Divus  Clau- 
dius aliquot  per  annos  affervatam,  qua  Cajus  Caelar  importaverat,  omnibus  qux 
in  mari  vibe  l'unt  mirabiliorem,  turribus  Puteolano  ex  pulvcre  cxxdificatis,  pro- 
dudlam  Oftiani,  portiis  gratia  merfu.  Rem  navalem  de  naviurn  generibus, 
parti  bus,  ornaui,  armamcntis  fans  fpiffo  volumine  prolecutus  eft.  Lazarus  Biy- 
fius,  vir  doiftifiimusi  fed,  ut  ipfe  fibimet  haud  ufquequaque  fatisfecill’e  videtur, 
ita  non  pauca  ad  accuratiorcm  judicii  limam  ftudiofus,  credo,  ledor  exigi  pof- 
tulabit.  Maxime  in  biremium  ct  triremiuin  delcriptione,  et  illis  qux  triginta, 
quadraginta,  aut  quinquaginta  ordinum  altitudine  confurgum.  Sed  cum  et 
hanc  controvcrfiam  felicilTima  et  erudita  manu  explicaverit  vir  fummus,  et  vere 
unicus  noftri  feculi  Phcenix,  Jofephus  Scaliger,  totum  locum,  atque  adeo  il- 
luftiem  illam  eclogam  hue  tranferibere,  in  tuam  gratiam,  non  pigebit : dignus 
cnim  eft,  qui  non  uno  tantum  in  loco  legatur. 

Igitur  prima  triremis,  five  (inquit)  Corinthi  fabricata  eft.  Antea  enim 

longis  navibus  tartthm  utebantur.  Prima  longa  navis  fuit  ea,  quae  Argonautas 
vexit,  ut  Plinius,  et  alii  fere  omnes  veteres  feribunt.  Nos  hodie  id  genus  Ga- 
lt as  vocaraus,  et  primuin  illud  nomen  obtinuit  adhuc  vigente  imperio  Conftan- 
tinopolitano.  In  Tadticis  enim  legimus,  porrfm.  Noftrx  enim  Galex, 

et  veterum  naves  erant  uomftis,  hoc  eft,  uno  verfu  remorum  agitabantur.  Quern- 
admodum  enim  ir-jfyfy  pmij, «,  rprj.it,  a numero  labulatorum  dicitur, 

qui  aliter  srCfytt  jioijriyot,  lirryxt  rprtytf,  ita  et  J.itjr;,  rpr.fnf  dicia, 

qua;  totidem,  ut  ita  loquar,  tabulatis  conftabat,  ac  proindc  (otidem  utrinque 
•ordinibus  remorum.  Quum  igitur  differentiana  navium  longarum  conftituat 
numerus  ordinum,  prima;  in  ufu  fuerunt,  qux  unum  tantum  remorum  verfum 
babebant.  Duplex  verb  earum  conftituitur  differentia,  a numero  remorum,  ct 
a numero  ordinum.  Qux  it  numero  remorum  dicuntor,  earum  nomen  tcrini- 
natur  in  Cjcs,  lixoVofo;,  tjixxovtojt;,  Tfrlatti XOKT ajet,  inxIitKoirojof  ■ Qux  vero  a nu- 
mero verfu um,  in  amt,  povrjiw,  Jill fat,  Tfiiajac,  Tlrrrtrt,  xnrrprt.  V etUS  auttor 
Taxlixt*  ad  ealeem  /Eliani  : a tjioxwtO(i>;  ical  fffirsifaxoVrofoc,  xj  7T..Trxcvr&r&t  Keyirni 
xara  to  vXr^o;  tuh  xanrZ»,  r povxfirc,  x)  j.njrc,  x,  if ipit,  x«U  roar  ( tow  xxls  to  uJa-c 

Jt’  oixxxXoit.  Sed  feito,  citra  ilxoeop.i  non  polfe  componi  nomen : hoc  eft : non 
dicebatur  quot  remorum,  fed  quot  fcalmorum  elfet,  ftquidem  minus  haberct, 
quam  vicenos  reitlOS.  viAxaiJfxavxoXftot,  iuiixaax Ut  Tt u*tk» 

Straboni.  Eft  enim  mtaxpit,  paxillus,  ad  quern  alligatur  remus.  Qoare  aba 
mentc,  ut  multa,  aEfchylus  Perfus  wiit  Tfi-KaXpoi  pro  triremibus  dixit : quum 
TjiirxaAptQ?  raij;  tantum  diet  poffit  qux  trinis  remis  agitatur.  Erat  et  alia  differen- 
tia, ut  naves  citra  magnitudinem  alicujus,  ex  dicerentur  lyuoXtai,  ut  qux  inter 
magnitudinem  Tjiax«Tcf«,  ea  dicebatur  Tf.axevlvfot,  major  quidem  quim 

%x«r«f«t,  minor  \e>o  quam  Tjiaxwrojot.  Sic  qux  citra  magnitudinem  Tpxaxt,  ea 
dicebatur  tjitjxj  xpuoxia.  Nam  to  ipisxio*  continet  affem  cum  femiffe.  Ideo  tjit- 
pxf«xia  erat  magnitudine  Tat  Juifoet,  et  prxterea  aliquanto  amplior.  Neque  verb 
necefie  erat  cxacte  dimidium  accedere,  non  magis  quam  in  icmitonio  mulico. 
Tonus  enim  bifanam  non  dividitur.  Quate  ut  dicitur  iyu&wt  *x;,  lie  eadem 

Vo l.  IV.  S con- 
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cortftru&ione  tjitmk,  fed  non  cadem  rationc.  Nam  pot i us  dici  debuerat 
i.ipvt  utpote  qua:  magnitudinc  Anfsr  efl'et,  aut  aliquanro  major.  Sed 

ufus  obtinuit,  ut  potius  vocaretur  ab  ea,  a cujus  magnitudinc  proximo  abefl'et, 
quam  ab  ilia  quam  non  foium  sEquabat,  fed  eukm  aliquS  parte  fuperahat.  Ha; 
igitur  naves  ilxiVefei,  rpsxorT^M,  irjwxxorropoi,  folze  G rx-cis  in  ufu  pnmu:n  fuerunt, 
ad  illnd  tifquc  tempos,  quod  hie  ab  Eufebio determinamm,  earumque  rjxiai.iau. 

Hujiis  generis  invenium  Sidoniorum  eft.  Graxi  ante  expeditionen:  Jafonis 
Coichicam  id  genus  non  icntarunt.  Unde  ejufeemodi  naves  Hdjuat  Guccis  di- 
cebantur.  Euripides  in  Helena  : 

Xifii  vu,  xxl  »xur  tcT;Ji  !TOTXXC.TC33» 
il;t  xgVfT'AWP  'irifXTa;. 

Fas  diximus  c(Te,  quas  Graxi  psixpir  »*uc,  nos  Galeas  vocamus : qualis  Jafonia, 
qua:  TinTxirofsr  fuit,  ut  ex  ntimero  Argonantarum  conftat.  Nam  ipfi  Heroes 
fuerunt  aJricrrai,  ut  omnes  feiunt.  Unde  Scrcno  Poet*  Hercules  drclus  Scmi.c- 
mex  Hercules : quod  retnex  quidem  inter  Argonautas  effet,  fed  imperitos,  ec 
ci  muneri  inept  us.  Alii  plures  Argonautas  numcrant.  Ideo  x-inrxowo'e* 

Tar  A‘{y»  foifle  necellarium  elf.  Quare  Theocritus  in  Hyli  rficuuHa^-ytt  A’pyti 
dixit  : hoc  eft,  ignxwTopov,  utrinque  tricenis  remigibus  impulfam.  Earum  na- 
- — — — vium,  quae  pluribus  remorum  verfibus  agebantur,  videtur  Tricres  prima  fuilfe 
qua:  dirfia,  ut  monuimus,  a numero  tabulatorum,  x<il«  rout  njp*  toix  kxtx  n "jxK 
iir'  «AXiix*{,  ut  ait  ille  vetus  Scriptor  Taxlixi* : fecundum  versus  alium  alii  juxti 
altitudinem  incumbentes.  Itaquc  imus  ordo  erat  propior  aquae,  fupremus 
propior  foris  navis,  medius  inter  imum  et  fupremum.  Remiges  imi  versus 
bax*ii7rtu  dicebantur,  medii  £uymu,  fupremi  Eadem  etiam  navigia  di- 

Lanri  Ba  fii  cuntur  Tfotpola.  Biremis,  five  vel  lixfir*  formant  ex  vetC'- 

erroro,  fuper  ribus  marmoribus  exhibet  Bayfius,  et  fatetur,  earn  eflc  veram  Bircmcm  veterum,. 
bic  materia,  in  quit  fuperior  ordo  ternis,  inferior  binis  inftruftus  eft.  Deindc  alias  duas  Bi- 
remis formas  profert,  quarum  uterque  ordo  quaternis  remis  conftat.  Earn,  ut 
diximus,  veram  Biremem  credit  eflc.  Sed  (vide  dcfultoriam  fententiam)  pro- 
pofita  etiam  forma  verx  Triremis,  ex  veteribus  Romse  monimentis,  cam  negat 
, efle  Triremem.  Certe  fi  altera,  ut  ipfe  fatetur,  eft  Biremis,  quse  duplici  remo- 

rum verfu  inftrutta  eft ; h*c  ab  e&dcm  caufit  Triremis  fuerit,  qua;  triplici  re- 
morum verfu  pratdita  eft.  Et  contra,  fi  hxc  non  eft  Triremis,  fallb  altera  Bire- 
mis ab  eo  credita  eft.  Quis  putaret  tanto  viro  tarn  abfurdam  fententiam  exci- 
difle?  Caufam  jocularem  prsetendit.  Quia,  inquit,  fi  3p*wr»i,  SaXap* 7rai, 

a triplici  verfu  remorum  dicti  funt,  quomodo  in  Juipn  erunt,  qua:  duos  tamum 
verfus  habet,  aut  in  Tivlrpo,  hrlxpn,  qua:  plures  ? Huic  object  ioni  et  puer  oc- 
currcrit.  Nam  in  Jirpn,  infimi  ei  fuperiores  funt  tantiim,  nulli  autem  medii. 
Neque  enim  necclfarium  eft  ut  gvynou  adfint ; fed  cum  funt  plures  ordines  duo- 
bus,  fernper  medii  funt  |uy~«u,  infimus  et  fupremus  ordo  funt  femper  SaXxpircu 
et  Si  major  pars  Komanorum,  prsenomen,  nomcn,  et  agnomen  h»* 

bebant,  non  ideb  fequitur,  ut  omnes  habeant  agnomen.  Quid  ergo  adfert  novi 
ad  illam  objedlionem  ? Rem  ridiculam  ac  tanto  viro  indignam.  Dividit  navem 
in  tres  partes : a prora,  ad  malum  : a malo,  ad  initium  s'xperoA,u» : inde  ad 
fummum  apluttre.  A prora  ad  malum  S^xuVat  vocac ; hinc  ad  initium 
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axporoxlw  fair xt : indc,  ad  fummum  apluflre,  SxXxu.'rxt.  Si  excmplum  Areta- 
logorum,  qui  pro  commentariis  Tomorum  decurias  edunr,  feqtii  veilcm,  ncque 
temporis,  neque  chart®  fatii  eftct  tarn  puerili  commento  confutando.  Sed 
omiflis  ineptiir,  au^tor  Taxlixuy  dixit,  xxtx  ><yjs  t«;  x*l*  t»  iir  tixxxxt *t ; non 
dixit,  xxr*  puixot.  Quid  melius  cjus  commcnium  eluferit  ? r.'^i  x-jiriy  aliod  clt 
quam  x/txi,  et  xxtx  n quam  xxtx  to  Vegetius  de  quinqueremibus  ! 

Quin's  Joriiuutur  remigum  gradus.  Si  gradus,  ergo  in  ahum,  non  in  longutn. 

Virgilius  ; 

— — triplici  pubes  quam  Dardana  verfu 
Impcllit,  triplici  confurgunt  ordine  remi. 

Sane  confurgentcs  remorum  ordines  dici  non  poflunc  dc  longitudine ; longitudo 
jaccc,  altitudo  confurgit.  Idem  dixit  Lucanus  de  Quadriremi,  lib.  iii : 

Quofque  quater  furgens  extruili  remigis  ordo 
Commovet,  et  terno  confurgunt  ordine  remi. 

Extnitftos  remi  gum  ordines  non  portumtis  accipere  in  porre&um.  Hoc  enim 
non  eft  exiruere.  llluftris  locus  ille  eft  in  cxcerptis  Mcmnonis  apud  Photium  : 

xxi  oxtt prt  pi*  li  Xioylo^ofi^'  x*Xxpen,  x fxiySu;  ivfx*  x)  xoXXhc  fxiar*  tit  Sxj/xx.  it  t*utx 
yxc  f pay  avfptf  txaloyroi^ci  ut  u ix  S*t »pa  picket  yu/erixt,  txaTipuy  ft  yiXuti  xai 

ijaxsirint-  Octeres  didta  ab  ofto  utrinque  remigum  verfibus,  centenis  remigibus  in 
unoquoqne  verfu  : ut  eflent  in  univerlum  bis  odingenti  remiges,  hoc  eft,  mille  et 
fex  centum.  Quid  diceret  hie  Bayfius  ? Oidingentos  homines  in  porreftum  erte  ? 

Aut  quid  fi  non  hoc?  Sed  illarum  navium  prodigiofa  moles.  Ad  Triremes,  or-  Dc  Triremi- 
dinarium  et  uficatiflimum  navigium,  revertor.  Thranitarum,  id  eft,  fupremi  ordi-  bu*‘ 
nis,  remos  longiores  erte,  quam  Zygitarum,  et  horum,  quamThalamitaruin,  ra- 
tio convincit.  Thalamitse  enim  erant  propiores  aqua,  inde  eorum  remi  xoXoSol 
erant  et  non  longi.  Lucanus  in  deferiptione  nit  t£nf»t : Summis  Itmgi  ptlit  aquora 
rents.  Intelligit  0p*n1ix*t  xwarat,  quas  omnium  longiflimas  fuifle  necefle  eft.  Ita- 
que  01  Sfawrai  tnajus  ftipendium  percipiebant,  quam  Thalamita.  Scholia 

B*T£*j£uy'  0.  et  $*X*«*xit  cXeyey  t>.*x£xicy  p.G'trey,  3 1*  to  xoXoSaif  y.rzJzi  xwirxif 
WXfX  T*f  *>.X*t  (Tfnt)  T*j-[lt  TXT  iptTWiT,  0 ti  poXAov  lyy-t  I IT  1 TX  SJ*T©\  Way  ft  Tjnt 
T*£nt  tS»  ifiT/M/,  xai  r pity  x*Td  S*X*pi~T«i,  r,  ft  ptm  £uy~T*i,  r Ji  *>u  3pxv~txi. 

Hadtenus  bene.  Reliqua,  qua  fequuntur,  flint  iliis  optimis  Scholiis  infardta 
ex  face  lequioris  feculi.  Opxvmjc  ovy  o spot  txv  irfupiyay,  ?|vyifr,i  o ptTct,  SxXxp.rrt  i 
srpit  irfxpx».  Ad  hoc  praclarum  oraculum  Bayfius  ptllibus  incubuit  ltratis, 
fomnoique  petivit,  unde  illud  fomnium  fuum  proiuiit  de  nave  in  porredhim  tri- 
fariam  dividenda.  Ilia  quoque  vox  (tjimt)  inclufa  virgulis  delenda.  Hac  lunt 
qua  de  triremibus,  et  aliis  vetcrum  navibus  in  tabulata  confurgentibtis,  brevi- 
ter  ac  pro  loco  et  temporis  anguftiis  dicere  potuimus.  Duo  font  qua  fatis  mi- 
rari  non  poflum  ; piimum,  quomodo  finguti  homines  tani  longos  remos  tnnliri 
poftent,  quum  in  noftris  Galeis  aliter  fieri  videamus.  Nam  in  ilia  immant 
oiftere,  ctijus  Memnon  mentioncm  facie,  finguli  homines  tantum  remis  adhibe- 
bantur.  Et  tamcn  quo  plures  erant  verfus,  eo  longiores  fupremi-oidmis  remos 
fuille  necelfe  elt.  Alterum,  ctijus  non  mediocris  nobis  inceflit  admiratio,  eft 
moles  Hexcrutn,  Decerum,  et,  ut  Plinius  feribit,  ttiam  illarum  qua  ad  i j,  20, 
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30,  40  et  50  ordines  remomm  conftrudx  funt.  Quomodo,  inquam,  eas  in 
bello  moliri  portent  ? Unde  tam  longse  arbores,  qua:  Thranitarum  remis  fuffice- 
rent  ? Virgiiius  quoque,  qiias  in  pugnfi  Adiaca  cgit  Antonins,  Cycladibus 
comparat.  Idem  etiam  fcribit  Dio.  Si  vertim  crat,  quod  Bayfius  fomniavit, 
reraos  in  porredum  expanfos,  non  in  altitudinem  cxtrudos  fuiffe,  quo  major 
remorum  numeral  forct,  eo  cxpeditior  fuiflet  Triremis  Bircme,  Tetrcrcs  Tricre, 
Pentcres  Tctrere;  atqui  contrarium  apparet  ex  Floro,  libro  4.  de  illis  Cycladi- 
bus  Antonii  et  Augufti  in  clafle  Adiaca  : Nobis  quadringentx  non  amplius 
naves,  ducentx,  non  minus,  hoftium  j fed  numerom  magnitudo  penfabat : 
Quipped  fenis  in  novenos  remorum  ordinibus,  ad  hoc  turribus,  atque  ubu- 
latis  allevatx,  caftellorum  et  urbium  fpccic  non  fine  gemitu  maris  et  labnre  ven- 
torum  ferebantur  ; quse  quidem  ipfis  moles  exitio  fuit.  Cxfaris  naves  a trire- 
mibus  in  fenos,  non  amplius,  ordines  crcverant.  Itaque  habiles  in  omnia,  quae 
Finis cxcrrpti  ufus  pofccbat,  ad  impetus,  et  recurfus,  flcxut'que  capiendos,  illas  graves  et 
**  Jofrphi  ad  omnia  praspeditas,  lingulas  plures  adorta:  milfilibus  ftmul  cum  rotlris,  adhoc 
Scaligen  li-  jgtfibus  jadis,  ad  arbitrium  diflipavere. 


Bircmium  duanim  et  unius  triremis  quarum  hie  fit  mentio,  et  qux  omnino 
verse  funt  effigies,  hue  ex  Bayfio  tranftuli,  ut  inde  facilius  navium  pluribus  or- 
dinibus I'urgcntium  molcm  et  altitudinem  animo  compledi,  et  cogitatione  affc- 
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qui  poflis.  Unum  illud  quod  Scaliger  miratur,  quomodo  Gnguli  homines  tam 
longos  remos  moliti  poflint,  ex  Athenteo  difccs,  in  defcriptione  navigii  a Plii- 
lopatore  Ptolemso  conftrutfti  ordtnum  quadraginta.  K»or  ei  Qfxii'nxx;  oxru 

T.'ixxotlx  rif  fxiyvae,  'ai  o\«  to  lyjw  iv  T«f  byyjiptihi;  xxi  ytya/nxi  Xi zv 

itcu  pxpitxt  xxtx  tt,/  £uytww,  krif i*>  ir i rns  ygttxs*  Re  nos  autcm  in  Jupremo 

tbranitarum  vtrfu  babtbat  longiffmcs  tHo  el  triginfa  cubitorum , trallatu  el  re- 
migio  in  ufu  fccilcs,  quia  ob  plumbum  manubriis  addttum  inlronum  graves  tjjent  ; 
quare  pondus  hoc,  tanquani  in  librili,  cujus  hypomochlium  in  fcalmo  fit, 
expediium  praeftitit  remorum  ufutn.  Neque  tamen  inficias  ivcrim,  baud  ab- 
furdutn  mi  hi  videri,  binos  rcmigcs  longiffimis  his  rtmis  admotos.  Singulos 
quidem  certe  remum  fuutn  duxille  in  longi  navi,  ex  Argonauiarum  huloria 
difcere  eft. 

Dant  remo  fua  quifquc  viri,  dant  nomina  tranftris. 

Hinc  lsevnm  Telamon  pclagus  tenet,  aider  inde 

Occupat  Alcides  aliud  mare,  cetera  pubes 

Dividitur. 

Verum  in  tanti  mole  el  tot  ordinibus  exftrufla  illud  non  faus  affl-quor,  quomodo  ConjcAone 
non  altiiis  mtilto  aflurrexerit  ordo  quadragefirous : ut  thranitar  fummi  remo  dc  remigom 
oclo  ct  triginta  cubitorum,  cujus  pars  non  exigua  imra  navem  verfaretur,  mare  °g~ 

potuerint  fuis  palmulis  ferirc.  Quod  ut  clarius  fit,  pofito  abaco  calculum  ex  to™ m^dirtan- 
i'entemia  fubducam  ; hominis  fedentis  altitudo  ab  ofie  facro  ad  furomum  capitis  tiis  u fc  invi- 
verticem,  fi  modice  lumas,  tribus  pedibus  Romanis  non  eft  minor:  atqui  utcero- 
aflurgas,  et  totis  viribus  remum  adducas,  id  fieri  nequit,  fi  in  folo  cruribtis 
porretflis  fedcas,  fed  aliqua  altitudine  fedilis  opus  eft  : hinc  igitur  pes  unus  ac- 
cedat  pofitae  ahitudini,  fiunt  pedes  quatuor ; tantoque,  ut  minimum,  intervallo 
tranftrorum  altitudo  disjungi  debuit.  Certe  fi  quatuor  pedes  quadratics  fumas, 
confiantur  pedes  centum  fexaginta,  quo  intervallo  thalamitx  remiges  infimi  a 
thranitis,  qui  in  fummo  remigabant,  inter  fe  efl'ent  disjunfti ; et  propterea  al- 
titudo, qua  a foris,  ct  fummis  lateribus  navis  ad  mare  pertingeret,  longc  adhuc 
major.  Atqui  conftat,  hanc  navem  a fumma  puppe  ad  marc  ufque,  tantum 
futile  altitudine  cubitorum  trium  et  quinquaginta,  in  lateribus  autem  multu 
miuore.  Ipfe  Athenseus  ab  acroftolio  odlo  et  quadraginta  prodidit;  qui  func 
pedes  tantum  duo  et  feptuaginta  ; ut  neutiquam  dimidiam  habucrit  earn  altitu- 
dinem,  quam  nos  fupra  conflaveramus.  Thalamitse  quidem  certe  aqus  pro- 
piores  brevioribus  utebantur  rctnis,  ct  ideb  pars  remi  interior  a fcalmo  ad 
manubrium  minor;  et  ipfi  in  tranftris,  navis  lateribus  admodum  vicini,  quan- 
toque  unufquifque  ordo  aliius  afturgerer,  tanto  longioribus  remis  opus  crat, 
et  ad  eos  molicndos  longiore  radio,  ct  i fealmis  diilantia  j ut  hoc  ordinttm 
recelfu  aliquid  loci  accelferit  inferioribus,  ct  inferioris  remigis  vertex  abfquc 
impedimento  altitudine  peflus  proxime  fuperioris  ordinis  tequare  potuerit  ; 
maxi  me  verb  cum  alternis  ordinibus  ita  remt  fint  ordinati,  ne  omnes  ad  lineam 
per  fua  columbaria,  tanquani  ad  perpendiculum  exerti  ftbi  mutub  eflent  irape- 
dimento  : fed  alternis,  ut  in  pofleffionem  hoc  paflo,  quali  in  vacua  maris 
parte  mitterentur  : tdque  ita  in  plurium  ordinum  navibus  accurate  oblcrvatum, 
vero  videtur  non  abfimile ; quoulque  remus  fuperior  et  longior,  inferiori  et  bre- 
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viori,  pod  tertium  aut  quartum  ordinem  amplius  impedimento  elle  non  poflet. 
Et  navis  qnidem  ipfa  hoc  pafto  tanto  remigio,  et  toe  navalibus  pedibus  conci- 
tau,  per  mare  curreret.  1 Hud  verb  etiam  ad  hujtts  nodi  folutionem  palmaritim 
m:hi  videtur  : quantumnam  cjufJem  ordinis  remigum,  ipforum  inter  ipfos  in- 
tervallum fuerit : ea  enim  res  percepta  omnem  caliginem  amolietur.  Ego  qui- 
dem  illud  obfervavifle  mihi  videor,  tranilra  non  in  omnibus  navigiis  eotlem 
intervallo  difllta ; fed  alibi  longius,  alibi  propius,  a fe  mutub  abfuilfe.  1'dque 
duarum  argumento  oftendam.  Philopatoris  quadragintaremis  a remigibus  qua- 
tcr  mille  incitabatur  j qui  numerus  per  quadraginta  divifus  dabit  centum  remi- 
ges;  et  ideb  in  fingulis  lateribus  quinquaginta  in  porredum.  Atqui  hoc  navi- 
gium  erat  a8o  cubitos  longum,  qui  font  pedes  420 : hinc  ob  carinre,  et  tro- 
piJis  curvaturam  in  prora  et  puppe  deducantur  60,  reliqui  360  per  numenim 
remigum  40  divifi,  dabunt  fingulis  fpatium  moliendo  remi  manubrio  pe.lum 
novem  : cum  corporis  et  brachiorum  agitatio  in  adducendis  remis  quatuor, 
aut  quinque  pedum  interfealmio  duntaxat  opus  habeat  ; ut  intermedium  hoc 
fpatium  ordini  proximo  inferior!  lucro  aeccdat.  Atque  ita  in  fequentibus  porrb, 
alternis  vicibus  intervalla  paria  aptando,  ut  fupra  in  cxprcHa  hac  triremi.  Ac- 
qui  quod  omnem  fidem  exccdat,  neque  fails  ipfe  demit ari  poffum  ; cerium  eft, 
thalamitas  a thranitis,  imos,  inquam,  remiges  a fupremis,  in  hac  tefleraconteri 
minus  quadraginta  pedum  altitudinc  fuiilc  disjunflos.  l'dque  ex  pofita  remo- 
rnm  longitudine  ita  difees.  Concipiamus  enim  triangultim  reflangulum  atqui- 
crurum,  cujus  hypotenufa,  feu  lams  reclo  angulo  fubtenfum,  fit  tpla  remi  ex- 
erti  longitudo ; altitudo  verb  fit  diftantia  a fealmo  ad  mare.  Conftit  enim, 
minore  ad  navis  latus  angulo  remi  molitionem  fore  nirnis  moleftam,  et  minus 
tradahilem.  In  hoc  igitbr  triangulo  quadratum  a crure  uno,  eft  dimidium 
quadrati  ab  hypotenusa;  remi  autem  lorsgitudo  quidem  univerla  datur  cubito- 
Tum  duo  de  quadraginta,  qui  funt  pedes  feptem  et  quinquaginta  : atqui  pars 
remi  a fealmo  ad  manubrium,  ut  commode  agitari  pofiit,  aliqurl  longitudine 
efle  debuif,  ct  ad  reliqtiam  partem  exertam  rationem  habere  tolerabilcm.  Efto 
itaque  ca  pars  pedum  tantum  feptem,  ut  quoin  parciffime  fumamus;  rcliquum 
igittir  a fealmo  al  mare  fuerit  pedum  quinquaginta;  cujus  quadratum  fit  2300, 
di  uid  uni  1250,  latus  hujus  dimidii  ell  minus  lex  ct  triginta  pedibus.  Ita  fin- 
guli  ordincs,  cum  ipsa  tranflri  cralficic,  vix  unius  pedis  intervallo  fucrint  dif- 
jundi : ut  nefas  fit  credere,  ltaec  tranfba  a remigibus  occupari  potuiffe,  nifi 
lorsan  eo%  tauqutm  haleces  ct  falfimenta,  ftipatos  intelligas.  Jam  rcliquum 
porrb  fpatium  fupra  thranitis  ad  navis  fores,  in  triclinia,  cubicula,  ct  alios  ufus 
tributa,  ac  dillinda,  non  erit  dubiutn  ei,  qui  Athensei  verba  paulo  diligentibs 
examinare  aninutm  induxerit.  Neque  adeb  ex  his  difiicultatibus  et  anguftiis, 
in  qnas  remoruni  menfura  nos  praecipitavit,  ulla  ratione  extricare  poffumus, 
mft  illud  conctdamus,-  ordines  imos  rarioribus  remis  incitatos,  fummos  pluri- 
1 us ; et  prac.erea  aliquam  partem  rcccfllii  ftiperiorum  concedamus,  qui  longio- 
ribus  manubriis  fuos  remos  molirentur.  Er  hac  via  illud  efiici  video ; has  quippe 
moles  duntaxat  ad  oflentntionctn,  nulli  ufni  finite  inflitvttas ; quod  utique  vc- 
rifiimirm  ell.  At  in  Memnonis  apud  Photium  excerptif,  oderis  Ptolernci  Cc- 
iauni  lacilicrcm  habet  explicaiioncm,  ubi  numerus  remigum  etiain  ior.gc  major 
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eft,  centum  nempe  in  vcrfum  : fiutque  hie  remigum  numerus,  illius  dnplus 
fefquialter ; et  ideo  tranftrorum  in  altitudine  diftantia  paulo  ftieric  major:  nam- 
que  hie  ob  multitudinrm  remigum,  inferiorcs'fupqrionbus  omninb  fubjici  po- 
tuerunt.  Si  in  hac  oderi  diftantia  tranftrorum  in  fingulis  ordinibus,  ct  eodem 
verfu  tanta  fuiflet  quanta  in  ilia  teflaraconteri,  longitudo  hujus  oderis  facile 
900  pedes  exaequaflet,  et  plus  quam  dupla  fuiflet  illius  ; quod  nemini  fano  in 
mentem  venire  pofle  crediderim.  Q^amobrem  tit  hujus  longitudo  minor  quidem 
fuerit,  quam  illius  quadraginta  ordinum,  ita  diftantia  inter  thalamitas  imos  et 
thranitas  fupremos,  non  fuerit  multo  minor  quadraginta  pedibus,  ut  inter  An- 
gulos ordincs  quinque  pedum  diftantia  intercedat.  Sin  autem  minus  aflumas  in 
fingulis,  et  huic  fumma:  ideo  aliquid  quoque  deceder.  At  ilia  tcflaraconteris 
tantum  oftentationis  gratia  fail  a videtur,  cum  vix  loco  fuo  moveretur,  fed  tan- 
quam  tedificium  fuis  fedibus  affitum  haereret.  Magis  mihi  placet  Archimcdis 
induftria,  qui  tantiim  vigintiremem  in  majure  navigio  conftruxerir,  qua:  adeo 
vafta  mole  etiam  concinnius  expeditiufque  per  mare  curreret : nam  Syracuiis 
Alexandrian)  ufque,  onufta  frumento,  Ptolomteo  regi  dono  miflfa  eft.  Verum, 
ut  diximus,  ifta  ludibria  tantiim  fuerunt  regtmi  in  mari  lafcivientium.  Atquej 
ha:c  quidem  de  inventoribus,  magnitudine,  et  forma  navium  nunc  utcunque , 
dixiflc  fufficiat.  Supereft  ut  doccamus  quemadmodum  curfum  in  medio  mari  < 
regere  inftituerint,  ' 

ixmex  Kwut  uKxxot 

Ti^AtfSVTK,  arici)  Ttoem* 


ubi  nulla  pedum  apparent  veftigia,  qute  fccuti  opt  at  urn  iter  tenerenr,  ct  ad 
portus  deftinatos  pervenirent.  Certe  fans  conftar,  iftos,  qui  primi  maria  ten- 
tare  auft  fuerunt,  ei  fc  timide  commififle  ; ct  tantum  littora  legerc,  ncque  e ter- 
rarum  confpedu  longiits  ufquam  difeedere  folitos  : ut  node  ingruente  in  portutn 
fe  recipcrent,  vel  in  ipfo  adeo  littorc  quiefeerent. 


Sol  ruit  interca,  et  montes  umbrantur  opaci. 
Sternimur  optatse  gremio  telluris  ad  undam 
Sortiti  remos,  pafsitnque  in  littorc  ficco 
Corpora  curamus : fclios  fopor  occupat  artus. 


Quem  morem  ctiamnum  hodie  maris  mediterranei  accolat  ufurpant,ut  ingruente 
tempeftate  ftfe  versus  littora  recipient : cum  longe  fatius  fit  tunc  navem  alto 
mari  committere,  ubi  nulla  fluduum  agitatio  reciproca,  quibus  naves  quaflan- 
tur  et  diflblvuntur.  Poftqnam  vero  etiam  animis  ad  omne  periculum  obfirma- 
tis,  in  alto  mari,  in  navis  foris  et  tranflris  pernodari  coeptum  : tunc  etiam  tem- 
pora  navigationi  opportuna  notata,  ct  legibus  funt  definita  ; ut  qua  anni  tem- 
peftate naves  fubduci,  et  qua  in  marc  dcduci  expediat,  omnibus  definite  con- 
ftarer.  Ita  in  adis  Apoftolicis  cap.  27,  vidcs  navigations  tempus  periculofum 
et  intutu  in  cenfcri  : x^orro{  rdr,  ta  xAc ot,  J**  to  xou  ttv  aariiTa  r.er,  arx- 

{iXnWj&ai ; cum,  inquit,  jam  ejjet  tiavigatio  periculi  plena,  quid  tempus  jejunii 
(Judaici  intellige,  decimo  die  menfis  feptimi,  quo  hircus  expiationis  offereba- 
tur)  jam  jrxteriijjet.  Eandcm  anni  tempeftatem  in  anitno  habebat  poeta,  apud 
quem  Dido  ^iineam  fugam  molientem  increpitat : 

Quin 
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Quin  etiam  hyberno  moliris  fidere  clalfem, 

Et  mediis  properas  aquilonibus  ire  per  altum, 

Crudclis.  Quid  ? fi  non  arva  alicna  domofque 
Ignotas  petercs  ? et  Troja  antiqua  maneret  ? 

Troja  per  undofum  peterctur  claftibus  xquor  ? 

Nam  ex  die  tertio  Iduum  Novembris,  urque  in  diem  fextum  Iduum  Mariia- 
rum,  [id  eft,  a die  duodecimo  Novembris  ad  diem  nonum  Martii,]  maria 
claudcbantur.  Et  Plinio  quoque,  Ver  navigantibus  aperit  maria,  cujus  in 
principio  Favonii  molliunt  coelum.  Atque  tunc,  ab  eo  priinimi  tempore, 
mundus  in  fuas  plagas  accuratius  quoque  thbutus.  Ut  enim  decempcda- 
tores  in  terra,  agris  ad  ferri  rigorem  degrumandis,  mcridianum  et  cardinem 
fuum  deliguant : ita  milcri  ifti  undarum  liuctibus  ja&ati,  iigna  quse- 

rere  inftitucrunt,  unde  certi  ellent  quas  in  oras,  quo  vemorutn  llatu  ferrentur, 
ut  ita  regionum  maritimarum  fitum  felicius  cxplicarent.  Et  ad  hanc  rem 
quoque  coelum  ipfum  in  partes  vocatum,  ut  ad  ftderum  confpeduin  curing  re- 
gerent. 

— felix  ftellis  qui  fegnibus  ufum, 

Et  dedit  sequoreos  coelo  duce  tendcre  curfus. 

Phoenicum  ea  fuit  potiflimum  gloria,  qui,  ut  reliquos  mediterranei  mans  accolas 
• mercatune  et  mercium  exportandarum  ftudio  fuperavcrunr,  ita  fideralis  feien- 
tiae  gloria  illis  quoque  praecelluenint.  Et  Solcm  quidera  interdiu  fecuti  meri- 
diei  et  feptentrionis  plagas  haud  difficulter  difpunxerunt : noflu  autem  a Cy- 
nofura  toti  pendebant,  quod  ea  it  polo  proximo  abelict.  At  Gneci  latiore  fpecie 
content!  Helicen  Ipeflabant ; id  enim  pafsim  a veteribus  inculcatur, 

E/Te  duas  Arftos,  quarum  Cynofura  petatur 
Sidoniis,  Helicen  Graja  Carina  notet. 

Hujus  fiducia  freti  Tyrii  Sidonilque  non  folum  omnia  maris  mediterranei 
littora  frequentare,  et  ultimas  ejus  oras  adire;  fed  etiam  coloniam  extra  cjus 
ambitum  in  mari  Oceano  Gadcs  deduccre  auft  funt.  Horum  operi  hominum 
fapientifthnus,  rex  Solomon,  quoque  ufus,  aurum  lont;b  ex  Ophiro  per  mare 
zEthiopicum  petere  inftituit,  et  fuam  claflem  cum  clafte  Hirami  Tyriorum  regis 
conjunxit  . atque  id  quidem  tanto  tempore  ante,  quam  Taprobane  infula  in 
illis  panibua  vel  fando  Occidentalibus  elfct  innudita,  quibus  poll  tot  fccula  in 
admiratione  (it,  Annii  Plocami  libertus  teniptftate  in  earn  delatus.  Hie  igitur 
obfervatio  multa  ftecula  dunvit,  ut,  religiose  vitatS  tempeftatum  faevitia,  tantutn 
com  mod  is  illis  menlibus  navigarent.  At  pirata:  primum  cocgere  moms  periculo 
in  mortem  mere,  et  hiberna  expeiiri  maiia.  Nunc  idem  avarttia  cogit.  Nequc 
id  folum  in  mari  mediterraneo,  cujus  fpatia  brevifliino  tempore  percurri  poffunt, 
(In  tantum,  ut  Galcrius  a freto  Sicilitc  Alexandrian!  feptima  die  pervenerit, 
Bibulus  I’extl,  ambo  prttfefli ; eftate  verb  proxima  Valeiius  Maiianus  ex  Pite- 
toriis  fenataribus,  a Putcolis  nono  die  leniftimo  ftatu,  ait  Plinius  ; Itemque  Ga- 
dibus  extra  Herculis  columnas  Oftiam  feptimo  die,  a citeriore  Hifpania  quarto, 
a Provincia  Narbonenfi  tertio,  ab  Africa  altero  petveniri,  idem  prodit:)  Scd  in 
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ipfo  vaftifiimo  Oceani  maris  tequore  ; ubi  Hr  pc  aliquot  uaenfium  fpatio  nulla: 
ufquam 

Apparent  terra: ; ccclum  undique,  et  undique  pontus  : 

ubi  iliac  vcterum  de  ctclo  obfcrvationcs  non  fint  unius  affis;  ctnn  veniis  fcvi- 
entibus  mare  ex  imo  fundo  vertitur,  coadoque  in  nubem  acre,  nimbi*  diem 
ipfuna  involvemibus  : et  maxime  quoque,  cum 

jam  occidente  foie  Lnhorrefcit  mare, 

Tenebrae  conduplicantur,  nodilque  et  nimbCim  occcecat  nigror. 


Cum,  inquam,  coeci  in  undis  obeirant,  nequc  in  illo  vafto  gurgite  via:  amplius 
meminilic  poffunt ; fed  modo  hue,  modo  illuc  c deftinato  curlu  undarum  im- 
petu  excutiuntur.  Hlc  igitur  non  cccli,  non  fiderum  confpcdus  miferos  illos 
vel  hiiumjuvat;  longe  alio  loayuyu  utique  opus  eft,  quique  femper  et  quo- 
ties  libet,  non  e coelo  illis  petendus  (it,  fed  ante  oculos  et  in  manibus  verfeturj 
unde,  fi  nihil  aliud,  faltem  iftud  cognofcant,  quam  in  plagam  navis  curium 
moiiatur  : et  quamvis  vel  undarum  vi,  vel  ventorum  furentium  fragore  et  im- 
petu,  e redo  curfu  diverfi  ferantur,  ut  nihilominus  ipfis  e veftigio  conftet,  in 
quam  plagam  puppis  fe  verterit,  et  quanto  impetu  concitata  feratur.  Neque 
verb  ifta  operofius  erant  inveftiganda,  aut  extra  hunc  globum  longius  petenda ; De.  ;je on[ 
quin  ipfa  Terra  parens  nobis  duntaxat  erat  adeunda,  illi  vota  faciunda,  qua  no„“ 
ubique  nobiliflimo  magnete  foeta,  fponte  eum  e vifceribtis  fuis  in  lucern  pro-  natur,  « qui 
fert,  ut  ejus  ope,  tanquam  praetorio  edido,  humanum  genus  in  ipfius  Maris  f"rum  a1d, fe 
pofleffionem  quoque  mittatur.  Magnetem  enim  lapidem  ferrum  trahere,  et  'atu"e  °°  'r‘ 
cam  vim  atrrahendi  in  ipfum  ferrum  transfundere,  jam  dim  pro  miraculo  a 
veteribus  fuit  jadlatum.  Plato  in  dialogo  cui  Io  nomen  fecit,  us-o-ij  h rn  xli?, 

»»  EiiftirtUnf  ui»  Mayv'rriy  utouxety,  •!  St  irsAAd,  H’faxAiuci’.  xxi  yxp  asm  i!  i 

Tour  da»t1v>j»5  otyu  reu,"  air, fit;,  aXXx  to,  ovyxfj.ui  arfovirt  ro7(  Sxxlv/Mi;  7:  rzrta  SvvxaS at 
t*uto*  T«ro  otrtf  a A&of,  xXXx;  uit  oyttr  oaxhtus;,  un  <n«TI  ofuxSc;  /txxtoi  rrxcj 

ciSxqluy  *ai  ianluAiur  ij;'  aAArA-i.  irxai  at  rural!  ixwr,i  m yiSx  r.  Ivyxfjiit  ima rural. 

Strut  i,  inquit,  contingit  in  illo  lapide,  quern  Euripides  cognominavit  Magne- 
tem, pleriqut  Herculeum.  Is  enim  lapis  non  modo  annulus  ferreos  attralil, 

Jed  el  ipfis  annulis  vim  conwtunical  idem  faciendi  ac  ipfe  lapis,  Jcilhet,  attra- 
tendi  alios  annulets,  ita  ut  longijfima  quidem  for  riorum  annulorton  feries  con- 
tinue quodam  textu  aptelur : ad  quos  omnes  ex  illo  lapide  vis  ea  omnitib  per  si- 
net.  Hoc  quidem  noviffe  haud  magni  noftra  iniererat : at  ejus  caulatn  in- 
tellexiflc,  id  demum  erat  naturae  fontes  reclufifle ; unde  rei  mai kuna*  et  ma- 


jeftas  et  uftis  in  folidum  dependet.  Et,  cum  ilia  magnetis  efficientia  naturalise  ... 
attrahendi  ferri,  tot  jam  fxculis  ab  hominibus  induftnis  notata  et  obfeivata  fit ; tufcrc aM.inc 


nemini  tamen  omnium,  sri  x»f  «»ap,  in  mentem  venit,  aliam  longe  nobiliorem  annua  Cam- 
hujus  efficientia:  caul'am  fubefle.  Haud  multa  fee u la  (luxeront  ab  eo  tempore,  P*"'*  com* 
cum  in  Campania,  vel  cafu,  vel  ftudio,  notatum  fit,  Magnetem  lapidem  fu.'S  ^^JJ7errca  n 
habere  polos,  quos  ad  mundi  polos  convertat ; ut  et  axem  fuum  contra  nuindi magnetc  W- 
axem  parallclo  fitu  dirigat : neque  ita  tanthm  ferrum  aut  chalybcm  fua  conta-  vifiemm  fefe 
gione  inficere,  ut  id  foium  afleclet,  ut  iila  ad  fe  trahat  : fed  niulto  maxime.  temper 
ut  vim  illam  per  terrena  omnia  diffufam  illi  indat,  qua  affeda  ipfa  acus  femper 
VOL.  IV.  T fuam  lere. 
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fuam  lineam  me;  idianam  fp  edict.  SagacilTimum  natur®  myftem  eum  fuifle 
oportet,  cuius  operi  et  induflria  illud  primum  e fccretioribus  naturae  adytis 
erutum  et  inveftigatum  fit.  Attamen  tanti  inventi  gloria  nullo  titulo  fingulari 
circumfertur;  cum  minimarum  et  vilidimarum  rerum  inventorcs  fuos  habeant 
titulos,  fua  nomina,  hie  autem  in  re  adeo  illuftri,  vel  folo  gentis  titulo  content! 
fimus  opottet.  Et  quemadmodum  olim  Phtenices  audiebant  multarum  return 
inventores,  coeli,  fiderum,  navigations,  multarumque  altarum  artium  : ubi 
tamen  non  homini,  fed  genii  ca  gloria  adferibitur  : idem  h'lc  ufu  venit,  ut  non 
quis,  fed  qua  e gente,  author  et  inventor  aded  divinse  rci  exftiterit,  nobis  dun- 
taxat  conflet.  Via  anni  quadringenti  funr,  ex  quo  adeo  memorabile  et  mariti- 
tnis  itineribus  opportununi  inventum  erutum,  et  in  lueem  prolatum  fit.  Acus 
enim  pyxidula  eoercita,  fuo  fefe  imperio  et  duftu  in  eandem  plagam  con- 
ilanicr  vertit : ut  vix  ullis  aut  fobs,  aut  fiderum,  obfervationibus  fit  opus ; 
quin  adeo  ita  mundi  plag*  multo  accuratids  inveftigantur,  dum  folam  pyxi- 
dulam  qua1  ante  pedes  eft,  identideni  infpedtant,  ejfifque  dudtum  accurate  ob- 
fervant. 


Nec  te  foedlare  Bo-oten, 

Aut  Helicen  jubeo,  ftridlumque  Orionis  enfem. 
Hac  duce  carpe  viam. — 


Nararchu* 
quidam(cujtn 
nomcn  iftno- 
ratur)  artnii 
aliquot  antr 
Cnhintbum, 
in  Art. ci icae 
i.v'us  fecundo 
vitito  eft 
iiluv 


Hujus  enim  fiducia  Itali  primum,  inde  etiam  Hifpani,  externa  maria  tentare^. 
atquc  infulas  Canarias  in  Oceano,  haud  longe  ab  Africano  littore  diffitas,  fre- 
quentius  adire  inflituerunt : cum  ipfis  perpetuo  in  manibus,  et  ante  oculos 
vcrfarctur  norma,  fecundilm  quam  cursus  plagas  regere  poffent;  neque  id 
folum  ad  tetrantes,  fed  odtantes  quoque,  et  alias  minores  peripheri®  panes. 
Quod  ab  eo  tempore  fadtitari  cceptum,  quoufque  procefferit,  baud  facile  dixe- 
rim.  lftud  quidem  memori®  proditum  eft,  Navarchum  ilium  (cujus  tamen 
nomen  non  magis  feitur,  quim  illius,  qui  omnium  primus  in  acum  nauticam 
magnetis  vim  verforiam  transfundere  docuit)  qui  primus  mortalium  ultra  Ma- 
dcraai,  in  oppofitum  Americ*  littus,  five  ftudio,  five  cafu  fatis  ita  ducenti- 
bus,  penetraverit,  ejufee  rei  adumbratam  quandam  cognitionem  habuifle.  Hie 
enim  a prima  ufque  adolcfcemia  diverfis,  et,  prork  tunc  tempora  fere  bant, 
longinquis,  navigationibus  exercitus,  in  Americam  fecundo  vento  delatus  ; inde 
converlo  curfu  in  Maderam  navi  appulsS,  plufeulis  e fuorum  numero  defide- 
ratis : ipfe  quidem  redux,  fed  adeo  longo  itinere  fatigatus,  et  labore  fradtus, 
apud  Chiiftophorum  Columbum,  natione  Ligurem,  qui  turn  illic  chartis  hy- 
drographieis  dclincandis  vitam  tolerabat,  expiravit ; lincamentis  itineris  ex 
pvxide,  et  parallelo  loci  ipfi  indicato.  H®c  incitamento  poftea  Columbo 
fueie,  ut  tamo  Itudio,  manibus  pedibufque  obnixe  earn  expeditionem  urgeret 
ut  nihil  non  movent ; et  apud  Ugures  fuos  Genuenfesj  et  apud  Hcnricutn 
feptimum  Anglise;  Alphonlum  quintum  Lulitani®  ; Ferdinandum  ct  Ifabel- 
latn  Caftili®  reges ; donee  tandem,  propofiti  tenaciffimus,  apud  Caftili®  reges 
voii  compos  factus.  Terras  iftas,  tanto  tempore  noftro  orbi  ignotas,  primus  de- 
texit,  et  opes  immenfas,  miferis  et  pacatifiiniis  illis  mortalibus  ereptas,  in  Hifpa- 
niam  intulit.  Sed  pari  plane  cum  fociis  fnis  fato  ulus,  quo  Argonaut®,  e CoU 
cli'ile  opima  fpolia  referentes,  defundli  funt. 

Quifquis 
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Quifquis  audacis  tetigit  carin® 

Nobiles  ranios,  nemorifque  facri 
Pelion  denla  fpoliavit  umbra  : 

Quifquis  intravii  lcopulos  vagantes, 

Et  tot  emenfus  pclagi  labores, 

Barbara  funem  relieavit  ori, 

Raptor  exierni  rediturus  auri ; 

Exitu  diro  icmerata  Ponti 

Jura  piavit. 

Sed  ad  generofum  Andalulium  ilium  Navarcltum  revertamur.  Omninb  extia 
controverfiatn  ftatuendum  eft,  cum  pyxidis  nautic®  adminiculo,  anguli  indi- 
nationis  *ftimatione,  et  confetti  itineris  conje&uris  ufum  ; locorum  litum,  ter- 
rarumque,  ad  quas  appulerat,  diftamiam  utcunque  exprclfiHe.  Quod  acus  mag- 
netic® direttionem  adhibuerit,  id  quidem  ex  nupero  turn  invento  aflumptum  : 
icineris  autem  confetti  quamitas  ex  cursds  velocitate  arut  tarditatc  jam  ohm  quo- 
que  in  mari  aeftimari  folita.  Diferte  id  monet  Herodotus  in  Melpomene,  ubi 
Euxini  ponti  cum  longitudinem  turn  latitudinem  nobis  hie  ratione  definit : 

Taro  f»t»,  fret,  plrxoc  ii«  cxiut  Usrrw  x*i  yb-tot  pafiu.  r»  Jt  S-poc,  TH  sepia  As  xirof 
JmC75,  cairn  iirotomei  cujus  longitudo  cjt  undecim  miltium  ac  centum 

ftadiorum:  latitudo  ( qua  mare  laliffimum  eft)  trirnn  millium  et  ducentorum.  Inde 
(nenfurse  rationem  explicat:  Mtfurfnrxi  Si  raZra  Zlr  wive  Iwlwuu  pdxtca  xn  xalxtvit 

» ptaxfii  xfMgx  ipyvuxs  rxlaxiepivpxc,  writ  it,  i£ax>cr«'jfixr.  riJn  u,  K pu>  Qxtrtt  awe  TW 
COfxaloS  (txto  yap  in  rou  VUrrx  pcxxcoTxln)  npuptuir  mix  -mhoc t in,  xai  nixltn  oxtu.  xotxi 
nit xa  ftcft Sits  tty  Uatov  opyvitKt  yasrrxt'  ix  H thu  tfyvtKm  rxriuy,  cairn  ixa-rev  x, 
xa'i  ftiftd  lire  « Si  Sl/dtrx'jpxe  tw  |\ri  StpfMeioth  welx/df  he  rrf  Itd'Xr;  ("xai  nco  yxo  in 
tS  rtcVrx  (vpvTatlo,)  rfiS*  « itfMpM*  x«»  He  wxri  irXoot.  xZtp.i  St,  rfitf  • xxt  rgtxxe.'x 
pcvptdits  of yoitxt  yhnrcxt,  c eUi»t  A,  rf ixxarvci  xai  TfKr^iAitx.  H<ec  autem  (inqult)  ila 
dimen/a  fiunt.  Navis,  diebus  longioribus,  ut  Jummum  quo i idle  conftcit  fieptuaginla 
millia  orgyiarum  ( orgyia  autem  fex  pedibus  deftnitur ) ncilu  verb  fiexagima  millia. 
Itaque  e faucibus  Ponti  ad  Pbafin  ( boc  enim  eft  Pcnti  longijftmum ) novem  durum  eft 
navigatio,  et  oilo  neflium,  quee  fiunt  mille  centum  ac  decern  millia  orgyiarum,  boc  eft, 
ftadiorum  undecim  millia  ac  centum.  E Scyticd  autem  ufique  ad  Tbemifcyram,  qu/e  eft 
fiuprd  flumen  Tbermodontem  ( bic  namque  ponti  latijjimum  eft ) trium  dierum  duar uni- 
que nothum  eft  navigatio,  qua  fiunt  orgyiarum  trecenla  ac  tria  millia,  boc  eft,  ftadiorum 
tria  millia  ac  trecento.  Hunc  igitif  in  modum  Pontus,  ac  Bofiporus,  et  Hellefpontus  a 
me  d'mtnfia  font.  En,  foam  fidem  interponii  feriptor  accuratiflimus  et  fide  dig- 
nifiimus,  non  appellat  alienam.  Vides,  turn  interdiu  aerem  laxare,  nottu  con- 
trahere  : quod  facile  intelliges,  fi  cogitabis,  parallelum  quadragefimum  quin- 
turn  per  medium  Ponti  exporrigi,  longiflim*  autem  diei  fpatium  effe  horaruir 
quindecim  cum  femifle  : no&ifque  breviffim®,  otto  cum  lemifle  ; et  quamvis 
pro  ventorum  vario  impetu  naves  modo  vehementius,  modo  tardius  iinpcllan- 
tur,  Herodotum  tamen  hlc  mediocritatem  quandam  videmus  in  horum  inttr- 
vallorum  ®ftimatione  fecutum.  Haud  abfimili  ratione  diftantiam  inter  Rliodum 
et  Alexandriam  quinque  ftadiorum  miliibus,  inter  Carihaginem  et  Eilybsum 
(qu®  Siraboni  quidem  ftadiorum  mille  quingenta  funt,  Pulybio  autem  mille 

T a tantum,) 
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tantum,)  teftimatam  fuiffe  hand  eft  dubium  ; atque  alia  hujns  generis  apud  Hif- 
loricos  et  Gcographos  intinita,  quse  tamen  omnia  nimium  lubrica  et  prreter  verita- 
tem  ab  iis  ita  definita  eflc  experientia  convincit.  Ccrte,  quamdiu  pyxidis  nauriese 
diredio  illis  ignota  fuit,  ramdiu  qtioque  illos  orunes  ratio  bene  divinandi  fugit ; 
hoc  enim  vere  erat  Ariadnes  Ilium,  quo  folo  et  curfus,  et  curfuutn  menfurat 
reguntur. 

Nullis  iterata  priorum 

Janua  difficilis,  filo  eft  inventa  rclido. 

Si  pr^alirai,  menfores  uineris  Alexandri  magni,  Diognetus  et  Bcton,  cam  ra- 
tionem  effent  fccuti ; et  poftea  Romani  decempcdatores,  Zenodoxus,  Theodo- 
tus,  Polyclitus,  J alii  Caefaris  autoritate  mifli  ad  menfurandum  orbem  univerfum. 
Romano  imperio  fubjedum,  magna  veteris  Geographise  lux  hoc  labore  accef- 
fiflet;  fed  ifta  tantum  optantium  vota  funt.  Nunc  autem  porro  videamui 
quemadmodura  ex  harum  duarunj  collatione  paulai'im  pratccpta  et  reguls  re- 
gendis  navium  curfibns  fint  exprefl*.  Initio  quidem  certe  minds  commode, 
Dc  chart  is  quamdiu  tabulas  hydrographicas  ita  in  piano  defignabant,  ut  omnes  parallelos 
Hydrugra-  asqualcs  inter  le  conftituerent.  Tunc  enim  minorum  parallelorum  partes,  fimili* 
phicij.  bus  majorum  partibus  pariarc  erat  necefle ; indc  cum  fub  aliquo  parallelo  de* 
currerent  fingulis  gradibus,  tantum  tribucbanc  quantum  uni  gradui  in  maximo 
circulo  cedit ; qui  error  ut  fit  intolerabilis ; ita  baud  fcio,  an  Ptolomatus  ipfe 
in  fua  Gcographia  non  perinde  in  Geometrise  principia  impegerit,  cum  in  globo 
tanquam  in  piano  fubtenfam  angulo  redo  c crururn  quadratis  eruerit.  Mitto 
ejus  hallucinationes  bed i (Timas,  in  crururn  quantitate  arftimandi.  Sed  ifte  error 
nonipfir  verum  imperitis  itinerum  pr/A»Kr»ic  imputandus  fic  j a quibus  ille  fua 
derivavit  et  exfcripfit,  grata  pofteritatis  memoria.  I 111  quidem  navarchae, 
quamdiu  intra  fextum  et  triceGmum  parallelum  fubfifterent,  vix  quinta  gradus 
parte  a vera  menfura  abiverunt  diverfi  : et  quanto  propius  ad  aequinodialem 
accederent,  tanto  minus  erroris  illorum  conjeduris  objiciebatur.  Atque  hie 
loxodromiarum  angulos  per  redangulorum  triangulorum  calculum  exprimere 
occeperunt ; ubi  illud  quidem  hadenbs  red£  : Loxodromiat  cujufcunquc  feg- 
menta  intra  parallelos  atquidiftantes  efle  xqualia ; et  contrl;  tequalem  paralle- 
lorura  circulorum  diftantiam,  Gmilium  Loxodromiarum  fegmenta  ubique  tequa- 
lia  intercipere.  Haec,  inquam,  quamvis  vere  et  legitime  ab  ipfis  notata  j et 
ab  hydrographis  cam  artem  tradantibus,  ex  triangulorum  planorum  dodrina 
non  nimis  accurate  in  quafdam  tabellas  ad  hanc  rem  fadas  client  congefta, 
quas  etiam  poftea  Nonius  ad  incudem  rcvocavit : non  potuerunt  tamen  ifta 
hac  via  legitime  demonftrari,  quia  tabulis  geographicis  planis,  et  quadriangulis 
illis  elfent  inaedificata.  Ita  quod  dicitur  i rv^r,  t*  lyimnet.  hac  levicula 

occafione,  tanquam  nafeentis  artis  fcintilla  quaJam,  fub  annum  i 530  excitatus 
ille  Petrus  Nonius,  hanc  eandem  dodrinam  paulo  alt ius  arceffere  in- 
mu/charta^  ftituit ; et  a pl’eudograpliii,  ad  Globum  ipfutn  provocavit.  Qui,  pro  fummi 
rum  Hydro-  lua  induftrii,  et  qua  pollebat  ingenii  dexteritate,  multa  emit  j et  multis  accef- 
graphicarum  fionibus  priorum  inventa  collocupletavit.  Neque  eum  piguit  earum  linearum 
tmendat  et  ■fiction**,  quas  navium  curfus  ad  £nayoyi 'at  magnetics  acus  deferibunt,  libro 
promovet.  fmgulari  explicare.  Port,  elapfis  aliquot  annis,  libro  fecundo  de  Regulis  ct  In- 
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ftrumemis  cadem  multo  fufius  defcripfit,  et  harum  linearum  proprietates  accu- 
ratius  eft  perfecutus.  Etfi  in  iis  non  raid  ice/wt,  minus  feliciter  verfatus  fit  ; 
et  in  magnas  difficultates  fcfe  prajeipitaverit,  Palmarium  illud,  quod  Loxo 
dromiam  noftram  (Rum  buna  iile,  voce  fu®  gemis,  appellatj  lineam  verc  ixixWii, 
et  totam  fui  generis,  in  Sphxricorum  triangiiloruin  et  minutal  quod- 

dam  conciderit.  Atque  hinc  ei  prima  ilia  mali  labes,  ut  non  raro  hie  cefpitet ; 
neque  hanc  navem  falvam  in  porcu  collocirit.  Qu®  res  tantum  abed  ut  ejus 
exiftimationi  quicquam  derogaverit ; ut  ctiim  alios  fummos  viros  ad  eadem  ac- 
curatius  indaganda  excitaverit ; qui  in  rebus  Mathematicis,  et  Geographicis 
verfatiffimi,  fingulari  ftudio  Loxodromiarum  aflcdiones  et  ufum  ferutati  funt. 

Ejus  enim  explicationem  rebus  maritiniis  non  utilem  folum  ; fed  quam  maxime 

ncccffariam  viri  perfpicaces  facile  mtclligebant  1 quantumque  ab  hujus  abfoluti 

et  caftigati  cognitione  abeflent,  tantum  quoque  a perfedione  fua  hanc  ipfani- 

met  feientiam  abelfe,  non  erant  nefeii.  Et  cas  qtiidem  lineas  alii  in  globo 

ipfo;  alii  in  chartis  Hydiographicis,  quae  analogia  fua  globo  propius  refponde- 

rent,  fummsi  cutfi  defignate  et  exprimere  font  conati.  Qua  in  re  vir  dodifli- 

raus,  et  Geographorum  diligcntiffimus,  Gerardus  Mercator,  non  inutilem  ope-  £,^(1  cnm> 

ram  pofuifle  merito  fit  judicandus ; et  port  cum  in  Belgio  etiam  complures  alii,  Gcrardua 

et  Stevinus  quoque  nofter  in  fuo  magno  opere.  In  Galliis  quoque  haud  Mercator,  ct 

pauci.  In  Britannia  reliquis  diligentior  Edowardos  Wricht;  inde  Robertus**"' 

Hues,  et,  ut  audio,  alii  complures.  Scd,  ut  ingenue  dicam  quod  res  eft, 

Coronis,  et  operis  perfects  delineatio  defiderari  videbatur;  ut  quantum  Loxo- 
dromi®  fingulx,  et  earum  partes  in  longitudine  evariarent  ad  minutum  confta- 
ret : neque  id  rudi,  aut  mcchanica  aliqua  fadione ; fed  accuratiore  ilia,  qu® 
minimas  quafque  particulas  fubducit.  Id  igitur  fecutus,  fum,  ut  ab  ipfo  funda- 
mento  omnia  lolide  demonftrata,  et  ordine  conftituta  nunc  demum  exhiberem. 

Utque  momenta  demonftratioruim  noftrarum  non  minus  haberent  firmicudinis, 
quam  ufus  facilitatis  in  praxi  quotidians  ; antilogias  hie  omifimus,  quxque 
jpfam  artem  fpedant  duntaxat  tradavimus  : illas  tamen  in  Scholis  Hilliodro- 
micis  poftmodum  relaturi.  Tu  ifta,  benevole  ledor,  tuo  ufui  et  commodo,  ad 
Divini  nominis  gloriam,  quo  omnia  noftra  ftudia  contendunt,  dicata  habeto. 

T*(un;  d ihrupei  n,  x«i  i»  dxl  reroi, 
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Clai/dianus  Prvefatiove  Libri  I. 

JNventa  fecuit  primus  qni  nave  profundum, 

Et  rudibus  remis  follicitavit  aquas  j 
Qui  dubiis  aufus  committere  flatibus  alnum, 

Quas  natura  negat,  pnebuit  arte  vias. 
Tranquillis  primfcm  trepidus  fe  crcdidit  undis, 
Littora  fccuro  tramite  fumma  legcns. 

Mox  longos  tentarc  finus,  ct  linquere  terras 
Et  leni  cocpit  pandere  vela  Noto. 

Aft  ubi  paulatlm  przceps  audacia  crevit, 
Cordaque  languentem  dedidicere  metum, 

Jam  vagus  irrupit  pelago,  coelumque  fequutus, 
aEgasas  hyemes,  Iomu  tuque  domat. 


• Pliwius,  Lib,  xxxvi.  Cap.  16. 

AMarmoribus  digredicnti  ad  reliquorum  lapidum  infignes  naturas,  quis 
dubitet  in  primis  Magneten  occurrere  ? Quid  enim  mirabilius?  Aut  qua  in 
parte  m^or  natura;  improbitas  f Dederat  vocem  faxis,  ut  vidimus  refponden- 
tem  homini,  imo  verb  et  loquentem.  Quid  lapidis  rigore  pigrius  ? Ecce  fen- 
fus  manufque  tribuit  Hli.  Quid  ferri  duritii  pugnadus  ? Sed  cedit  et  patitur 
mores : ttahitur  namquc  a raagnete  lapide,  domitrixque  ilia  re  rum  omnium 
materia  ad  inane  nefcio  quid  curnt : atquc,  ut  propius  venit,  affiftit,  teneturque 
et  complexu  haeret.  Sideritin  ab  hoc  alio  nomine  appellant,  quidam  Hera- 
clean.  'Magnes  appellatus  eft  ab  inventore  (ut  autor  eft  Nicander,)  in  Ida  re- 
pertus.  Nam  et  pafsim  invenitur,  ut  in  Hifpanii  quoque.  JnvenilTc  autcm 
fertur,  clavis  crcpidarum  et  baculi  cufpidc  h*remibus,  cum  armenta  pafcerer. 
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PROPOSITIO  I. 

ITiftiodrmiu  eft  do£lrinay  qua  line a defignata  a navis  curju , magnetic*  ecus  duSlum 
fecuta,  affellionm  *t  froprietates  interpretatur. 

NAVIS  enim  magifter  ita  curfum  dirigit  ad  optatam  metam  ut  femper 
linearum  ccrti  generis  duftum  fequatur : e*  ad  hanc  rem  acfts  magneticte 
fitum  atque  angulos  quos  cum  inftituto  curfu  comprehejidit  feduld  fpeculatur- 
* Acum  enim  chalybeam,  fuper  axiculo  cui  incumbit  mobile®,  magnctis  la- 
pidis  polo  notio  ea  parte  tingi,  qul  Boream  fpeftet;  et  contrl  ejufdem  lapidis 
polo  boreo,  qua  Notum  lit  defignatura  ; vulgo,  opinor,  jam  notutn  eft ; atque 
ita  earn  femper  boream  inter  et  meridiem  exporrigi.  Sed  tamen  hunc  fitum 
aliquando  a natura:  legibus  defciflere,  idque  occulta  et  latente  aliqua  de  caufiL, 
jam  diu  experientia  comprobavit.  Quamvis  enim  magnes,  ubi  libere  move- 
tur,  infita  fibi  vi  et  facultatc  fuis  polis  mundi  polos  affe&et,  et  parallelo  ad 
mundi  axem  fitu,  fuo  axe  exporrigatur } ut  ita  quoque  acus  legitime  tinfta  fe- 
cundum  locorum  meridianos  fefe  dirigat : nihiiominus  ab  hac  cujufque  loci 
meridiana  linea,  modo  a feptentrione  in  ortum,  aliquando  etiatn  in  occafum, 
aliquot  gradibus  declinare,  deprehenfum  eft.  Et  cum  reft  a Septentrionem 
fpcclat,  earn  xoXuC&dgtr,  tanquam  fitum  acus  legitimum  et  proprium  vocant : 
cum  autem  evariat,  yxx-AaO.icu  cjus,  ad  meridianam  lineam  inclinationem  in- 
dignant. Ita  in  infula  Corvo  (infukrum  Fiandricarum  una,  medio  fere  inter 

* Guliel.  Gilbert,  lib.  3.  cap.  4. 

Europam. 
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Europam  et  Amcricam  fpatio)  reda  fcptentrionem  fpedat.  Unde  a'quibufdam 
idco  meridianorum  omnium  initium  ab  hoc  mcridiano  derivatur.  Hmc  vcrfus 
Americam  contendentibus  apex  boreus  in  occafum  declinat : contra  Europam 
aut  Africam  petemibus  in  orutm  cvariat,  ncmpe  Pleimudse  in  Anglii  13.  gr.  24. 
fcr.  et  Londini  11.  gr.  30.  fcr.  Hie  apud  nos  Amftrrodami  9 gr.  30.  fcr.  ut 
vulgd  exiftimatur,  atque  ita  alibi  alitcr.  Veriim  hujus  evariationis  Synopticam 
tabdlam  videto  in  Limeneuretica  ingeniofiflimi  Stevini ; cujus  ctiam  caufas  per- 
veftigare  et  eruerc  fubtiliflime  conatus  eft  Guilielmus  Gilbcrtus,  Anglus,  pecu- 
liar! volumine  liuic  rei  dicato. 


PROPOSITIO  II. 

Legitimus  acus  magnetic*  Jitus  eft  Lei  linea  meridiana. 

HIC  duntaxat  eft  legitimus,  reliqui  funt  adulterini.  Nam  occulta 

ct  infita  ilia  magneti  mens,  ita  qus  molem  agitat,  ut  polos  fuos  et  axem 
contra  Terra:  axem  parallclo  fitu  exporrigat,  nift  fafeinatione  quadam  naturali 
ab  hoc  lieu,  ctiam  aliquantum  modo  hue,  modo  illuc,  avellatur ; et  ita  acus 
quoque  alibi  aliter  atque  alitcr  dcclinet ; cujus  inclinatio  tamen  fedulo  eft  corri- 
genda ; ft  ejus  dudum  cum  frudu  fequi  velimus. 

PROPOSITIO  III. 

Acus  magnetic * fit  us  adultcrinus  inventd  cbalyboclifi  emendatur. 

CUM  incernim  fit,  acus-ne  reda  fcptentrionem  et  meridiem  fpedet,  an  vero 
ab  eo  fitu  in  diverfum  abeat,  id  ex  ortu  et  occafu  fobs  fiderumque,  auc 
eorum  utrimque  altitudinibus  sequalibus,  aut  aliis  modis  denique  deprehendi 
poteft ; ct  in  mari  folet : inde  enim  conftat,  an  acus  magnetica  ita  porrigatur 
ut  peripheriam  ab  utrifque  his  lineis  comprehenfam  in  piano  horizontis  bilccet ; 
aut  quantum  a medio  in  partem  alterutram  difeedat.  Unde  legitimus  meri- 
dian! fitus,  et  acus  magnetics  in  alterutram  partem  aberratio  definiatur.  Sed 
ifta  in  fcbolas  noftras  rejecimus  j quas  vide. 


PROPOSITIO  IV. 

Hiftiodromia  eft  circularis,  aut  Loxodromica. 

VEL1FICATION1S  curfum,  qua  acus  magnetics  dudum  fequitur,  ita 
natura  compofuit,  ut  vel  circulum  aliquem,  vel  helieem  quandam  lineam 
delinearct,  quam  ab  obliquitate  Loxodromiam  dicimus. 
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PROPOSITIO  V. 

Velificationis  curfus  circuiaris  ejficilur,  cum  rcblit  in  Septentr'mem  cl  meridiem,  out 
ortum  ct  occafum  dirigitur. 


PROPOSITIO  VI. 

Velificationis  curfus  in  Septentrknem  aut  meridiem  maximi  circuit  peripheriam 

defer  Hit. 

HOC  enim  pado  Navis  Temper  in  eodem  meridiano  verfatur,  fub  quo  iride 
ab  initio  conftiterar.  Atqui  meridianos  efle  maximos  Spluera;  circulos, 
nemini  ignotum  eft  qui  vel  levitcr  Sphasrica  deguftaverit.  Itaque 

Quindectm  maritimerum  tnilliarium  curfus  bic  poli  Elevationem  uno  gradu  evariat. 
Quantum  maritima  five  nautica  milliariai  terrenis  et  horariis  diftent,  infra 
propofitione  odava  dicctur. 

a . 

PROPOSITIO  VII. 

Velificationis  curfus  in  ortum  aut  occafum,  fub  <tquinofliali  quidem  maximum  circulum , 
extrei  autem  eum  femper  buie  parallclum  deferibit. 

C IT  enim  linea  carinam  mediam  it  prori  ad  puppim  fecans,  quam  r^nr'Jx 
Grseci  vocant,  meridiano  quocunque  in  loco  perpendicularis,  turn  quidem 
navis  reda  ortum  aut  occafum  fpedabit.  Et  id  meridiani  Tegmentum  cum 
carina  fibi  affixa  fuper  mundi  polis  circumduci  intelligatur ; hrec  igitur  carina: 
linea  cum  omnibus  meridianis  quibus  hoc  Tegmentum  congruet  angulos  norma- 
les  comprehendet  : Et  ita  circuli  peripheriam  deferibet.  Idem  autem  efficietur 
fi  carina  fuo  proprioque  motu  progrefla  per  omnes  meridianos  normalitcr,  hoc 
eft,  ortum  aut  occafum  fpedans,  tranfeat.  Htec  enim  linea  illi  congruet.  Ec 
propterea,  cum  fub  tequinodiali  erit  motCts  principium,  per  requinoctialem 
dccurret,  donee,  obito  orbe,  ad  idem  pundum  unde  moveri  coeperat  iteriim 
reftituatur.  Vel,  fi  extra  atquinodialem  it  quocunque  tandem  loco  incipiat  mo- 
veri, et  convcriionem  moiumque  continuct  donee  ad  idem  pundum  revertatur, 
hoc  titique  dudu  omnino  illius  loci  parallelum  defignabit.  Itaque  conftat  Pro- 
pofitio. 


Vot.  IV. 


U 
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PROP  OSITIO  VIII. 

Sib  squinofliali  quincdiim  midi  art  a maritntta  unum  gradum  in  IciigtluJine  e variant ; 
■in  par ailed s ettam  ampius, 

A tENSURA  itineris  in  rebus  maritimis  utramque  facit  paginam  : abfque  hac 
enim  omnis  illorum  Hydrographice,  et  portuum,  liuorum,  atquc  infnlaruni 
defcriptio,  manca  diet  atque  mendofa.  Sed  neque  h®c  cum  Irudu  in  cenfum 
vocai  i polilt,  nifi  ejuldein  comparatio  cum  terreni  giobi  pciiinctro,  aut  peii- 
metii  parte  aliqt.a,  legitime  cognolcatur.  Hinc  adeo  vulgo  fa&um  eft  ut  gradum 
in  partes  fecarent,  et  tas  mid. aria,  pro  fust  gen: is  confuetudme,  vocarent.  Angli 
enim  tot  milliaria  in  gradu  niaximi  circuit  ftact.unt  quot  in  eo  fcrupula  contincan- 
tur,  nempe  fexaginta.  Nos  hac  in  re  Germmicam  et  aliartim  gentium  confuetudi- 
nem  fecuti  fumus,  qui  quindecim  milliaria  uni  gradui  attribuunt,  cum  Anglicum 
milliare  qnartam  Gcrmanici  mil! iatis  partem  tantiim  conficiat.  Lufitani  quidam, 
Nonio  telle,  milliaria  i6i,alii  17,!,  uni  gradui  imputant.  Nos  alibi  docuimus 
19  milliaria  horarta  lino  gradu  contineti,  quorum  finguli  babeant  pedes  noilros 
Rltiinlandicos  18000;  qu x terrain  indigitare  foleo  : vel  15  milliaria,  ut  fingu* 
lis  cedant  pedes  22800,  qu®  tunc  maritima  voco  ; quia  hurum  ulus  a nautica 
confuetudine  non  recedit.  Unum  tantum  adylidi,  quod  palmarium  erat,  men- 
fur®  modutn  *.  Sed  hac  de  re  vel  fcholas,  vel  Eratofthenem  noftrum  Batavum 
videto.  Qnot  autem  milliaria  uni  gradui  in  dato  quocunquc  parallelo  cedant, 
fequenti  tiieorematc  ita  explico. 

PROPOSITIO  IX. 

Quemadmodum  radius  ad  ftnum  ecmplementi  Latitudinis  dati  paraded,  ita  quantitas 
um us  gradsis  in  maxima  parallelo , ad  quantitatem  unius  gradui  in  dato. 

OUOT  milliaria  uni  gradui  in  fingulis  parallclis  cedant,  id  hac  expofita  ana- 
logic invenitur.  Sit  enim  sr  mundi  axis,  it  meridiani  et  ®quinodialis 
communis  fectio,  u 0 paralicli  ct  meridiani : i e igitur  et 
sr  0 erunt  fuorum  circulorum  diametri,  ae  et  yo  radii. 

Ut  igitur  ae  ad  y 0,  ita  tota  peripheria  deferipta  fuper 
i e diametrum,  ad  peripheriam  fuper  uo  deferiptam.  Sed 
uttota  adtotam,  ita  pars  ad  partem  fimilem.  Ut  igitur  ae 
fin  us  totus,  ad  y 0 ftnum  complement!  peripheri®  0 e, 
qu®  menfura  eft  latitudinis ; ita  unius  gradus  quantitas 
in  maximo  circulo,  15  milliaribus  marinis  ®ftimata,  ad 
numerum  milliarium  qu®  continentur  in  uno  gradu  dati 
paralleli.  Ut,  fi  quseratur  magnitudo  unius  gradus  fub 
parallelo  52  gr.  10  fcr.  complementum  huju*  eft  37  gr.  50  fcr.  et  cjus  finus 
61337;  fiat  igitur,  ut  100000  ad  61337,  ita  r 3 ad  9rVoV  Pro  quantitate  mil- 
liarium in  uno  gradu  fub  dato  parallelo  comprehenforum.  ltaquc 

* Sen  met  ho  Jam  iaveniendi  longitudiucm  unius  gradus  in  aliquo  Mcridiiuo. 
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PROPOSITIO  X. 

Qtadraus  /mils  complementi  da/i  para /it  li  per  radium  divifus  dabit  quantitatem 

uitiut  J 'em  puli . 

/^UM  enim  per  propofitioncm  anteccdcniem  fit,  ut  radius  ad  linum  comple- 
mentrdati  parallel!,  ita  15  milliaria  (tot  enim  milliaria  in  maruitnis  fern- 
per  pro  raaximi  circuli  gradu  alfumimus)  ad  numerum  milliariutn  unius  grad  us 
in  dato  parallelo.  Atqui,  cum  ita  4 milliaris  fiat  grad  its,  ct  ideo  fit  mqnfura 

tinius  fcrupuli  in  maximo  gradu  ■,  erit  quoque  ut  radius  ad  linum  complementi 
daii  paralleli,  ita  4 milliaris  ad  menfuram  fcrupuli  in  dato  parallelo  ; vel  per 
interpretationem  tranfpofitls  terminis,  ut  radius  ad  quadrantem  finds  comple- 
menti dati  paralleli,  ita  1 milliare  ad  menfuram  unius  fcrupuli  *.  Sit  idem  exem- 
plum,  quod  prius  : fub  parallelo  52  gr.  io  fcr.  cujus  complementi  finus  datur 
61337  : ejus  pars  quarta  15334  per  radium  divifa  dabit  tVsVW  milliaris,  fpa- 
tium  unius  fcrupuli,  five  minuti,  in  ditto  parallelo.  Et  fane  id  cum  antecedente 
epilogilmo  congruit.  Pars  enim  fexagefima  de  4354  eft  feu  VoVuV  ; 

quemadmodutn  fupra  expreftimus.  Atque  ita  abfque  ulla  circuitionc  unius 
fcrupuli,  five  minuti,  fpatium  in  quocunque  parallelo  exhiberi  poteft. 


PROPOSITIO  XI. 

Ul  radius  ad  quadruplum  fecantis  dati  paralleli,  i/a  milliaria  qmteunque  da/a  ad 
numerum  ferupulorum,  five  minutorum,  ipfis  in  eo  debitorum. 

CONVERSUM  eft  utriufque  antecedentis,  fi  fineni  fpettes.  Illic  enim  e 
datis  gradibus  aut  ferupulis,  five  minutis,  milliaria  ipfis  congrua  quteruntur. 
Hie  contra  e datis  milliaribus  ferupulorum  numerus  ipfis  fub  dato  parallelo 
debitus  inquiritur.  Eft  enim  demonftratum  propofitione  nona  et  decima,  ra- 
dium ad  fintim  complementi  dati  paralleli  efl'e,  ut  milliaria  quotvis  data:  partis 
in  maximo  circulo  ad  milliaria  fimili  parti  in  dato  parallelo  refpoudentia.  Et 
inverfe  igitur,  ut  finus  complementi  dati  paralleli  ad  radium,  hoc  eft,  ut  radius 
ad  fccantem  dati  paralleli,  ita  milliaria  jn  eodem  parallelo  aj  milliaria  fimili 
peripheria:  in  tequinoftiali  debits.  Porrd  autem,  cum  quindcclin  milliaria 
gradum  implcant ; ideo  quadruplum  horum  inilliarium  exhibebit  numerum 

* Erit  enim  ut  radius  ad  quadrantem  finds  complementi  dati  paralleli,  ita  pars  quarta  unius  mil- 
liaris  ad  quart  am  partem  menfurae  fcrupuli  in  dato  parallelo,  atque  ideo  unum  milliare  ad  totarn  men* 
furam  fcrupuli  in  dato  parallelo.  Ergo  fi  produdum  ex  multijdicationc  quadrant  is  finfit  complement! 
dati  paralleli  in  uruim  milliare,  hoc  eft,  iftc  ipfc  quadrans,  dividatur  per  radium,  quotient  erit  acqua- 
li*  raenfune  tinius  fcrupuli,  five  minuti,  in  dato  parallelo,  feu  numerus  milliarium  in  uno  fcrupulo,  five 
minuto,  cjufdcm  paralleli  contentorum. 

U 2 ferupulorum. 
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fcrupulorum,  five  minutorum,  ipfis  in  atquinoftiali  debitorurn,  arque  idem  mi- 
nutorum  nutnerus  in  dato  parallelo  fimili  peripherite  qnoque  refpondet.  Ex- 
emplo  res  crit  illuftrior.  Ut  fi  qu*ram  in  fexagefimo  parallelo  quot  fcrupula 
15  nautitis  milliaribus  refpondeant.  Fiat  ut  10,000,000  ad  8 ’,ooo,oco,  qua- 
druplum  fecantis  graduum  fexaginta ; ita  15  ad  120.  Dicam  igitur,  in  fexa- 
gefimo parallelo  1 3 miiliaria  occupare  fcrupula  120,  qui  funt  duo  integri  gia- 
dus ; quod  omnind  verum  eft.  Nam  in  hoc  parallelo  finguli  gradus  dimidii 
lunt  eorum  qui  in  maximo  continentur  : Quia  hujus  linm  complement  i",  nempe 
30  graduum  fimrs,  ditnidius  eft  finus  maxuni.  Sin  vero  plnta  aut  pJucioia 
luerint  miiliaria  quam  13,  veritas  tamen  eadem  fuerit : funt  cnim  miiliaria 
milliaribus  et  fcrupula  fcrupulis  pioportionalia.  Terfcra  infula,  A forum,  feu 
Flandricarnm  infularum,  una,  fub  parallelo  39,  abeft  ab  Uliftiponc,  Hilpanite 
emporio  (qui  fub  codem  quad  parallelo  fitus  eft)  230  milliaribus;  qutemur 
quantum  fit  longitudinis  intcrvallum.  Quadruplum  fecantis  dati  paraileli  eft 
514,703.  quare  fiat  ut  100,000  ad  514,703.  ita  250  miiliaria  ad  1286J  fcr.  qui. 
funt  gr.  21.  fcr.  26 J.  Tot  igitur  gradibus  Tcrfcra  occidentalior  eft  Ulilfipone.. 


PROPOSITIO  XII. 

Ut  radius  ad  quadruplum  furr.mr  fecantium  inter  dates  parallels  inclufivi  compre- 
benforum  ; ita  date  nan  milliarium  jumms  pars  quota  iifdem  parallels  cognominis, 
ad  fummam  fcrupulorum  longitudinis , quanta  fingults  dills  parallels  ex  datis 
milliaribus  ac cedi t. 

THEOREMA  eft  ex  antecedente  planum  et  indidem  derivatum.  Sums 
miiliaria  10  tribuenda  parallels  20  fingulorum  fcrupulorum  intcrvallo  dif- 
tantibus  J gradu  latitudinis  cl**  exclufive.  Sunt  itaque  hie  viginci  circuit  ; 
propterea,  ut  fingulis  parallelis  ajqualem  partem  attribuam,  fiet  miiliaris  f,  ct 
quia  dimidium  milliare  in  his  omnibus  non  occupat  arqualem  fcrupulorum  nu- 
merum,  fed  majorem  in  minoribus,  minorem  in  majoribus,  ideo  figillatim  eric 
de  fingulis  condudcndum  ; ut  radius  ad  quadruplum  fecantis  52  gr.  1 fcr.  ita  4 
miiliaris  ad  minuta  in  hoc  parallelo  fibi  debita.  Et  rurfum,  ut  radius  ad  quadra- 
plum  fecantis  51  gr.  2 fcr.  ita  4 miiliaris  ad  fcrupula  fua  in  ifto.  Atque  ita 
porro  ad  ultimum  limitem.  Erit  igitur  per  Compofitionetn  proportion^  arith- 
meticam,  ut  Radius  ad  quadruplum  fummse  omnium  fecantium,  ita  J milliare 
ad  fummam  omnium  fcrupulorum,  quantum  fpatii  miiliaris  femilfis  in  fingulis 
occupat.  Quemadmodum  hie  vides. 


Secantcs. 


Digitized  by  Google 


T I P 

H. 

BATA 

Sccar.trs. 

gr- 

fcr. 

162487 

5* 

t 

162548 

52 

2 

162608 

52 

3 

162669 

52 

4 

162730 

52 

5 

162791 

52 

6 

162832 

52 

7 

162913 

52 

8 

162974 

52 

9 

if>3°35 

52 

10 

163095 

52 

1 1 

163157  , 

52 

12 

163218 

52 

13 

163:79 

52 

H 

163340 

52 

•5 

163402 

52 

16 

163463 

52 

17 

163525 

52 

18 

163586 

52 

'9 

163648 

S2 

20 

34*3749 
quadruplum  4 

100000  13694956 


t 


68474981 

1 ocooo  J 


68, 


Ut  quarto 5 hinc  detur  68  fcrup.  28,  fee.  Tantum  igitur  fpatii  data  milliaria 
per  fingulos  500  parallelos  xqualiter  tributa  occuparent,  in  fingulis  tamen 
fcrupulorum  mimerum  insqtialem.  Namque  in  primo  parallelo,  nempe  52 
gr.  1 fcrup.  milliare  dimidium  pofiidet  3 fcr.  14,^3-  fee.  in  ultimo  autem 
3 fcr.  i6t’A  fee.  qu<e  differentia,  etfi  in  tanta  vicinia  exigua  fit,  in  longiore 
intervallo  admodhm  magna  cxiftit.  Dimidium  enim  milliare  marinum  fub 
sequinocliali  2 fcrupula  duntaxar  explct. 

Atque  ita  unicJ  multiplicatione,  additis  fecantibus,  hoc  opere  defungeris.  Sed 
tarn  multiplex  additio,  quse  femper  pro  rationc  quajfiti  denuo  ell  iteranda,  pluri- 
mum  habet  t aed i i , ut  vix  operse  fit  iftos  labores  fubire ; et  utilitas,  qua;  hinc 
fperari  pofiit,  ipfa  laboris  ac  moleftiarum  mole  obruta  et  tanquam  oppreffa  ja- 
ceat.  Huic  ut  fubvenirem,  quia  ufus  ejus  perquam  necell'arius,  et  in  hoc 
opere  fer£  eft  perpetuus,  Canonem  conftruxi,  ex  additis  fecantibus  conflatum, 
progrelfu  per  fingula  quaeque  fcrupula  continuo.  Cujus  ufus  poftmodum  nobis 
erit  longe  commodiffimus  in  loxodromiarum  calcuio,  et  evariatse  longitudinis 
fpatio  ^ftimando.  Tabulam  ipfam  hie  fubjicio,  cujus  conftruftio  fola  addi- 
tione  conftat,  ut  nempe  radius  ipfe  10,000,000  ad  fccamcm  unius  ferupuli 
10,000,001  addatur,  unde  fumma  conflaiur  20,000,001;  hate  ad  fecantem  2 
fcrupulorum  10,000,002  addita,  dabit  30,000,003 ; et  hie  numerus  cum  fe- 
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cantc  3 fcrupulorum  io,oco',oo4  compofitus,  conflabit  40,000,007,  atque  eo 
porrb  ordine  per  fingula  fcrupula  ad  extremum  quadrantis  limitem  progredi- 
endo.  Ego  hunc  csnonem  ad  feptuagefimum  graduin  produxi,  qui  ad  ufum 
maritimum,  (quern  hie  potiffinuim  fpciftannis)  latiseft;  e:,  fi  ultra  tendas,  non 
jam  per  fingula  fcrupula  tantum,  fed  per  fcrupulorum  fcmilfes,  tricntes,  fcxtantes, 
imb  uncias,  ufpiam  cflet  piogrediendum  ; dcniquc,  cum  proximo  poluni  accef- 
fcris,  etiam  per  fcrupula  fecunda  aut  tenia.  Scd,  quanquam  ille  labor  et  in- 
frudtuofus  ct  inutilis  fit  fulurus  ; lpecimen  tamcn  aliquod  hujus  in  fcho- 

lis  infra  exhibemus.  Si  cui  libeat  imirari,  habct  ubi  otium  ftnim  ponat  fine 
damno  : nos  inflitmo  noflro  infiflimus ; et  quo  calculus  iftc  fecurius  fubduci 
pellet,  et  error  ccrtius  dcprehcnili  qui  forte  nobis  ebrepfifict ; bis  cundem  fub- 
duxi,  femel  ex  tabulis  fccantium  Thomte  Finckii,  ittrum  c tabulis  Bartlioloni*i 
Pitifci ; ut,  ft  quid  vitii  in  ipfas  forte  tabulas  operarum  incuria  irrepfiffet,  ex 
mutua  collatione  facilem  liaberct  emendationem  : cum  Pitifci  notas  lint  etiam  ex 
opere  Palatino  e x profile  ; illae  autem  Finckii  alne  ab  his,  ct  ante  fubdudf®. 

Tabcllam  ipfam  in  libri  calcem  rejecimus  j cui  titulum  fecimus  Can.nica 
Parallelorum. 

Veriim  de  confiructionc  et  ordine  id  moner.dus  mihi  es,  me  ab  ipfo  radio 
additioncm  ideb  aufpicatum  elfe,  quod  ille  ad  ipfum  aiquinodialem  pertinear. 
Quia  cnim  milliaria  fingula  quatuor  fcrupula  illic  occupant,  etiam  quadruplus 
milliarium  numerus  numcrum  fcrupulorum  ipfis  debitorum  definiet ; et  ita  nobis 
cadcm  analogia  redit,  ut  radius  ad  radii  quadruplum,  ita  numerus  milliarium 
ad  fcrupula  congrua. 

In  graduum  et  fcrupulorum  notationc  eum  ordinem  fccuti  fumus,  ut  srqui- 
ncdtiali  circulo  1 pr*fixerimus  tanquam  omnium  parallelorum  prime  principio ; 
rcliquos  autem  parallelos  ordine  ad  hunc  difpunximus,  ut  unus  gradus  fit 
fexagelimus  parallelus,  quorum  primus  fit  tequinoftialis  : ut  ita  parallelus  qui 
per  undefexagelimutn  fcrupulum  cducitur  fit  nobis  numerus  fexagefimus,  ct 
qui  per  fcrupulum  fexagefimum,  fit  primus  et  fexagefimus,  five  1 gr.  1 fcr. 
quod  ideb  diferiis  verbis  exprimendum  duxi,  quia  aliis  canonibus  hoc  fit  dif- 
fimile. 

Atquc  haflenus  canon  ipfe  nobis  fuit  exprefltis  : fequitur  ejus  ufus,  qui  ctfi 
ex  ipla  conftruftionis  lege  baud  obfeurus  efi'e  pofllt,  placuit  tamen  etmdetn  hoc 
theoremate  brevitcr  compledi. 


PROPOSITIO  xnr. 

Si  inchtfnl  ab  aquinodliali  parallelorum  datorum  imtium  ducatar,  quadruplum  nttmert 
ultimo  parallelo  imitate  audio  rejpondcnlis,  Jetui.dum  preporthnis  terminum  explebit  r 
sin  aliunde,  Jed  utrdque  latitndine  fimili,  differentia  inter  dates  parallelos  unitate 
audios  quadruplum  : sin  dffmili,  parallelorum  unitate  audlorum  fumma. 

H1C  tabularum  expofitarum  ufus  eft  primus,  ut  inde  terminus  proporiionis 
illius,  qujtn  12  propofitione  cxprellimus,  afl’umatur.  Sed  exemplis  res 
6 erit 
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erit  illuftrior.  Quasratur  enim,  quot  fcrupula  longitudinis  occupent  750  millia- 
ria,  ab  sequinodiali  ad  parallclum  44  gr.  59  fcr.  inclufivc,  ut  fingulis  paral- 
lelis  sequalis  milliariutn  portio  attribuatur.  Hlc  erit  tibi  affumtndus  numerus 
canonicus  e regione  45  gr.  30,31 1,462,  nam  qucm  nos  vulgd  diomus  paralle- 
lutn  44  gr.  59  fcr.  is,  ft  sequinoftialctn  annutneres,  quod  in  iftarum  tabula- 
rum  conltruttione  eft  fail  uni,  fiet  45  gr.  et  compreficndet  parailclos  2700. 
quadruplum  porro  numeri  alfumpri  eft  121, 245, 848.  Jam,  milliaiium  datoium 
numerus  per  2700  parallelos  divifus  dabit  fingulis  parallelis  % hoc  eft  t’t 
unius  milliaris.  Atque  hlnc  proportio,  ut  10,000  ad  121,24 5,843  ; ita  T’T  ad 
3367  rVi'W  ; tot  igitur  fcrupula  (qui  font  gradus  56,  fcr.  7,  fee.  55 ,j  data  750 
milliana,  per  expofiios  parallelos  sequaliter  tributa,  occupabunt.  Si  data  milharia 
n folo  sequinodiali  fuiflent  menfuranda,  expleviftenr  tantum  gradus  30;  aur,  fi 
in  ipfo  quadragefimo  quinto  paralldo  fuiflent  atftimanda,  Inc  jam  occuparenc 
70  gr.  42  fcr.  38  fee. : ut  iisec  per  fingulos  intemiedios  parallelos  diftrihutio 
major  Gt  ilia  quse  in  maximo,  minor  hac  quse  in  minimo,  fuit  propofita. 

Sunto  jam  iterum  a 35  gra.  58  fcr.  exclusive  ufque  ad  51  gra.  59  feru. 
inclufivc  (quse  font  Icrupula  five  parallel!  960)  mill iaria  320  ita  iribuenda  ut 
fingulis  parallelis  sequalis  milliarium  ponio  affignetur,  nempe  feu  j ; nume- 
rus itaque  canonicus,  qui  pertinet  ad  35  gra.  58  feru.  ur.itate  majorem,  nempe 

35  gr-  59  fcr>  23,178,702,  de  numero  canonico  52.  36,663,060  dedudtus, 
relinquet  13,486,338,  cujus  quadruplum  53.943,432.  Erit  itaque,  qnemadmo- 
dum  radius  10,000  ad  33,945,43 2,  ita  -J  ad  1798  t'cVA*  q»i  font  gradus  29, 
fcrupula  58,  fecunda  ti. 

Exemplum  tertium  efto  a parallelo  auftrino  36  inclufivc,  ad  parallelum  bo- 
reum  52  inclufivc,  et  funto  expofita  miliaria  4000,  per  fingulos  parallelos 
sequaliter  csedenda.  Hie  quia  numerus  unitate  augendus  erit,  ut  fint  36  gra.  1 
feru.  et  52  gra.  1 ferup.  ilii  competit  numerus  Canonicus,  23 • 9-397 1 ■ huic 
autem  3666.5060.  fuinma  5985.9031  ; et  cum  in  hoc  utroque  parallelus  primus, 
feu  sequinodialis,  fit  additus,  efficitur  in  utroque  addito,  bis  adhibirum  ; qui 
tamen  ideo  non  fit  fubducendus  ut  utriufque  latitudinis  refpedu  alfumptus  in- 
telligatur,  quemadmodum  in  ufu  infra  plane  liquebit.  Hujus  quadruplum 
23943.6123.  parallelorum  autem  numerus  5281,  nempe  52  gra.  1 fcr.  et 

36  gra.  1 fcr.  et  quia  bis  iteratur  sequinodialis,  fiunt  88  gr.  1 fcr.  feu 
fcrupula  3281.  ut  fingulis  parallelis  cedat  -J-J”?.  milliaris  pars  quota:  unde 
proportio,  quemadmodum  radius  10000  ad  23943.6124.  ita  ad  mi  nut  a 
*8156^..  qui  funt  302  gr.  15^  <crup- 

Debuiifet  quidem  ex  ipfo  fummse  quadruplo  radii  quadruplum  femel  fub- 
duci,  ft  tantum  fingulis  parallelis  femel  velis  imputare  4-^tt-  milliaris  : fed  sequi- 
noctialis fibi  bis  hanc  partem  poftulat ; quod  Loxodromiarum  ufus  et  demon- 
ftratio  propofitionis  25136  poftea  comprobabit. 


PRO- 
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PROPOSITIO  XIV. 

Dalis  evariaU  longitudinis  gradibus  el  /crupulis,  dabitur  qucquc  mcufura  mi'.liarium 
.equalitir  parallelis  inter  dates  inUrjtdis  debita. 

EST  converla  antecedents,  et  hie  alter  noftri  canonis  ufus  eft  ; qua  utrique 
omnis  Loxodromiarum  utilitas  clariflitne  illuftratur.  Conftat  enim  ex  ipfit 
canonis  ftruftura  ct  propolitione  12,  earn  cfle  rationem  itineris  per  fingulos 
parallelos  tequaliter  tributi  ad  minutorum  I'umnum,  in  omnibus  parallels, 
quantum  illud  fpatium  occupat ; quemadmodum  toooo  ad  quadruplum  numeri 
canonici  cujufque  loci  (ut,  puta,  ab  requinciftiali  ad  parallelum  44  fcr.  59  in- 
clulive),  is  locus  itaque  imitate  audus  dabit  gr.  45.  et  luc  erit  ratio  propofita, 
ut  10000  ad  quadruplum  fumma*  tangentium  30,3 1 1,462,  nempe  121,245,848: 
ergo  ft  1 milliare  in  fingulis  aflumatur,  crunt  mmuta  1 2 1 pro  longitudi- 

nis  evariatione.  Et  contra  igitiir,  minutorum  per  omnes  parallelos  *quali  iti- 
neris fpatio  attributorum  ratio  erit,  quse  12,124,’,^  ad  1 milliare.  Itaque  ft 
minutorum  numcrus  major  minorve  quairatur,  utpote  ft  afiumantur  evariatte 
longitudinis  minuta  1000,  et  quxratur  itineris  quantitas  in  ftngulis  parallels; 
erit,  quemadmodum  t2,i24r‘,,V  ad  1 milliare,  iia  1000  ad  unius  millia- 

ris ; atque  tantum  itineris  in  fingulis  parallelis  fuerit  conficiendum,  ut  1000 
minuta  longitudinis  dift'erentiam  impleant,  cujus  veritatem  per  antecedentem 
propofttionem  vicifslm  e converfo  experiri  tibi  liccar. 

Si  non  ab  ipfo  Equinoctial!  inclufive  initium  alfumatur,  fed  interrallum  pa- 
rallclorum  terminetur  latitudinis  afTectione  fitnili,  afihmatur  differentia,  ct  pro- 
portio  inftituatur  ut  prius. 

Sin  verb  latitudo  fit  diffmiilis,  altera  Borea,  ct  Auftrina  altera,  affumatur 
. parallelorum  fumraa,  eaque  quadruplicctur,  et  inde  proportio  inftituatur  ut 
ante. 


PROPOSITIO  XV. 

L'xcd' cmia  eft  lima  ivxorSrs  in  terreni  glcti  ftperftcie,  qti.vn  ubique  contingens  rebla 
tinea  cum  omnibus  meridiaius  per  cuutla  ejus  punUa  an  it  is  .equates  angu/as 
comprehendit . 

SI  quaodo  navis  redla  in  feptentrionem  aut  meridiem  dirigirur,  turn  per 
fueridianum,  et  ideb  per  maximum  ten  a:  circulum  decurret.  Cum  autent 
reila  vel  ortum  vel  occalum  petit,  tunc  cum  omnibus  meridianis,  per  quos 
fertur,  angulum  reftum  coraprehendere,  et  ideb-  aliquem  parallelum  i'uo  curfu 
del'cribere, ' fupra  docui.  At  verb  cum  aliuni  quemeunque  curium,  ab  his 
duubr.s  diverfum,  tenebit,  atque  ad  aebs  magnetic*  (itum  (qui  tamcn  ante,  fe- 
cundum  xftimatam  xaXvCu'xXiim  emendatus  intcliigatur ) ita  fecomponet,  ut  -qoVir 
navis,  qua:  per  median)  carinam  a prora  ad  puppim  porrigilur,  aliquem  angu- 
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lum,  et  (cmper  eundem  cum  omnibus  meridianis  quos  fecat  comprchendit : 
mm  quidem,  quamdiu  ilium  tenebit  curTum,  helieem  lineam  deTcribet,  qualcs 
iftx  fum,  quas  hie  in  piano,  ad  earn  formulam  ut  proxime  expreflimus ; nempe 
egtd,  et  eioiti  ub \- efqkb  squinodiialem  lineam,  et  a terra:  polum  noiat ; 
mechanicam  ejus,  tarn  in  giobo  quam  in  piano,  delineandi  lationem  in  fcholis 
didluri.  Hanc  autem  tt?  tou  ipiy.*  xojemlst,  a curlus  obliquatione,  Aug  Jpofu*, 
voce  Grxca  indigitamus ; qui  plane,  ut  diximus,  circulus  efle  nunquam  polfit. 
Nam  circuli  ad  meridianum  aliqaem  obliqui,  live  majores  ii  Tint,  five  minores, 
Temper  alium  atque  alium  angulum,  eumque  varium  et  reliquis  angulis  inxqua- 
lem,  comprehendent ; quemadmodum  videre  eft  in  ecliptico  circulo  coluros 
interTecante.  Is  enim  in  communi  Tedt  one  cum  tropicorum  coluro  angulos 
redtos  comprehendit  j at  circa  nodos  tantum  complememum  maxim*  fuxdecli- 
nationis,  nempe  66  gradus  et  29  Tcrupula,  intermediis  autem  locis  angulos  omnes 
inter  Te  Tacit  inxquales.  In  minoribus  verb  circuits  etiam  manifeftior  eft  evariatio. 
Loxodromia  igitur  tXMtufat  quxdam  Tut  generis  linea  eft,  cujus  longitudinem  et 
fitura  in  ipTo  curftt  gubernatores,  ct  navium  magiftri,  reliqutque  navales  pedes 
ad  hanc  rem  idonei,  accurate  et  diligenter  obTervant,  et  pro  (vclocitate  aut  tar- 
drtate  conje&uris  accuratiflime  seftimatam  Teorsim  notant.  Hinc  cnirn  certiftima 
motatx  turn  longitudinis  turn  latitudinis  indicia,  (modo  nihil  in  hisconjedhiris 
fit  peccatum)  ab  ipfis  derivari  Tolent ; ut  indc  ad  quas  oras  appulerint,  quove 
uTque  fit  perventum,  hoc  indicio  cognoTcant  et  definiant.  Hujus  itaque  linea: 
accurata  et  conftans  menTura,  et  angulus,  quern  ipfa  cum  acus  magnetics  iitu 
legitimo,  Itoc  eft,  cum  vero  loci  meri- 
diano,  comprehcndet,  utramque  in  hac 
arte  paginam  nobis  faciunt;  cui  adeo  rei, 
hanc  unam  ob  caufam,  Tedulam  adeb 
operam  navant.  Nam  acus  magnetics 
fitum  luxatum,  fumma,  qua  poflunt, 
curb  quotidiani3  obTervationibus  reftitu-  ■ 
unt.  Et  curTbs  menTuram  jaftu  funis, 
adhibita  clepfydra  momentanea,.  explor- 
ant,  hoc  fere  modo.  Funem  not*  lon- 
gitudinis  decern  aut  viginti  decempeda- 
rum,  etiam  puppis  perpendiculo,  tan- 
quam  trianguli  redianguli  crure  xftim- 
ato,  e puppi  prscipitant,  cui  in  fine 
lignum  cimbulamve  alligant,  qu*  tranl* 
versim  pone  in  maris  Tulco,  a concitato 
navis  motu  fafto,  innatet ; ut  ita,  dura 
funem  a glomere  minimo  momento  ver- 
Tabili  deglomerant,  eidem  quafi  loco 
affixa  hxreat ; interim  ab  ipTo  initio 
clepTydrS  momentanea  temporis  Tpatium 
in  ipfa  glomeris  evolutione  elapTum  men- 
Turant : et  inde,  quantum  fingulis  horis 
tali  TuccefTu  proficiant  conjcdiuram  ca- 
Vot.  IV.  ’ X 


pitint  : 


Mctliodus 
seftimandi  vc- 
locitatera 
quacum  navis 
movetur  per 
ja&um  ligni 
parvi  in  marc 
ad  navcm  ptr 
funem  ligati, 
et  deglomcra- 
tionein  funis 
per  parvulum 
aliquod  tem-  . 
pus. 
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piunt : quod  ipfum  accuraiiores  navium  magiftri  fsepius  iterant,  pro  vento- 
rum  vario  impecu  ; ut  luijufmodi  obfervationibus  qua  in  proxime  divinando  ad 
vetum  accedant.  Atque  ita  ex  angulo  confedie  Loxodromia:  et  ejufdem  quan- 
titate, poftei  latitudinis  ct  longitudinis  evariatae  rationem  ineunc.  Tanti  fane 
fuerat  Loxodromiarum  rationes  habere  bene  explicatas.  Ingeniofum  utique 
commentum,  quod  tamen  haftenus  duntaxat  proccllit,  ut  ejus  affiftiones  ttie- 
chanice  tarn  urn  ufurpari,  neque  accuratiorc  calculo  explicaii  potuerint.  Nos 
jam  omnes  ejus  affedtiones  etiam  nutneris,  qui  axfiCiripu  funt  geometricis  linea- 
mentis,  perfequi  docemus,  qua:  res  fingularcm  habet  utilitatcm  cum  futmtia  fa- 
cilitate conjundtam.  Nam  mcchanica  eorum  praxis  juxta  eft  et  operola  ct 
Jubrica,  qua:  in  chartis  hydrographicis  illis  excrcetur,  quse  terreni  globi  finuu 
nufpiam  ad  anrufliro  refert ; quse'que  adeb  immane  quantum  a vero  abludit  ; 
ut  non  tarn  mirandum  qulm  necclfarium  fit  hie  mechaniccn  iftam  fuos  allecla* 
>n  errorem  manifeftarium  dare  prtecipites. 


PROPOSITIO  XVI. 

‘L exodromia  nulla  ft  in  terrx  poltt  induit. 

CONSECTAR1UM  eft  ex  antecedcnte  propofitione  dcrivatum.  Cum  cnim 
loxodromia  forma  ex  angulo,  quern  cum  meridiano  loci  contprehendit, 
tota  ccnfcatur,  et  ea  liiblati  loxodromia  areplius  nulla  fit,  materi®  vicem 
fubibit  ipfe  meridianus,  quo  fubdudto,  tanquam  cruribus  anguli  fulilaiis,  an- 
giilus  plane  nullus  comprehend!  pofle  intclligitur  ; ut  ita  loxodromia?  et  res  et 
. titultis  concidanr.  Atqui  lub  polis  et  mnndi  cardinibus  in  hoc  Terras  globo 
nullum  meridiinum  cfle,  et  ratio -et  demonftratio  convincit.  Neque  entm  in 
illo  teme  pundlo  lidus  ullum,  aut  -cccli  quodcunquc  aliud  immobile  pundhim 
vcl  oritur  vel  occidit : unde  meridiani  notio  folum  derivatur,  quemadmodum 
nominis  definitio  arguit;  qui  ita  Latinis  meridianus,  Grsecis  pi <rrf£e»<>s,  quad 
medidianus  aut  pnrrpt'piwr  indigitatur,  quod  fpatium  temporis  inter  ortum  et 
ejufdem  pundti  occaftim  medium  fecet.  Quod  autem  a folis  tamum  ortu  et  oc- 
cafu  meridianus  dicatur,  id  tantum  ab  ufu  potiore,  et  in  omnium  oculos 

incurrente,  eft  derivatum. 

. Mtdio  am  fol  altijjimus  erbe 

Tantum  refpiciet , quantum  JupcrcJfc  videbit. 

Et  fi  hoc  illic  locum  quoque  habeat,  jam  ifttc  meridiani  erunt  omnino  mu- 
tabilts  et  ambulatorii,  atque  quotannis  varii ; cum  fol  nobis  hie  modb  in  coeli 
medio,  inde  in  ortu,  turn  in  cosli  imo,  alias  in  occafu  ; denique  femper  in 
aliis  atque  aliis  locis  in  xquinodiialia  pundta  ingrediatur.  Atque  ita,  pro  hac 
aut  ilia  bife.Hione,  metidiani  circuit  fitus  erit  inconftans  r nonnunquam  cnim 
illis  meridianus  eflet  idem  qui  nobis:  aliquando  ille  circulus horarius,  qui  nobis 
horam  (extant  matutinam  fignat : alias  alius,  et  femper  varius.  Quamobrem 
cum  hie  nullus  meridianus  detur;  etiam  affedtiones,  qu*  ipfi  attribui  folent, 
fimul  cum  ipfo  evanefeent.  Et  ptopterea  loxodromia  (quse  a fedtione  meri- 
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diani  nomen  et  fbrmam  forricur,)  plan£  nulla  concipi  hoc  loco  fub  polis  po- 
tent; ut,  in  diagrammate  propofitionis  antecedentis,  Loxodromia  eio  u,  con- 
tinuata  porro  in  m,  n et  p,  atque  inde  in  c,  nunquam  tamen  in  a polum  incur- 
ret,  fed,  infinitis  gyris  circumada,  ad  ilium  pundum  nunquam  perveniet. 


PROPOSITIO  XVII. 

t 

Loxodromia  eft  inftar  bafss  trianguli  plan!  relf anguli' ad  Jph*r* Jujrerficiem  eppRcati, 
cujus  crus  unum  fit  diftantia  parallelorum  inter  quo:  intercipitur. 

INCLINATIO  anguli  quern  navium 
carina  cum  meridiano  comprehendit, 
poftquam  a perpendiculo  demutat,  varia 
omnino  effe  poteft,  et  idco  loxodromia: 
helices  infiniiae,  alium  atque  alium  cum 
meridianis  angulum  comprehendentes. 

Angulum  autem  redo  minorem  hie  in- 
clinationis  angulum  vocamus.  Cum  au- 
tem Gngularum  una  eademque  fit  ad  om- 
nes  meridianos  inclinatio,  et  per  fingula 
punda,  etiam  viciniffima,  parallel!  circuli 
meridiano  perpendiculares  cogitatione  tra- 
duci  poffint,  vides  hie  triangulum  effor- 
mari  redangulum.  In  partes  porro  mi- 
nutiffimas  et  meridianus  et  loxodromia. 
concidi  poffunt,  ut  vix  ullo  calculo  eo- 
rum  i redis  lineis  differentia  exprimi  aut 
deprehendi  queat ; atque  hae  particular  in- 
alias minores  millefimas.  Et  quamvis 
redse  et  curvse  differentia  hoc  fedionum 
minutali  baud  poffit  tolli,  neque  unquam 
quantulacunque  curvse  lines  pars  reda 
fit,  tamen  ad  fenfimi  et  ufum  omnino 
evanefeit ; hoc  igitur  minimum, , quod 
hie  concipimus,  loxodromiae  fegmentum,  fiet  anguli  redi  bafis-,  fegmentums 
autem  meridiani  crus  unum.  Ad  iftam  plane  formulam,  quemadmodum  ac- 
cidit  triangulo  redangulo,  cujus  crus  unum  cylindri  peripherias  equate  fit,  ft . 
alterum  lateri  cylindri  redi  applicetur,  hoc  autem  circi  cylindrum  infledatur, 
turn  bafis  trianguli  helieem  cylindraceam  in  ejus  fuperficie  defignabit.  Qijod 
Pappus  prop.  24,  1.  8,  diferte  docet ; ut  ilia  helix  noftrse  lielici  loxodromiae, 
et  illud  crus  trianguli  lateri  congruens,  vcl,  quod  idem  fit,  axi  parallclum,  me- 
ridiani fegmento  hie  relpondcat  : quamvis  illius  defignatio  et  explicatio  non 
paulo  fit  facilior  qulm  hujus  nolirae  ; quod  circuli  parallcli  ill tc  fint  xquales : 
hid  autem  longe  fee  us  fit.  Intelligamus  itaque  in  loxodromia  e i ou  fegmenta 
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meridianorum ji,  vo,  uf , cffe  xqualia,  ft  angulos  eij,  icv,  cuf  squales,  ej,  rv, 
tf  parallelorum  circular  um  fegmenta  non  quidein  fimilia,  fed  sequalia  tantvlm. 
H’ic  bafis  trianguli  totius  eflet  eiou  ; .crus  porro  reliquum  ux,  e fcgmentis  ij,  ov, 
uf,  compofuum  inteiligatur. 


PRO  P O'S  IT  I'O  XVIU. 

Ejufdtm  loxcdromi.r  fegmenta  titer  parallels  circulos  * quale  intervallo  -disjniSUs 
i /tier  cep  I a Junt  eequalia. 

ET  hoc  quoque  expofitam  loxodromiarum  formam  confcqujtur.  Sit  enim 
loxodromia  aliqua  qu*  ad  tEquinoflialem  ufque  pertingat  i gradu  latitu- 
dinis  primo,  queracunque  tandem  cum  meridianis  angulum  coinprehendat. 
Quod  fi  hie  per  fingula  mimita  parailcli  circuit  tranfire  intellrgantur,  fient 
fexaginta  hujus  loxodromi*  partes  inter  hos  intercept*,  et  ideo  per  ipfa  fctflio- 
num  punfta  duflis  parallelis  totidem  fient  quaft  triangula  reftangula  j quorum 
• crus.unum,  meridiani  nempe  fegmentum,  cruri  altcrius,  et  angulus  unius,  it 
. Loxodromia,  tanquam  bafe,  et  mcridiano  comprchenfus,  angulo  altcrius  pariter 
conftituto,  fit  xqualis  : et  triangula  ideo  ipfa  quoque  fimilia  et  sequalia.  Aut,  fi 
nc  hoc  quidem  fatis  fit,  per  fingula  fecunda  Icrupula  paralleli  dufti  intdligan- 
tur,  et  fient  rectangula  triangula  3600  j vcl,  fi  etiam  minora  fegmenta  concipias, 
tanto  faciliorem  habebit  explicationem,  et  cum  planis  triangulis  affinitatem  ; ut 
unus  gradus  in  meridiano  non  tanthm  in  tertia,  aut  quarta,  fed  etiam  in  decima 
vcl  millefima  fcrupula  concifus  inteiligatur.  Atque  ita  in  his  minutiftimis  tri- 
angulis fingula  crura  cruribus,  et  bafes,  (qu*  funt  loxodromia:  iftius  fegmenta,) 
bafibus,  aMjuabuntur.  Et  iftud  helici  cylindracex  quoque  refpondet,  cujus  feg- 
menta inter  circulos  parallelos,  et  asquali  intervallo  disjunftos,  sequalia  omnind 
funt : fed  ilia  fegmenta  funt  prxterea  etiam  congrua,  ob  illius  line*  1/j.tuuiftixv, 
ut  Apollonius  apud  Hroclum  demonftravit;  quod  in  noftra  helice  non  atfequi- 
mur.  Quare  ejufdem  helicis  fegmentum  inter  sequino&ialem  et  parallelutu 
primum  tantum  erit,  quantum  inter  45  et  46,  aut  50  et  51,  vcl  80  et  8r,  at- 
que ita  porro  de  omnibus  qui  dari  pofi'unt  parallelis.  Id  in  fuperiore  diagram- 
mate  Jineis  ji,  vc,  fu,  exprefiitnus. 

Terr*  autem  polus  pundlum  eft,  non  parallelus ; et  nullo  loxodromi*  curfu 
ad  eum  deveniri  pofle  lupra  demonftravi,  quia  helix  ifta  ante  deficiat  quam  ad 
cum  pertingat.  Nihilominus  loxodromiarum  fegmenta  a punifto  polo  proximo 
inter  duos  parallelos  quocunque  intervallo  (ut,  puta,  unius  minuti)  disjunftos 
tanta  funt,  quanta  inter  parallelos  prope  *quinoftialem  eodem  intervallo  dif- 
tantes  1 fed  ita,  ut  minimum  hoc  loxodromi*  fegmentum  illic  fapius  revolva- 
tur,  antequam  intra  politos  parallelos  fuam  quantitatem  cxplicet. 


PRO- 


Digitized  by  Google 


T I P H.  B A T A V.  LIB.  I. 


57 


PROPOSITIO  XIX. 

Data  quantitate  e t angulo  inclinationis  Icxodromiee,  paralielorum  dijlantiam 

imenire. 

EXPONATUR  loxodromia  cujus  longitudo  fit  milliarium  maritimorum,  vel 
nauticorum,  50,  angulus  inclinations  56  graduum  ct  15  fcrupulorum  : quse- 
ritur  latitudinis  evariatio.  Id  totum  per  triangulo- 
rum  planorum  dodrinam  fccundum  dcmonltraia 
explicari  poteft.  Concipiarmis  enim  triangulunt 
redangulum  aei ; ut  a fie  loxodromia;  indium;  cc 
meridiantts  illius  loci  ae ; ai,  loxodromite  menfura, 
milliarium  50;  eat,  angulus  inclinationis,  56  gra- 
dus  et  15  fcrupula.  Cum  igitiir,  per  propof.  17, 
ae  meridiani  tegmentum  fit  inltar  cruris,  et  loxo- 
dromia ai  inltar  balls  anguli  redi  aei,  et  angu- 
lus  aif,  complementutn  inclinationis,  detur  33  gra- 
duum et  45  fcrupulorum ; erit  quemadmodum  radius  10,000,000,  ad  finum 
anguli  aie,  33  grad.  45  ferup.  5,555,701,  ita  ai,  50  milliaria,  ad  z 7-AVVvV 
milliaria;  tot  igitur  milliarium  ertt  tegmentum  meridiani  ae.  Ea  porro  ad 
fcrupula  per  proportionem  reducentur  hoc  modo : 15  milliaria  font  fcrupula  60, 
hoc  eft,  1 milliarc  valet  fcrupula  4 ; ergo  1 7 dabunt  fcrupula  1 UroVsV* 
qua;  faciunt  unum  gradum  et  jt  fcrupula  et  xVnW  fcu  TyxV  partes  ferupuli : cc 
proptcrea  e punftum,  feu  parallelus  ei,  in  auftrum  vel  in  boream  it  parallelo 
au  disjungetur  1 gradu  et  51  fcrupulis,  et  ToVs-  parti h us  ferupuli.  Quatnobretn 
fi  ftatuatur  a pundum  in  parallelo  51,  et  ae  versits  boream  porrigi,  erit  ei 
parallelus  per  gr.  52,  fcr.  51,  edudus  quam  proxime.  Contra,  fi  in  auftrum, 
jam  ad  49  gra.  9 fcr.  pertingerct;  atque  ita  porro  in  reliquis.  Aut  concinnius 
breviufque  hoc  modo ; 

Ut  radius  ad  quadruplum  ftnus  e (implement i inclinationis  dal.t  loxodromia ; ita 
milliaria  longitudinis  ejufdem,  ad  fcrupula  evariaU  latitudinis. 

Res  ex  pofitsl  analogia  manifefta  eft.  Ne  longe  difcedamus,  eodem  utar  ex- 
emplo : quadruplum  finfis  33  gr.  45  fcr.  eft  22,222,608,  unde  fecundOm  pofi- 
tos  terminos  10,000,000  22,222,808,  50,  concludes  quariuin  1 1 1 r't>VW>  ut 
fupra. 


PROPOSITIO  XX. 

Date  paralielorum  intervallo  cum  loxodromia  inclinationis  angulo,  ejufdem  menfura 

quoque  datur, 

VTT  in  diagrammate  antecedente,  fi  detur  ea  meridiani  Tegmentum  1 gr.  5 1 fcr. 
U et  angulus  loxodromite  eat  36  graduum  et  1 5 fcrupulorum,  fit,  per  propofitio- 
nem  18 , triangulum  icdangulum  eat,  cujus  angulus  et  unum  redi  crus  huic  ad- 

jacens 
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jacens  datur:  nam  quatcrna  minuta  in  maximo  circulo  unum  milliare  nauticum 
exrequanc ; et  propicrcik  j gr.  51  fcr.,  feu  fcrupula  111,  fient  milliaria  'j'.  At- 
que  inde  fit  hrec  proportio ; ut  radius  10,000,000,  ad  fccantcm  56  gr.  ijfcr. 
17,999,524,  ita  milliaria  ‘i1  ad  49  ; lanta  igitur  eric  longitude  loxo- 

dromi®  ai  inter  iftam  paralleldrum  diilantiam,  fub  hoc  inclinationis  angulo  dato. 
Sed  concinnius  et  elegantius  fuerit  ft  fiat, 

Ut  radius  ad  quadrantem  Jtcantis  anguli  inclinationis  data  toxodromi a ; ita 
fcrupula  evariata  latiludinis,  ad  longitudinem  ioxodromia  optatam. 

Id  quoque  ex  prxmifsi  demonflratione  fueric  perfpicuutn,  Nam,  cum- 
fcrupulorum  evariat®  latitudinis  quadrans  fit  tertius  proportionis  terminus, 
cans  autem  fecundusj-  nihil  refcrt  an  hunc,  an  ilium,  per  4.dividam.  Res  cx. 
periunti  manifefta  ell. 


PROPOS1TIO  XXF. 

Data  parallelotum  inlervallo  cum  Ioxodromia  quantitate,  inclinationis  cjufdem- 
angulus  quoque  dabitur, 

HIC  enim  data  baft  et  crure  quasritur  angulus  ab  ipfis  comprehenfus.  Fiat 
itaque,  ut  quadruplum  milliarium  Ioxodromia  data , ad  Jcrufula  evariata  latitu- 
dinis ; ita  radius  ad  finum  complimenti  inclinationis : vel,  ut  fcrupula  evariata  lati- 
tudinis, ad  quadruplum  milliarium  Ioxodromia  ; ita  radius  ad  Jecantem  inclinationis, 
Horutn  vcritas  ex  antecedenrium  analogia  eft  manifefta. 


PR  OP  OS  IT  IO  XXII. 

Crus  alterum  trianguli  loxodromici  integrum  fmul  imaginarium  ejl ; fed  per  minimas 
particulas  fngulis  parallelis  aquali  intcrvallo  disjunQis  aqualittr  attribuendum  ; 
quod  idci  vocetur  * 

CUM  enim,  per  propofitionem  17,  Loxodromia  fitquafi  bafis  trianguli}  cujus 
unum  crus  fit  fegmentum  meridiani  diftanti®  parallelorum  inter  quos  in- 
tercipitur  ®qualer  reliquum  crus  nobis  hie  quoque  quterendum  eft.  Id  autem 
fimui  totum  in  fuperficie  fpbxrica  non  datur ; quia  circuli  in  fphserico  inxqua- 
les  funt,  et  polo  viciniores  minores  remotioribus  et  ®quino£liali  propioribus. 
In  helice  quidem  cylindracea  et  ejus  triangulo,  in  fingulis  parallelis  circulis,  II 
pcrpendiculare  latus  in  sequalia  fegmenta  tribueretur,  crus  anguli  redti  jacens 
erat  fegmentum  circuli  proportionale  et  ®quale  reliquis,  per  ®qualia  perpendiculi 
fi-gmenta  inter  fediftantibus.  Hlc  veroetiamfi  meridiani  fegmenta,  qu®  funrtan- 
quam  perpendiculi  fegmenta,  fint  inter  fe  xqualia;  et  loxodromi®,  qu*  funt  bafes 

* Ewiationem  longit udiuii  potcnlii  complcxum. 
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angulo  redo  fubtenfe,  etiam  inter  fc  isquales  fint;  atque  ideo  reliqua  crura jacen- 
«ia,  qua:  parallels  iniputanda  font,  aqualia  eflc  debeant : quia  tamen  parallel!  fttc- 
•cedentcs  (fi  a polis  initium  ducas)  amecedentibus  fine  majores,  fegmenta  etiam 
minima,  ut  in  ipfis  ncccfliirio  quidem  fint  tequalia  ; ncuiiquam  tamen  erunt  ftmi- 
lia  : fed  in  majoribtts  circulis  pauciora,  in  minoribus  plura,  occupabunt  niinuta. 
H*c  auiem  omnino  exemplo  propofito  erunt  illuftriora.  Sit  trianguiurn  loxo- 
dromicum  e propofitione  antecCtiente  nei,  cuius  bafis  a i fit  milliarium 
49-AVVe  > crus  alrerum  a e (quod  erat  meridiani  tegmentum,)  dabatur  i gr. 
fi  fcr.  feu  milliarium  27J;  itaque  reliquum,  quafi  ei,  per  tabulas  tangentiuni 
invenietur  milliarium  4ir»-VcV»  Hoc  quidem  uno  nomine  et  tub  una  con- 
tinua  linea  in  fpharie  fuperficie  nufquam  datur.  Sed  in  minimas  particulas 
per  fmgulos,  et  quafi  infinitos,  parallclos  diilribuendum  inteiligitur;  et  in  quanto 
plura  triangula  id  diffundetur,  tanto  ea  ufui  erunt  aptiora.  Nos  ab  arquinoc- 
tiali,  ad  parallelum  (eptuagelimum,  parallclos  per  lingula  fcrupula  ducere,  et 
totidem  triangula  delineate  fufficere  cxiftiniamus ; ut  majorc  vifngyiU  non  fit 
opus,  quemadmodum  infra  demonftrabitur.  Atque  ita  in  propolito  exemplo 
futuri  funt  11 1 paralleli,  quot  erunt  minuta  a principio  ad  finem.  Et  ideo  tot 
reftangula  triangula  quoque  concipiantur,  quot  inter  bos  parallelos  efformari 
poterunt  j ita  ut  unurn  crus  perpendiculare  tit  minutum  unicum  in  meridiano 
per  loxodromite  et  parallelonim  communes  feAtones  eduftum,  crus  reliquum 
pars  tanta  cruris  /tmoiwafinai  in  parallelis.  Scd,  ut  dixi,  quanto  horum  paral- 
lelorum  ditlantia  minor  erit,  tanto  quoque  accuraiior  erit  teflimatio  minutorum 
per  fingulos  parallelos  diffuforum  s quia  ilia  nobis  longitudinis  jcdimationem 
pr*(lare  debent,  luque  crus  p* xtAiw^ixan  conllat  per  doArinam  trianguloruin 
hoc  modo. 


PROPOSITIO  XXIII. 


Triangula  loxodrcmica  imitate  funt  paucicra  parallelorum  numerty , quot  ?.  prim  a 
ad  tdtimum  interc'tpiuntur  inJufve. 


SIT  in  expofito  diagrammate  kx  primbm  cir- 
culus  ipfe  tequinoAialis  ; et  a z parallelus  per 
undecimum  minutum  eduAus  ; loxodromia  pro- 
pofita  a R,  Si  ergb  per  fingula  minuta*  paralleli 
cducanrur,  (ut  hie  vides  fp,  bg,  c d,  et  cateros,) 
babe  bis  undecim  ; quibus  6 ipfum  xquinoAialcm 
kx  annumeres,  erunt  in  univerfum  duodecim 
paralleli, triangula autem  dunraxat  undecim;  quia 
vertex  ultimi  trianguli  in  parallelo  2 a tantum 
terminatur,  ut  hie  vides.  Si  aliunde  quam  ab 
xquinoAiali  initium  ducas,  res  eadem  erit,  et 
analogia  tefpondet. 

Cum  autem  in  parallchrum  canonicis  initium  duca » 
tur  ab  ipfo  aquino^tali,  et  nos  vulga  ita  loquamur. 
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ut  eum  excludamus  ; ut  cum  diiimus,  para-lelus  per  l gr.  7 fcr.  hie  cum  intelligimus- 
qui  per  ifiud  fcrupulum  tr unfit : clique  tdeo  prstcr  squ'tnoSlialem  cjfent  pnralieli  per 
fingula  minnta  edulti  67  ; hue  fi  annumerctur  squincBialis , fiunt  paralieli  68  ; et 
idea  triangula  67  : ut  it  a tu'i  tibi  liceat  ex  tabu  lie  canonicis  affumere  quadruplum 
numeri,  cui  1 gr,  7 fcr.  attribuitur.  Idem  nil  ft  aliunde  quam  ab  squinutlia/i  ini~ 
tium  ducat. 


PROPOSITIO  XXIV.. 

Si  initium  loxodromta  ab  squinofliali  dttcatur,  totidem  erunt  triangula  loxcdromica 
quot  Jcrupulit  inde  extremus  parallelut  dtfiabit. 

ID  in  fuperiore  cxemplo  manifeftum  eft  ; nam  cum  iliic  affumam  parallelom 
ultimuin  az  minutis  underim  ab  xquinodtiali  diftantem,  primus  autem  fit 
acquinodialis  in  expofita  figui  a,  qui  tamen  in  hac  vulgari  ct  ufitata  parallelorum 
numeracione  in  cenfum  non  venit,  quia  parallelus  primus  intelligitur,  qui  mi- 
auti  intervallo  ab  ipfo  tequinodiali  fir  disjunftus : .efficitur,  ut  minutorum  nu- 
merus  qui  hnjnfmodi  parallelorum  eft  index,  a numero  triangulorum  intercep- 
torum  non  diferepet ; led  unus,  et  plane  idem  fit. 


PROPOSITIO  XXV. 

In  latitudine  Jimili  numerus  minutorum  differentiae  parallelerum,  ccgnominis  eft 
numero  triangulorum  loxodrcmiccrum : in  diffimili  verb , numerus  Juntas. 

SIT  jam  in  eodem  diagrammate  kb  parallelus  52  gra.  et  az  parallelus  52 
gr.  1 1 fcr.  Hk  igitilr  fi  utrumquc  extremum  inclufive  afiumas,  funt  pa- 
ralleli  quidem  duodecicn,  triangula  autem  loxodromica  duntaxat  underim, 
quantus  eft  fcrupulorum  differentiae  numerus,  fi  5*  gr.  1 1 fcr.  deducas.  Si 
latitudo  fit  diftimilis,  altera  borea,  et  reliqua  notia ; lumma  fcrupulorum  lati— . 
tudinis  utriufque  in  unum  conflata  triangulorum  intermediorum  numero  erit 
cognominis.  Sit  enim  kx  icerum  aquinodialis,  az  parallelus  boreus  per 
fcrupulum  undecimum  edudus ; parte*ad  versa  a,  5 parallelus  notius  per  latitu- 
dinis  notiae  fcrupulum  quartum.  Illic  igitiir,  per  prop.  23,  erunt  triangula  un- 
derim, hie  quatuor,  lumma  triangulorum  quindecim,  quanta  quoque  eft 
fcrupulorum. 
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PROPOSITIO  xxvr. 

Si  trianguli  loxodromici  crus  pwoiu>«|i*ixor  fer  parallel  rum  minutat'im  diftantium 
different  ism,  in  latitudine  fimilt  dividattir , quotas  erit  pars  fingulis  a maximo  in- 
clufr.'e  ad  minimum  txcluftve  squallier  attribuenda. 

SIT  in  eodem  diagrammate  kx  crus  pipuJurafuxw milliarium  iqf,  ct  k in  xqui* 
no&iali,  a in  laticudinis  fcrupulo  1 1.  Itaque,  per  23  propofitionem,  hie  erunc 
triangula  loKodromica  net  totidem  crura  fmgulis  parallclis  attribuenda,  quo- 
rum primum  equino6bali  debetur,  fecundum  fp  parallelo  per  fcrnpultim  latitu- 
dinis  primum,  tertium  b g parallelo  per  fcrupulum  fecundum,  denique  undc- 
cimum  ie  parallelo  per  fcrupulum  decimum  ; ut  ab  hoc  numero  parallelus  ul* 
timus  five  undecimus  excludatur : quia  vertex  noviffitni  trianguli  iae  eo  tan- 
tum  pertingit.  Quamobrem  crure  mecodynamico  17  J milliarium  per  11  divifo, 
pars  quota  erit  it  milliaris  fingulis  parallclis  attribuenda;  ut  kb,  fp,  bg,  reli- 
quaque  figillatim  habeant  longitudincm  lefqui-niilliaris.  Atque  ita  hoc  totuni 
latus  imaginarium  per  partes  tequales  fingulis,  quotcunquc  concipimtis,  paral- 
lclis attribuitur.  Res  cadem  eric  ft  non  ab  ipfo,  fed  aliunde  a quocunque  alio 
parallelo,  initium  facias.  Cujus  veritas  e propof.  23,  ct  25  quoque,  mani- 
fcfta  eft. 


PROPOSITIO  XXVII. 

Ltxodromiit  squinoflialem  fee  antis  crus  /iJixeJ-Ma/uxm  ab  etquintbliali  in  fucu  utrimque t 
partes  eft  diftribuendum  ; et  tequinoliialis  geminsm  babel  hoc  cafu  portiunculan  :: 
extremi  autem  parallel  utrimque  excluduntur. 

ClT  bx  aequinoflialis ; crus  pmoAwapixw  ; cui  sequetur  K x.  Itaque  pars  KJk 
^ parallclis  notiis,  et  kx  parallelis  boreis,  eft  imputanda,  per  antecedentem. 
Atque. ita  hi  ut  kx,  kb  geminse  portiunculx  aequinodlialt  attribuenda;  fint,  ex. 
tremus  autem  uterque  hie  atquo  jure  excludatur. 


PROPOSITIO  XXVIII. 

Datis  angulo  loxcdromia  et  ktitudinis  evariatione,  crus  mecodynamicum  invemre. . 

UT  radius  ad  quadrantem  tangentis  dal*  loxodromix,  ita  evariatx  latitudi- 
nis  minuta,  ad  milliaria  cruris  mecodynamici.  Sit  enim  diftantia  paralle. 
lorum  0 a,  ie  minutorum  32,  et  angulus  inclination^  iae  56  gra.  15  fcr.  Erit 
itaque  in  triangulo  rcctangulo  iae,  ut  radius  100,000  ad  tangentem  56  gra. 
15  feru.  149,660,  ita  evariatx  ktitudinis  fegmenti  ae  milliaria,  quae  ftuitpars. 
Vol.  IV.  Y quartt- 
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quarta  minutorum  3a,  nempe  8,  ad  milliaria 
cruris  mecodynamici  ei  1 1 tVVVV.  Et  ideo  per 
interpretationem  : quemadmodum  radius  100,000 
ad  quadrantem  tangentis  anguli  inclinationis 
37,415,  ita  latitudinis  evariaue  minuta  32,  ad 
milliaria  evariatx  longitudinis  1 2TVrVV,  ut  lupra. 

Quod  erat  inveniendum. 


Quadrant  tangentis  anguli  inclinationis  da  toe  loxodromi a per  radium  divifus, 
exbibet  cruris  mecodynamici  milliaria  uni  evarial <t  latitudinis  minute  debita. 

Ratio  et  demonftratio  ex  pracmiflb  theoremate  in  promptu  eft  : Ut  fi  detur 
loxodromi®  inclinatio  56  gr.  isfer.  cjus  tangens  erit  149,660,  cujus  quadrans  eft 
37,415  ; qui  per  radium  divifus  dabit  V partem  milliaris  cruri  mecodyn- 
amico  debitam  Tub  hac  inclinacione,  quando  crus  altcrum  in  triangulo  meco- 
dynamico  aftiimctur  quantitate  unius  minuti. 

PROPOSITIO  XXIX. 

Data  Loxodromi a quantitate  et  angulo  inclinationis,  eju/dem  crus  mecodynamicum 

invenire. 

HOC  eft,  data  trianguli  re&anguli  bafe  et  angulo  acuto,  crus  re<ft  i ei  oppo- 
litum  invenire.  Fiat  igitur : 

Quemadmodum  radius  ad  /mum  dati  anguli  •,  ita  milliaria  loxodromica  data  ad 
milliaria  cruris  mecodynamici . 

Ex  analogia  et  demonftratione  antecedentium  res  eft  manifefta. 

PROPOSITIO  XXX. 

Data  latitudinis  evariatione  b data  parallelo,  cum  inclinatione  loxodromi<e, 
dabitur  quoque  evariatio  longitudinis. 

QUEMADMODUM  fuperioribus  theorematis  26  et  27  tres  cafus  in  trian- 
gulis  loxodromicis  diftinximus  ; ita  quoque  exemplis  trrnis,  diftindis,  hanc 
et  fequentes  propofuiones  explicare  opera:  judicamus  pretium.  Detur  paral- 
lels, unde  initium  loxodromi®  ducatur,  ipfe  ®quinodialis  ; inclinatio  loxo- 
dromi® 56  gr.  15  1'cr.  (inclinatio  autem,  ut  lupra  earn  definivimus,  eft  angulus 
minor  a loxodromia  et  meridiano  comprehenfus,  ut  arzvel  krl  in  fuperiore 
diagrapha)  evariatio  autem  latitudinis  53  gr.  to  ferup.  quseritur  quantum  in 
longitudine  hie  lit  a primo  loco  difeeflum.  Primum  per  propofitionis  28  con- 
fedarium  inveniatur  ex  dat®  loxodromi®  inclinatione  milliaris  pars  quota  fin- 
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gulis  parallel!*  ab  xquinofliali  ad  53  grad.  10  ferup.  exclufivc  aflignanda : 
nempe,  fi  tangentis  inclinationis  quadrans  per  radium  dividamr,  ut  hie  vides 
tVWtVt  5 ,um  deinde  haec  milliaris  portio  in  fcrupula  (ingulis  parallelis  debita 
convertetur  per  propofitionem  t2hocmodo.  Ex  canonicis  parallelorum  affu- 
maturnumerus  qui  53  gra.  10  fcr.  debetur  37,800,747,  ejufque  quadruplum 

151.202.988.  Atque  inde  fiat  h*c  proportio;  quemadmodum  10,000,  ad 

151.202.988,  ita  tVt,VW  ad  5657 A fcrupula  longitudinis  evariatae  : 

rantum  cnim  hoc  curfu  ab  tequino&iali  ad  propofitum  parallelum  navigando 
nicridianus  uterque  dbjungitur,  qui  font  gradus  94,  fcrupula  17,  fecunda  15,  et 
ultra.  Quia  verb  tania,  ad  fecunda  et  tertia  ulque,  opus  non  eft  in  hoc 

terra:  globo,  potuere  termini  paulo  minores  afi'umi ; nempe  10,  151,203,  ; 

unde  concludes  i quod  eft  vix  dimidio  fcrupulo  minus  quam  antea. 

Efto  exemplum  etiam  alterum,  ut  latitudinis  evariatio  aflumatur  a parallelo 
36  ad  parallelum  53,  loxodromiae  autem  angulus  fit  78  gr.  45  fcr.  et  quaeratur 
diftantia  meridianorum  a principio  ad  finem  hujus  cursus:  tangens  anguli  in- 
clinationis 78  grad.  45  ferup.  eft  502,734,  cujus  quadrans  per  radium  divifus 
dabit  partem  quotam  cruiis  mecodynamici  fingulis  parallelis  hoc  curfu  attribu- 
endam,  nempe  milliaris,  per  propofniunem  27.  Hinc  adeo  reliqua  jam 

concludes  ad  inveniendam  longitudinem.  Nam  differentia  numeri  qui  per- 
tinet  ad  36  gradus  a numero,  qui  pertinet  ad  53  gradus  eft  1432.9669,  ejus 
quadruplum  573 1.8676,6!  inde  fit  hate  proportio;  ut  10,000  ad  5731.8676,  ita 
ad  quartum,  vel  (amputatis  numcris  redundantibus)  ut  10  ad  57,319, 
ita  ad  7204  fcrupula,  qui  funt  gradus  120  fcr.  4. 

Denique  tertium  proponatur,  ut  & latitudine  auftrind  52  graduum  ad  latitu- 
dinem  boream  53  curfus  ita  fit  direftus,  ut  anguli  ejus  ad  meridianom  inclinatio 
fit  85  gra.  2a  fcr.  30  fee.  Inde  ab  initio,  quatrenda  eft  tangens  dati  anguli, 
nempe  1,240,174,  cujus  quadrans  313,391  per  radium  divifus  dabit  partem 
quotam,  hoc  curfu  fingulis  parallelis  aitnbuendam,  3t\>VtVV  milliaria,  per  prop. 
27.  Atqui,  per  prop.  12,  quadruplum  fumma:  fecantium  qua:  ad  iftos  gradus 
peninet,  dabit  numemm  congruum  totidem  parallelis,  quot  triangula  mecodyn- 
amica  hie  per  fingula  fcrupula  erunt  concipienda  per  propof.  26.  Ergo 
quadruplum  fumma:  qus  pertinet  ad  gradus  52,  fucrit  146,595,268  ; deinde 
quadruplum  fummae  quae  pertinet  ad  gradus  53,  erit  150,537,172  ; fumma 
utriufque  297,132,440.  Atque  inde  fit  hate  proportio;  quemadmodum  10,000 
ad  297,132,440,  ita  xor-a-TT-i’  ad  quartum  ; feu,  quod  idem  fit,  ut  10  ad  297,132, 
ita  ad  93,1  i8t’  %-  fcrupula ; quae  funt  atqualia  gradibus  1551  fcr.  58,  fee. 

1 2 : adeo  ut  hoc  curlu  inter  illos  parallelos  neccffe  fit  orbem  terrarum  quater 
obitum  effe,  et  inluper  gradus  111,  cum  fcrupulis  58.  Atque  ita  latitudinis 
evariatione  cum  loxodromise  inclinationis  angulo  datis,  longitudinis  evariatio 
quoque  datur  hand  admodum  operose. 

Si  autem  angulus  inclinationis  datus  fit  aliquis  ex  illorum  numero,  qui  apud 
naucleros  in  ufu  funt:  utpote  cum  {,  4,  4,  Vs.  Vr.  anguli  reifti  explebunt : 
id  etiam  per  canones  .rjojr'*?*'  manuales,  ad  hanc  rem  a nobis  fadlos,  facillime  ex- 
pedire  licebit.  Sed  de  lftis  vide  librum  fecundum. 
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PROPOSITIO  XXXI. 

Duti  Lcxodromi * quantitate  cum  angulo  inclinationis,  datur  evariatio  longitudinis . 

T ONGITUDINIS  evariatio,  et  fupra,  et  aptid  gcographos  fcmficr,  eft  dif- 
' tantiaduorum  meridianorum,  in  gradibuset  fcrupulis,  feu  minutis,  xftimata. 
Hujus  autcm  evariationis  dcterminatio  eft  Theorema  maximi  in  re  maritima  et 
loxodromicis  usus,  et  liadenus  a multis  fruftra  follicitatum.  Hie  autem,  tanquam 
in  triangulo  reftangulo,  dati  bafi  cum  angulo  obliquo,  utrumquc  crus  quxren- 
duni  tibi  eft.  Hoc  quoque  perinde  ut  aniecedens  theorema.  triplici  execnplorum 
genere  explicare  oper®  videtur  pretium.  Sit  igithr  primum  ab  xquino&iali  na- 
vigatum  per  miliiaria  too,  angulo  inclinationis  loxodromi®  33  gr.  43  fcr.  Hie, 
per  propofitionem  19,  dabitur  evariatio  latitudinis  332^%.  fcrupulorum,  five  j 
grad.  3 2 toV  ftru.  Sed,  quia  plus  dimidio  fcrupulo  hie  abundat,  aftumam  3 gr. 
33  fcr. ; ut  ad  hunc  ufquc  ab  arquinodiali  parallelum  deventum  elle  conllet ; 
et  per  propofitionem  28  cruris  pw pars  quota  lingulis  paralielis  attribu. 
enda  : unde,  per  propofitionem  antecedentem,  dantur  evariat®  longitudi- 
nis  3 gr.  42  fcr.  4 7 fee. 

Secundb,  fit  i parallelo.  47  navigatum  angulo  inclinationis  loxodromi®  33 
gra.  45  fcr.  intervallo  milliarium  100  : qu®ritur  evariat®  longitudinis  quantitas. 
Cum,  per  18  propofitionem,  loxodromi®  ejufdem  fegmenta  inter  xquales  paral- 
lels fint  xqualia,  igitur,  per  19  propofitionem,  datur  parailelorum  diftantia 
332r«V  five,  ftuod  idem  fit,  j gra.  33  Icr.,  qui,  k 47™*  parallelo  numerati,  inci- 
dent in  52  gra.  33  fcr.  Hinc  jam  pars  quota  cruris  lingulis  paralielis 

attribuenda  dabitur  per  propofitionem  28,  nempc  V^VnV  lode  per  29  propofi- 
tionem dabuntur  fcrupula  evariat®  longitudinis  ; nam  differenti®  numeri  in  ca- 
nonicis  parailelorum,  qui  pertinet  ad  47  gr.  et  numeri  qui  pertinet  ad  32  gra. 
33  fcr.  quadruplum  eft  20,660,132;  unde  fit  hxc  proporiio,  per  propofitionem 
30;  quemadmodum  10,000  ad  20,660,132,  ira  -t-’cVVV  ad  3454  fcrupula,  qui 
iunt  3 grad.  4;  fcrup.  7 lec.  Ita  vidcs  eadem  curlus  hujus  inclinatione  et  menfura, 
inter  hos  parallelos  longitudinis  evariationcm  2 gr.  majorem  efl'e  quam  circa 
xquinoctialem. 

ilxemplum  tertium  tale  efto  : a latitudine  auftrina  36  gr.  verlus  *quinoflialem 
ct  ultra  navigatum  fit  milliaribus  1500,  angulo  inclinationis  loxodromi®  33  gr. 
45  fcr.  ut  fupra;  quxritur  longitudinis  evariatio.  Hie,  per  propof.  19,  datur 
parailelorum  diftantia  4989,  qui  funt  gradus  83,  fcr.  9,  ut  ideb  terminus  loxo- 
dromi* pertingat  ad  parallelum  boreum  47  gr.  9 fcr.  Jam  pars  quota  cruris 
mecodynamici  lingulis  paralielis  attribuenda,  per  propof.  27,  datur  Hinc 

alfumuniur  numeri  e canonrcis  parailelorum,  qui  pertinent  ad  36  gr.  et  ad  47 
gr.  9 fcr.  Horum  fumm®  quadruplum  eft  221,342;  unde  fit  h®c  proporiio; 
ut  too  ad  221,342,  ita  ^Vinr  ad  3699/^  fcr.  qui  lint  fane  61  gr.  39  fcr.  Ac- 
que  tanta  eflet  intra  didos  parallelos  evariatio  longitudinis,  ut  proxime. 

Si  loxodromia  data  fit  aliqua  c vulgo  ufitatis,  poterit  idem  per  canones 
facilius  explicari,  quemadmodum  aliquot  exemplis,  in  illanim  tabula- 
rum"  confti  udione  et  ufu,  infri  libro  fecundo  dcnionftratur. 

PRO. 
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PROPOSITIO  XXXII. 

Date  parallelo  cum  latitudinis  et  longitudinis  evarialicne,  kxodromia  indinationem 
el  quc.ntilatem  invert  ire. 

UT  loxodromi®  inclinatio  inveniatur  e longitudinis  et  latittid inis  differentia, 
otnnino  opus  eft  latitudinis  initium  confignari,  et  prteierea  in  quam  plagatn 
difeedatur  it  dato  parallelo,  nempc,  an  versus  polos,  an  verstis  aequinoftialcm  ; 
nam  pro  illius  principio  ct  plaga  loxodromi®  inclinatio  qvioque  variari  poteft. 
Exemplum  piimum  tale  efto.  Ab  infulS  Divi  Thom®  fub  ipfo  ®quino<ftiali  ad 
odium  Fluvii  Argentei  in  Brafilia,  vulgo  Rio  de  Plain  diAi,  longitudinis  diffe- 
rentia ftatuitur  60  gr.  et  htijus  eft  ab  sequintxftiali  diftanlia  34  gr.  pr®ter  prop- 
ter. Quteritur  qua  cursus  inclinatione,  feu  loxodromiS,  ab  inlul&  D.  Thoma  ad 
difti  fluvii  odium,  et  quanto  ejufdem  curfus  intervallo  fit  navigandum.  Hlc 
igitur  ex  duobus  cruribus  quatrenda  eft  bafis,  cum  angulo  altero  obliquo. 
Nam  differentia  latitudinis  eft  totius  trianguli  loxodromici  crus  alterum  j e dif- 
ferentia longitudinis  autem  crus  reliquum  erit  inveftigandum.  Primum  34  gr. 
in  meridianodabunt  milliaria  510  : turn  e differentia  longitudinis  60  gr.  dabitur, 
per  propofitionem,  in  triangulo  loxodromico  cruris  mecodynamici  pars  quota  in 
milliaribus,  fingulis  parallelis  attribuenda,  Hate  per  numerum  paralle- 

lorum,  2040,  multiplicata  (tot  enim  triangula  loxodromica  interfunt  per  pro- 
pof.  23,)  dabunt  milliaria  84 Additis  igitur  horum  crurum  quadratis, 
nempe  a 510  et  843TyryT,  dabitur  ctiam  bafis  987  milliaiium  : atque 

tanta  erit  dift®  loxodromi*  quantitas.  Denique  <!  datis  cruribus  dabitur  quan- 
titas  anguli  inclinationis  : ut  enim  milliaria  evariat.e  latiludinis  310,  ad  crus  tntco- 
dynamicum  845^^1*3- ; ila  radius  ad  tangentm  anguli  inclinationis,  per  propofi- 
tionem : unde  ipfc  angulus  loxodromi®  qusfits  datur  58  gr.  54  fcr. 

Exemplum  alterum  efto,  obi  utraque  latitudo  fimilis.  A Faiael , infularum 
Flandricarum  una,  ad  infulam  prope  fretum  Davis,  quam,  it  Pario  lapide  Jafpi- 
dem  referente,  Bellam , tanquam  pulchellam,  vocant,  qua  loxodromia  contenden- 
dum  fit,  quxritur : utriufque  autem  latitudo  eft  Borea,  illius  38  gr.  50  fcr. 
hujus  autem  J2  gr.  21  fcr.  differentia  longitudinis  fit  16  gr.  12  fcr.  Itaque 
nutneri  parallelorum  canonici  utriufque  latitudinis  erunt  3699.  1192  et  2531.- 
2354.  Horum  differenti®  autem  quadruplum  erit  4668.  7352.  ideoque  (per 
propof.  14.)  4468tVt  minuta  evariat®  longitudinis  attribuont  fingulis  parallelis 
unum  milliare  ; ergo  16  gra.  12  feru.  hoc  eft,  fcr.  972  dabunt  tVtVV  millia- 
ris:  parallelorum  autem  differentia  eft  fcrupulorum  81 1 ; unde  latus  mecodyna- 
micum  dabitur  milliaritim,  et  ex  his  cruribus  bafis  loxodromic®  lon- 

gitudo  263t!jV>  et  angulus  inclinationis  loxodromi®  39  gr.  47  fcr. 

Exemplum  tertium  tale  efto,  ubi  utraque  latitudo  fit  diflimilis.  Bantam  in 
Moluccis  habet  longitudincm  it  longitudine  Capitis  de  Aguillas,  prope  Caput 
Bon®  Spei  in  extremo  Afric®  promontorio,  fecundum  accuratiores  noitrorum 
hominum  obfervationes,  diftantem  S6  gr.  50  fcr.  L.atitudo  autem  Bantatn  eft 
6 gr.  45  fcr.  anftrina,  et  latitudo  Capitis  de  Aguillas  eft  33  grad,  o feru.  borea : 

quxritur 
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quaeritur  quo  Ioxodromix  angulo  a Bantam  ad  Caput  dc  Aguillas  fit  navigan- 
dum,  et  quanto  cjufdcm  intervallo.  Hie  igitur  primum  differentia  latitudinis, 
qua:  eft  illic  6 gr.  45  fcr.  auitrina,  et  hie  35  gra.  borea,  crit  41  gra.  45  ferup. 
five  fcrupulorum  2505.  Unde  datur  c Canonicis  parallelorum  primiim  405. 
9366,  deinde  2244.  1764;  fummz  fimul  utriulque  qoadruplum  10,600.  4520. 
Differentia  autem  longitudinis  86  gr.  50  fcr.  efticit  fcrupula  5210.  Unde,  per 
propolitionem  14,  concludes  hoc  modo  : io,6oOAA  fcrupula  longitudinis  occu- 
pant  in  fingulis  his  parallelis  1 milliare;  ergo  9210  ferupulis  cedunt  in  fingulis 
parallelis  tW»t  milliaris.  Sunt  autem  paralleli  fimul  in  bafibus  triangulorum 
mecodynamicorum  2505.  Atque  ideb  in  univerlis  fimul,  pro  ball  mecodynamico 
comniuni,  milliaria  1231  tVVA*  Latitudinis  autem  differentia  habet  milliaria 
626J.  Atque  ex  his  trianguli  redianguli  cruribus  datur  balls,  quz  eft  Ioxodromix 
longitudo,  138  iTW  milliarium.  Denique  etiam  angulus  inclinatiunis  : ut  cnim 
differentia  latitudinis  626$  milliarium  ad  crus  mccodynamicum  1231-^1*,,.  ha 
radius  ad  tangentem  angufi  inclinationis,  qui  hinc  datur  63  gra.  3 feru.  quarc. 
angulus  Ioxodromix  eru  tantus. 

PROPOSITIO  XXXllI. 

Data  parallels,  et  loxodromia  inclinationis  angulo,  cum  evariatione  longitudinis y 
loxodromia  quanlitatm  el  latitudinis  evariationtm  invenire. 

SIT  igitur  ab  infuli  Divi  Thomz  fub  xquinodtiali  navigatum  versus  oftiutn 
fluminis  argentei,  feu  Rio  de  Plata,  (quemadenodum  Hifpanico  idiomate 
vocatur,)  fub  angulo  inclinationis  Ioxodromix  38  gr.  34  fcr.  ut  hoc  cutfu  lon- 
gitudinis evariatio  fit  fadla  graduuna  60  , quxritur  Ioxodromix  quantitas  cum 
evariatione  latitudinis.  Id  erit  concludendum  hoc  modo,  ut  primum  experiaris 
quantum  deni,  vcl  viceni,  aut  triceni  latitudinis  gradus  fub  hac  inclinatione 
longitudinem  evarient : qua;  res  pcrfacilem  habet  explicationem  c propofitionis 
vigefimz  cxftavx  confc&ario.  Quadrans  enim  tangentis  datx  inclinationis  loxo- 
dromicz,  per  radium  divifus,  dabit  milliaria  cruris  mecodynamici  ex  zquo  fin- 
gulis parallelis  xqualiter  attribuenda.  Ut  fi  detur  inclinatio  38  gr.  54  fcr.  Natn 
tangentis  hujus  163,772  quadians  41,443  per  radium  divifus  dabit  tV-AVt 
unius  milliarts  in  fingulis  parallelis.  Si  itaqtic  per  hunc  numerum  multipliers 
iliius  e parallelorum  canonicis  numeri,  qui  ad  10  gr.  pertinet,  quadruplura,  da- 
bitur  evariatio  longitudinis,  quanta  fub  hoc  curfu  ad  parallclum  decimi  gra- 
dus ab  zquinoftiali  a piincipio  ad  finem  intercidat,  per  propofitionem  30"’'*”, 
nempe  fcrupula  398tV^e.  Unde  proportio  hujufmodi  inftituetur.  Qucmadtno- 
dtim  398rVtV  fcrupula  invents,  ad  optata  3600  (tot  enim  fcrupula  60  gradibus 
evariaiz  longitudinis  continentur  ;)  lta  alTumptus  numerus  parallelorum  cano- 
nicus  10  grad.  240.  1940  ad  numerum  quartum  2 1 7 1 A-tV  : qui  omnino  qtite- 
rendus  tibi  fit  in  canonicis  parallelorum;  cui  illic  refpondent  34 gr.  o fcr.  19  fee. 
Aio  itaque  hoc  curfu  navigandum  ab  zquincxftiali  ad  parallelum  34  gr.  ut  lon- 
gitudinis evariatio  fit  60  gr.  Si  enim  numerum  inventum  2 17 1 AW  per  iVvr A 
muliiplices,  fiunt  fcrupula  3600.00  ; hoc  eft,  gradus  evariaiz  longitudinis  6a 
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cxatfte,  quemadmodum  poftulabatur.  Veritas  hujus  fa&ionis  liquet  ex  ipfa  ca- 
nonicorum  noftrorum  numcrorum  afledionc,  et  terminis  multiplications.  Nam- 
que  canonici  10  gra.  numeri  quadruplum  96oTVrW>  multiplicatum  per  millia- 
rium  numerum  mecodynamicum  rtVtVii  dat  fcrupula  evariatx  longitudinis 
398yV»V*  Atquc  in  fecundo  quadruplus  numeri  canonici,  quern  jam  afl'umi- 
mus  pertincre  ad  34  gr.  nempe  8 68bTVs%V  multiplicatus  per  . idem  milliaria 
tnectxlynamica-rvVsVv*  dat  evariatx  hujus  latitudinis  fcrupula  3600.  Hoc  modo 


8686TV,V<r 

♦ • 4 ♦ t 

♦ » 4 * * 

t tTTra-jrr 

39»tVV 

3600 

Quamobrem  fafti  erunt  proportionales  multiplicatis.  Erit  igitur,  ut  398TyT, 
nempe  fcrupula  longitudinis  inventa,  ad  fuum  numerum  o6oyazoW  ■ >ta  fcru- 
pula propolita  3600  ad  fuum  numerum,  cujus  quadtans  eft  canonicus,  et  in  ta- 
bula 2171  rrvn  oftendit  parallelum  34  gr.  unde,  per  propofitionem,  loxodromiae 
ipfius  longitudo  invenietur  per  quadrata  crurum  trianguli  totius  mecodynamici. 
Crus  longitudinis  mecodynamicum  c 34  graduum  parallelis  datur  845-,*;^  et 
milliaria  evariatx  latitudinis  510.  Inde  toxodromix  ipfius  longitudo  milliarium 
9 ® 7 tVV- 

Efto  excmplum  fecundum,  ubi  curfus  a parallelo  aliquo  versus  polum  proxi- 
mum  dirigitur.  Sit  itaque  idem  curfus  58  gr.  54  fcr.  datus,  et‘eadem  longi- 
tudinis  evariatio  graduum  60.  Initium  autem  a parallelo  24  gr.  versils  polos. 
Itaque  parallel!  alicujus,  ut  puta  10  graduum,  aut  20  graduum,  numerum  ca- 
nonicum  aflumito;  atque  inde,  tit  ante,  ejus  numeri  quadruplo  per  cruris  me- 
codynamici milliaria,  quantum  in  fingulis  parallelis  fub  hac  inclinatione  occupat, 
multiplicato,  dabuntur  minuta  illi  evariationi  debita,  lit  fupra  398Ty,y. 
Atque  inde  fiet  hxc  proportio;  quemadmodum  ante  398TVA-  dant  numerum; 
ergo  3600  dabunt  217 1 W,iV*>  numerum  canonicum;  qui,  additus  ad  canoni- 
cum  24.  gr.  1484^*^,  conflat  fummam  3655VWW,  qui  pertinent  in  Canone 
parallelico  ad  51  gr.  34  fcr.  19  fee.  Atque  ideo  fecundbm  demonftrata  in  exemplo 
primo  a 24  gra.  ad  51  gra.  54  fcr.  navigandum  eflet  hoc  curfu  antequam  iftam 
longitudinis  evariationem  aliecjuaris.  Unde,  per  propofitionem  32i,n'1  datur 
ipfius  loxodromix  longitudo  milliarium  98 7 rW- 

Tertium  exemplum  efto  ubi  curfus  it  parallelo  boreo  ultra  xquinoflialem 
excurrat.  Sit  a parallelo  23  gr.  30  fcr.  navigatum  in  auftrum  fub  inclinatione 
loxodromix  58  gr.  54  fcr.  et  longitudinis  evariatione  I20gr.  Hlc,  ut  antei, 
paralleli  alicujus  numerum  canonicum,  ut  puta  gradCls  decimi,  aflumito,  nempe 
240.1940;  eoque  per  cruris  mecodynamici  milliaria  in  fingulis  parallelis  fub  hac 
inclinatione  multiplicato dabuntur  minuta  398-rV.oy  longitudinis  evaria- 
tioni ad  decimi  gradus  parallelum  ab  xquinodtiali  debita.  Atque  inde  fiet  hxc 
proportio;  quemadmodum  pribs,  398  rViy  dant  numerum  canonicum  240.1 940 ; 
ergo  gradus  evariatx  longitudinis,  qux  funt  minuta  7200,  dabunt  4343tVWvV 
Quia  autem  numcrus  ifte  major  eft  numero  canonico  paralleli  propofiti  23  grad. 
30  fcru.  I451-AVA.  >d  argumentum  eft,  illam  loxodromiam  ultra  xquinotftialem 
protendi  : ideoque  hunc  de  illo  deducatn : reliquus  2 892-^* erit  canonicus 
numerus  in  canone  inquirendus,  cui  refpondent  43  gr.  21  fcr.  10  fee.  Ut  fub 
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hac  inclinatione  a borco  parallclo  23  gr.  30  fcr.  initio  fa£lo  ad  aullrinum  ufque 
43  gr.  21  fcr.  decurrendtim  (it,  ut  longitudinis  cvariatio  12a  graduum  efficiatur. 
Unde  per  propofitionem  3Cm,m  datur  ipfius  loxodtomix  longitudo  milliatiom 
1 974rW ; quemadmodum  erat  propofuum. 

Atque  hinc  expeditiffime  adeo  invenias  quantum  in  latitudine  evarietur  con- 
tinue ab  sequinoAiati,  fi  cadent  aifumatur  unique  longitudinis  differentia.  Ut  ft 
quieratur  fub  inclinatione  loxodromite  33  gr.  45  fcr.  et  cvariaiione  longitudinis 
duorum  graduum  continua,  quanta  fit  cvariatio  latitudinis.  Hie  primurn,  quem- 
admodum ante,  per' proportionem  concludes,  quantum  quilibet  parallelus  af*- 
fumptus  evariet  fub  hac  inclinatione,  crus  in  fingnlis  parallelis  mecodynamicuni 
ell  milliarium  -rVc*>°<rV  : inde  ft  aifumatur  cvariatio  latitudinis  unius  tantum  gra- 
dus,  cui  competit  numerus  canonicus  60.0030,  & cujus  quadruplo  dabuntur  per 
propofitionem  3omim  fcrupula  evariat®  longitudinis  401rVVV»V  Atque  hinc  fit  luec 
proportio ; quemadmodum  fcrupula  407^^,^. ad  optata:  evatiatioms  fcrupula  1 2o, 
ita  numerus  canonicus  aflumptus  60.0030  ad  qmefitum  canonicum  179.  6192  ; 
qui  dat  evariationem  latitudinis  2 grad.  59  ferup.  32  \ fee.  Inde,  ft  evariationem 
4 graduum  longitudinis  quasras,  numcrum  inventum  duplicato ; fi  fex,  tripli- 
cate ; fin  0A0,  quadruplicate  : atque  ita  porrd,  quemadmodum  hie  vicics  con- 
tinuatos  numeros  canonicos  vidcs  179.6192,  359.2384,  538.8576,  718.4768, 
898.0960,  1777.7152,  1257.3344,  I436-9S36»  1616.5728,  1796.1920,  1975. 
8112,  2155.4304,  2335.0496,  2514.6688,  2694.2880,  2873.9072,  3053.5264, 
3233.1456,  3412.7648,  3592.3840.  Qui  omnes  numeri  cum  canonicis  com- 
parati  dabunt  parallelos  optatos ; inter  quos  hoc  curfu  longitudinis  cvariatio 
ubique  par,  nempe  duorum  graduum,  inveniatur;  parallel!  autem  quaifiti  funt 
ifti,  quemadmodum  hie  ordiric  difpofitos  vides. 
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Atque  ita  porro  in  qualibet  loxodromia  ( ut  jam  perquam  expeditum  fit, 
lianc  continuationeni  longitudinum  quamlibet  longi  produccrc. 


Idem  AttTER  el  facilius. 

IDEM  problcma  etiam  aliter,  et  quidem  muko  facilius,  abfque  ulla  divifione 
abfolvetur,  fi  id  modo  rcclc  cxpcnderis,  quod  fit,  Qucmadmodum  radius  ad 
tangentcm  complemcnti  anguli  data:  inclinationis,  ita  fcrupula  propofit®  longi- 
tudinis  ad  canonicum. 

Unde  “ quantum  denis,  centenis,  ant  miilenis  dtnique , fcrupulis  cednt"  facilis 
eft  explicatio. 

Ut  fi  proponatur  anguli  loxodromici  inclinatio  eadem  qua:  prius,  initio  ab 
ipfo  atquinodiali  derivato,  nempc  58  gr.  54  fcr.  tangens  complemcnti  hujus 
fucrit  6,032,386.  Is  numerus,  per  radium  divifus,  dabit  AVeWvv  numerum  ca- 
nonicum debitum  uni  fcrupulo ; et  Tjs-rJi£,  pro  fcrupulis  10,  et  ‘tVoVVit4 
pro  centum,  atque  ita  in  miilenis  deinceps.  Cujus  ratio  e propofitionis  faclione 
et  demonftratione  manifefta  eft.  Cum  enim  numerus  canonicus  dat®  latitudinis, 
per  dat*  loxodromi*  crus  mecodynamicum  fingulis  parallelis  debitum  multi- 
plicatus,  cxhibeat  quadrantem  fcrupulorum  evariatae  longitudinis  : ideo  quadrans 
fcrupulorum  evariat®  longitudinis  per  idem  crus  mecodynamicum  divifus  da- 
bit numerum  canonicum  fit*  latitudini  competentem.  Atqui  crus  mecodyna- 
micum in  fingulis  parallelis  fub  data  inclinatione  eft  quadrans  tangentis  per 
radium  divifi.  Quamobrem  erit,  ut  quadrans  tangentis  anguli  inclinationis 
ad  radium,  ita  quadrans  fcrupulorum  evariata:  longitudinis  ad  numerum  cano. 
nicum  latitudinis  evariat®  ; hoc  eft,  (fi  primi  et  tertii  aflumatur  qttadruplum) 
ut  tangens  ad  radium,  ita  fcrupula  evariata:  longitudinis  ad  numerum  canoni- 
cum evariat®  latitudinis.  Atqui,  qucmadmodum  tangens  ad  radium ; ita  radius 
ad  tangentem  complemcnti  j quarc  ex  ®quo  quoque  erit,  Ut  radius  ad  tangen - 
lent  complementi  anguli  inclinationis  data,  ita  fcrupula  evariata  longitudinis  ad  m- 
mcrum  canonicum  evariata  latitudinis.  Hoc  eft,  fi  tolus  radius  intclligatur 
fcrupula  evariat®  longitudinis  exprimere,  jam  canonicus  numerus  (qui  ex  divi- 
fione  quart®  partis  eorundem  fcrupulorum  per  quantitatem  cruris  mecodynami- 
ci  exftiti(fet)  eflet  tangens  complementi  inclinationis  dat®.  Ergo,  fi  ferupu- 
lum  alfumatur  evariat®  longitudinis  1,  to,  100,  1000,  dabitur  crus  mecody- 
namicum eidem  evariationi  debitum ; unde  latitudinis  evariatio  ex  ipfo  canone 
dabitur. 

Hinc  itaque  propofiti  problematis  abfque  ulla  divifione  folutio  erit  pcrfacilis. 
ut  fi  proponatur  inclinatio  58  gr.  54  fcr.  et  longitudinis  evariatio  graduum  60, 
qu®  lunt  fcrupula  3600.  Erit  igitur,  Quemadmodum  10,000,000  ad  tangen- 
tem complementi  58  grad.  54  ferup.  nempc  6,032,386,  ita  3600  fcr.  evariat® 
longitudinis  ad  numerum  canonicum  parallelorum  217 1 leu,  quod 

idem  fit  (quia  numcri  canonici  tanturn  ad  10,000  funt  expoitti;,  ad  2171.6581/, 
cui  in  tabulis  canonicis  competit  latitudinis  evariatio  34  gra. 

F.tlo  etiam  exemplum  aiterum  cursus  a paiallelo  aiiquo  versus  polum  proxi- 
mum.  Situue  eadem  loxodromi®  inclinatio  :8  era.  54  feru,  cuius  initium  fit  J 

Vol.  IV.  Z parallelo 
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parallelo  14  graduum ; atque  eadcm  longitudinis  evariano  ac  prids,  fcilicer,. 
60  graduum.  Quare  hie  proportionis  termini  erunt  iidern  qui  prius,  nempe, 
10,000,000,  et,  tangens  complement!,  6,032,386,  et  fcrupula  3600;  undedatur 
numerus  canonicus  2x71.  6389.  Huic  addendus  eft  numerus  canonicus  24  gr. 
nempe  14S4.  0097.  Sutnnia  hinc  conflata  dabit  numerum  canonicum  3655. 
6686,  qui  e canone  noftro  dabit  paralleium  51  gr.  54  fcr.  et  pauxillo  amplms. 
Hue  ufque  igitur  ifto  curfu,  atque  ifta  longitudinis  evariatione,  deventum  fuerit. 

Denique  li  eodem  curfu,  cidemque  longitudinis  evariatione,  ab  eodem  pa- 
rallelo versus  aiquinodialcm  curfus  fuiffet  inftitutus,  jam  a termino  canonico 
2171.  6389  invento  canonicus  24  gr.  erit  deducendus,  et  dabitur  reliquus  687^ 
5462,  cui  adjacent  1 1 gr.  23  fcr.  Et  hue  ufque  & parallelo  boreo  24  gr.  de- 
ventum  fit  hoc  curfu  ad  paralleium  auftrinum  1 1 gr.  23  fcr.  Atque  tanto 
hasc  fadio  expeditior  eft  priore  ; cumque  illic  ge-minum  opus  et  multiplicatio- 
ns et  divifionis  fubeundum  lit,  hie  fola  multiplicatione  totum  negotium  ab- 
folvitur. 


PROPOSITIO  XXXIV. 

Date  parallelo,  longitudinis  evariatione  et  loxodromi*  nenjurd  j ejufdem  inchnaticnem 
et  latitudinis  evariatimem  invenire. 

ETIAMSI  et  hoc  et  antecedens  problema  ad  ufum  nauricum  pardm  habeat 
momenti,  tamen  ut  artis  noftrat  integritatem  et  perfedionem  quam  evi- 
dentiffime  demonftrem,  utrumque  proponcre  et  propofito  exemplo  illuftrare 
placuit.  Hoc  verb  noviflitnum  non  nihil  amplius  difficuitatis  habet ; quin 
aded  Robertus  Hues,  (qui  htec  a nobis  pnopofita  problemata  duntaxit  in  iis 
feptem  loxodromiis,  qua:  in  fphxericJ  fuperficie  deferibuntur,  mechanice  tantum 
explicat,  et  quidem  admodum  i>.or% ipue,)  huic  noviffimo  tale  adferibit  eulogium. 
“ Non  eft  quidquam  in  tota  hac  arte,  quod  difficilius  fit  inventu,  quam  Rum- 
“ bus  (ita,  Nonium  fecutus,  loxodromiam  * vocat)  ex  dato  intervalio  et  dif- 
“ ferentia  longitudinis,  neque  alias  quim  operofa  et  ftepius  irerata  praxi  et 
" multis  dimenlionibus  exquiri  poteft  per  globorum  ufum.  Cumque  fit  h*c 
“ praxis  tarn  prolixa  et  tanti  laboris,  minds  eft  neceffaria,  aut  prorsds  inutilis, 
" quoniam  longitudinis  differentia  difficulter  inveftigatur,  ut  fupra  monuimus. 
“ Cujus  inventionem  utinam  prseftarent  magni  noftri  oftentatores,  ut  liceret 
“ tandem  aliquid  ab  his  expedare  pra-ter  nuda  verba,  vanas  pollicitationes,  et 
“ inanem  fpem.”  Et  ha:c  iile ; cum  tamen  nihil  prater  rudem  fadionis  typuin 
in  omnibus  fere  aut  exhibeat,  aut  requirat,  et  qui  ad  loxodromiarum  proprie- 
tates  et  afiedioncs  exprimendum  utcunque  fit  opportunus,  in  ufu  autem  iplb 
parum  aut  nihil  habeat  momenti.  Nos  hie  loxodromiarum  inclinationes  ad 
fcrupula  prima  ufque,  et  ad  horum  particulas  quoque,  fi  ita  cuiquam  libeat,  in- 
veniendi  modum  commonftrabimus. 

Efto  itaque  primo  cursds  inftituti  initium  ab  ipfo  tequinodiali,  ut  loxodromia 
longitudo  fit  milliarium  800,  et  longitudinis  evariatio  30  gr.  19  fcr.  Quaeri- 

*■  Pettit  U^aidum  viJctur,  Loxodromiic  angulum  feu  incliutiunem. 

tuc 


Digitized  by  Google 


T I F H.  B A T A V.  LIB.  I. 


>7* 

lur  hujus  loxodromix  inclinationis  angulus,  et  latitudinis  ejufdem  cvariatio, 
luiic  longitudini  et  fimul  loxodromix  magnitudini  dcbita.  Hlc  ante  omnia 
periculutn  eft  faciundum,  utrum  fub  eodem  parallelo  fit  navigatum,  an  veto 
peraliquam  loxodromiam  curfusfit  inftitutus.  Nam  ft  propofiti  cursus  milliaria, 
per  milliaria  unius  grades  in  parallelo  unde  initium  fatftum  eft  divifa,  eandem 
evariatx  longitudinis  quantitatem  exhibeant,  utique  res  ipfa  loquitur,  fub  eo- 
dem parallelo  curfum  effe  inftitutum,  et  in  latiiudine  hlc  nihil  e(Te  evariatum. 
Nam  per  propofitionem  undecimam,  ut  radius  ad  quadruplum  fecantis  dati  pa- 
ralleli,  ita  quoque  numerus  milliarium  ad  fcrupula  in  eo  parallelo  ipfis  con- 
grua.  Ergo  fi  fub  xquinodtiali  iter  fit  inftitutum,  numerus  miiliarium  qua- 
druplicate dabit  fcrupula  ipfis  debita : ut  hie  800  milliaria  facerent  fcrupula 
3200,  qui  funt  gradus  53  fcr.  20.  Atqui  cvariatio  longitudinis  expofita  eft 
50  gr.  19  fcr.  unde  efficitur,  versus  minores  parallelos  curfum  fuifle  inclinatum, 
id  eft,  per  loxodromiam  aliquam  hoc  curfu  cfl’e  decurfum.  Reliquum  eft 
igitur,  ut  tentando  et  conjedando  ad  quaefitum  fcopum  collineemus,  aflumpta 
primum  loxodromia  • qualibet,  ut,  puta,  inclinatione  45  gr.,  ut  conftet  fuprane 
an  infra  hanc  quxfita  inclinatio  pertingat.  Id  autem  facile  eft.  Cum  cnim  per 
fecundam  praxin  propofuionis  antecedentis  fit ; ut  Radius  ad  tangentem  com- 
plementi  inclinationis,  ita  fcrupula  evariatx  longitudinis  ad  numerum  canoni- 
cum  ; unde  latitudinis  cvariatio  quoque  cognofcatur ; ldc  autem  radius  et  tan- 
gens  complementi  xquentnr  : etiam  fcrupula  data  longitudinis  numero  canonico 
crunt  xqualia,  qu*  nunc  funt  3019.  His  porro  ad  10,000  redudis,  quemad- 
modum  numeri  canonici  font  expreffi,  Hunt  3019.0000.  Huic  competunt  la- 
titudinis gr.  44,  fcr.  52-}.,  et  inde  dantur  fub  hac  inclinatione  milliaria  loxodro- 
mica  867-^V^  ; qua?  funt  plura  datis  : ea  enim  funt  tantum  800.  Quare  illud 
indicii  fatis  eft,  angulutn  inclinationis  majorem  efle  loxodromii  aflumpta ; et 
contra,  fi  loxodromia  inventa  minor  fit  data,  turn  minorem  efle  reverl  quilm  fit 
aflumpta.  Quamobrcm  aflumatur  alia,  et  quidem  major,  inclinatio  quam  prius, 
fcilicet,  angulus  60  graduum.  Hinc  e&dem  viS,  per  fecundam  antecedentis 
propofitionis  fadioncm,  dabitur  numerus  canonicus  1743.0203,  cui  cedunt 
27  gr.  52-rVff  fcr.  evariatx  longitudinis  ; atque  inde  loxodromia:  longitudo  mil- 
liarium 8iiTV*V’,r>  qux  etiamnum  major  eft  ptopofitis  800.  Rursikm  igitur 
majorem,  10  gr.  nempe  70  graduum,  inclinationem  aflumam  (hoc  enim  incre- 
mento  earn  inclinationem  imra  denos  gradus  primum  concludes  haud  admodiim 
operoscj  unde  numerus  canonicus  exiftet  1098.  8260,  et  unde  dabitur  latitudi- 
nis  cvariatio  18  gr.  o,VVl  feru.  atque  loxodromix  quantitas  "jSg qua;  eft 
minor  data;  quod  ipfum  quoque  indicium  eft,  afliimptam  inclinationem  majo- 
rem efle  quxfitS.  Quamobrcm  conftat  intri  60  et  70  gradus  earn  coerceri.  Hie 
dcinceps  per  quinos  primum  temandum  cenfeo ; unde  conftet,  fuprane  an  infra 
63  gr.  inclinatio  quxfita  confiftat.  Ego  66  gr.  1 5 fcr.  hie  aflumpfi  ; unde  nu- 
merus canonicus  datur  1328.3901,  et  inde  latitudinis  evariatio  21  gra.  36^^ 
ferup. ; loxodromix  autem  longitudo  milliarium  8o4TVrnnr>  qux  eft  major  dat6. 
Quare  loxodromix  quxfitx  angulus  inclinationis  hac  major  crit ; et  tamen  mi- 
nor quam  70  gra.  Afliim&ntur  igitur  68  gr.  unde  canonicus  datur  1219.  7516, 
et  latitudinis  evariatio  19  grad.  35  ferup.  loxodromix  vero  longitudo  millia- 

• Hie  per  rocera  JLoxeJrcmid  an  ft  or  inteiligit  angulum,  feu  inclinationem,  Loxodromix,  feu 
currx  Loxodromicx. 
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rium  797T\nrsVi  <3'’®  eft  minor  dads  800  : unde  planum  eft,  hanc  novift. 
fime  afiumptam  inclinationem  majorem  efle  quselita.  Quamobrem  cum  ex 
ift4  inductione  liquido  conftet  angulum  inclinaiionis  quaefit*  intra  hos  termi- 
nos  66  gra.  15  fcr.  et  68  grad,  coerceri,  licebit  cadem  via  feme!  iterata  ad  hue 
anguftiorcs  limites  haud  difficuller  prafigere ; ut  intrk-  unius  grad  us  magni- 
tudinem  inclinatio  qusefita  cogatur:  aut  vel  nunc  jam  per  regulam  fallaruin 
poli  ionum  ex  inventis  ad  minutum  ufque  propemodum  definire,  hoc  modo. 
Crus  mecodynamicum  in  lingulis  parallelis  fub  inclinatione  66  gr.  1 5 fcr.  eft 
milliarium  TVV'rr’in  « indc  loxodromitc  quantitas  fupra  inventa  8o+tVnV»  exce- 
dit  fummam  propofitam  800,  milliaribus  4TVrrrrr  : et>  fecundo,  fub  inclinatione 
68  grad,  datur  crus  mecodynamicum  TViVVr!  unde  loxodromias  quantitas  fupri 
fuit  exhibita  milliarium  qua;  deficiunt  ab  expolitis,  five  datis,  (fcili- 

cet,  800,)  quantitate  2-rVsTr*  milliarium.  Hos  autem  numcros,  ex  hujus  regulse 
falfarum  pofitionum  formula,  ordinabimus  hoc  modo. 

* + *17  » i JM1  - 0 « 1 1 <.  « o ? ^ 

iTnrnr  * Tre^.g'  trmss  a'3* 

t>  1 * 7 7 __  « <«>«  ,4i»eo»soj 

•nigagg  * 7 -exr  w cr  c vtt 
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Unde,  multiplicatione  ad  decuflim  fa£ta,  dabuntur  niuneri  2t^V»V*oVw«-i  ct 
^AVrVVaVVry ; er,  quia  figna  func  divcrfa,  fiat  additio.  Unde  dabitur  divifor 
7-rVrVV  ct  dividendus  4A«VV-»VcVt  i qua  divifionc  pera&a  et  ad  fuas  milled* 
mas  revocata,  dabitur  quorus  T«VA%>  pro  milliaribus  evariata:  longitudinis  in 
fingulis  parallelis.  Cujus  quadruplum  240,572  ell  tangens  inclinationis  per 
confc&arium  propofitionis  28  : unde  ipfe  inclinationis  quselitse  angulus  datur 
67  gra.  26  fcr.  Atqui  hinc  dabitur  numerus  canonicus  1254.  6360,  ct  eva- 
riatio  latitudinis  20  gr.  27  \ fcr*  atque  loxodromise  longitudo  799-,-^.^  millia- 
rium, cum  dcbeant  cffe  8oo.  Ergo  paucis  fcrupulis  inclinatio  crit  major,  ut- 
pote  by  grad.  30  fcr.  exa&e,  quern  terminum  calculus  itcratus  exhibcbit.  Ea«* 
dem  via  obtinet  in  rcliquis,  fi  forte  loxodromia  initium  ab  ipfo  xquino&iali 
non  fumatur.  Atque  ita  hujus  theorize,  et  fimul  libri  prirni,  finis  hie  elto  f. 

* Hoc  Problems  a db&iflmio  vtro,  Edmundo  Halley,  anno  Domini  169J,  feu  plufquam  feptua- 
ginta  annts  poll  hujufee  Libii,  a Snellio  feripti,  impreffioncm,  eruditis  Anglia  Mathcmaiicis  propo* 
litum  eft  tanquam  novum  omnino  problema,  quod  nunquam  antekaut  folutum  aut  etiim  tent  a turn  fuc- 
rat : unde  colligi  poteft  hunc  Snclfii  tra&atum  ab  illo  nunquam  faille  vifum : quod  tamcn  rairum  quo- 
dam  mode  videri  necefle  ell  in  homine  qui  non  foldm  in  Mathcmaiicis  Scientiis  erat  multtkm  ct  felicitfcr 
verfatus,  fed  ctiam  navigandi  artem  percalluifte  cctifebatur,  iinmo  et  ipfe,  ut  navis  magiHer,  cxcrcuerat 
iu  longft  navigatione  ab  Anglia  ufque  ad  infulam  Sxn&x  Helena  ultrl  jEquatorcm  fit  am.  Vide  ini- 
tium tia^tatus  aatreedentis  hujufee  tomi  cjuarti  Scrfaorum  Lngarithmuorum  : in  quo  tra&atu  Solutio 
dirccla  et  generalis  hujus  Problematic,  fane  admodOm  fabtilis  et  abftrufi,  exbibctur,  ct  plcniflimc  ct 
lucuicntiflime  explicatur  ; quae  ft  folcrtiflimo  viro,  Gcorgio  Atwood,  A.  M.  (ante  annos  aliquot  apud 
Cantabr  tgic nfci  Collegii  San&x  Trinitatis  Socio,)  nuper  inventa  fuit,  ct  mecum  communicata.  Hxc 
quidem  Solutio  gencralis  eft  omnino  fcietittfica,  et  dl  talis,  ut  opinor*  qualem  Mallei  us  vidcre  opta- 
v^rat,  ct  aquadam  ferieinfinita  Logarithmic^,  a Jacobo  Gregorio  ollrn,  anno  Domini  1671,  inventa, 
derivator.  Srd,  licet  vcrl*  fcientiliea  fit  ifta  Solutio  generalis,  ad  ufus  tamen  naulicos  non  tarn  com- 
rn»>da  cite  mihi  vtdetur  quskm  prxeedens  Sncllii  Solutio  qufdcm  problematii  hispaginis  dcclarata,  qux 
non  ni(i  tentando  perficitur:  quoniam  hare  tentamiua,  quanquam  fxpius  itcrauda,  minus  exiguntlabo- 
ris  quam  funplex  ct  dircdla  applicatio  folulioflis  iftius  generalis,  ct  tamcn,  in  fine  calculi*  magnitudincm, 
anguli  ^uxfiti,  feu  inclinationis  Loxodromix  ad  Mcridiannm,  non  minus  cxadle  definiunt.  In  materia 
autem  tarn  fubtili  ct  diiftcilt  utraque  Solutio  valde  utilis  clt  ccnfcnda,  quoniam  altera  alteram  confirmat. 

F.  M, 
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WILLEBRORDI  SNELLII 

HI  STIODROMICES 

LIBER  SECUNDUS, 

DE  EJUS  PRAXI: 

S l V E, 

DE  NAUTIC^E  divinationis  emendatione. 


HACTENUS  loxodromiarum  affediones  omnes  infpeximus,  et  accurate 
fumus  contcmplati,  xit  earum  inclinationes  per  gradus  et  fcrupula,  atque 
alias  minimas  quafque  particulas,  explicate  et  perfequi  liceat.  Sequitur  earum 
ufvis ; tit  quantum  maritima  praxis  nobis  addicat,  quantumque  fidei  ei  fit 
habendum,  deinccps  videamus.  Et  primum  quidem  de  numero  loxodromiarum 
vulgo  recepto. 


PROPOSITIO  I. 

Lcxcdrcmia  principalis  in  fingulis  quadrantikus  ita  ordinantur  ut  inter  meridianum 
et  led  parallelum  Jeptem  intercidant,  qua  angulum  rectum  in  otto  equates  partes 
difpcfcant ; qua  que  et  ip/a  iteriim  in  Jemiffes  et  quadrantes  jubdividuntur. 

LOCI  cujufque  parallelum  ab  ejufdem  meridiano  normaliter  fecari,  ex  de- 
mentis fphtericis  notum  eft ; atque  hac  fedione  mundi  plagas  in  quatuor 
quadrantes  difparari,  lib.  i,  propofuione  7,  demonftravi : a meridiano  nempe 
feptentnonem  ct  atiilrum,  a parallelo  autem  ortum  et  occafum  defignari.  Id 
in  piano  redis  fefe  normaliter  fecantibus  exprimi  folet,  qua;  line*  font  tan- 
qua.n  tangemes  hos  circulos  in  communi  illarum  fedione.  Ut,  fi  propofiti  loci 
linea  mcridiana  fit  EO,  ct  ejufdem  verticalis  primarius  UI : tumque  E feptentrio- 
nem  fpedet,  O meiidiem,  I ortum,  U occafum.  Hie  OE  line*  dudum  fecutus 

meridianum 
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meridianum  obibis,  et  maximum  idco  circulum  defcribes  I meridic  in  feptcn- 
trioncm,  aut  contra.  Si  verb  tcquaris  lineam  Ul,  et  A pundlum  fub  ipfo  fit 
xquinoftiali,  turn  UI  continual*  terra  xquatorem 
defignabit : aut  fi  extra  eum  alibi  fit  in  fphxr* 
obliqux  fitu,  circulum  aliquem  ipfi  parallelum. 

Atque  ita  uterque  hie  curfus  circulum  nobis  defig- 
nat  per  prop,  fextam  et  feptimam  libri  primi ; an- 
guli  autem  intermedii  in  fingulis  quadrantibus  non 
item,  per  propofitionem  15.  Hos  vulgo  rei  ma- 
ritimse  periti  ad  ufum  navalem  in  0&.6  a-qualcs  par- 
tes diftribuunt,  ut  anguli  inclinationum,  fafto  initio 
a meridiano,  inter  fe  ti  graduum  et  15  fcrupulo- 
rum  intervallo  diftent.  Ut  hie  EA_y,_yAr,  jAr,  atque 
ita  porro.  Atque  hinc  adeb  in  fingulis  quadran- 
tibus odto  conftituuntur  curfus,  ut  primus  a meri- 
diano diftet  intervallo  11  gr.  15  fcr.  E quibus  feptem  primi  loxodromici  fint, 
oftavus  autem,  qui  per  UI  educitur,  loci  ipfius  parallelus ; et  angulus  inclina- 
tionis  prim*  loxodromi*  fit  E Ay  it  gr.  15  fcr.  fecund*  EAr  22  gr.  30  fcr.  ter- 
ti*  EAr  33  gr.  45  fcr.  quart*  45  gr.  o fcr.  quint*  56  gr.  1 5 fcr.  fext*  67  gr. 
30  fcr.  feptim*  78  gr.  43  fcr.  oftavus  autem  curfus,  qui  nonagefimum  implet 
gradum,  eft  xvxXomJr,-.  Atque  ita  totius  mundi  confpeftus  per  quatuor  qua- 
drantes  in  duas  et  triginta  piagas  tribuitur.  Naucleri  fua  liabent  vocabula  qui- 
bus fingulas  piagas  pro  confuetudine  gentis  appellent ; quarum  nomenclaturas 
fitiguli  e vernaculo  idiomate  exprimunt.  Nobis  autem  in  arte  fatis  erit  ab  or- 
dine  et  fuccefiione  illas  indigitare,  vocando  eas  primam,  fecundam,  tertiam,  at- 
que ita  porro ; qtiemadmodum  paulb  ante  expreffi.  Nomina  ct  appellationes 
ufitatas,  et  queniadmodum  eandem  felicitarem  graci  compofitione  atfequamur,. 
videto  in  fcholis.  Verum  ifta  unius  quadrantis  odlifaria  diftributio  accuratioribus 
de  arte  navigandi  feriptoribus  non  fatisfacit ; fed  ab  aliis  oftava  qu*vis  pars 
quadrantis  eriam  bifl'ecatur  j ab  accuratiffimis  verb  etiam  quadrifecatur,  ut  ita  in 
fingulis  quadrantibus  exifiant  curfus  32,  et  in  toto  circulo  128  : fed  has  tantutn 
per  plagarum  quadrantes,  femifles  et  dodrantes  explicant,  neque  ullis  novis  no- 
minibus defignant,  ne  fedlionis  fubtilitas  memori*  gravis  fit.  Sequitur  canonum 
ad  has  inclinationes  ct  inclinationum  particulas  ordiaatio  et  conftructio. 


PROPOSITIO  If. 

Loxodromici  tanonts  ztfb^ufu  babent  in  confuetis  inclinationibus  Ic.titudinis  evariatie- 
nem,  alque  loxodromi * ipfius  et  cruris  meeodjnamici  quantitatem  ti  dtbitam  in  mil- 
liaribus  i regime  erprejfam. 

T IBRI  primi  propofitione  vicefima  demonftratum  eft,  quomodo  data  latitu- 
■*-'  dinis  evariatione  feu  differentii,  cum  angulo  inclinationis,  curfus  quantitas 
intra  pofitos  parailelos  deprehendatur.  Ut  fi  exponatur  intervallum  latitudinis 
gr.  40,  et  inclinatio  loxodromi*  60  gr.  erit  igitur,  queniadmodum  radius  ad 
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qvadr  autem  feccmtis  anguli  inclinationis ; ita  fcrupula  evariat a latitudinis  ad  milliaria 
lexodromia  propofita.  Nempe  ut  100,000  ad  50,000,  ita  40  gradus,  hoc  eft, 
fcrup.  2400,  ad  milliaria  1200,  qua:  loxodromi*  quantitas  bene  accurata  eft. 
Cruris  autem  mecodynamici  longitude  invenietur  per  propofitionem  27.  Ut 
enim  radius  ad  quadrant  cm  tangentis  data  loxodromia , ita  latitudinis  evariata  minuta 
ad  milliaria  cruris  mecodynamici.  Utpote,  quemadmodum  radius  100,000  ad 
quadrantem  tangentis  60  graduum,  hoc  eft,  ad  43,301;  ita  fcrupula  evariat*  lati- 
tudinis, ad  milliatia  mecodynamica  3039T^V„V  Et  contra  ; datis  milliaribus  cur- 
fus  loxodromici,  dabitur  evariatio  latitudinis  in  gradibus  et  ferupulis,  cum  lon- 
gitudine  cruris  mecodynamici  per  propofitionem  19,  et  . . . Verum  ut  hoc 
tabularum  t*dio  leventur  ii,  qui  minus  his  traftandis  adfucvernnt,  et  ad  ufutn 
quotidianum  expeditius  fit : vifum  eft  hos  numeros,  in  confuetis  loxodromiis,  et 
earum  femiflibus  et  quadrantibus,  fubduclos,  exhibere ; quos,  quia  Temper  in 
promptu  et  ad  manum  navarchis  efle  debenr,  Canoncs  indigitavimus. 

Harum  autem  ordo  et  difpofitio  ita  habet,  ut  anguli  inclinationis  differentia  per 
quadrantes  uniusoftantis  redli  anguli  increfcat.  Cum  enim  primari*  loxodromi*- 
per  1 1 graduum  et  1 5 fcrupulorum  interyallum  inter  fe  disjungantur,  hie  cano- 
nes  exhibemus  perhujus  intervalli  quadrantes^  nempe  2 gr.  48  fcr.  45  fee.  dif- 
junflos.  Ergo  primus  canon  habet  titulum  J ; fecundus,  (cujus  inclinatio  eft 
4 gr.  37  fcr.  30  fee.)  habet  titulum  i ; tertius,  (cujus  inclinatio  eft  8 gr.  26 
ter.  15  fee.)  habet  titulum  £ ; quartus  habet  titulTim  1,  feu  prim*  loxodromi*,. 
cujus  angulus  inclinationis  eft  1 1 gr.  15  feru.  Verum  omnium  confpe&um  unico 
canonio  exhibere  fatius  fit,  ubi  loxodromi*  earumque  partes  cum  fuis  inclina- 
tionum  angulis  e regione  annotati  exhibentur,  quemadmodum  hie  vides. 
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7i 

8 1-  33-  45- 

I* 

16.  52.  30. 

3i 

39.  22.  30. 

Si 

61.  52.  30. 

7t 

84.  22.  30. 

>i 

19.  41-  »5- 

3* 

42.  11.  15. 

Si 

64.  41.  15. 

ii 

87.  11.  15. 

2 

22.  30.  O. 

4 

45-  o-  o- 

6 

67.  30.  0. 

Tot  enim  canones  ordinavimus,  ut  curfus  navalis  minimas  quoque  particulas,. 
quas  in  praxi  notant,  exptimeremus.  Omnium  autem  ordo  eft  confunilis,  ut 
unum  cum  n6ris,  omnes  noris.  Exemplo  efto  nobis  Canon  primus  cui  titulus 
pagina  30,  ubi  prima  felide  habes  latitudinis  evariationes  per  gradus  fingulos; 
inde  a decimo  per  denos,  ufque  ad  o&ogcfimum  inclufive  : e regione  felide  fe- 
cunda,  milliaria  loxodromica  hoc  curlu  primum  uni  gradui  debita,  nempe 
15.0180,  qu*  funt  ij,44tu  milliaria.  Ita  enim  milliarium  particulas  ad  10,000 
quoque  fumus  ptofecuti.  Turn  felide  tenia  quantitatem  milliarium  mecodyn- 

amicorum 
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amicorum  fub  fuo  titulo,  nempe  7.  3690,  'five  milliaria  7iVeVV  i atqiie  its 
deinceps  quantum  duobus,  tribus,  decern,  viginti,  gradibus  competat.  Indc 
felide  quarta,  quinti,  fexta,  fcptima,  oftava,  nona,  quantum  fcrupulis  1,  2,  3, 
4,  5,  cajterifque  deinceps  ad  60  ufquc,  debeatur.  Similis  omnium  eft.  fyntaxis. 
lpfos  autein  canones  in  libri  calcem  rcjecimus,  et  poft  Parallehrum  (anew. a 
ordinavimus.  Ufus  autem  eft  perfacilis  ex  ipfa  ImUtu. 

PROPOSITIO  III. 

£ loxodromiarum  u/itatarum  inclination e cl  magnitudine,  evariau  lalitudinis  quanti- 
tate, cruris  uWjuuxi  longitudine  in  miUiaribus,  data  tend  rdiquas  duns  per 
canones  !fn<  exbibcre. 

HJfLC  praxin  ct  ufus  facilitatem  fpetftant:  pritno  enim  libro  ifta  particulariter 
et  fuse  fumus  in  minutiflimis  quibufque  parliculis  prolecuti.  Nunc  iftos 
limites  ct  angulos  tantum  fequimur,  quos  confuetudo  reccpit ; qui  cum  certo 
numero  comprchendantur,  totidem  canones  concenturiavimns,  unde  uno  dato 
reliqua  in  confpefht  fint.  Hi  ab  expcdita  facilitate  canones  vtflr/j iki  nobis  di- 
cuntur,  quia  Temper  ante  oculq?  et  in  manilus  hie  verfaii  debent.  Quamvis  enim 
fut  fspicule  jam  a nobis  diftum  eft)  loxodromiarum  numcrus  fit  infinitus,  et 
per  fingula  (crupula  fcrupulorumquc  partes  multiplex  ejus  angulus  effe  poflit ; 
tamen,  cum  neque  magnetics  acus  fallacia,  neque  ponti  agitatio,  prtecifam  an- 
gulorum  in  gradibus  ct  minutis  teftimationcm  adraittat : ideo  ufui  fails  oppor- 
tunum,  quantam  quidem  hsc  res  oixfiSiwur  admittet,  in  praxi  judicatur,  fi  fin- 
guls  loxodromix  intervallo  2 gr.  4?^.  fcr.  inter  fc  dillent ; ita  enim  totus  qua- 
drans  in  dnas  ct  triginta  partes  dil'pefcitur.  Atque  ita  fingulis  fuos  propriolque 
canones  deftinavimus,  fccunddm  leges  antecedentc  propofitione  exprefl'as. 
Ufus  itaque  in  promptu  erit.  Ut  fi  qusratur  angulo  loxodromite  feptintte,  in- 
tia  parallelos  50  fcrupulis  diftantes,  quantum  itineris  fit  confeftum,  quantumque 
fit  crus  mecodynamicnm  in  mifliaribus  sefthnatum  ; inquirito  itaque  in  canoni- 
bus  iftis  fub  loxodromia  feptima  fcrupulum  quinquagefimum  ; ubi  e regione 
in  laterculo  primo  dabitur  loxodromix  quantiras  quanta  milliarium  64.  0729, 

/ fell  64x445.0-  j et  crus  mecodynamicnm  62tV=-Vc- 

Si  fimul  uno  nomine  numcrus  differentia:  latitudinis  in  canonibus  loxodro- 
tnicis  non  detur,  per  partes  erit  inducendum  ; qirxratur  quantitas  loxodromia 
ct  cruris  mecodynamici  inter  parallelos  27  gr.  35  fcr.  disjuiuftos ; inductio  fiet 
per  partes.  Hoc  modo. 

loxod.  crus  mccodyn. 


His 


H 

JO 

701. 

6639 

634.  2667 

. 7 

245- 

58z+ 

222.  OO38 

fcr. 

35 

20. 

4652 

CC 

Ua 

O 

O 

Ut 

967. 

7'«5 1 

[ £74.  8co8 
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His  in  imam  fummam  additis  dantur  milliaria  loxodromica  967  rVaVn  et 
mecodynamica  8 74tVVtV- 

Pit  contri,  data  inciinatione  loxodromice  atque  ejufdem  quantitate  in  miilia- 
ribus  atflimata,  dabitur  0 prochiris  his  canonibus  evariatio  latitudinis,  cum  mil- 
liaribus  mecodynamicis.  Elio  navigatum  angulo  inclinationis  loxodromia:  5}, 
et  cut  I us  longitudo  tellimata  fit  milliarium  697tVjVV>  et  quteratur  paratlelo- 
rum  diftantii  a principio,  ad  curfus  finem,  feu  latitudinis  evariatio.  Id  fub- 
duftionis  contraria  via  ablblvetur  per  partes,  quia  totum  fimiil  non  datur.  Hoc 
modo. 

loxodrom. 


967.  7115 
701.  6639 


266.  0476 
245-  5«24 


20.  4652 


2ol 

>grad. 

35  ferup. 


Hinc  ciuris  mecodynamici  quantitas  dabitur,  ut  ante.  At  fi  loxodromiae 
quantitas  non  exafte  inveniatur  in  ipfis  ferupulis,  opus  erit  pane  proportionali, 
ut  folet,  (i  forte  tanti  erit,  ut  proxime  vicinum  fcrupulum  aflumere  nolis.  Erit 
autem  tanti  in  obliquioribus  curfibus,  ubi  inter  parallelos  uno  fcrupulo  dif- 
junftos  loxodromia:  pars  non  contemnenda  intercipitur ; et  ideo  quoque  cruris 
mecodynamici  pars  majufcula  : quod  hinc  ipfa  longitudinis  evariatte  adlimatio 
a legitima  diffidens  exiftat : maxime  vero,  fi  in  parallelis  arftioribus  ea  lit  acfli- 
manda.  lllic  enim  unum  aut  alterum  milliare  non  parum  longitudinem  a lcgi- 
timo  fitu  abduceret.  Sed  hate  non  funt  nimls  fcrupulose  inquirenda,  ubi  opus 
non  erit ; aut  contra  nimts  negligenter  habenda,  quando  alicujus  erunt  mo- 
menti.  Ego  unico  exemplo  prtcibo.  Sub  loxodromia  74  curfds  longitudo  fit 
nulliarium  8 2 1>>C  e canonibus  prochiris  datur  evariatio  latitudinis  o gr. 
32  fcr.  hoc  modo. 


82.  83751 
81.  6183  J 


35 


1.  2192 

Et  redundant  milliaria  i-rVsVr*  Inde  verd  fit  hasc  proportio  ; 2.5503  dant  60 
fee.  ergo  1.  2192  dabnnt  29  fee.  Ego  ad  100  fcrtipulorum  reducere  foleo, 
nempe  ut  2.5505  ad  100;  ita  1.  2192  ad  48.  erit  ergo  vera  latitudinis  eva- 
natio  o gr.  3 5 T\\  fcr.  Unde  cruris  mecodynamici  quantitas  dabitur. 

81.  2253  1 35  fcr. 

1.  2183  J 


82,  4436 

Vol.  lVr.  A a * Vides 
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Vides  itaque,  amplins  l-j-  milliaris  accedere  cniri  mecodynamico ; qtix  ut 
fub  ipfo  xqumoftiali  5 fcrupulis  longitudincm  c variant,  ita  fub  parallelo  fcxa- 
gefimo  faciunt  fcrupula  pent-  to.  tt  ultra  paralleluni  ftxagtfimum  faciunt  adhuc 
amplins.  Hxc  obiter  tantum  monere  vil'um  eft.  Tu,  pro  tui  judicii  xquitate, 
quanti  ca  res  fit,  tanti  qooquc  fuo  loco  xllimato,  et  cum  modo. 


N O T A. 

Cruris  mecodynamici  ufits  rarus,  atit  omnhib  nullus  eft  in  curfibus  fingulari- 
bus ; ubi  e fingulis  longitudincm  dcbitam  invenire  cupias  ; ut  in  ipfo  mari 
nautx  qttotidie  aflblent.  1111c  enim  fegrr.entum  cruris  mecodynamici,  nifi, 
manentc  eadem  cruris  mecodynamici  quantitate,  latitudini  diflerentiam  aliam  a 
data  inducas,  uni  parallelorum  congruum  fails  ell  longitudini  invenicndx  : aut 
cum  e pluribus  et  diverfis  curfibus  longittidinem  conflate  voles,  ct  quidem  fc- 
mel  ad  extremum  tantum  : illtc  enim  necdfarib  adhibebitur,  quemadmodum 
ca  generaliter  lib.  1,  difta  nobis  funt.  Sed  ante  nantici  diarii  formula  nobis 
crit  explicanda,  in  quod  curfuum  xftimata  quantitas  et  inclinatio  ab  iplis  quo*, 
tidie,  et  quoties  opus  eft,  rcfcrri  folet. 


TROPOSITIO  IV. 

Efbtmerin  itinerariam  nauticam  ordinare. 

T'XIAR.IA  nautica  i pcritis  et  diligentFbus  navium  magiftris  fedulo  et  accurate 
quotidic  conlcribuntur,  et  per  fuas  felides  ac  laterculos  difpunguntur,  ut 
inde  curfus  confetti  longitudincm,  varietatem,  inclinationem,  obfervatam  de 
ccelo  latitudinem,  ventorum  flatus,  impctum ; aeris  quoque  temperiem  ; et,  fi 
qua;  alia  fint,  qua:  accuratius  notari  expediat,  ut  confpettum  promontoriorum 
infularumve,  curiose  exprimant ; Idque  ifto  fere  modo,  quern  hie  verbi  gratia 
ex  parte  cxpreiTum  vides ; ut  fingulis  felidibus  fuus  (it  titulus  in  frontc,  later- 
culi  diebus  menfiutn  anni  cujufque,  quo  hxc  itinera  ab  ipfis  funt  confetta,  re- 
fpondeant.  Ita  enim  femper  itineris  confetti  fpatia,  ft  forsan  ufpiam  titubatum 
(it,  rclegere,  et  in  tabulis  fuis  hydrographicis  difpungere  ac  emendarc,  ipfis  per- 
facile  licet. 


TABELLA 
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T ABELL  A DIARIA,  sive  EPHEMERIS  NAUTICA. 


Auguft. 


Sept. 


Curlus  plaga. 

1 

milii 

aria. 

latitudo  J 
obfervata.  1 

it 

O.  N.  O.  jO. 

1 

4t 

24 

0.  N.  O.  :o. 

1 

10 

z.  0. 

1 

•t 

1 

Z.  O.  f Z. 

1 

2 

25 

N.  O.  fN. 

1 

4 

26 

N.  N.  O.  ^0. 

1 

16 

27 

N.  O.  t.  N. 

I 

16 

28 

N.  N.  O. 

1 

1 4 

29 

N.  N.  O. 

I 

'7 

N.  t.  O. 

1 

N.  N.  VV. 

1 

1 

O.  Z.  O. 

1 

9 

Z.  O.  t.  0. 

1 

4t 

* 

z. 

T 

7 

42. 

52 

2 

0.  r.  Z. 

l 

5 

3 

O.  t.  Z. 

l 

18 

4 

O.  t.  Z. 

1 

3' 

5 

O.  t.  Z. 

1 

37 

| O.  t.  N. 

1 

22 

6 

N.  O.  f N. 

1 

9 

7 

N.  N.  O.  *0. 

1 

26 

42» 

-ilJ 

Hoc  curfu  denique  octava  Septembris  appnlimus  ad  promontorium  Hifpa- 
niae  vulgo  diftum  Caput  finis  Terra,  qua  longiflime  in  occidentem  procurrit  in 
ora  leptentrionali ; Ptolomseo  Nerium  promontorium. 

Nos  tres  duntaxat  felidas  exhibcmus  : qui  volent,  plures  adjiciant,  qucmad- 
modum  initio  monuimus ; has  enim  tanquam  maxime  neceflarias,  et  que  om- 
nino  negligi  non  debcnt,  tit  a tuh-?  tanium  propofuimus.  Nam  in  maritimis 
itineribus  illis  longioribus,  quibus  Indiam  utramque  adcuht,  etiam  fuam  felidem 
ac£is  magnetic®  ^aXt/CaiXirt  dari,  quam  maxime  expediet.  Ea  enim  res  in  medio 
mari  errantibus  naucieris,  tanquam  fignum  et  fcopulus  proponitur,  ex  quo  de 
curlus  fui  rationibus  teftimationem  Tacilius  capere  poffint.  Cum  enim  fub 
eodem  parallclo  candem  chalyboclifin  deprehenderint,  etiam  de  longitudinis  ct 
meridiani  fitu  eodem  certiores  fiunt.  Verbm  hxc  materia  ab  aliis  occupata  eft; 
ct  Stevino  noilro  occafionem  feribend®  fuse  Limcneuretices  fuppeditavit : 

quem 
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quern  vide  in  opere  Hypomnematum  Mathematicorum  ILLUSTRISSIMI 
Principis  Macritii,  quod  oiira  a nobis  latin£  redditum  et  publicatum  eft. 


PROPOSITIO  V. 

Curfus  maritimus  ejl  /implex,  aut  compojitus. 

ID  de  nauticis  ad  magneticam  actim  examinatis  omnibus  curfibus  intelliga- 
tur  : aut  enim  eodern  tramitc  a principio  ad  finem  decurritur ; aut  pluribus 
et  diverfis  inter  fe  permixtis.  Ita  enim  difpunximus,  ut  emendationi  nauticse, 
ad  quam  contendimus,  trailanda:  fuus  ordo  conftet. 


PROPOSITIO  vr. 

Simplex  ejl,  qtti  unirum  et  eundem Jui  dufliis  curfum  fequitur. 

UT  fi  rCifU  eatur  a feptentrione  in  meridiem ; aut  per  eundem  parallelutn 
decurratur  ; aut  denique  fecundum  unam  aliquam  et  candcm  loxodromiam 
curfum  dirigas. 


N O T A. 

Quemadmodum  e fingulorum  curfuum  data  quantitate,  latitudinis  aut  longi- 
tudinis  evariatio  inveniatur,  libro  primo  accurate  fuit  a nobis  expofitum.  Et 
primo  quidem  : 

1.  Quomodo  dati  curfus  quantitate  a feptentrione  in  auftrum,  latitudinis 
evariatio  detur,  (nam  hie  longitudinis  evariatio  nulla  eft)  propofitione  6. 
Nempe  i mil  Hare  fa<  ere  Jcrupula  4,  et  15  miliiaria  gradum  ttnum. 

2.  Quomodo  data  curfus  quantitate  ftib  eodern  parallelo  longitudinis  evarja- 
tio  detur,  (nam  hie  latitudinis  evariatio  nulla  eft)  propofitione  11. 
Nempe,  ut  radius  ad  quadruplum  Jec  antis  dati  parallcli,  ita  miliiaria  quote un- 
que  data  ad  mmerum  minuter um\  evariat * longitudinis. 

3.  Quomodo  data  inclinatione  et  curfiis  loxodromici  quantitate,  latitudinis  et 
longitudinis  evariatio  inveniatur ; propofitione  19  libri  primi  de  latitudinis 
evariatione,  et  propofitione  30,  de  evariationc  longitudinis.-  Nempe,  ut 
radius  ad  quadrantem  tangentis  l xadromix,  ita  numerus  canonicus  intervallo 
evariat*  latitudinis  debitus  ad  Jcrupula  evariat * longitudinis. 

Hate  prima  in  loxodromicis  fiuflio  eft  ; altera  quoque  per  canones  cj 
cxplicatu  eft  petfacilis.  Atque  ha-c  quidem  ex  obfervatione  inclinationis  acus 
magnetic*,  et  itineris  confetti  atftimatione  ; fequitur  utriufque  cum  obfervatione 
coelcfti  coroparatio. 

PRO. 
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PROPOSITIO  VII. 

El  curfus,  it  plagrf  atque  inclination} 5 tjufdem  .rjiim.ua  quanlitas,  ex  loci  latitudine 
dc  ccc'.o  obfcrvatd  comprobatur,  aut /ccimdum  eattdem  cmendatur. 

CUM  navium  magiftri  in  flu&uante  falo  diligentiffime  curfus  velocitatem, 
ct  cjufdem  plaga:  fitum  obfervavertint,  qtii  aliquando  in  ipfo  meridiano  in- 
ftituitur,  aut,  vit  frequcntiflime,  aliquem  angulum  cum  meridiano  comprehen- 
dit : tanien  eos  perftepe  in  hac  conjedura  falli  experientia  comprobavit.  Hojus 
autem  hallucination^  examen  eft  parallel!  e curfu  et  loxodromia  leftimati  con- 
lenfus,  aut  difcrepantia  ab  latitudine  loci  dc  coclo  obfei  vata.  Cum  enim  obfer- 
vatio,  qimm  c foie  aut  fidcribus  dcrivant,  alium  oftendet  parallelum,  quam  ipli 
ex  adlimato  itineris  curfu,  vel  circulari,  vel  loxodromico  deducunt;  necelle 
ell,  alicubi  errorcm  harrere,  nempe  vel  in  itineris  atftimati  iongitudine,  vel  in 
curfus  fitu  et  angulo  loxodromico,  vel  denique  in  oblcrvatione  coelefti.  Sed 
cum  ilia:  quotidie  poffint  iterari,  ct  dies  diem  doccre ; ilia  autem  non  poflint 
relcgi ; banc  tanquam  normam,  ad  quam  ill*  componi  debeant,  et  ducem  mi- 
nus fallacem,  meritb  libi  delegerunt.  Certe  adeo  arctus  omnium  conlenlus 
effe  debuit,  ut  politis  duobus,  tcrtium  conflanter  nddiceretur:  ut,  nempe,  cur- 
fus plaga  a dato  principio,  et  ejuldem  quantitate  data,  loci  latitudo  inde  conclu- 
datur  : aut  ex  inclinatione  et  latitudinis  evariatione,  ipfius  curffis  quantitas  : vel  e 
latitudinis  evariatione  et  curfus  quantitate,  ejufdem  inclinatio.  Verum  ut  ifla 
ad  amuffim  confentiant,  vix  eft  ut  in  tantS  lubricitate  fperari  poffit.  Itaque 
remedium  huic  errori  qu*fitutn,  quod  minimum  a vero  abludat.  Nam  vel  ex 
variato  non-n'-hil  angulo  ■,  vel  curfus  quantitate  evariata  ; vel  ex  utroque  id  erat 
conllituendum.  Sed  anguli  evariatio,  manentc  curl'us  obfervati  quantitate  ct 
latitudine  inventa  ex  oblcrvatione,  in  redioribus  loxodromiis  nimium  eft  peri- 
culofa  ; et  in  reliquis  quoque;  ft  obfervatio  a conjedura  plul’culum  abludat,  uti 
in  (cholis  docebitur:  quamitatis  autem  curfils  loxodromici  variatio,  manente 
tamen  angulo  in  loxodromiis  magls  obliquis,  maxitne  lubrica  eft,  quemadmo- 
du<n  ibidem  oftendemus.  Supereft  itaque  unica  h*c  fadio,  qute  viam  inter 
titramque  mediam  infiftar,  et  utrobivis  aeque  lit  tuta.  Ea  autem  gemina  effe 
poteft  : ut  et  angulo  inclinationis,  et  curfus  alliirat*  longitudini  luc  error  pa- 
riter  imputetur.  Receptum  autem  naucleris-et  ulltatum  eft,  ut  retenta  longitu- 
dinis  evariatione latitudinis  evariatio  tantummodb  mutetur.  Nos  autem  fac- 
tionem  patilo  ab  hac  ratione  diverfam  fequemur,  qu«e  minime  intuta  aut  peri- 
culo  obnoxia  videatur : reliqua  in  fcholis  examinaruri,  et,  quod  illi  mechanice 
ac  nimttlm  lubrice  conantur,  per  tabulas  noftras  quam  accuratiflime  expli- 
caturi. 


PRO- 
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PROPOSITIO  VIII. 

Si  rtSKi  in  Jeptentrionem  nut  meridiem  eon'enienti  ctirsus  quantitas  ejlimata  ah  objervau 
latitudir.it  evarialionc  difcrepct,  cursis  limes  in  oh/ervato  parallelo  erit  cot.JIUuendus . 

NAVIS  ex  a Tub  parallelo  55,  digrclfa,  acu  monftrantc  vifa  fit  ter.ere  cur- 
ium fub  eoilem  meri.liano,  qucm  curium  navis  nugiftcr  milliaribus  qui- 
dem  27,  taxet.  Ut  tamen  fuar  aeftimattonis  veritatem  exploret, 
conftituit  carleftes  obfervationes  adliiberc  in  confilium;  e quibus 
deprehenderit  fe  iflo  moroento  verlati  fub  parallelo  52.  Cum  igi- 
tur  milliaria  27  maritima  asqualla  funt  1 gr.  48  fcr.  efficiuir  ex. 
hac  curfus  arftintata  quantitate,  ipfum  verfari  fub  latitudinc  51., 
gr.  48.  ut,  puta,  in  i ; ex  obfervatis  autem  in  punClo  e fub  pa- 
rallelo 52.  odo  fcrupula  ultra.  Contra,  fi  tellimata  latitudo 
major  fit  obfervata,  conje&urse  erit  derogandum,  et  locus  fub 
obfervato  parallelo  collocandus.  Sit  enim  curfus  aeftimatus  ao 
milliarium  51  feu  3.gr.  24  fcr.  et  0 pundum  igitur  fub  latitudinc 
53  gr.  24  Icr.  at  oblervatio  tantum  addicat  53  gr.  12  fcr.  Jam  tanto  minorem 
alfumam  latitudinem,  et  navem  ftatuam  in  pundo  e.  Atquc  ita  de  ccelo 
conjcduram  emendabis.  Ncquc  ideb  tamen  hare  curffts  confedi  divinatio 
fruftra,  aut  incafsum  inftituta  videri  debet,  quamvis  hie  curfbs  menfura,  cum 
red  a in  feptentrionem  aut  meridiem  contendas,  ex  ipfo  ccclo  inveniri  poffit  j 
quia  ex  h3c  comparationc  patilatim  quantum  conjeduris  reliquis,  et  aeftimato 
itineri  fit  tribuendum  ex  ufu  cognofco.  Quin  adeo,  fi  aliquot  dichus  et  noc- 
tibus  nulla  ferenitas  affulgeat,  ntque  de  carlo  obfervandi  poteftas  detur  ; hue 
utique  tanquam  ad  facram  anchoram  erit  confugiendum  : nc  imprudens  te 
tuaque  cas  perditum,  cum  eo  cafu  nullum  certius  argumentum  ufpiam  fuppe- 
tat.  Cxterum  cum  hare  diferepantia  vel  a curfus  inopinata  intenfione  aut 
remiflione,  vel  ab  occulta  maris' agitatione  et  motu  obrepferit,  id  quidem  ut 
ignores,  carleftium  tamen  obfcrvationi  fubfcribes,  et  tuis  conjeduris  fidem  de- 
rogabis.  Ccrtc  quidem,  cum  curfus  aeftimatio  obfervata  latitudinis  evariatione 
major  erit,  ldque  aliquot  continuis  diebtis  eveniat ; evidens  eft,  errorem  hunc 
in  conjedura  et  seftimatione  tua  haercre  j et  a maris  impetu  curfus  vclo  citati 
remoram  fadam.  At  verb  cum  minor  erit  aeftimata  curfbs  quantitas,  quant 
evariata;  latitudinis  obfervatio  addicat,  hie  curfus  non  femper  in  eodem  meri- 
diano  ad  ilium  parallelum  rcvocandus  tibi  erit. 

Quamobrem  Cautio  eft.  Si  id  farpius,  et  quafi  continuis  oblervationibus 
contingar,  ut  arftimati  curfus  quantitas  continenter  minor  deprehendatur  obfer- 
vata latitudinis  evariatione  : id  enim  indubitatum  eric  indicium,  tc  maris  motu 
tranfversim  abreptum  ; quamvis  acus  magnetica  fub  uno  eodemque  meridiano 
curfum  inftitutum  arguat.  Atquc  eo  cafu  prudenter  et  circumfpede  ex  quanti- 
tate curfbs  ad  obfervatum  parallelum,  loxodromiam  pro  meridiano  affurnes,  et 
angulum  ioxodromicum  quoque  talent,  quemadmodum  id  quantitas  curfuum 
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seftimatorum  poilulabir.  Neque  tamcn  hie  adhibita  emendatione  fans  conftar, 
iitrum  occuiio  illo  maris  motu  in  ortum  an  in  occafum,  hoc  eft,  dextrorsum  an 
liniftrorsum  loxodromia  ttia  inclinct:  donee  aliquo  inl'ularum  aut  rerrarum  occurlu, 
aut  ex  obfervationibus  navarchorum  qui  id  pelagus  ftepibs  frtqucntaverum,  didi- 
eeris  in  quani  partem  aquaruni  cumuli  ferantur  : id  enim  fere  in  iliis  locis  certis 
temporuin  intcrvallis  perpeuium  eft  et  Iblcmne.  Talis  mique  mans  impetus  naves 
it  fepientrionali  America?  lit  tore  versus  Angliam  funlm  abripit,  qui  in  finu  Afri- 
cano  intra  Guineam  vcrlus  ortum  omi'ia  agit  et  rapit ; atque  ita  aliis  in  locis  etiam 
alitcr.  Hujus  cxcmplum  tale  efto.  Ab  inliila  Beild,  vulgo  ita  dicta,  fub  parallelo 
in  littorc  Americano,  navigatum  lit  redta  in  meridiem,  ut  videbatur,  ldque  iter 
nautica  xdlimatione  taxetur  niilliaribus  50,  qu®  faciunt  evariationem  latiludinis 
3 gr.  20  fcr.  Unde  datur  loci  latitudo  48  grad.  40  fcr.  Dc  ccelo  autem  obfer- 
vata  poli  altitudo  fit  49  gr.  50  fcr.  Cum  hie  adeb  enormem  dilcrepantiam  in- 
ter arllimatam  et  obfervaiam  latitudinem  deprehendam,  non  continub  ad  ob- 
lorv.itum  parallclmn  tranlibo ; fed  iterhm  aeftimatam  latitudinem  cum  denub 
obfcrvaia  polfero  die  contendam.  Hie  fi  rurshm  coqjcclura  mca  abludat  ab 
oblervationc,  et  latiludinis  adlimataf  differentia  iierum  major  lit  obfervati : Id 
inilii  fails  ciit  intlieu  maris  latente  impetu  navem  in  latus  furtlm  abreptam, 
neque  fub  uno  codemque  meridiano  curium  hunc  continuatum  : fed  loxodro- 
mico  aliquo  iter  confedum.  Atque  ideb  ex  data  latiludinis  fecundum  obferva- 
tionem  differentia,  et  it ineris  xftimata  quantitate  angulum  inclinatior.is  invefti- 
gabo  per  propofmonem  2 :mim  libri  piitrti;  ut  mm  cur  jus  .rftimati  miliaria,  ad 
quadrantem  Jcrupulcrum  evariat * latiludinis , ita  eft  radius  ad  ftr.um  complemenli  anguli 
inclinations.  Milliaria  curfus  hlc  dantur  50,  fcrupula  evariaise  latiludinis  130. 
Unde  proportio,  ut  50  ad  ita  100.0000  ad  finum  65.0003,  nempe  40  gr. 
33  fcr.  cujus  complemcntum  49  gr.  27  fcr.  datur  pro  angulo  inclinationis  qu®- 
bto.  Atque  hinejam,  per  propofitionem  30  lib.  primi,  dabitur  evariatio  longi- 
tudinis  quzfitx.  Nempe,  ut  10,000  ad  quadruplum  numeri  canonici,  qui  huic 
parallelorum  intervallo  competit  it  49  gr.  50  fcr.  ad  52  gr.  lcilicet,  824.  85S0,  ita 
quadrans  tangentis  anguli  inclinationis  rVV»W  ad  Icrupula  longitudinis  evariat® 
1 7(>r0V.  qui  lunt  gradus  3,  fcr.  i6f.  Tamo  itaque  intervallo  a too  meridiano 
abivitti  diverfus.  Neque  tamen  ullo  indicio  adhuc  conftat,  in  ortumne  an  verb 
versus  occafum  latens  et  inobfervahiiis  maris  vis  navem  fubduxerit  a tuo  meri- 
diano,  unde  primum  difcelferas.  Ut  fi  fcopuii  aut  faxa  latentia  et  vada  in 
propinquo  lint,  aut  infula  aliqua  vel  denique  terra  continens,  in  cujus  viciniam 
nodu  aut  admodum  nebulofo  aere  delatus  (is,  hie  verc,  quod  aiunt,  intra  fa- 
•crum  et  faxa  conftitutus,  fummo  in  dilcrimine  verferis.  Cui  cnim  in  mentem 
veniat  tamiilo  intervallo  tantum  periculi  ita  laienier  object um,  quod  nulla  ra- 
tione  vel  a peritidimo  nauclero  vitari  aut  dcclinari  poflit.  Hinc  adeb  palam  fit, 
quanti  etiam  illud  (it  in  diariis  nauticis  id  quoque  accurate  annotari,  qui  venti 
anniverfaiia  periodo  in  his  aut  illis  oris  rccurrant,  qualis  maris  et  undarum  fit 
agitatio,  et  quanto  tempore  ca  illic  duret ; ut  ex  anni  tempeftate  et  ab  experi- 
enii&  edodi,  cagnofcant  in  quam  plagam  maris  unda  abripiatur,  in  ortumne, 
an  verb  in  occalum.  Saepe  enim  mare  ipfum  per  dilucida  intervalla  fuam  etiam 
liabet  quieiem  nonnullis  in  locis.  Excmplo  unico  rem  explicabo. 
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Marin®  agiraiionis  et  motus  ratio  inter  Brafiliam  et  Angolam  in  Africano 
oppofito  littore  fitam  fub  parallelo  oftavo  ita  obtinet. 

A vicelimi  die  Aprilis  ad  vicefimam  Julii  menfis,  niaris  fludtus  feruntur  in 
Zephyroboream,  nobis  Noort-Weft. 

A 20  Julii  ad  20  Oftobris  haiid  admodum  in  ullam  plagam  moventur. 

A 20  Ocftobris  ad  20  Januarii  maris  flu&us  feruntur  versus  Auftrozcp’iy- 
ruin,  nobis  Zuyt-Weft. 

A 20  Januarii  ad  20  Aprilis  iterum  nullo  motu  cientur. 

Atquc  hare  momenta  a navium  magiftris  ledulo  et  diligcnter  funt  obfervanda, 
cum  itineri  compendium  quterunt : Horum  ignorantia  aut  negligentia  parttm 
morbis,  partim  incdi.l,  plurimos  letho  dedit,  deficiente  commeatu,  aut  morbis 
e diuturna  mora  eorutn  membra  depafeentibus ; nam  et  venri  fere  hos  motus 
in  eandem  plagam  aut  antecedunt  aut  comitantur ; ut  fruftri  huic  monftro  ob- 
nitaris.  Hujufmodi  maris  agitationcs  et  motus  in  variis  locis  admodum  funt 
varii  et  inter  fe  diflidentes.  Sed  ut  ad  inftitutum  redcam,  motus  maris  ab 
infula  Bel/d,  et  fupra  a freto  Davis,  in  orientem  et  meridiem  fere  fertur.  Ita* 
que  in  noftro  excmplo  ftatuam  meridianum  ad  quem  pervcncrim  orientaliorem. 
Atque  h®c  caufa  eft,  cur,  qui  illinc  Britanniam  aut  Gallium  petunt,  mirentur 
has  terras  tanto  ante  fe  aperire,  quim  ipfi,  fuis  vulgo  ulitatis  conjeduris  dudli, 
txiftimarint. 


PROPOSITIO  IX. 

Si  aens  magvetica  cursus  plagam  in  ortum,  vtl  in  occajum,  dirigi  ofiendat , et 
objervatio  eandem  addicat,  nullus  correflmi  erit  locus, 

TVTAM  hie  obfervatio  xftimationi  et  conjedur®  confentiet : atque  ita  emen- 
dandi  argumentum,  (quod  b fola  iftarum  diferepantii  derivator,)  nul- 
lum hie  nobis  fuppeter.  Quin  adeo  hujus  cursus  ratio  eft  lubrica  ut,  cum 
reda  in  orientem  aut  occidentcm  proram  diriges,  et  obfervatio  cundcm  paral- 
lelum  addicat,  tamcn  occulta  maris  agitationc  contrarium  evenire  naucleri  In- 
diam  orientalem  frequentantes  conftanter  nuntient.  Ventorutn  enim  ea  idle  eft 
ratio,  tit  tanqnam  etefi®  (ipfi  majfonas  indigitant)  certJ  anni  tempeftate  con- 
tinues aliquot  menfes  uhro  citroque  llent : maris  verb  agitatio  fuis  motibus  eft 
obnoxia ; quemadmodum  antecedente  propofitionc  a nobis  diduin  eft : atque 
ita  fit,  ut,  cum  diftentis  vclis  in  ortum  videaris  contendiile ; contra  tamen  re- 
tro in  occafum  lis  ahreptus.  Ita  'olim  quidam  S.  Helen®  infulam  in  medio 
mari  aditurus,  poftmiam  ad  ejus  parallelum,  graduum  nempe  16  auftrin®  lati- 
tudinis,  devtniiiet,^f  inde  reda  ipfam  infulam  fub  ifto  parallelo  peterct,  cum 
fecundo  vento  hanc  propediem  aditurus  videretur : tandem  ultra  duccntefimum 
milliare  occidentcm  versus  diftarc,  et  in  vicinia  Americ®  et  Bralili®  verfari  eft: 
deprehenfos;  maris  latcnte  motu  tanto  intcrvallo  rcirorsiiin  abreptus,  ventis 
Vol.  IV.  B b fruftri 
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fruftra  obluftantibus.  Quamobrem  hoc  cafu  periculofa  petfsepe  eft  hujufmodr 
navigatio,  ubi  nullum  tui  errotis  argumentum  appareat,  aut  qncmadmodum  te 
hinc  expcdias  liquebit.  Atque  aded  non  utile  tantum,  fed  etiam  necelfarium 
videtur,  curfum  ultro  citrdque  obliquare,  ut  correction!  fit  locus  : cum  autem 
te  non  eundem  parallelum  tenuiffe,  quem  exiftimabas,  obfervatio  arguet 
curfus  seftimatus  fecundum  obfervata,  ita  ut  deinceps  dicetur,  eric  tibi  corri- 
gendus. 


PROPOS1TIO  X. 

Si  aius  magnetic, t dutfum  /etutus  aftimaticr.e  tud  Jub  eodem  parallelo  decurrijfe , ex~ 
clfervatit  autem  te  cum  nen  tenuijfe,  deprehmdas  ; manente  cursiis  aflimata  quanti- 
tate tanquam  crure  mecodynamico,  lalitudintm fecundum  olfcrvata  mutabis,  et  inJp 
longitudims  evariationem  defunct. 

ID  cnim  folum  maxime  confentaneum  fupra  di£lis  propoliiione  fexta.  Cum 
cnim  in  curfus  plaga  neceffario  hie  lit  erratum,  pro  parallelo  seftimato,  loxo- 
dromia  crit  fubftituenda,  quod  ipfum  evariata  latitudo  coarguit  : fed  iftunv 
errorem  foli  plae*  imputare  et  latitudinem  duntaxat  mutare  iniquum  fit,  cum 
itineris  seftiraati  quantitas  perinde  fit  lubrica  : quamobrem  utrique  errori  com- 
penfando  aliquid  dandum  videtur,  ut  aeftimata  itineris  longitudine  retenta  pro- 
crure  mecodynamico  navis  locus  referatur  ad  obfervatum  parallelum,  et  (milia- 
ria* cruris  mccodynamici  ad  longitudinem  ipfi  inter  jftos  parallclos  debitam, 
per  ii  propofitionem  libri  primi,  revocentur ; atque  hoc  pafto  et  plaga  et 
itineris  quantitas  fimul  variabitur.  Ut,  fi  navis  magifter  ab  a ad  e fub  eodem 
parallelo  curfum  pc  radium  exiftimet,  eumque  60  milliaribus  taxet  fub  parallelo 
52  ; inde  obfervationc  inftitutS,  cum  antea  in  e navis  locum  conftituerit,  poll, 
modiim  45  fcr.  borealiorem  deprehendat.  Turn  60  mil- 
liaribus uteris  tanquam  totius  curfus  crure  mecodynamico,  5 

et,  per  propofitionem  12  libri  primi,  erit,  ut  10,000  ad  2 -^1  ■ 

quadruplum  canonici  parallelorum  differentiae  latitudinis  

1,631,584,  ita  milliarium  pars  quota  ad  391-J-  fcrupula,  “ * 

qui  funt  gradus  6.  fcr.  31^  evariat®  longitudinis.  Cum 

igitur  navis  mihi,  propter  obfervationis  a conjeftura  diferepantiam,  fit  confti- 
tuenda  in  parallelo  ci ; longitudinem  quoque  inventam  mutabo,  quae  mihi  alia 
fuiffet  fi  fub  eodem  parallelo  effet  decurfum,  nempe  6 gr.  30  fcr.  et  pro  paral- 
lel ae  ftatuam  me  decurriffe  loxodromiam  at.  Ita  enim  manifeftuin  eft,  me 
non  tantum  curfus  quantitatem  variare,  (cum  pro  crure  anguli  redli  ae,  affumam 
bafin  ai ;)  fed  infuper  ab  angulo  plaga:  me  quoque  difceffionem  facere ; cum 
pro  refto  oae  affumam  anguium  inclinationis  cai  redlo  roinorem.  Ifta  enim 
hujus  emendationis  principia  tanquam  minus  lubrica  fop#  nobis  erant  pro* 
pofita. 

Atqui  Cautio  eft,  fi,  cum  fub  eodem  parallelo  decurres,  faspiils  et  quafi 
cominuis  obfervationibus  deprehendas,  te  in  eandem  plagam  (utpote  vel  in 
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meridiem,  vel  in  feptentrionem,)  a parallelo  quern  dccurrere  inftitueras  abduci, 
modo  itineris  confefti  atftimatio  cum  cur!  fit  fafla ; turn  quidem  fccundum  ob- 
lervationes  de  ccclo  fadlas  latitudinem  cenferi,  itineris  verb  confecti  milliaria 
pro  loxodromia:  quantitate  aflumi,  et  inde  longitudinis  evariationem  invert igari 
debere.  Ut  fi  in  eodem  diagrammate  aefis  magnetic®  fitus  arguat  me  ab  i in 
0 reft  a ab  occafti  in  ortum  curium  meum  direxifle,  ab  infula  Belli  ftib  paral- 
lelo 52  gr.  et  cursus  atftimati  fpatittm  fit  miiliarium  fexaginta  ; obfervatio  au- 
tem  de  carlo  fafta  arguat  me  verfari  fub  parallelo  51  gra.  35  fer,  lJque  con- 
tinub  deprehendam  me  ab  sllimato  parallelo  in  meridiem  declinare,  id  latis  in- 
dicii  erit  motu  maris  latente  navem  ! redto  curfu  in  latus  abduci.  Itaque  hie 
60  milliaria  itineris  erunt  pro  longitudine  loxodromire;  atque  hinc  et  e dat! 
latitudinis  evariatione  29  fcr.  dabitur  angulus  inclinationis  84  gr.  i-}- fcr.  per 
propofitionem  21  libri  primi,  et  inde  per  propofitionem  . . . crus  mecodyn- 
amicum  . . . et  longitudinis  evariatio  385-i-  Icr.  qui  funt  6 gr.  25-^  fcr.  Ego 
parce  fumpfi,  cum  hallucinatio  qtue  a maris  motu  in  latitudinem  exiftir,  illlc 
tanta  fit,  ut  port:  peracta  24,  23,  aut  30  milliaria  facile  integro  gradu  latitudi- 
nem  evariaveris;  in  60  autem  milliaribus  amplibs  gradibus  duobus.  Si  ita 
fumamus  poll:  60  milliaria  confeela  1 gradu  et  30  fcrtiptilis  in  laiitudine  pratter 
opinionem  clTc  variatum,  fiet  angulus  inclinationis  67  gr.  59  fcr.  et  longitudinis 
evariatio  5 gradus  et  35  ferupuli ; cum  fub  eodem  parallelo  52  gr.  ea  itineris 
longitudo  arftimata  det  longitudinis  evariationem  33  fcr.  majorem.  Tanti  intereft 
has  medicas  manus  fuo  loco  et  ordinc  iiti  negotio  adhiberi.  Tu  ad  horum  nor- 
mam  reliqua  facile  comparabis. 

Atque  hadtenus  de  curfuum  emendatione,  qui  in  circulo  aliquo,  monllrante 
acu  magnetic!,  inftituti  videbantur : fupereft  ut  ad  loxodromiarum  arftimaios 
curfus,  ec  eorum  cum  obfervata  latitudine  cotnparationem,  deinceps  tranfeamus. 

PROPOSITIO  xr. 

Si  kxodremiam  aliquant  et  ejus  quantitatem,  eeft'tmationem  tuarn  fecutus,  ad  invenien- 
dum Latitudinis  evariationem  adhibueris , et  ejufdem  evariationem  ex  inde  derivatam 
ab  objervata  diver/am  deprebendas , entre  mccodynamico  fecundum  eeftimatum  citrfum 
retento,  latitudinem  in  objervatum  para/lelum  transfers,  et  bine  longitudinis  differ en- 
tiam  inveftigabis. 

NORMA  curfus  quantitatem  augendi  minuendlve  eft  latitudo  de  ccclo  ob- 
fervata : lixe  enim  (ut  difhmi  eft,)  obfervationibus  fequentibus  emen- 
dari,  aut  confirmari  et  refelli  poteft ; reliqua  autem  nec  iterari,  neque  relegi 
polfunt.  In  quibus  quidem  univerfis  fi  peccatum  non  fit,  omnium  ardiflimum 
confcnlum  efle  oportet : fin  verb  aliqua  inter  ilia  differentia  exiftat  5 tinica  datur 
latitudo,  qute  nobis  ad  emendationem  reliquorum  facem  alluceat.  Ut  fi  ab  a 
curium  loxodromia:  quint*  iniverim,  quemadmmdutn  acus  magnetic®  fitus  ob- 
fetvatus  diffare  mihi  vifus  eft,  xftimata  autem  itineris  longitudo  fit  miiliarium 
77,  a parallelo  30  versus  boream,  obfervata  latitudo  32  gr.  20  feru.  unde  no- 
bis e canone  datur  evatiatio  latitudinis  2 gr.  40  Icr.  et  crus  mecodyn- 
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amicum  59 r«VrrV  milliarium.  Hoc  igitur  crurc  mecodynamicb  tanquam  ac- 
ctirato  et  bene  jufto  feorsim  refervato,  latitudinis  evariationem  fecundum  obfer- 
vata  mutabo  ; atque  ita  mecurn  flatuere  habeo  necefle  i ut  alfumam  latitudinis 
earn  evariationem  quain  obfervatio  addicit,  quse  eft  in  expofito  cafu  tanrimv 
2 gr.  ao  fcr.  ut  xftimata  latiuido  inijor  fit  quarn  obfervata  fcr.  20.  Secundum 
hanc  ex  fupra  invento  crure  mccodynamico  longitudinis  evariationem  conclu- 
dam  per  propofuionem  12  lib.  I.  hoc  modo.  Ut  10,000  ad  quadruplum  nu- 
rr.cri  parallelorum  canonici,  qui  ad  difTerentiam  latitudinum  50  gr.  et  52  gr.  ao 
fcr.  nempe,  data:  et  obfervatte,  pertinet,  fcilicet  893.  1516  ; ira  cruris  mccodyn- 
amici  pars  quota  interjedis  parallels  cognominis  A’oVWVV  ad  fcrupula  evariata: 
longitudinis  381,-'.,,  qui  funt  6 gradus  et  21  fcrupula  : et,  cum  fecundum  anguli 
loxodromici  et  xftimati  itincris  quantitatetn  me  in  pundo  e verfari  exifti  nem, 
luvem  tamen  in  pundo  i coltocabo,  et  pro  loxodromia  ac,  fubftituam  loxodro- 
miam  ai : atque  ita  et  angulo  loxodromico,  et  itineris  conjedaneo  intervallo- 
aliquid  vttii  obrepfiffe  pariter  ftatuam,  neque  uni  tantum  foli  hunc  erroretu. 
imputabo.  > 


N O T A. 

Hanc  fadionem  fumma  ilia  dxpliux  fecundum  leges  didatas  poftularet : At- 
tamen  in  fmgulis  curfibus  et  totius  partibus,  vulgb  ufitatam  rationem,  (quia, 
expeditior,  neque  ab  hac  ipfif  diligentiflima  seftimatione  ulli  difteientia  abeat 
diverfa.  qua:  quidem  digna  fit  majore  mpttfy ux,)  in  praXi  quoque  fequemur. 
Et,  ut  unto  evidentibs  hoc  ipfum  liqueat,  utramquc  hie  inter  fe  coniendemus. 
Sit  enim  idem  exemplum  quod  prius,  et  detur  a parallclo  32  quinta:  loxodro- 
mix  quantitas  77  milliarium;  inde  per  canones  -apey/ipm  evartatio  latitudinis  con- 
jedanex  jam  data  eft  2 gr.  40.  et  crus  mecodynamicum  59t VAV  milliarium. 
Ut  fecundum  hanc  xftimatara,  non  autem  vtram,  latitudinis  difTerentiam,  lon- 
gitudinis evariationem  invenias,  duas  oftendimus  vias;  quarum  prior  utitur  cru- 
ris tnecodynamici  parte  quota  e latitudinis  evariatione,  per  propofitionem  i2mjD* 
libri  ptimi.  Latitudinis  differentia  hie  eft  2 gr.  40  fcr.  Erit  itaque  ut  10,000 
ad  quadruplum  numeri  parallelorum  canonici  inter  50  gra.  et  52  gra.  40  fcr. 
interjedi,  nempe  1024.  5416,  ita  cruris  tnecodynamici  39AV0V  pars  quota 
inteijedis  parallelis  (qui  hie  funt  2 gr.  40  fcr.  hoc  eft,  fcrupula  160)  cogno- 
minis, utpoie  TVjVmri  ad  fcrupula  evariata:  longitudinis  hujus  loxodromise 
quantitati  debita  383^,  qui  funt  6 gr.  23+  fcr.  Tanto  igitur  hie  plus  fit  jufto, 
cum  antea  invenerimus  ex  iifdem  datis  et  latitudinis  differentia  obfervata  2 gr. 
20  fcr.  tantum  6 gr.  2i-,V  fcr.  Differentia,  qux  inter  utrumque  calculum  inter- 
cedit,  eft  dumaxat  ferup.  ITVV.  et  quidem  in  curfu  77  milliarium  fub  loxo- 
mia  quinta,  ubi  obfervata  latitudo  ab  xftimata  diftabat  gradds  triente  : quas 
differentia,  in  tanta  fluduum  agitatione  et  inconftantii,  nobis  tanti  effe  non  de- 
bet; et  quidem  eo  magis,  quod  in  fingulis  curfibus  aeftimandis  hanc  jam  nau- 
cleri  fcqui  liabent  necefle,  ut  fecuri  fint  fuarutn  rationum,  quemadmodum  in 
fmgulis  curfibus,  quamdiu  de  ccclo  nondurn  fit  obfervatum,  longitudinis  locus 
fit  confignandus. 

Atque 
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Atque  id  quidem  tanto  magis  retineri  expedit  quod  ifta  via  vtilgo  ufitata 
fcli  multiplicatione  abfolvatur.  Nain  crus  mecodynamictim  fingulis  parallel  is 
debitutr.  eft  primus  cruris  mecodynamici  numerus  uni  fcrupulo  appofitus  per 
radium  10,000  divifus ; quemadmodum  conflat  per  propofuionem  z8  libri 
primi.  Itaque  uc  hoc  ipfum  facilms  abfolvam. 

Fiat,  quemadmodum  1 0,000  ad  10,245,416,  nempe  quadruplum  numeri 
parallelorum  canonici  ; ita  in  hac  quinta  loxodromia  (nam  ea  datur)  primus- 
numerus  mecodynamicus  per  radium  divifus  AVsV  ad  fcrupula  evariatte  longi- 
tudinis  6 gr.  2j|  fcr.  ut  prius.  Hoc  eft,  ut  quadratum  radii  100,000,000  ad- 
10,245,416,.  ita  crus  mecodynamicum  unius  parallel!  in  datte  loxodromix  in- 
clinatione  3741,  ad  quaeficam  longittidinis  evariationem.  Hanc  igitur  cervam 
pro  ifta  Iphigenia,  ut  tragcedici  folenr,  hoc  loco  fubponemus  : non  tan  tutu 
quia  hac  facilius  litatur ; venim  etiam  quod  inter  fc  baud  admodum  diftidcant  ; 
ut  illam  quidem  cum  ratione  conllitutam,  hanc  verd  ob  facilitatem  et  affinita- 
tem  ei  lubftitutam,  concedamus.  Quamobrem  ifta  baflenus  de  fimplicium 
loxodromiarum  entendatione  didla  fufficiant.  Sequitur  emendatio  loxodromia- 
rum  compofitarum  : qua;  in  latitudinis  evariatione,  et  cruris  mecodynamici 
quantitate,  in  fingulis  quidem  Loxodromiis  fingularum  Loxodromiarum  feorsim 
leges  fequitur;  at  junaim  fuis  quibufdam  praeceptis  regitur,  in  quibus  nc  pec- 
cetur,  caulio  eft. 


PROPOSITIO  XIT. 

Cur/ui  compoftlns  eft,  quan Jo  priufquam  emendations  fecundum  cbftrvata  ftt 
locus , plures  continuantur. 

17 IT  non  raro,  quin  adeo  fere  femper,  ut  curfus  ab  obfervatione  altitudinis 
antecedente  ufque  ad  proxime  fequentem,  non -fit  ejufdcm  generis  j fed  ex 
variis  curfuum  plagis  illud  itineris  intcrvallum  componatur : ut  modo  in  meri- 
diem vergat ; inde  vicifsim  in  feptentrionem,  fecundum  aliam  atque  aliam  loxo- 
dromiam,  lit  obliquandus,  vel  fub  aliquo  parallelo  dirigendus.  Inftituti  enim 
itineris  curfus,  ob  terrarum  in  maria  excurrentium  margines,  fepe  atticulatim 
delumbatur,  ct  per  diverfas  plagas  infletftitur,  frangiiurque.  Ut  fi  hinc  ex 
Hollands  fub  parallelo  quinquagelimo  fecundo  Gades  atque  in  extremam  Hif- 
paniam  navigare  inftituas : primtim  quidem  in  occidentem  loxodromia  quafi 
quinta  a meridie  erit  tibi  contendendum,  ufque  ad  fummum  ct  extremum  Gailite 
promontorium  Gobaeum  a Ptolomaso  diiftam,  cui  infula  prsetenditur  noftris  nautis 
Ey/ant  dicta,  fub  parallelo  48ft,  qui  tamen  curfus  interea  aliquoties  deareuandus 
eft.  Hinc  jam  propius  ad  meridiem  inflediendum,  ufque  dum  perventum  -fit 
e regione  Cabo  Sant  Vincent , quod  Ptolomseo  eft  Promontorium  facrum,  fub 
parallelo  37-*-.  Hinc  denique  curfus  in  ortum  loxodromia  quafi  feptima  eric 
infleftendus,  ut  Gades  fub  parallelo  36!  prope  Herculis  fretum  ( per  quod  mare 
mediterraneum  fc  in  Oceanum  eft’undit)  adeas;  et  id  quidem  li  ventus  optatus 
euntes  profequatur.  Quin  aded  in  medio  mari,  ubi  jam  altum  tenuerc  rates, 
neque  ullx  apparent- aut  metuuntur  terra,  vel  fcopuli,  vel  vada,  aut  faxa- 
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Jatentla,  haud  raro  tunc  quoque  evcnit,  lit  majore  tcmpeftate  ingniente  y.* 
kuuU  dfnvSxtyuf  tj  Mt/iv,  cum  non  poflint  contra  tcndere,  ita  pofccntibus 
vends,  viam  veils  fledam,  tanquam  agcrctur  illud  l’oetx 

Nee  ms  obniti  contra  tuque  tcndere  tan  turn 
Sttfficimus  : fuperat  quoniam  fortuna,  fequsmitr  •, 

Quoque  vocat,  vertamus  iter. — - ... 

Hie  enim  vehementioribus  procellis  ingruentibus  in  lame  qt^alzi,  venti  arbi- 
trio  fe  perminunt : alioquin  etiam  adverlifliniis  ventorura  flatibus  non  con- 
ceflitri,  ut  retrorsum  agantur ; fed  cursbs  obliquatione  modb  hac,  modo  iliac, 
proram  obvertentes,  aliqua  ex  parte  inftitutum  iter  promoturi.  Atque  hinc 
breves  ilia;  inflexiones  2,  3,  4,  3,  plurium  aut  pauciortim  milliarium,  quibus 
piimarii  cursbs  diredio  deartuaiur  et  infringitur.  Hie  igitur  curfus  e variorum 
geneium  mi lcel la,  utpote  duorum  triumve,  aut  etiam  plurium,  conflatus,  & 
nobis  nunc  compofitus  dicicur. 

PROPOSITIO  XIII. 

Si  in  curju  compcfito  continenter  omnes  & communi  parallelo  in  Jepentriontm  vet 
■meridiem  verdant,  latitudinis  evariationem  augebunt ; Ji  qui  ex  iis  in  contrariunr 
refleflantur , ii  pro  rata  parte  earn  imminuent. 

CUM  omnis  curfus,  cxccpto  odavo,  qui  fub  eodem  parallelo  manct,  latitu- 
dinis  et  parallelorum  evariationem  inducat ; five  ea  a meridie  in  fepten- 
trionem  porreda  augeatur,  feu  contra  a fepwntrione  in  meridiem  minuatur,  et 
hoc  quidem  in  lingulis  figillatim.  In  conjundis  autem  et  compofitis  curfibus 
res  fe  paulo  fccus  habet.  1111c  enim  latitudinis  evariatio  eadem  efie,'  vel  etiam 
augeri,  nonnunquam  et  minui  etiam  poteft.  Ut  fi  a parallelo  52  quocunque 
curfu  perventum  fit  ad  30,  atque  inde  curium  reda  in  ortum  vel  occafum 
fledas ; jam  cum  in  eodem  parallelo  continub  decurratur,  latitudinis  evariatio 
liinc  nulla  inducetur  major;  at  fi  porrb  inde  ultra  in  meridiem  infledas  ut  per- 
venias  ad  48  parallelum,  jam  tanto  erit  audior  latitudinis  evariatio  : nam  prin- 
cipium  ct  hie  finis  diflant  4 gradibus.  At  fi  a parallelo  30  llexilfes  in  fepten- 
trionem  donee  perventum  effet  ad  parallelum  30  graduum  et  43  fcrupulorum, 
hie  evariatio  latitudinis  luilfet  tantum  imminuenda.  Exemplum  tale  efto ; k 
Mofx  fluminis  oftio,  fub  parallelo  31  navigatum  fit  ad  promontorium  Anglia:. 

De  Sir  gels  vento  Zuyt-fVeJi  ten  IVeJien  milliaribus  33 

A Sugels  ad  Bevefter  IV eft. Zuyt-IVejl  milliaribus  6 

A Bevefter  ad  Lezert  * IVeJi  ten  Zuyden  milliaribus  34I 

A Lezert  ad  Caput  Finifterre  Zuyd-Zuyd-lVeft  milliaribus  1 13  j- 

Primus  curfus  eft  loxodromia  3 a meridie  versus  occafum,  ut  infra  patet  ex 
typo  ventorum  ; et  hie  defignatur  curfu  ae. 

* Anglice,  Tb<  Lizard  point. 
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Secundus  curfus  eft  loxodromia  6 a meridie  versus  occafum ; et  htc  defig- 
natur  curfu  e i. 

Tertius  eft  loxodromia  7 a meridie  versus  occafum,  et  hie  exprimitur 
curfu  oe. 

Quartus  eft  loxodromia  2 a meridie  versus  occafum,  et  hlc  exprjjnitur 
curfu  ou. 


Vides  iraque  omnes  loxodromias,  a pa- 
ra’lelo  fub  quo  inceperant,  versus  meri- 
diem inclinare,  et  ideo  a paralleio  52  un- 
de inicium  duftum  eft,  lbngius  difeedere, 
latitudinem  imminuendo ; latitudinis  au- 
tem  evariatio  fingulis  debita  invenietur, 
per  propofuioncm  . . . libri  primi,  aut 
per  canones  in  fingulis  ifta  1 


numcru8 

loxod. 

curf&s  nomina. 

milliaria. 

evar.  lat. 
gra.  fcr. 

5 

Z.  VV.  t.  z. 

33 

1 • j3tVv 

6 

w.  z.  \v. 

6 

O 9 rVr 

7 

W.  t.  z. 

54i 

O 2t!  t tv 

2 

z.  z.  w. 

>»3i 

6 Q *r 

Jumma 

9-  4t  V 

Addend*  igitur  font  hte  fingula;,  qua:  conflant  9 grad.  4//^  fcr.  Et  quia 
curfus  expofiti  versus  meridiem  vergtint,  de  propofita  latitudine  52  gra.  dedu- 
cendi  funt : unde  datur,  fecundOm  has  conjcdhiras,  latitudo  Capo  40  gr. 

55, W fcr.  Non  opus  erat  ifta  fprupulofitate  ut  etiam  primoruin  partes  cenicli- 
mas  inquirerem,  potui  in  primis  fubfiftere,  et  terminum  vero  proximum  af- 
fumere ; tanta  enim  maris  inconftantia  eft,  lit  iftse  conjeifturar  itinerum  ne  qui- 
dem  ad  unum  aut  alterum  fcmpulum,  verum  nobis  addicere  poffint.  Quern* 
admodum  propofitione  ....  exemplis  et  obfervationibus  in  medium  prolatis 
oftendetur.  Quod  fi  aliquis  horum  cnrfuum  in  Boream  clfet  inflexus,  is  pro 
rata  parte  latitudinis  evariationi  tantum  derogaret,  quinetiam  poftet  latitudi- 
nem in  Boream  ultra  parallelling  rejiccrc ; ut  fi  htec  noviflima  loxodromia  A Lt- 
/triad  Cabcfiniflerr*  quae  eft  Zuyd Zuyd-IVeft,  mutetur  et  fiat  a Le/ert  Ncordt- 
Nocrdt-lVe/i  1 1 3^,  dabitur  in  hoc  curki  latitudinis  evariatio  6 gr.  59  Are  fcr. 
ut  ante,  fed  in  Boream  a fuo  principio  inflow.  Erunt  itaque  tres  priores  lati- 
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iudines  addend*,  nempe  1 gr.  13-iVrfcr.  et  QtVo-  fcr.  ct  42  ,'yV  fcrup.  qua- 
rum  furnma  eft  2 gradus  et  5 fcrupula:  tantuni  igitura  curfuuin  omnium  initio, 
Mofae  oflio,  itum  eft  in  meridiem.  Atqui  inde  rursum  in  Boream  6 gr.  59AV 
i'cr.  Quare  fi  ilia  evariatio  minor  de  liac  majore  deducatur,  reliqua  eft  evariatio 
4 graduum  et  54  fcrupvilorum,  fed  Borea,  numcranda  a 52  parallelo,  et  incidet 
in  jf^jrad.  54  fcr.  Similis  ratio  erit  rehquarum  in  aliis. 


PROPOSITIO  XIV. 

■H  in  curfu  eompo/tto  coniincnt'er  omnes  a cmmuni  meridiano  in  ortum  vel  occafum 
vergant,  longitudinis  evariationem  adaugelunt : fi  qui  ex  iis  in  contrarium  refieti- 
entur , ijli  pro  rata  parte  tandem  imminuent, 

OUEMADMODUM  propofitionc  13  Iatitudinis  cvariat*  proftaphxrefin  ex- 
plicuimus  ; ita  hie  longitudinis  proftaphierefin  profequeraur  : quse  utraque 
in  ufu,  ct  ctirfibus  compofitis  f*pe  permifcctur.  Longitudinis  evariatio,  et 
■incrementum  ant  decrcmentum,  hie  non  numcramus  a primo  meridiano  ; fed  i 
meridiano  illius  loci  unde  iter  aut  computationem  inftituis,  ad  eum  locum  quo 
contendis  ; five  ifte  illlnc  in  orientem,  feu  in  occidentem  diffitus  vergat.  Ut  fi 
ab  a puntflo  meridiani  ay,  in  fchemate  antecedentis  propofitionis,  difcedas  in 
occafum  curfu  at ; et  fequens  iterum  vergat  a terminb  e in  / ; et  tertius  ab  i 
ino;  quartus  ab  0 in  u ; hi  curfus  continenter  longitudinis  evariationem  adau-' 
■gebunt:  omnes  enim- ultra  novidimum  meridianum  in  occafum  porriguntur. 
At  fi  noviflimus  curfus  ab  0 refleflatur  in  »,  ut  on,  is  faftse  evariationi  tan- 
tum  derogabit,  quantum  pars  ipfuis  quantitati  congrua  fibi  vindicabit : ut  lire 
In  de  ly  dedufta  relinqt.it  ny,  longitudinis  evariationem  inter  curfus  principium 
.a  et  hunc  fincm  n.  Cum  autem  fub  eodera  meridiano  refta  in  Auftrum  aut 
Boream  decurrcs,  longitudinis  evariationi  nihilum  accedere  aut  decedere,  eft; 
nramfcftum. 

AfTuinantur  enim  curfus,  et  curfuum  inclinatio,  ct  quantitas,  cadem  qua;  fupri 
in  propofitione  antecedente  ; et  quseratur  quanta  lit  tingulorum  evariatio  longi- 
tudinis. Id  fiet  per  propofitionem  . . . . fi  proximorum  parallelorum  differentiae 
•quadruplum  multiplicetur  per  quadrantem  tangentis  inclinationis,  feu  numerum 
mecodynamicum  cujufque  uni  fcrupulo  debilum.  Ego  hie  tabcllam  fubjicio,  in 
qua  in  felide  fecunda  loxodromiarum  ordinem,  in  tertia  ventorum  nomina  ac 
curfus  plagam,  in  quarta  milliaria  srflimata,  in  quinta  Iatitudinis  evariationem, 
feu  parallelum  in  quo  finguli  terminantur,  in  fexta  quadruplos  canonicos  paialle- 
lis  intcrjedlisdebitos,  ct  in  feptima  evariationem  longitudinis  ftngulorum,  exprefli. 
Prima  autem  felide  numeros  canonicos  multiplicantes,  feu  quadrantes  tangentis 
jndtnationum,  collocavi.  Quemadmodum  hie  vides. 
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Multipli- 

cands. 

Loxo- 

dro- 

raix. 

Curfus  plaga. 

Milliaria 

xltimata. 

Evariatio  latitu- 
dinis. 

NumcriCanonici 

quadruplicati. 

Evariatio  lon- 
gitudinis. 

gra.  min. 

gra.  min. 

3>74i 

5 

Z.  W.  t.  z. 

33 

48  46  rVr 

674,27a 

2.  48f 

Ad. 

6,035 

6 

w.  z.  w. 

6 

4^  364^ 

134,088 

33t 

Ad. 

12,568 

7 

W.  t.  z. 

S4f 

47  54tW 

1,283,796 

5-  21 

Ad. 

>.°35 

2 

z.  z.  w. 

i»3t 

4°  54tVV 

974,288 

4-  3i 

Ad. 

I a-  | 


Evariatio  longitudinis  itaque  crit  12  gr.  46-5-  fcr.  atque  tanto  occidentalius 
eft  acroterium  Hifpanise  Cabo  Jmiftcrra  hodie  didtum,  quam  fit  Mofas  fluminis 
odium.  Ego  hie  in  latitudine  ■ confignanda  etiam  particulas  fum  confeflatus, 
ut  ifto  excmplo  doceam,  quam  parum  ad  rhombum  eae  faciant;  nifi  forte  obli- 
quidimi  lint  curfus,  ut  loxodromia  7t,  7$,  aut  irr  parallelis  minimis  prope  et 
ultra  circulum  ardticum  verferis.  Hie  enim  in  eodem  exemplo  (i  proximi  veris 
afl'umanttir,  nempe  48  gr.  47  fcr.  et  caeteri  deinceps,  dabitur  in  fingulis  curfi- 
bus  evariatio  longitudinis  quantam  hie  expreftimus. 

parallel*  evariatio  long. 


gr- 

fcr. 

gr- 

fcr. 

48 

47 

2 

48 

48 

38 

0 

33 

47 

55 

5 

25 

40 

56 

4 

3 

12 

49 

Ut  differentia  non  fit  trium  fcrupulorum  in  tam  longo  curfu,  quae  vel  conjec- 
ture in  longitudine  itineris,  vel  errori  in  obfer vanda  poli  altitudine  fummo  jure 
imputari  poffunt ; ut  in  ifti  An tloxir/ltf,  facile  fine  ulla  jadturi  manus  de  tabula 
tolli  poffit. 

Si  curfus  ultimus  pro  Zuyd-Zuyd  Weft  fuiffet  Zuyd-Zuyd-Ooft,  hoc  eft,  pro 
ou  fuiffet  on ; jam  ultima  longitudinis  evariatio  4 gr.  3 fcr.  de  reliquis  efTet 
fubducenda,  nempe  de  2 gr.  46  fcr.  et  relinqtietur  evariatio  longitudinis  ny 
4 gr-  43  fcr>  tantutn. 

Denique  fi  ab  0 redla  in  meridiem  effet  decurfum  in  /,  nullam  aliam  effc 
longitudinis  evariationem  in  / pundto,  quam  ante  fuerat  in  0,  manifeftum  eft ; 
nempe  8 gr.  46  fcr.  Sequitur  comparatio  conjedtanese  evariationis  compofiti 
curfus  aim  ea  quse  de  coelo  obfervatur. 
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PROPOSITIO  XV. 

Hi  in  ctrfii  ccmpcfito  aftimata  la  tit  u do  ab  obfervala  difcrepct,  reuntd  hngitkdir.if 
evarialiene  latitudincm  in  ol/ervatum  par  alleluia  transfera. 

S1MPL1CES  curfus  fnas  babucrunt  leges,  fecund  uin  quas  ipfu  ad  oblerva— 
tionts  de  ccelo  facias  regercntur,  et  nonnullaj  earum,  11  nimia  cnormiias 
inciJerct,  einendarentur.  In  compofitis  autcm  curlibus  diffu  ilior  lingulos  eracn- 
dandi  eft  ratio,  et  magis  intricata : earn  itaque  ob  rem,  nift  alia  evidens  caufa 
aliter  fuadear,  (quam  quidem  nos  poftea  exponemus,)  longitudinis  evariatione 
reienta,  latitudmis  differentia  inter  conjeclaneani  ct  obfeivatam  pofthabita,  ad 
obfervatum  de  ccelo  parallelum  tranfibimus.  Res  pclito  exemplo  fiet  clarior. 
Sint  enim  curfus  iiJcm  qui  fupra  propolltione  1 2 funt  exprefli,  a Molle  lluminis. 
oftio  fub  parallelo  quinquagefimo  ad  acroterium  Hifpanise  Cabo  finis  terra  die* 
turn  ; atque  iliac  de  ccelo  lit  obfervatum,  ct  latitudo  inventa  42  gr.  42  fcr.  AtquL 
« loxodromiis  et  itineris  ratione  ante  datur  nobis  latitudo  40  gr.  55  fcr.  ut  diffe- 
r-.ntia  inter  illara  et  hanc  fit  1 gradus  et  47  ferupula ; quam  loxodromiarum  hal- 
lucination! tribuam,  ut  illarum  inclinationes  alias  revera  fuifl’c  necefi'um  videatur, 
atque  in  chalyboclilis  obfervatione,  aut  alia  qnavis  occafione  non  nihil  peccatum 
effe.  Neq  te  omnino  miruni  eft,  aut  inauditum,  in  tanti  itineris  longitudine,  ac 
tot  dierum  ir.tervallo,  cum  intcrea  de  caelo  oblcrvatum  non  erit,  tanum  a lati- 
tudine  ver&  differentiam  intercedere  : quod  infra  quoque  altero  exempio  pacebit. 
Hasc  enim  non  ficta,  fed  re  ipla  ex  nautarum  Diariis  excerpta.  prpferimus.  Porrij. 
autem  cum  ad  longitudinem  emendandam  fublidii  nihil  detur,  ante  inventam 
re.inebo,  quae  nobis  inter  Mofam  et  dwflum  acroterium  fupra  fuit  12  gr.  46  fcr.. 
Atque  ita  in  ifto  meridiani  et  parallel!  communis  feclionis  termino  confedti  iti- 
neris  limitem  ftatuerc  habeo  necefle. 

Atqui,  ut  diximus,  Cautio  eft,  fi  enormis  fit  ea  differentia,  emendacione 
tali  opus  effe,  qua  ang.ili  quibus  loxodromiae  ad  raeridianum  inclinantur,  mu- 
tentur;  hoc  eft,  alia;  loxodromiae-  affumantur,  quam  acus  magnetica,  in  ipfo. 
curfu  dcftgnav'ent : quia  id  a maris  occulto  impetu  faflum  fit,  quo  navis  tranf- 
versim  ab  inllituto  tramite  fit  furtim  abrepta.  Verbi  gratia,  maris  fluflus  aded 
violemo,  fed  tamen  inobfervabili,  impetu  prope  fretum  Davis  H Barca  versus 
Auftrum  feitur,  ut  qui  iftinc  curfum  in  ortum  dirigunt  monllrante  acu  magne*. 
ticl,  (etiam  legitime  fecundum  fuam  chalyboclifin  emendatRJ  perpetuo  depre- 
hendantur,  eum  non  tenuiffc  curfum,  fed  pro  parallelo  hoc,  loxodromiam  quar*. 
tarn  inter  01  turn  ct  meridiem,  (noftris  de  Zuyt  Ooft  ftreeck  diflam)  decurriffe. 
Id  qticmadmodum  in  hoc  fimplici  curfu,  cum  ab  obfervatione  incipiet  et  termi*. 
nabirur,  emendari  poffit,  fupra  cxplicui.  Itaque  femel  cognito  ifto  fubreptitiae- 
loxodromiie  angulo  reliquos  omnes  ad  hunc  temperabo.  Nain  curfum  obferva- 
tum hie  ahum  effe  quam  verum,  cum  haud  fis  nefeius,  et  maris  motum  a Scp- 
tentrione  in  meridiem  ferri : fi  tu  igitur  fub  eodem  meridiano  versus  boream 
contendas,  fcquitur,  iter  tuum  minus  effe  quam  conjedlura  fadli  teftimes  : fi  in 
meridiem,  multo  effe  majus  atque  ideo  illic  obfervatam  latitudincm  minorem 
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seftimata,  hie  contia  majorem  efle,  mirari  defines,  cum  caufan  pemoveri:. 
I i.tcr  meridianuoi  et  parallelum,  loxodromiirum  anguli  ct  quantitas  curlus  ita 
erunt  temperandi,  prout  diligens  obfervatio,  ct  fedula  itineris  confecli  zftinntfo 
arguet,  fccundum  prxeepta  in  finiplicibus  pofita,  uhi  fingulis  curfibus  finguUi 
obfervationes  tribuimus,  ct  fccundum  eas  emendavimus  quando  ell'ct  neceffe. 
Cxterum,  cum  in  compofitis,  ubi  port  aliquot  curfus  continuatos  de'mum  obl’er- 
vatio  ct  ememlatio  adhibentur,  ea  res  plus  habrat  dilficultatis  j needle  eft  ut 
cognol'cas  qi  *nam  in  fingulis  curfibus  loxodromia  pro  alii  fit  fubftituenda,  at- 
que  iu  paratus  ac  inftrudlus  venias:  ut  in  co  quod  niodu  recenfuimus,  cum  in 
ortum  ire  vifus  fis,  tamen  non  referas  in  ephemerin  ttiam  nauticam  Oijl,  fed  ut 
diximus,  Zuydtoojl  miltiaria  tot ; atque  ita  in  czteris  ad  eandem  normam.  Quod 
(i  in  peiagus  aliquod  imparatus  venias,  ct  prxter  opinioncm  in  id  fis  dclatus, 
cujus  ncque  agitationem  neque  impetum  fando  audiveris ; opus  erit  ut  fumnia 
cum  cuia  atque  indufttia  ipfe  huic  rei  an i mum  advenas,  atque  arftimata  cum 
obfervatis  confcras,  unde  corredtione  loxodromiarium  fadla  aliquid  fani  de  tuo 
profedlu,  aut  defedtu,  ftatuas  ; nam  id  gnavi  et  induftrii  nauderi  rnunus  eft  : cu- 
jus fidci  non  lantum  merccs  ill*,  quantumvis  pretiofx ; veriim  etiam  navis  uni- 
verfa,  qua  tot  hominum  vita  ct  talus  continetur,  tft  concredita. 

Vrfurn  eft  huic  theoremati  luculentiflimum  itineris  longioris  exemplum  et 
calculi  rntionem  fubjiccre  ; unde  praxis  noftra  naulica  pernofei  poflit : et  totum 
illud  quodliipri  in  ordinando  nauticodiario  adhibuimus  hue  transferre,  atque  ad 
abacos  nautici  epilogifnri  rcvocare.  Ubi  hoc  nrihi  monendus  cs  in  iplo  veftibulo, 
Loxodromiarum  angulos,  et  curfuum  quantitatem  a peritiflimis  naucleris,  qui 
una  vchebantur,  et  haruni  diflicultatum  baud  eflent  expertes,  ita  fccundum  illo- 
rum  confuetudinem  emendatos,  qnemadmodum  ipfi,  ufu  edoili,  vero  maxime 
aftidere  exiftmrarent ; id  que  illi  voce  technica  bebcudtn  courfen  en  mylen  indigi- 
tant.  Id  fignificat  cur/us  et  miliaria  Jarta  teila,  quo  innuunt,  cum  fide,  induf- 
tria,  et  leguima  utriufque  taxatione,  quibus  hxc  in  medio  mari  font  obnoxia, 
ifta  pro  vitis  ct  apparentibus  efle  ftlbftituta,  profit  quotidiana  cos  experientia, 
omnium  rerum  magiftra,  erudivit. 

Sit  itaque  nobis  exemplum  e Diario  nautico  propofitionis  quartz,  ubi  e data 
inclinatione  et  curfuum  quantitate  longitudinis  ct  latitudinis  evariationem  pet 
artem,  vel  fi  libeat,  potifis  e canonio  primum  erues.  Sed  id  quoque 

notandum  tibi  eft,  quod  loci  fitus  ad  quern  itur,  hie  orientalior  fit  eo  unde  dil- 
ceditur,  et  prsetecea  quoque  meridionalior;  quod  ide6  monere  oportuit,  ut  inde 
longitudinem  et  latitodincm  loci  optati  poftek  rite  et  fine  errore  conftituas. 
Diarii  hujus  nautici  fccundum  divinationem  ct  obfervata  hare  eft  formula,  ut 
prim*  felidi  menfis  dies  fit  adfcriptus  ; fecund*  nomina  ventorum  quibus  curlus 
indinatio  et  plaga  dclinitur  ■,  terti*  ejufdctn  quantitas  in  milliaribus ; quart* 
llngulontin  curfuum  latitudinis  evariatio  de  coelo  obfervata ; quint*  latitudinis 
evariatio  fccundum  curt  us  zftimatam  quantitatem ; fexto  milliaria  mecodyna- 
niica  eideur  congrua  ; leptim*  longitudinis  evariatio  e milliaribus  mecodynami- 
cis  derivata.  Horum  duorum,  qux  ultimo  loco  recenfuimus,  tuagnitudinem,  cx 
canonio  prochiro,  aut  per  calculum  explicare  licebit,  prout  opporumum  videbi- 
tur,  qnemadmodum  hie  vides.  Cujus  rationem  deinceps  figillatim  etiam  cxpli- 
camus.  Initium  navigationis  fatflum  eft  a parallclo  borco  52  gr.  25  Icr. 
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Noviffimo  hoc  curfu  tandem  oftava  Septembris  appulimus  ad  promontorium 
Hifpanise,  vulgo  Caput  fnis  terr*  didUim,  qua  Hifpania  longiflTime  in  occiden- 
tal! in  ora  Septentrionali  procurrir.  Ptolomato  cflet  Nerium  promontorium. 

Primi  curfus  menfura  et  plaga  in  hoc  diario  exprimitur;  longitudo  quidem 
milliarium  1 8 felide  quarta ; plaga  autem  O.  Z.  O.  fclide  tertii ; loxodromiae 
numcrus,  memorise  juvandae  cauia,  felide  fccunda.  Ita  enim  omnia  felicius  ac- 
curatiufque  abfolventur ; neque  in  iubrico  confiftes  quando  femel  hoc  labore 
eris  defundus,  ut  felidi  fecund*  loxodromiae  numerum  adjirias.  Secus  enim 
eti&m  hie  memoriam  follicitare  opus  eifet : quod,  ut  in  tanta  varietate  pcriculo- 
fum,  ita  quoque  minus  exercitatis  haud  adeo  expeditum  fucrir.  Licebit  itaque, 
ut  fuprk  jam  expreffimus,  canones  adhibere,  atque  illinc  latitudinis 

evariationcm  fecundum  loxodromias,  ct  milliaria  mecodynamica  depromere ; (i 
• forsan 
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forsan  quis  in  calculo  minus  fit  cxercitatus.  Ego  vero  ct  tutiftimum  et  expedi- 
tiffimum  judico  ci  qui  epilogiftno  titcunque  adlueveiir,  calculum  ah  ipfo  fonte 
arcelfere : atque,  in  cum  fineni,  canonion  exiguum  ad  manus  habere,  in  quo,  in 
primo  loco,  loxodromiarum  ordo,  et  earum  quadrnntes;  in  fecundo  lot  o,  angulc.- 
rum,  qui  ad  earum  complemema  pertinent,  finuum  quadiupluro;  et  in  tcriio  loco, 
tangentium,  qui  ad  ipfarum  loxodromiarum  angulos  pertinent,  quad  tames  ; fine 
ordine  digefti.  Secunda  eniin  fclis  latitudini  inveniendae  1'ervict  per  confciSarium 
propoiitionis  28,  et  per  30  prop,  libti  primi.  Canonion  ipfutn  1.1c  quoque  fubjeci 
ad  radium  quinque  circulorum,  ut  tc  quoque  calculi  lutjus  nioleftia  libetarem. 


t^OXO- 
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34 
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74 

39.207 

253.829 

3* 

4 

296,380 
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25,000 

74 
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508,887 

Nunc  itaque  numerum  finus  qui  ad  fextum  curium  pertinet,  (ifte  enim  hlc 
datur  O.  Z.  O.)  cxcerpam,  nempe  153,072  ; qui,  per  milliaria  multiplicatus,  et 
per  radium  divifus,  dabit  fcrupula  evariatse  latitudinis  2 7 T VVvVe-  ; aut,  quod  fa- 
ds fit,  27t!t»  pef  propofiiionem  19  libti  primi.  Hanc  evariationem  in  oppe- 
fito  laterculo  in  fui  lelide  inferibam,  fub  latitudinis  evariatione  felide  fexia ; 
et,  quia  versus  sequino&ialem  profedlionem  promovet  et  latitudinem  minuir,  fe- 
lidi  fequenti  e region e adferibam  S literam,  fubdudUonis  notam.  Dehinc 
longitudinis  evariationem  inveftigabo  per  propofitionem  crigefimam  libri  1,  hoc 
modo.  Parallelus  unde  navigari  coeptura,  erat  52  gr.  25  fcr.  hie  novillimus 
autem  28  ferupulis  eft  minor;  atque  tded  jt  gr.  57  <cr.  differentia  numerorum 
e canonicis  fxrallclorum , qui  ad  hos  pertinent,  eft  45.6587;  ejufdemqtic  quad- 
ruplum  182.6348.  Tumquc  quadrans  tangentis  qui  ad  hanc  loxodrotniam  per- 
tinet, per  radium  divifus,  dabit  crus  mecodynatnicum  tVVvVv  quantum  latitudi- 
nis 
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refcflis  abundant ibus,  ioo.i826jTVe'T»  hoc  eft,  ut  too.oco,  ad  182.63,  its  633 
ad  fcrupula  evariatse  longitudinis  ioOr'aV,  qni  funt  1 gr.  50  fcr.  Atque  hunc 
numerum  felidi,  qux  eft  £ regione,  inferibam ; ct  quia  cutfus  hie  iter  versus 
optatum  Eeqninoiftialcm  promovet,  cidcm  in  felide  fequenti  adferibam  S lite- 
rani.  Curfus  ifte  in  appotiia  tabella  exprimatur  dufht  lines:  <jf.  Ego  hie  milliaria 
mecodynamica  neglexi,  quia  ita  facilius  negotiant  abfolvitur.  Scd,  ft  cui  libeat, 
et  ea  quoque  ratio  placeat,  per  me  id  ei  erit  liberum  : is  cnim  turn,  per  propo- 
titionem  13  libri  primi,  quoque  longitudinis  evariationcm  in  fingulis  invenire 
poflit.  Verurn  id  mihi  videtur  operosius  : nos  certe  iftam,  quam  jam  inftitinms 
viam,  porrb  fequemur.  Quod  ft  tamen  velis  cognofecie  quo  curfu  ftmplici 
principium  tt  finis  compofitorum  curfuum  copulari  et  conjungi  poflit ; illic 
lane  uftmi  habeat  h*c  res.  Sed  idem  quoque  fupra,  propofltione  32  lib.  1, 
nobis  eft  expofitum ; quart:  huic  felidi  fuum  quidem  locum  aflignanius,  ctiamfi 
nunc  ei  non  utamur. 

Sequitur  curfus  fecund  us,  qui  ab  e pun&o  fub  parallelo  51  graduum  et  57 
fcrupulorum,  Ortum  versus,  per  4 milliaria  eft  coniinuatus;  qui  delignatur  lines 
ri.  Hie  laterculo  latitudinis  nihil,  ftveo,  inferibam ; quia  in  earn  partem  nihil  eft 
mutatum  : et  e regione  in  laterculo  longitudinis  o gr.  26  fcr.  17  fee.  Qute  fub  ifto 
parallelo  quatuor  milliaribus  per  ptopofitionem  undccimam  libri  primi  debentur. 

Teriia  eft  loxodromia  Z.  O.  t.  O.  qua:  ordine  quinta  eft,  ut  indicatur  e 
regione  felide  fecunda,  et  quidem  milliarium  13,  qui  curfus  hie  exprefi'us  eft 
per  lineam  to;  cui  in  evariatione  latitudinis  cedunt  fcrupula  29,  rursum  fub- 
ducenda j atque  hsec  ita  cum  his  notis  fuis  laterculis  inferibantur.  Inde  quo- 
que ut  fupra  longitudinis  evariatio  datur  1 gr.  10  fcr. 

Quarta  eft  loxodromia  O.  Z.  O.  hoc  eft,  qtiemadmodum  fecunda  felide  eft 
expreffum,  loxodromia  ordine  fexta,  qui  curfus  hie  expreflus  eft  linea  ou,  mil- 
liarium  14;  unde  evariatio  latitudinis  datur  o gradus  fed  2i{  fcrupula  : quam 
ita  fu*  felidi  inferibam ; et,  quia  latitudinem  loci,  unde  difeeflum  eft,  minuit, 
e regione  adferibam  notam  fubduftionis  S.  Hinc,  ut  ante,  longitudinis  evariatio 
dabitur  1 gr.  23  fcr.  addenda  : qua:  fingula  in  fuas  propriafque  fclides  referatn, 
ut  prius. 

Quintus  curfus  eft  VY  iterum  O.  Z.  O,  feu  loxodromia  ordine  fexta  millia- 
rium 3 1 unde  latitudinis  evariatio  datur  o gr.  4-^  fcr.  fubduccnda  : quse  ita  fuis 
laterculis  inferam.  Porrb  longitudinis  evariatio  hinc  exiftit  o gr.  1 7-j-  fcr.  ad- 
denda antccedentibus  : atque  ita  fuis  laterculis  inferiptas  vidcs. 

Sextus  curfus  eft  W.  Z.  W.  Loxodromia  itidem  ordine  fexta,  milliarium  11, 
qua:  defignatur  in  tabelUt  per  lineam  YS  j unde  latitudinis  evariatio  datur  o gr. 
17  fcr.  qua:  adhuc  in  auflrum  tendit,  atque  ideb  fubducenda;  unde  parallelus 
per  S punftum  datur  50  gr.  45  fcr.  Et  hinc  evariatio  longitudinis  invenietur  efle 
1 gradus  et  fcrupula  4^  : led,  quia  hie  curfus  in  occafum  refleftitur,  fubducenda. 
Quare  longitudinis  differentia  inter  meridianos  per  A et  S tranfeuntes  crit  tan- 
tum  4 grad,  if  ferup. 

Septimus  curfus  eft  W.  t.  Z.  loxodromia  itidem  ordine  feptima,  milliarium  1^, 
quse  exprimitur  linea  SR ; unde  latitudinis  evariatio  invenietur  o gr.  1 fc.  fub- 
ducenda. 
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ducenda,  quia  curfum  promovct  in  auftrum.  Et  inde  longitudinis  cvariatio 
o gr.  8 fcr. ; qute  elt  itidem  ab  antecedentibus  fubdncenda,  quia  curfum  in  nccalum 
contra  Icopum  adauget.  Atquc  ita  utrofque  hos  numeros  furs  locis  icferaui. 

Odavus  curfus  eft  Z.  O.  t.  Z.  loxodromia  tenia,  qux  notatur  liiua  RL, 
eft  milliarium  ; untie  latitutlinis  evariitio  danir  o gr.  8|-fcr.  quae  itidem, 
ut  omp.es  antecedences  curfum  in  meridiem  promovet.  Hiric  longitudinis  eva- 
riatio  invenietur  o gr.  8-'.  fcr.  quae  rursum  ex  inftituto  curfum  versus  optatum 
Icopum  proinovet.  Atque  ideo  ita  fuis  lucis  referam  cum  notis,  iliic  S,  hie  A. 

Nonus  curfus  Z.  O.  t.  Z.  eft  Loxodromia  cjufdem  generis  cum  antcccdentc, 
feilicet,  Loxodromia  tertia,  ct  defignatur  per  lineam  LM,  milliarium  5 ; atquc 
itlto  dabit  laiitudinis  evariationem  o gr.  i6£  fcr.  fubducendam;  et  inde  cvaiia- 
cionem  longitudinis  o gr.  17 $ fcr.  addendarn. 

Dccimus  curfus  MN,  Z.  Z.  O.  loxodromia  fecunda  milliarium  14,  dabit 
laiitudinis  evariationem  o gr.  5 1 -J  fcr.  ab  antecedentibus  fubducendam,  et  lon- 
gitudinis evariationem  o gr.  33  fcr.  qua;  itidem  curfum  versus  locum  optatum 
promovet.  Atque  ideo  cum  i'uis  notis  fuis  locis  inferam.  Hudcnus  integro 
quatriduo  in  mari  Oecano  jadati,  nullam  dc  ccclo  obfervandi  occafioncm  ha- 
buere;  nunc  tandem  reddita  ferenitate,  et  difculTis  nebulis,  obfervatio  ipfo  meri- 
die  ad  folem  inftituta  exhibet  poli  altitudinem  4S  gr.  38  fcr.  Hanc  cum  ea,  quam 
ex  loxodromiarum  curfibus  et  quantitate  derivavi,  contendam.  Additis  cnim  la- 
titudinis  evariationibus  ad  fingulos  curfus  pertinentibus,  (quxccurfuum  quan- 
tita'e  jam  funt  derivatae,  ct  omnes  homogenete  in  meridiem  a feptentrione  con- 
tinuatx,)  dabitur  carum  fumma,  2 gradus  ct  58  fcrupula;  quae,  de  prirni  poli 
altitudine  in  puncto  A 52  gr.  23  fcr.  deduda,  relinquct  altitudinem  poll  N 
pundi  seftimatam  49  gr.  27  fcr.  Atqui  obfervata  erat  tantutn  48  gr.  38  ferup. 
Differentia  utriufqoc  eft  49  fcruptilorum.  Si  igitur  huic  ccelefti  obfervationi 
fidam,  et  dc  cjus  diligentia  cemis  fim  (earn  enim  poftridie  ad  folem,  aut  nodu 
ad  fixas,  itcrata  obfervatione  explorare  poteris,)  hlc,  repudiata  latitudine  ex 
curfibus  xftimata,  navcm  in  tabella  ex  N ptindo  in  parallclum  obfervatum  FG 
Cransftram  fub  eodern  mcridiano  NG;  uc  latitudincm  quidetn  ad  cceleftem 
ohftTvationcm  componam  ; longitudinem  autem,  quam  ex  loxodromiis  derivavi, 
lervem  candem ; qua;  litc  item  ex  fingulis  curfibus  cruetur,  additis  addendis, 
ct  fubduclis  fubduccndis ; quemadmodum  hlc  vides. 
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Summa  addendornm  eft  5 gr.  15^  for.  '«  fubducendorum  1 gr.  12}  fcr.  Si 
i'aque  luinc  de  illo  fubducam,  rclinquitnr  longiuidinis  evariatio  4 gr.  3 fcr. 
taniurflque  nb  infull  et  loco  A versus  ortum  profecimus  in  F.  Si  igirur  A ftama- 
turfub  mcridiano  344,  N et  F crunt  fub  meridiano  344  ; adcb  ut  ha;c  tranflatio 
tcrinini  F tantum  luitudinem  fpcttct,  manentc  longitudjnc  teftimata. 

Y’crum  hie  primum  illud  occurrit,  quod  differentia  inter  obfervatam  et  con- 
jtclancam  altitudinera  intcrcedat  49  fcrupulorum ; qutc  fads  tnagna  differentia 
cli’e  videatur  ; et  propterca  obfervatio  minus  diligenter  fuiffeinftitnta.  Sed  in  ob- 
fervationc  nullum  fubcife  vitium,  confenfus  arguit.  Coin  enitn  pltires,  ct  quidem 
periti  naucleri  eadem  veherentur  navi,  quorum  major  pars  et  Orientalem  et 
Occidentalcm  Indiam  non  feiuel  adierant ; quique  hujufmodi  obfervationum 
effent  callcntifTimi  ; tamen  omnes  infra  nonuen  et  quadragefitnum  gradum  fub- 
fiftunt,  et  eu  gratia  horuni  omnium  obl’ervationes  accurate  et  diftinttc  adno- 
tabo. 

1 I a ] 3 | 4 I 5 I 6 

48.  34  | 48.  3 | 48-  58  I 4if-  38  | 4»-  ao  | 48.  7 


Ego  obfervationem  quartam  in  omnibus  fum  fccutus,  cujus  autor,  ut  cteteris  in 
arte  peritior,  ita  fumma  diligcntia  et  fedulitate  in  hoc  negotio  ad  annulationem 
ufque  fit  verlatus  ; vides  cnim  e reliquis  quatuor  longe  etiam  infra  ipfum  fub- 
fiftere,  unum  autem  tantum  excedere;  quod  argumenti  falls  eft  earn  obferva- 
tionem elle  vero  proximain ; quarc  ca  nobis  pro  legitima  eflo ; et  inter  con- 
jettancafn  atque  obfervatam  latitudinem  tanta  differentia,  quantam  fupra  ex- 
predimus,  nempe  49  ferup.  Qoamobrcm  illud  nunc  hinc  conflanter  arguitur, 
rnaris  agitationem  illtc  a Borea  in  meridiem  ferri  occulto  motu,  atque  ided  tanto 
plus  ipfos  profecilfe  quam  exiftimarenr,  aut  conjefturis  aflequi  poflent.  Etiam  ft 
enini  hujus  motus  non  effent  ignari,  et  conjecluras  fuas  in  itineris  confetti  tefti- 
mationc,  et  cursus  plaga  fccunduin  acus  magnccica:  fitum  fatta,  nonnihil  fccun- 
dum  cam  maris  agitationem  definiverint  expreffcttntquc  ; tamen  nondum  ipfum 
verum  ufquequaque  afl’ecutos  res  ipfa  loquitur : quod  idem  quoque,  obferva- 
tione  ad  diem  24.  inftituia,  infra  confirmabitur.  Ft  quamvis  hoc  motu  longi- 
uidinis differentiam  quoque  non  nihil  luxatam  cxiftimcm  ; quia  tamen  pedum 
nulla  apparec  via,  ex  qtil  eadem  quoque  inftaurari  corrigiquc  poffir,  ea  tanta 
nobis  rctinenda  eft,  quantam  calculus  e loxodromiis  derivatus  fuppeditavic.  Et 
hinc  a puntto  F reliquae  deinccps  loxodromise  funt  ordinandi  pofthabito  N 
termino,  ranquam  erroneo. 

Ab  F itaque  fit  initium  cursus  undccimi,  qui  eft  Loxodromia  Z.  Z.  O.  ite- 
rum  fecunda,  2.  milliarium;  unde  latitudinis  evariatio  datur  o gr.  7]  fcr.  augens 
itineris  profettum  in  meridiem  : et  evariatio  longitudinis  o gr.  4]-  fcr.  itidem 
adjettiva,  ut  in  canonio  expreffum  vides ; quas  in  tabula  delignatur  a linca  FH. 

Hinc  duodccimus  curfus  Z.  \V.  loxodromia  quarts,  milliarium  7-5-,  ut  HK; 
unde  latitudinis  evariatio  dabitur  o gr.  ai-f  ablativa ; et  longitudinis  evariatio 
0 3zt  fcr-  ablativa,  quia  in  occafutn  ieflcttitur,  cum  nofter  fcopus,  Faiael, 
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in  ortum  a nobis  abfit ; atquc  ita  fuis  notis  in  (elides  ct  Uterculos  dcbitos  lms 
mimeros  referam.  Lt  quia  rcliqua  tabella  non  capit,  cum  his  exemplis  fails 
clarc  omnia  exprefl'crimus,  folos  numeros,  quibus  longitudinis  et  latitudinis 
evariatio  explicatur,  in  canonio  cum  fuis  notis  calcuio  noftro  fubduftos  anno- 
tabo,  ct  finem  hlc  faciain  : ubi  illud  ante  monucro,  me  fcrupulorum  pirticulas 
in  latitudine  quoque  adtnbuifie,  etillam  fecntum ; non  quod  tanti  ea 

res  fit,  fed  duntaxai  ut  hoc  exemplo  docerem  ad  ftimmam  ir.fi; hie  niiiil 
efl’e  reliqui,  quod  jure  defiderari  podit.  Et  fane  quamvis  ablque  damno  ills 
particuls  implcri,  e;  fcrupwlum  proximum  alfumi  podit  in  quattior  primis,  feu 
minus  obliquis  loxodromiis;  certe  in  rcliquis,  maxirne  poll  quintam  aut  fextain 
Loxodromiam,  minus  tuto  negliguntur ; cum  iliic  facile  unius  aut  altcrius 
ferupuli  differentiam,  in  obliquiffimis  etiarn  complurium,  earum  neglcdtus  in* 
ducere  podit. 

Hie  ita  porrb  calculum  latitudinis  et  longitudinis  ac  fingulos  curfus  fubduxi, 
ufque  ad  diem  quartum  et  vicefimum,  ubi  rursum  de  ccelo  obfervatum  eft,  at- 
que  loci  leu  illius  parallel  i latitudo  inventa  42  gr.  54  fcr.  cum  ex  conjetftura  et 
itineris  confcfli  sfltmationc  deprehenderim  43  gr.  58  fcr.  ergo  nunc  fit  manifef- 
tum  quod  integro  gradu  in  conjeftanea  latitudine  erratum  fit.  A’que  ita  a conjcc- 
turis  sd  obfervationcm  tranfibo,  et  pro  asftinuto  parallelo  43  gr.  58  fcr.  ftatuam 
navem  in  parallelo  42  grad.  54  fcr., 

Quamobrem,  cum,  et  fupra  et  nunc  quoque,  bis  jam  fit  obfervatum  navem 
utrobique  integrum  gradum  fupjtl  adtimaiionem  profeciflc  in  auftrum  ; cumque 
obfervationcs  de  ctclo  fadls  fint  (quantum  maris  agitatio  finii)  fails  accurate, 
infuper  itineris  quoque  sftimata  quantitas  ct  plaga  communi  omnium  confenfu 
approbata ; atque  ita  quidem  ut  a peritidimis  folet,  quique  hujus  agitationis 
non  eflenl  ignari  ; experitnur  tamen  in  iflo  exemplo  mare  adhuc  potentius  a 
Septentrione  in  meridiem  cieri  quam  ipfis  vifum  lit : Optandum  uiique  edet 
frequentes  pcritoruin  nauclerorum  navigationes  diligenter  confignatas  in  perito- 
rum  manibus  ter  lari,  ut  indc  paulo  conftantius  de  ifta  latente  et  occulta  agita- 
tione  judicium  capi  podet : et  naucleri,  qui  ifta  maria  frequentant,  commoneri, 
quemadmodilm  sftimatas  loxodromias,  aut  curfus  in  fuas  ephemerides  referre 
debeant ; quemquc  curfum  pro  alio  fubftituere  habeant  neced'e  ; vel  potius, 
quod  in  talibus  utique  mavclim,  ut  vifas  loxodromi*  ablque  nautica  cenfura 
quemadmodum  pyxis  eas  exhibuit  feorsim  confignarcntur,  et  feorslm  item  iidem 
fecundum  ipforum  cenfuram;  ita  cnim  veritas  facilius  in  apertum  educcrctur. 
F,a  fane  res  maximi  edet  ulus.  Memini  enim  viros  in  hac  arte  peritos,  mihi 
olim  narravide  nauclerum  quondam  non  e vulgo,  qui  femel  atque  itetum  Am- 
ftelodamo  Madcram  infulam  contra  Africs  promontorium  pofitum  pctcret,  bis 
irrito  curfu  et  re  infeila  domum  reverfum,  neque  cam  in  medio  niari  pofitam 
adire  potuide.  Scilicet  occulta  ilia  maris  agitatio  ei  non  erat  perfpeda  ■,  atque 
ideb  et  ipfi  ct  heris  CLiis  profeiftio  ea  fuit  damnofa. 

Sequitur  obfervatio  quarta  ad  diem  vigefiimim  fextum  39  gr.  24  fcr.  ubi 
cor.jeiftanea  latitudo  datur  39  gr.  18  fcr.  (differentia  minima  inter  utramque  ;) 
longitudo  auteni  350.0. 
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Tam  quinta  ad  diem  vigefimum  nonum  39  gr.  16  fcr.  ct  conjeclanca  39  gr. 

31  fcr.  ct  longitudo  352  gr.  36  fcr. 

Hinc  fexta  39  gra.  24  lcr.  Deinde  feptima  39  gra.  13  fcr.  Poft  Iianc  oc* 
tava  3S  gr.  3 S fcr.  Denique  ultima  ad  diem  4 Augufli  38  gra.  50  fcr.  cum 
longitudine  c loxodromiis  derivata.  2 gr.  30  fcr. 

Atquc  its  piimum  tncridianum,  qni  per  infulas  Como  et  Floret  ducitur,  tranli- 
vimus,  ct  concludcrc  debemus  quod  Faijal  in  Tula,  (qnam  hoc  cutfu  petivimus) 

2 gr.  30  fcr.  ifto  orientalior  fit.  Atque  diftantia  meridianorum  ab  infuia  Belli  . 
ad  Iianc  ufqnc  erit  22  gr.  39  fcr.  et  latitudinis  differentia  13  gr.  35  fcr. 

Hand  alia  ratione  longitudinis  et  latitudinis  evariationem  e fingulis  curfibus 
derivatani  annotavimus,  et  cum  obfervata  latitudinc  comparavimus  ab  infuia 
Faial  ad  extremum  futnmumque  Hifpanise  promontorium  Caput  finis  terra  vulgb 
ditffum,  qua:  omnia  fuis  felidibus  et  laterculis  ordine  inferipfimus,  unde  diffe- 
rentia latitudinis  datur  3 gr.  52  fcr.  longitudinis  autem  18  gr.  1 fcr.  Et  tota 
longitudinis  differentia  inter  lufulam  Bellam  in  Americano  littorc,  atquc  Caput 
finis  terra,  Hifpanix  promontorium,  datur  41  gr.  o fcr. 

lllud  verb  obiter  mihi  hlc  notandum  videtur,  primum  meridianum  a quibuf- 
dam  ftatui  per  infulas  Ccno  et  Flores,  quia  illic  acus  magnete  illita  accurate 
Septentrioncm  ct  meridiem  fpedtat ; ab  aliis  autem  per  Terferam  infularum  Ca- 
nariarum,  (feu  Fortunataruin,  ut  quibufdam  videtur,)  unam,  in  qua  eft  celfa  et 
fublimis  petra  altitudine  quinquaginta  ftadiorqm,  idque  ratione  perpendiculi ; 
qux  ab  intervallo  quatuor  graduum  c mcridie  aut  feptentrione  adventantibus 
fpettatur.  Cum  enim  altitudo  poli  in  1 'enariffd  (it  28  gr.  20  fcr.  Madera  au- 
tem 32  gr.  30  fcr.  tamen  a Madera  ufquc  videtur  fupra  horizontem  extarc  ai- 
titudinc  templi  eminiis  confpefti.  Hunc  igitur  montem,  El  Pico  incolis  dic- 
tum, tanquam  lignum  a natura  pofitum  plerique  hodie  primi  meridiani  initium 
ftatuunt ; diftat  autem  mcridianus  per  El  Pico  in  Tenariffd  cdutftus  a meridiano 
per  infulas  Como  et  Flores  gradibus  quatuordecim.  Quod  fi  igitur  hie  pri- 
mum meridianum  ftatuas,  Faijal  erit  fub  meridiano  1 1 gr.  30  fcr.  Et  quamvis 
perinde  fit  unde  meridianorum  initium  derivetur  ad  differentiam  longitudinis  e 
curfibus  inveftigandam  ; neceffe  tamen  eft  ut  id  accurate  cognofcas,  li  iter  tuum 
in  ipla  tabula  velis  confignare,  ut  noris  in  quorumnam  locorum  vicinia  verferis. 
Quamobrem  hsec  ita  monuiffe  fufficiat ; et  hie  quoque  fitnul  fecundi  libri  finis 
efto. 
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CLAUDIANUS  DE  MAGNETE 


/"^UISQUIS  follicita  mundum  ratione  fecutus 
V Semina  rimatur  reruin,  quo  Luna  laborat 
Defectu,  qua;  caufa  jubet  pallefccre  Solem, 

Unde  rubefcentes  ferali  crine  comet<e. 

Unde  fluant  venti,  trepid*  quis  vifcera  terra; 
Commoveat  motus,  qua:  fulgura  ducat  origo. 

Unde  conent  nubes,  quo  lumine  floreat  arcus: 

Hoc  mihi  quserenti,  fi  quid  deprendere  veri 
Mens  valet,  expediat.  Lipis  eft,  cognoniine  Magnes, 
Decolor,  obfturus,  vilis  ; non  ille  rcpexam 
C*fariem  Reg.im,  nec  Candida  virginis  ornat 
Colia,  nec  infigni  fplendet  per  cingula  morfu  : 

Sed  nova  ft  nigri  videas  miracula  faxi, 

Tunc  fuperat  pulehros  cultus,  et  quidquid  Eois 
Indus  littoribus  rubra  fcrutatur  in  alga. 

Ex  ferro  meruit  v-itam,  ferrique  rigore 
Vefcitur : has  dulces  epulas,  hxc  pabula  novit. 

Hinc  proprias  renovat  vires  : hinc  fu(a  per  arcus 
Afpera  fecretum  fcrvant  alimenta  vigorem. 

Hoc  abfente  perit;  trilli  morientia  torpent 
Membra  fame,  vcnafque  fitis  conlumit  apcrtas. 

Mavors,  fanguinea  qui  cufpide  verbcrat  urbes, 

Et  Venus,  humanas  quie  laxat  in  otia  curas, 

Aurati  delubra  tencnt  communia  templi. 

Effigies  non  una  Deis  : fed  ferrea  Martis 
Forma  nitet,  Venerem  magnctica  gemma  figurat. 
lllis  connubium  celebrat  de  more  facerdos  : 

Ducit  flamma  choros  : fefta  frondentia  myrto 
Limina  cinguntur,  rofeifque  cubilia  furgunt 
Floribus,  et  thalamos  docalis  purpura  vclat. 

Hie  mirum  confurgit  opus.  Cytherea  maritum 
Sponte  rapit,  cslique  toros  imitata  priores 
Peftora  lafeivo  flatu  Mavortia  netftit, 

Et  tancum  fufpendit  onus,  galex'que  iacertos 
Implicat,  et  vivis  totum  complexibus  ambit. 

M m a 


( a68  ) 

file  laceflrtus  longo  fpiraminis  adu' 

Arcanis  trahitur  gemmi  de  conjuge  nodis. 
Pronuba  fit  natnra  Deis,  ferrumque  maritat 
Aura  tenax,  fubitis  fociantur  Numina  funis. 

- Quis  calor  infundir  geminis  alterna  metallis 
Foedera  ? qua;  duras  jungit  concordia  menres  ? 
Flagrat  anhcla  (ilex  j et  amicam  faucia  fentit 
Materiem,  placidofque  chalybs  cognofcit  amores. 
Sic  Venus  horrificum  belli  compefcere  Regem, 
Et  vultum  mollire  folet,  cum  fanguine  praceps 
/Eftuat,  et  Uriel  is  mucronibus  afperat  iras. 

Sola  feris  occurrit  equis,  mollitque  tumorem 
Pcdoris,  et  blando  priecordia  temperat  igne. 

Pax  animo  tranquilla  datur,  pugnafque  ealentes 
Deferit,  et  mtilas  declinat  in  ofctila  criftas. 

Qua*  tibi,  fieve  puer,  non  eft  permiffa  poteftas  ? 
Tu  magnum  fuperas  fulmen,  cadoque  relido 
Fludibus  in  mediis  cogis  mugire  Tonantem. 

Jam  gelidas  rupes,  vivoque  carcntia  fenfu 
Membra  feris  : jam  faxa  tuis  obnoxia  telis, 

Et  lapides  fuus  ardor  agit ; ferrumque  tenetur 
Illecebris : rigido  regnant  in  marmore  flammse. 


FINIS. 
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NOTA  ad  haec  verba  in  pagini  174,  lineis  6ta  ct  7timi,  fcilicet,  Aut  vtl  nunc 
jam  per  regulam  falfarum  pvfuianum  [licebit~\  ex  inventis  ad  minutum  u/jue  pro • 
femodum  dejinire,  bcc  modi. 


AUCTORIS  ratiocinium  in  hie  applicatione  regula:  falfarum  pofitionum  ad 
inventioncm  numeri  0.60143  ex  numeris  ©.36817  ec  0.61877,  quaefito  nu- 
mero  ex  unique  parte  vicinis,  feu  quorum  unus  eft  minor,  alter  vero  major, 
numero  qutefito,  explicationc  aliqua  uiihi  videtur  indigere.  Poteric  verb  ex- 
plicari  hoc  modo. 


Ponatur  littera  « pro  numero  0.36817,  quern  feimus  efle  qutefito  minorem  ; 
et  littera  b pro  numero  0.61877,  quern  feimus  efle  quatfito  majorem  ; et  lit-  * 
tera  x pro  ipfo  quaefito.  Erit  igitur  loxodromix,  qux  ipli  a,  feu  0.56,817, 

refpondet,  longitudo  milliarium  804  + feu  804.7862;  et  loxodromix 

numero  qutefito  x refpondentis  longitudo  milliarium  800 ; et  loxodromite  mi- 
ni ero  b,  feu  0.61877,  refpondentis,  longitudo  milliarium  797  -f-  feu 

797.3042.  Harum  loxodromiarum  prima  excedit  fecundam  4.7862  milliaribus, 
fecunda  autem  tertiam  milliaribus  2.4939.  Prior  cxceflus  vocetur  c,  fecun- 
dus  d. 


His  ita  pofitis,  jim,  fecundbm  antftoris  prxeepta,  debemus  multiplicare  pri- 
mum  numerum  0.36817,  feu  a,  in  numerum  quartum  2.4939,  feu  d,  et  mul- 
tiplicare numerum  fecundum  0.61877,  feu  b , in  numerum  tertium  4.7862, 
feu  c ; unde  fiunt,  ex  priore  multiplicatione  produftum  1.418,093,503,  feu  ad, 
et  ex  fecundi  multiplicatione  produdlum  2.961,536,974.  feu  be.  Horum  au-* 
tem  prod u£l or um  fecundum,  fcilicet,  2.961,556,975,  feu  be,  eft  addendum 
priori,  fcilicet,  1.418,095,303,  feu  ad-,  unde  fit  fumma  4.379,652,477,  five 
ad  -f  be.  Jam  verb  excelfus  2.4959,  feu  d,  eft  addendus  exceflui  4.7862, 
feu  t ; unde  fit  fumma  7.2821,  feu  c + d.  Et  poftremo,  fumma  prior  4.379, 
651,477,  feu  a4  + be,  per  futnmam  pofteriorem  7.2S21,  feu  c + d,  eft  dtvi- 

denda  ; unde  fit  quotiens  0.60143,  feu  fradio  feu  » qus,  ut 

audor  afierit,  erit,  quam-proxime,  xqualis  ipfi  x,  feu  numero  qutefito. 

Hujus  autem  conclufionis  veritas,  fcilicet,  “ quod  hsec  fradio  ^ accedet 

propius  ad  quxfitum  numerum  x quam  una  faltcm,  fi  non  qu5m  alterutra,  prio- 
rutn  quantitattim  a et  b (inter  quas  quantitas  x iita  eft,)’’  detnonftrari  poteft  hoc 
modo.  , .> 
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Quoniam  quantitas  prima,  0.56817,  five  a,  eft  minor  fecunda  0.61877, 
five  t,  eric  quantitas  ~~  ~~~  minor  ipfa  feu  prxdi&a  quotiente,  quam 

invenimus.  Scd  quantitas  -j-~-  eft  sequaiis  ipfi  a.  Ergo  quaotitas  a crit 

minor  ipfii  quam  invenimus  j ideoque,  ft  quancitas  * ie  (quam  in- 

venimus,)  eft  minor  quxfita  quantitate  x,  differentia  inter  iplam  et  quantitatcm 
x erit  minor  quam  differentia  inter  a ct  x ; id  eft,  difta  quantitas  quam 

invenimus,  accedct  propius  quam  a ad  quantitatcm  quxfitam  x. 

Porro,  quoniam  quantitas  a eft  minor  ipfii  b,  erit  quantitas  minor 

ipfa  Sed  quantitas  eft  xqualis  ipfi  b.  Ergo  quantitas  -j~— 

(quam  invenimus,)  minor  erit  ipfa  b i ideoque,  fi  haec  quantitas  -7—-,  (quam 
invenimus,)  eft  major  quxfua  quantitate  x,  differentia  inter  ipfam  ct  quanti- 
tatcm x erit  minor  quam  differentia  inter  b et  x ; id  eft,  di<fta  quantitas  > 

quam  invenimus,  accedct  propius  quam  b ad  quantitatem  quxfitam  x. 

Neceffe  eft  autem  ut  didta  quantitas  ‘~-lJ  fit  aut  jpfi  quantitati  quxfitx  x 

omnino  xqualis,  aut  major  ipfi,  aut  minor.  Si  fit  ipfi  x omnino  xqualis,  ha- 
bemus  id  quod  quxrimus,  fcilicet,  veram  magnitudinem  ipfius  x.  Si  vero  difta 
quantitas  fit  major  ipfi  jr,  accedet  propius  quam  ipfa  b ad  earn  ; er,  fi  difta 
quantitas  fit  minor  ipfa  x,  accedet  propius  quam  ipfa  a ad  earn.  e.  d. 


• Et  plerumque  d'nfta  quantitas  + quam  invenimus,  accedet  propius  quam 

alterutra  duartim  quantitatum  a et  b ad  quxfitam  quantitatem  x,  licet  id  non 
in  omnibus  cafibus  nectffarium  effc  videatur,  aut  demonftrari  poffit.  Et  in  hoc 
ipfo  exemplo,  (in  quo  a et  b funt  xquales  numeris  0.56817  et  0.61877,  et 
loxodromix  qux  correfpondent  ipfis  numeris  a,  x,  et  b,  feu  0.56817,  x,  cc 

0.61877,  funt  804.7862,  800,  et  797.5042,)  hxc  quantitas  feu  0.60145, 

tlm  prope  ad  veram  magnitudinem  quxfiti  numeri  x accedit  quod  longitudo 
loxodromix  qux  ipfi  refpondet,  feu  ex  ipfa  derivarur,  invenitur  effe  799.56 
milliarium,  qux  deficit  a datx  loxodromix  longitudinc,  fcilicet,  800  milliari- 

bus,  tantdm  0.56,  feu  ■—  unius  milliaris,  feu  parte  paulo  qaajore  quam  dimi- 

dium  unius  milliaris,  qux  in  tanta  longitudinc  fere  pro  nihilo  haberi  poteft  :• 
Unde,  e convcrlo,  concludi  poteft,  differentiam  inter  x (qux  datx  loxodromix 

longitudini. 
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longitudini,  nempc  milliaribus  800,  refpondet,)  et  quantitatem  , feu 

0.60143,  (9U2E  loxodromix,  cujus  longitudo  eft  milliariurn  799.36  refpondet,) 
eflc  etiimi  partem  valde  parvam  quantitatis  x,  et  proinde  fere  pro  nihilo  haberi 
poifc. 

H*c  autem  quantitas  breviter  et  facilirer  derivari  poterit  ex  luc  fup- 

pofitione,  nempc,  quod,  fi  Tint  tres  quantitates  a , x,  et  b , qu®  inter  fe  non 
mukum  differunt,  prima  autem  fit  aliquanto  minor  fccunda,  et  fecunda  minor 
tertia  ; ct  fi  fint  tres  alite  quantitates  e,  f,  et  g,  qw®  h tribus  prioribus  a,  x,  et  b, 
certo  ahquo  modo  derivantur,  et  iifdcm  refpeftive  refpondent,  fcilicet,  quanii- 
tas  e quantitati  a,  quantitas / quantitati  x,  et  quantitas  g quantitati  b ; in  Ins  au- 
tem quantitaiibus  prima  e fit  aliquanto  major  fecunda  /,  et  fccunda  / paulo 
major  tertia,  contra  quam  fit  in  prioribus  tribus  a,  x,  et  b;  h®  autem  quantitates 
(ficuti  et  tres  priores  a,  x,  b ,)  paul&m  admodum  inter  fc  •differant  j erit  dif- 
ferentia prim*  et  fecund*  trium  priorum  quantitatum,  fcilicet,  x — a,  ad 
diflerentiam  fecund®  et  terti*  earundem,  fcilicet,  b — xf  quam  proxime  in 
eadem  ratione  ac  differentia  prim®  ct  fecund*  trium  pofteriorum  quantitatum, 
fcilicet,  e — /,  ad  differential!!  fecund®  et  terti®  earundem,  fcilicet,/ — g. 

Nam,  fi  h®c  fuppofitio  fit  vera,  aut  veritati  proxima,  ponamus  c pro  e — /, 
et  d pro  / — g,  ut  fupra  in  dcmonflratione  prscedentc.  Et  erit  x — a ad 
b — * ut  c ad  d.  Ergo  x — a x d erit  =:  b — a)  X e,  hoc  eft,  dx  — ad 
erit  — be  — cx,  et  (addendo  utrinque  cx)  erit  dx  + cx  — ad  — be,  et  (ad- 
dendo  utrinque  ad)  erit  dx  + cx  — ad  + be  j hoc  eft,  x x d + { erit  = 

ad  -J-  be,  Et  proinde  x erit  = ~J^T'  E*  *• 
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Doctor  Mackay’s  Comparfon  of  the  different  Methods  of  Solving 
the  Problem , commonly  known  by  the  Name  of  Doctor  Halley’/ 
Problem , with  a Method  drawn  up  by  Himfclf  for  that  Pnrpofe. 


INTRODUCTION’. 

I* 

THIS  Problem  has  excrcifed  the  Ikiil  of  many  eminent  Mathematicians  ; This  Pro- 
and  all  the  methods  of  Solution  that  have  been  applied  to  it,  except  one, 
are  founded  upon  indirect  principles.  If  a rhumb- line,  or  loxcdromick  curve,  fe|vcj  bv  a 
co  incidcd  with  a great  circle  on  the  fphere,  the  folution  would  be  both  eafy  and  direct  mc- 
accurate  : — but  the  cafe  is  otherwife;  and  the  difficulty  of  the  Problem  is  fo  great,  thod; 
that  no  direct  folution  has  ever  been  given  of  it,  except  that  at  the  beginning 
of  this  Volume.  And  that  Solution  is  fo  long  and  intricate,  that  few  mariners 
will  be  found  both  able  and  willing  to  go  through  all  the  fteps  of  it.  But  many  ^ 
indirect  folutions  have  been  given  of  this  Problem,  the  greater  part  of  which  mayre&  methods 
be  eaftly  underftood  by  the  generality  of  matters  of  (hips,  and  other  perfons  ac-  may  be  entity 
quainte'd  with  the  practice  ot  Navigation.  uuderAood. 

It  has  been  already  obferved,  in  page  114th  of  this  Volume,  that  this 
Problem  appears  to  have  been  firtl  propoled  in  a book  intituled,  A Learned 
Treatife  of  Globes,  both  Ct.lefiial  and  7 trreftrial ; with  their  feverat  Ufes.  Written  jt  was  firfl 
firjl  in  Laline , by  Mr.  Robert  Hues;  and  by  him  fo  publifbed.  Afterward  propofol  by 
illuftrated  ■with  Notes,  by  Joannes  Isaacus  Pont  anus  ; and  new  lately  made  Robert  Hart. 
Englifb,  for  the  benefit  cf  the  unlearned,  by  John  Chilmead,  M.  A.  Cbrifi  Church 
in  Oxon.  London,  1639.  This  Problem  is  exprefied  in  the  above-mentioned 
book,  page  181,  as  follows.  The  difference  of  Longitude  and  Diflance  being  given  ; 
how  to  find  the  Rumbc,  and  difference  of  Latitude.  Alter  which  the  propoter  adds 
the  following  words  : There  is  not  any  thing  in  all  this  Art  mote  difficult  and  hard 
to  bee  found,  than  the  Rumbe  cut  of  the  diflance  and  difference  of  Longitude 
given.  Neither  can  it  bee  done  upon  the  Globe,  without  long  and  tedi.us  pra£Ucet 
and  many  repetitions  and  menfurations . 

The  next  who  appears  to  have  mentioned  this  Problem,  is  Willebrordus  4- 
Snellius,  Profeflor  of  Mathematicks  at  Leyden,  in  his  Tipbys  Batavia,  P"j' 

pages  50,  51,  52,  and  53,  where  it  conftitutes  the  34th  and  laft  proportion  of{^,'  5 "c " 
book  firft  of  that  learned  work.  Snellius  quotes  the  words  of  Robert  Hues; 
but  it  mud  have  been  from  an  older  edition  than  that  above-mentioned,  as  h s 
Tipbys  Batavia  was  printed  in  the  year  1624.  Snellius  has  folved  this  Pro-  rV- -d b«- 
blcm  in  an  indirefl  manner;  and  it  feems  probable  that  his  folution  was  the  firft  u “ f 
that  ever  was  given  of  it.  This  Solution  of  Snellius,  together  with  all  the  reft 
of  his  Tipbys  Batavia , has  been  reprinted  in  the  foregoing  part  of  this  Volume. 
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r r'\  . t This  Problem  was  afterwards  propofed  to  die  learned  world  by  the  celebrated 
ttiirdTim*  hy  Edmund  Halley,  in  the  year  1695-6,  in  the  nineteenth  volume  of  the 
IV.  Halley.  Philofophical  Ttanfadlions,  Number  219,  in  a very  learned  and  ingenious 
TradI,  intitled,  An  cafy  Dcmonf  ration  of  lie  Analogy  of  tie  Logarithmitk  -ranger,' s 
to  the  Meridian  Line,  or  Sum  of  the  Secants  ; with  various  Methods  for  computing  the 
fame  to  the  utmefi  exadneft ; which  Traft  was  afterwards  puhlilhed  a fecond  time 
in  the  fecond  volume  of  aColledlnn  of  Mathematical  and  Philofophical  Tracts, 
intitled  Mifcellanca  Curiofa,  that  was  printed  at  London  in  the  year  1708;  and  has 
within  theft  few  years  been  publiflicd  a third  time  in  the  fecond  volume  of  this 
prefent  Col  left  ion  of  T rads,  called  Scriptorcs  Logaritbmici . And  from  the  manner 
in  which  Dr.  Hai.Ley  t’  ere  fpeaks  of  this  Problem,  it  feems  probable  that  he 
either  had  not  lien  the  aforclaid  books  of  Hues  and  Skellius,  or  had  forgot 
that  this  Problem  was  mentioned  in  them.  For,  in  the  35th  page  of  the  fecond 
volume  of  the  Mfelianea  Curicfa,  he  propofes  it  in  the  following  words  : A Ship 
Jiih  from  a given  Latitude,  end,  having  run  a certain  number  of  Leagues,  has  alt  tied  her 
Longitude  by  a given  angle ; it  is  required  to  find  the  courfe  Jlcered.  And  he  then  adds 
— The  Solution  hereof  would  be  very  acceptable,  if  not  to  the  Public k,  at  leaft  to  the  Au- 
thor of  this  Trait,  being  likely  to  open  fome  further  light  into  the  Myfieties  of  Geometry. 

S-'ncc  Since  that  time,  this  Problem  has  been  folved  in  an  indireft  manner,  by 
time  fol.ed  fcvcral  writers  on  Navigation,  and  others  : — As  Monfieur  Bovguer  in  his 
l»  »n  indued  Nouveau  Traite  de  Navigation-,  Mr.  Robertson,  in  the  fecond  volume  of  his 
Elements  tf  Navigation  ; Mr.  Emerson,  in  his  Theory  of  Navigation,  which  ac- 
‘ 11  11  ’ companies  his  Mathematical  Principles  of  Geography j Mr.  Israf.l  Lyons,  in  the 

8.  Nautical  Almanack  for  r 772;  and  Monfieur  Bezout,  in  his  Traite  dc  Navigation : 
. *nd  .^tcly  and  lately,  Baton  Maseres,  with  the  afliftancc  of  Mr.  Atwood,  has  given  a 
maimer  'by  dirett  Solution  of  this  Problem,  being  the  lirfl  direft  Solution  that  has  been 
BaronMalcre*  given  of  it,  and  which  is  at  the  beginning  of  this  Volume.  In  the  prefent  paper, 
ami  Mr.  At- 1 ptopofe  to  colled  together  the  ieveral  Solutions  that  have  been  given  of  this 
wood.  Problem,  and  to  compare  them  with  another  Solution  of  it  lately  drawn  up  by 
lit)  felf,  and  which  I will,  therefore,  now  proceed  to  exhibit  to  the  reader. 


PROBLEM. 

Given  the  Diflancc  failed  upon  a direct  Courfc,  the  Difference  of  Longi- 
tude, and  either  the  Latitude  failed-from,  or  that  come-to ; to  find 
the  Courfe  fleered,  and  the  other  Latitude. 


9.  SOLUTION. 

The  Solution 

with  which  I.  When  the  given  place  is  on  the  Equator. 

the  different  , 

examples  are  To  the  logarithmick  fecant  of  the  difference  of  longitude,  add  the  log.  cofine 
of  the  diftance  exprefled  in  degrees.  And  the  fum,  rejefting  radius,  will  be  the 

log. 
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log.  fine  of  the  required  latitude  nearly.  Bur,  becaufe  the  diflance  between  any 
* two  places,  when  meafured  on  the  arch  of  a great  circle,  is  always  lefs  than  the 
diflance  between  the  fame  two  places,  when  reckoned  on  a loxodromick  curve; 
therefore,  the  arch  thus  found  will  always  exceed  the  true  latitude.  Now, 
from  the  logarithm  of  this  latitude  reduced  to  miles,  its  index  being  increafed 
bv  to,  fubtracl  the  log.  of  the  diflance : and  the  remainder  will  be  the  log.  cofine 
of  an  arch,  to  the  log.  tangent  of  which,  if  we  add  the  log.  of  the  meridional 
parts  of  the  above  found  latitude,  the  fum,  rejeding  the  radius,  will  be  the  log. 
of  the  firfl  approximated  difference  of  longitude  ; the  difference  between  which 
and  the  difference  of  longitude  that  is  given,  will  be  the  firfl  error. 

From  the  logarithm  of  the  difference  of  longitude,  its  index  being  increafed 
by  io,  fubtrad  the  log.' of  the  difiancc,  and  the  remainder  is  the  log.  fine  of 
an  arch,  to  the  log.  cofine  of  which  if  we  add  the  log.  of  the  dillance,  the 
fum  will  be  the  log.  of  the  approximated  difference  of  latitude,  which  is  always 
lefs  than  the  truth.  To  the  log.  tangent  of  the  above  arch,  add  the  log.  of  the 
meridional  parts  anfwering  to  this  new  latitude  : and  thre  fum,  rejeding  to  from 
the  index,  is  the  log.  of  the  l'ccond  approximated  difference  of  longitude;  the 
difference  between  which  and  the  given  difference  of  longitude,  is  the  fecond 
error. 

Then,  As  the  difference,  or  the  fum,  of  the  errors ; according  as  thev  arc  of 
the  fame,  or  a contrary,  denomination  : 

Is  to  the  firfl  error.' 

So  is  the  difference  of  the  two  approximated  latitudes. 

To  the  firfl  corredion  of  latitude. 

Now  this  fiifl  correiflion  of  latitude,  being  applied  to  the  firfl  approximated 
latitude,  will  give  a latitude  near  the  truth. 

Reduce  this  latitude  ro  minutes,  and  increafe  the  index  of  its  log.  by  io; 
and  then  fubtrad  from  the  laid  logarithm  the  log.  of  the  dillance  : and  the  re- 
mainder will  be  the  log.  cofine  of  the  courfc  nearly  ; to  the  log.  tangent  of 
which  if  wc  add  the  log.  of  the  meridional  parts  of  the  correded  latitude,  the 
fum,  rejeding  io  from  the  index,  will  be  the  log.  of  the  difference  of  longi- 
tude; which,  if  it  agrees  with  the  given  difference  of  longitude,  will  authorize 
us  to  conclude  that  the  corretfled  latitude  will  be  alfo  the  true  latitude.  But, 
if  it  does  not  agree  with  the  given  difference  of  longitude,  we  mufl  then  affume 
another  latitude,  either  greater  or  lefs,  according  as  the  lall-computed  difference 
of  longitude  is  greater  or  lefs  than  that  given : — with  which,  and  the  given 
diflance,  we  mufl  recompute  the  courfe  and  difference  of  longitude.  If  this 
alfo  dilagrees  with  that  given,  then,  with  the  difference  between  the  two  laft- 
found  differences  of  longitude,  (he  difference  between  the  firfl  of  them  and  that 
given,  and  the  difference  between  the  two  laft  latitudes,  find  the  correiflion  of 
latitude  as  before ; — alfo,  with  the  difference  between  the  two  computed  courfes, 
find  the  cor  red  ion  of  the  courfe  : and  by  thefe  means,  the  true  latitude  and 
courfe  will  be  obtained.  n,  t.  t. 

II.  When 
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II.  When  the  given  place  is  not  on  the  Equator. 

To  the  log.  cofine  of  the  difference  of  longitude,  add  the  log.  co-tangent  of 
the  given  latitude : and  the  fum,  rcjedling  radius,  will  be  the  log.  co-tangent  of 
arch  firft.  And  to  die  log.  cofine  of  the  given  diffance,  add  the  log.  cofecant  of 
the  latitude,  and  the  log.  fine  of  arch  firft  j the  fum,  rrjeding  20  from  the 
index,  will  be  the  log.  coline  of  arch  fecond.  The  fum  or  difference  of  arches 
firft  and  fecond,  according  as  the  (hip  Jias  been  rececding  from,  or  approaching 
towards,  the  Equator,  will  be  the  latitude  of  the  place  come-to  nearly,  efpecially 
if  the  given  quantities  be  fniall ; which  latitude  we  will  call  the  compultd  lati- 
tude. If  the  fliip  fails  towards  the  South  from  a place  in  North  latitude,  or  to- 
wards the  North  from  a place  in  South  latitude ; then,  if  arch  fecond  is  greater 
than  arch  firft,  the  fliip  will  have  crofted  the  Equator,  and  the  difference  be- 
tween thefc  arches  will  be  the  computed  latitude  of  the  place  of  arrival,  of  a 
contrary  denomination  to  that  failed-from. 

. From  the  log.  of  the  difference  between  the  given  and  computed  laiitudes, 
reduced  to  minutes,  its  index  being  increafed  by  10,  fubtracl  the  log.  of  the 
diftance  : the  remainder  is  the  log.  cofinc  of  the  firft  approximated  courfe.  To 
the  log.  tangent  of  which  if  we  add  the  log.  of  the  meridional  difference  of 
latitude,  the  fum,  receding  radius,  will  be  the  log.  of  the  firft  approximated 
difference  of  longitude  ; the  difference  between  which  and  that  given,  will  be 
the  firft  error. 

If  the  given  latitude  be  fmall,  and  the  diredion  of  the  (hip  be  towards  the 
Equator,  another  limit,  or  error,  is  to  be  found  in  the  fame  manner  as  direded 
in  the  fecond  article  of  the  preceeding  rule.  But,  if  the  given  latitude  be  con- 
fiderable,  (as  the  firft-fouod  error,  in  moft  cafes,  will  be  fmall,  efpecially  when 
the  diftance  is  not  very  great ;)  inflead  of  finding  another  limit  for  the  latitude 
come- to,  let  a new  latitude  be  atfumed  according  to  circumftances.  And  then, 
with  the  given  and  affumed  latitudes,  find  the  meridional  difference  of  latitude ; 
and,  with  the  difference  between  thefc  latitudes  and  the  diftance,  find  a fecond 
approximated  courfe ; with  which,  and  the  meridional  difference  of  latitude, 
find  the  difference  of  longitude  as  in  the  laft  article.  The  difference  between 
this  difference  of  longitude,  and  the  given  difference  of  longitude,  will  be  the 
fecond  error. 

Now,  with  thefe  errors,  and  the  difference  between  the  approximated  and 
affumed  latitudes,  find  the  correction  of  latitude,  as  at  the  end  of  the  former 
part  of  this  Solution.  In  like  manner  find  the  correction  of  the  courfe.  Hence 
the  true  latitude  come-to,  and  the  courfe  fleered,  will  be  obtained  ; and  the 
truth  of  the  operation  may  be  verified  by  the  agreement  of  a new  computed 
diftance  and  difference  of  longitude  from  thefc  data,  with  thofe  given. 

Q.  E.  I. 


REMARKS. 
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REMARKS. 

1.  If  any  of  the  errors  be  considerable,  it  will  be  neceffary  to  repeat  the 
operation  a third  time  ; and  the  lefs  the  two  lad  errors  are,  and  the  nearer  to 
an  equality,  the  more  exarft  will  the  courfe  and  latitude  be  obtained  : another 
repetition  of  the  procefs  will,  however,  do  away  any  fmall  error  that  may  re- 
main. 

2.  The  didance  cannot  be  lefs  than  an  arch  whofe  fine  is  equal  to  the  fine 
of  the  difference  of  longitude  multiplied  by  the  cofine  of  the  given  latitude. 

3.  When  the  dirtance  is  lefs  than  twice  an  arch  whofe  fine  is  equal  to  the 
fine  of  half  the  difference  of  longitude  multiplied  by  the  cofine  of  the  given 
latitude,  the  quedion  will  admit  of  two  foluiions ; that  is,  two  different  courles 
in  the  fame  quarter  of  the  compafs,  and  two  latitudes  may  be  found  from  the 
fame  data,  each  corrcfponding  pair  of  which  will  give  an  anfwer  to  the  quedion. 
In  order  to  determine  which  of  the  latitudes  thus  found  is  that  which  is  wanted, 
it  will  be  ncceffary  to  know  either  the  latitude  come-to,  or  the  courfe  fleered, 
within  certain  limits.  This  is  the  cafe  in  the  example  given  by  M.  Bkzout. 

4.  According  to  the  above  limit  for  the  didance,  the  courfe  cannot  be  to- 
wards the  Equator.  But,  if  the  didance  be  greater  than  twice  the  above  arch, 
the  courfe  may  be  in  any  quarter  of  the  compafs,  while  the  didance  does  not 
exceed  the  didance  of  the  given  place  from  the  pole  towards  which  the  Ihip  is 
failing,  multiplied  by  the  fecant  of  the  courfe,  the  radius  being  fuppofed  unity. 

5.  The  limitations  in  the  2d,  and  3d  articles,  and  in  the  fird  part  of  the 
fourth  article,  have  been  given  upon  the  fuppofition  that  the  didance  between 
the  place  of  departure  and  the  place  of  arrival  is  a portion  of  a great  circle  of 
the  Earth ; which  is  always  lefs  than  the  arch  of  a loxodromick  curve  lying 
between  the  fame  places.  But,  when  the  didance  of  the  two  places  is  not  great, 
the  difference  between  the  faid  portion  of  a great  circle  and  the  faid  arch  of  a 
loxodromick  curve  will  be  but  a fmall  quantity;  and  therefore,  the  above  limi- 
tations will,  in  thofe  cafes,  anfwer  nearly  in  the  loxodromick  hypothefis. 


DEMON- 
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DEMONSTRATION 


OK  THE  PRECEEDINO  ROLES. 


Let  AB,  fig.  1,  be  .1  por- 
tion of  the  Equator  equal  to 
the  given  difference  of  lon- 
gitude, A the  place  failed 
from,  and  PA,  PB,  two  me- 
ridians meeting  in  the  pole  P. 
Let  the  hypotenufe  AC,  of 
the  right-angled  fpherical  tri- 
angle A B C,  be  equal  to  the 
given  diftance  j hence  C will 
be  near  the  place  come- to, 
and  BC  its  latitude,  nearly : 
to  find  which,  we  'have  the 
following  analogy. 


Fig.  1. 


As  cofine  ab  : cofine  ac  ::  r : cofine  bc. 


Hence  cofine  lat. 


fecant  cliff,  of  long,  x cofine  diflance 

ft 


In  this  determination  of  the  meafure  of  BC,  the  diflancc  AC  has  been 
fuppofed  to  be  a portion  of  a great  circle  of  the  fphere,  which  (as  has  been 
already  obferved,)  is  the  Ihorteft  diftance  between  any  two  places  on  its  furface. 
But  the  diftance,  as  given  in  the  Problem,  is  an  arch  of  a ioxodromick  curve ; 
and  confequently  (fince  the  diflance  between  any  two  places,  reckoned  on  a 
rhumb-line,  is  greater  than  the  portion  of  a great  circle  contained  between  the 
fame  two  places,)  the  latitude  thus  found  will  exceed  the  truth. 

Again,  let  the  given  place  be  not  firuated  upon  the  Equator,  but  at  any 
other  point,  as  D ; and  let  the  angle  DPG  be  egual  to  the  given  difference  of 
longitude.  Now,  DE  being  the  given  diftance,  GE  will  be  the  latitude  required, 
nearly.  Let  D F be  a perpendicular  fiom  the  point  D,  to  the  meridian  P G» 
Then,  in  the  right-angled  fpherical  triangle  DFP, 

r : cofine  dpg  tangent  dp  : tangent  pp. 

That  is,  r : cofine  diff.  of  long. ::  cotan.  given  lat.  1 cotang.  gf. 

t T _ cofine  diff.  of  long.  X cotang.  given  lar. 

Hcncc  cotang,  gf  = --  ft z-z * 

0 ft 

Again, 
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Again,  in  the  fpherical  triangles  DPF,  DEF,  , 

Cofine  DP  ; cofine  DE  ::  coline  FP  : coline  FE. 


That  is,  fine  lat.  : cofine  dift.  ::  fine  GF  : cofine  FE. 


Whence  cofine  FE  = cofaant  lat'  x coflnc  Jia-  x finf  c» 

Fig'.  2. 


Let  fig.  2d  reprefent  a figure  in  Mercator’s  fail- 
ing, in  which  AC  is  the  given  diftance,  AB  the  dif- 
ference between  the  given  and  computed  latitudes, 
and  the  angle  BAC  the  courfe;  to  find  which  we 
have  the  following  analogy  : 


AC  ; AB  ::  R : cofine  A. 


Hence,  coGne  courfe  = 


Diff.  of  Ut.  X radius 
Diltancc 


Alfo,  AD  is  the  difference,  or  the  fum,  of  the  me- 
ridional parts  of  the  given  and  computed,  or  ap- 
proximated, latitudes,  according  as  thefe  latitudes 
are  of  the  fame,  or  of  a contrary,  denomination  ; and 
DE  is  the  difference  of  longitude. 


Now  R : tangent  A 

Hence,  Diff.  of  longitude  = 


::  AD  : DE. 

Mcr.  diff.  of  lat.  X tan.  courfe 
R 


Qj  E.  D. 


The  fimplell  method  has  been  followed  in  the  above  demonftration.  We 
now  proceed  to  folvc,  by  the  proceeding  Rules,  the  different  Examples  that 
have  been  given  to  this  Problem. 


I. 

The  Example  given  by  WILLEBRORDUS  SNELLIUS  in  his 

TlPHYS  BATAVUS.  Snell'*  Ex- 

ample. 

LET  a Ship  fet  out  from  a point  in  the  Equator,  and  proceed  on  fome  loxo- 
dromick  line  for  a diflance  of  800  fea  miles,  and  then  have  varied  her  longi- 
tude by  50*  19'  : It  is  required  to  find  die  courfe  Ihe  has  followed,  and  her 
latitude  of  arrival. 

THE  Solution  given  by  Snell  to  this  Example  is  already  re-printed  in  this  dread)-  p.Vn 
Volume,  pages  170,  171,  and  172,  and  therefore  it  is  unneccflary  to  repeat  it  j"  >h‘*  Vo- 
Vol.  IV.  Oo  here. 


L 
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here.  We  (hall  therefore  proceed  to  folve  it  by  the  preceeding  rules.  It  will, 
however,  he  proper  to  premife,  that  the  diftance  given  in  this  Example  is  ex- 
preffed  in  Dutch  miles,  fifteen  of  which  are  equal  to  one  degree ; and,  therefore, 
the  difiance  in  nautical  or  geographical  miles  is  3200,  or  in  degrees  530  20. 


SOLUTION  OF  SNELLIUS’S  EXAMPLE. 


Difference  of  longitude 
Pittance  - - 


5®°  ‘9* 

$3 


fecant  • • 0.1948091 
cofine  - • 9.7760897 

cofine  - 


Computed  latitude  - • 10  44  29'T  * cofine  • - 9.970S9S9 

Hence,  the  difference  of  latitude  is  1244.4S7,  and  the  meridional  difference 
of  latitude  1272.6. 

Diff.  of  lat.  • - 1244.487  - 3.0949906 

Diftance  - • - 3200  - 3.5051500 


Approx,  courfe  6}°  6'  49'/.6 
Meridional  difference  of  latitude 

Firft  approx,  diff.  of  longitude 
Given  difference  of  longitude 

Firft  error 

Diff.  of  longitude  • 3019 
Diftance  - - 3200 


coflnc  9.5898406 


tangent  0.3745505 
. 3.1046919 


3.4792424 


3-4798631 

3.5051300 


2d  appr.  courfe  70°  38'  13''$  fine  9.9747131 

Appro*,  diff.  of  latitude  1060.961 
Meridional  diff.  of  latitude 


- 1272.6 

• 3014.6a  . 

- 3019. 

- 

3.5051500 

cofine  9.5205498  tangent  0.4541633 


Second  approx,  diff.  of  longitude 
Given  difference  of  longitude 

Second  error  . ■ 

Firft  error  - 

Sum  - 


1078.22 

3068.1 1 
3019. 

49.1 ! 
4,38 

53-49 


3.0256998 


3.0327074 

3.4868707 


As  the  fum  of  the  errors 

53-49 

- . 1.7282726 

Is  to.  the  firft  error  - • 

■ * 4-38 

- • 0.6414741 

So  is  the  diff.  of  the  corap.  lat. 

. . 183.525 

- - 2.263695s 

To  the  firft  corrosion  of  lat. 

- - 15.028 

- • 1.1768967 

Firft  computed  latitude 

. 

20°  44'  29*J 

Correction  of  latitude 
latitude  come  to  nearly 


— ’5  1 i 

10  29  27  4 


Since 
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Since  one  of  the  errors  is  very  confiderable,  the  latitude  thus  found  will 
not  be  exaft ; and,  therefore,  in  order  to  obtain  accuracy,  it  will  be  ncceflary 
to  repeat  the  operation,  ufing  the  above-found  latitude  as  a part  of  the  data. 
Hence,  the  difference  of  latitude  is  1229.458,  and  the  meridional  difference  of 
latitude  1256.54. 


Diff.  of  latitude  - * 

1219.438 

3.08971 39 

DiiUncc  • • • 

3200. 

- 3.5051500 

3d  approx,  courfe  67°  24'  lo'* 

cofine  9.5845639  • tangent 

0.3807542 

Meridional  difference  of  latitude 

• 

1256.54 

3'°99‘76S 

3d  approx,  difference  of  longitude 

- 

3019.47 

J,47993°S 

Given  difference  of  longitude 

* 

3019. 

Third  error 

• • 

* * + .47 

Second  error 

• 

- • 4.38 

Sum  • • 

* « 

4.85 

A»  4.8$  1 

•47  :: 

15'  1 "i  s i1  27"!  nearly 

Latitude 

- 

- 20  29  17  f 

True  latitude  very  near 

20  30  55 

And  4.83  : 

•47  SI 

i7'3o/,.4  1 1'  41"  nearly 

Third  approx,  courfe 

- 67  14  20 

True  courfe 

▼cry  near 

- 67  22  38 

If  the  operation  be  again  repeated,  the  error  of  the  above  refults  will  fcarcely 
exceed  3 feconds.  In  order  to  confirm  the  truth  of  the  above  determination  of 
the  courfe  and  latitude  come-to,  we  (hall,  from  thefe  data,  compute  the  dif- 
tance  and  difference  of  longitude ; and,  if  they  agree  with  the  given  diftance 
and  difference  of  longitude,  it  will  be  evident  that  the  quantities  above  found  , 
muft  be  exatft. 

Courfe  * 67°  li'  38'  . fecant  0.4149204  - - - tangent  0.3(01491 

Diff.  of  lat.  • - 1230.92  - 3,0902199  . Mcr.  diff.  of  lit.  1250.1  - 3.0997132 

Diftance  • - 3200-  - 3 J05'S°3  - Diff.  of  long.  3019.  3-4795<>4i 

Now,  fince  thefe  agree  with  the  given  diftance  and  difference  of  longitude, 
the  courfe  and  latitude  come-to  are  therefore  determined  with  fufficient  exaft- 
nefs.  Shbllius  finds  the  courfe  to  be  67s  26%  and  the  latitude  come-to  to  be 
20*  27'  40".  Sec  above,  page  172. 


O o 2 


MR. 
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II. 


MR.  BOUGUER’S  METHOD  OF  SOLUTION. 

Bouguer’*  THIS  Problem  is  Bouguer’s  fixth  general  Problem  of  Navigation,  and  is 
inttlicd'  of  expreffed  as  follows,  in  page  292  of  his  Traite  de  Navigation,  8vo.  edit,  by 
Solution.  M.  de  la  Caille,  printed  at  Paris  in  the  year  1781. 

On  connoit  la  difference  cn  longitude  et  les  lieues  de  diftance:  on  veut  de- 
couvrir  le  rumb  de  vent  qu’on  a fuivi,  et  trouver  la  latitude  d’arrivee. 

Exemple.  On  eft  parti  de  40°  4^  de  latitude  Nord,  et  de  15  deg.  de 
longitude.  On  a couru  60  lieues  entre  le  Nord  et  l’Eft,  et  on  eft  arrive  par 
lj*  13'  de  longitude.  On  dcmandc  le  rumb  de  vent,  et  la  latitude  d’arrivee. 

Nous  ne  pouvons  refoudre  ce  Problcme  que  par  approximation.  La  dif- 
ference en  longitude  eft  de  i°  1 3'.  Jc  fuppofe  qu’on  eft  arrive  par  42  deg.  de- 
latitude, on  aura  410  22'  pour  le  premier  moyen  parallele  fuppofe  ; et,  re- 
duifant  les  2°  15'  en  lieues  Eft,  on  en  trouvera  33^.,  qu’il  faut  faire  convenir 
avec  les  60  lieues  de  diftance,  et  il  viendra  49!  lieues  au  Nord,  valeur  de 
20  28'i  de  difference  en  latitude.  On  aura  done  430  13'-$-  pour  la  latitude 
d’arrivee ; et  comme  elle  differe  de  celle  que  nous  avions  fuppofee,  il  faut  faire 
une  feconde  tentative. 

Nous  prendrons  430  13'  pour  la  latitude  d’arrivee  : nous  aurons  410  59'’  pour 
fccond  moyen  parallele  fuppofe.  Nous  reduirons  les  2"  1 5'  de  difference  en 
longitude  en  lieues  Eft,  ct  il  nous  viendra  33-*-  lieues,  que  nous  ferons  convenir 
avec  les  60  de  diftance.  Nous  trouverons  50  lieues  au  Nord,  ou  2°  30'  de 
difference  en  latitude,  cc  qui  nous  donnera  430  ij'  pour  nouvelle  latitude 
.d’arrivee.  Mais  comme  elle  nous  feroit  trouver  un  troifieme  moyen  parallele 
fuppofe  qui  ne  differeroit  pas  du  fecond,  nous  devons  regardet  430  13'  comme 
la  vraie  latitude  d’arrivee,  et  le  rumb  de  vent  fera  IcNE^N. 

As  Bouocer  performs  this  Pioblcm  by  repeated  fuppofitions  for  the  latitude 
comc-to,  the  operation  mud,  therefore,  be  very  tedious  •,  and,  fince  he  refolves 
it  upon  the  principles  of  middle-latitude  failing,  it  is  evident,  his  final  refult 
will  not  be  accurate  unlefs  the  given  quantities  be  very  fmall. 


Hit  example 
folved  by  the 
prececding 
rules. 


SOLUTION  OF  BOUGUER’S 

As  the  place  failed-from  is  not  in  the  Equator, 
be  performed  by  the  fecond  part  of  the  rule. 


EXAMPLE. 

this  Example  muft  therefore 
Diff. 
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Diff.  of  long. 

2°  15' 

cofine 

9.9996650  - Dift. 

3°  0'  - 

cofine 

9.9994044 

Latitude  left 

40  45 

cotan. 

0.0646665 

■ 

cofecant 

0.1852466 

Arch  firft 

40°  46'  1 8 '.7 

cotan. 

0.0643315 

• * 

fine 

9.8149456 

Arch  fecond 

2 28  9. 

* 

- 

• 

cofine 

9.9995966 

Comp;  lat. 

43  14  27.7 

• 

Mer.  parts 

2882.91 

Latitude  left 

40  45 

- 

Mcr.  parts 

2681.76 

Diff.  of  lat. 

5 > 19  27-7 

- 

Mer.  diff.  lat. 

2OM5 

2. 

303520° 

t or  149'  27".7 

• 

2.1745298 

Diftance 

180. 

- 

2.2552735 

Firft  approx,  courfe  33°  Si' 58"  - cof.  9.9192573  - tangent  9.826796a 

Approximate  difference  of  longitude  - - 134.995  - 2.1303162 


Now,  Cnee  the  computed  difference  of  longitude  agrees  with  that  given, 
within  one  two-hundredth  part  of  a minute,  it  may  therefore  be  faid  to  be 
exaft ; and  this  example  may  be  faid  to  have  had  nearly  a direct  folution. 
Hence  the  tme  latitude  of  the  place  arrived  at,, in  round  numbers,  is  430  N. 
and  the  courfe  N.  33*  52'  E.  or  N.  E.  by  N.  nearly.  This  latitude  agrees 
within  half  a minute  with  Bouguer’s  ; but  as  his  courfe  is  N.  E.  -J-N.  it  is 
therefore  three-fourths  of  a point  greater  than  that  in  the  above  folution. 


111. 

A 

MR.  ROBERTSON’S  METHOD  OF  SOLUTION. 

[As  given  in  his  Elements  of  Navigation,  vol.  II,  page  172,  fourth  edition.] 


PROBLEM. 

Given  One  Latitude,  Diftance,  and  Difference  of  Longitude--Required 
the  Courfe,  and  the  prefent  Latitude. 

SOLUTION. 

1.  Find  the  meridional  diftance  to  ufe  as  a firft  departure.  When  the  k/L  , 
courfe  is  towards  the  Equator,  augment  this  meridional  diftance  for  a fecond  mcthod  of 
departure;  if  towards  the  Pole,  diminilh  it  for  a fecond  departure.  Let  the  Solution, 
firft  departure  be  altered  about  a fifth,  or  fixth,  of  itfclf,  lor  a fecond  de- 
parture. 

2.  With 
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Applied 
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а.  With  the  given  didance,  and  tliefe  departures,  taken  feparately,  in  or- 
der ; find  the  refpeftive  courfcs,  and  differences  of  latitudes.  And  hence  the 
prefent  latitudes  and  meridional  differences  of  latitude. 

3.  To  each  courfe  and  refpeftive  meridional  difference  of  latitude,  find  a 
difference  of  longitude. 

4.  Between  each  of  thefe  differences  of  longitude,  taken  in  order,  and  that 
given,  take  the  two  differences ; which  call  the  firft  and  fecond  errors.  Take 
the  producl  of  the  full  departure  by  the  fecond  error,  and  the  product  of  the 
fecond  departure  by  the  firft  error. 

5.  If  the  two  differences  of  longitude,  found  by  the  3d  article,  were  both 
too  great,  or  both  too  fmall ; let  the  difference  of  the  laid  two  produdls  be 
divided  by  the  difference  of  the  errors,  and  the  quotient  may  be  taken  for  the 
true  departure.  But,  if  the  two  differences  found  were  one  too  great,  and  one 
too  fmall  1 let  the  fum  of  the  faid  produfls  be  divided  by  the  fum  of  the  faid 
errors,  and  the  quotient  may  be  taken  for  the  true  departure. 

б.  With  the  true  departure  and  diftancc,  find  the  true  courfe  and  difference 
of  latitude. 


REMARK. 


This  method  of  Robertson’s  is  alfo  founded  upon  middle-latitude  failing, 
and  the  remaining  part  is  performed  by  Mercator’s  failing.  It  may  alfo  be 
obferved  that,  in  the  cafe  when  the  (hip  is  failing  towards  the  Equator,  if  the 
augmented  departure  exceeds  the  diftance,  the  rule  fails. 


to  Example.  A (hip  from  the  latitude  of  37*  N.  having  failed  for  fome  days 
c.  on  a direct  courfe  in  the  N.  W.  quarter,  finds  that  fhe  has  run  1027  miles,  and 
has  made  790  miles  of  difference  of  longitude  : On  what  courfe  did  fhe  fleer, 
and  what  latitude  has  fhe  come  to  ? 

With  radius  * and  the  difference  of  longitude  790,  find  a mer.  diftance, 
(631,)  which  being  diminifhed  by  about  its  £th,  or  by  100,  gives  531. 

Then  631  and  331  may  be  taken  for  the  firft  and  fecond  departures. 

The  diftance  1027,  and  thefe  departures,  give  the  courfcs  37°  45',  and  310, 
and  alfo  the  differences  of  latitude  814  and  883,  or  130  34'  and  140  43'. 

Hence  the  fuppofed  latitudes  are  30®  34',  and  51*43';  and  the  meridional 
differences  of  latitude  will  be  1135  and  1245. 

With  1 135  and  1245,  taken  with  the  courfcs  37°  45',  and  31®,  the  differences 
of  longitude  are  879  and  74S. 

And  879  — 790  = 89,  the  firft  error,  too  great : 

Alfo  790  — 748  =:  42,  the  fecond  error,  too  fmall. 

The  fum  of  thefe  errors  is  131,  the  divifor. 


• Thia  ought  to  be,  With  the  giren  latitude. 


Now 
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Now  631  x 42  = 2650a;  and  531  x 89  = 47259;  the  fum  of  thefc 
produ&s  is  73761. 

Then  73761  ■—  131  gives  563  for  the  true  departure. 

With  the  diftance  1027,  and  departure  563,  the  courfe  is  N.  33®  15'  W. 
The  difference  of  latitude  is  860  m.  = 14*  20'  N. 

And  the  prefent  latitude  is  51°  20'  N. 


SOLUTION  OF  ROBERTSON’S  EXAMPLE. 


Diff.  of  long. 

130  t6' 

co  fine 

9.9884503  . 

Did  1 

Latitude 

f 

O 

N 

cotan. 

0.1228856 

- 

Arch  firft 

37  44  »o"* 

cotan. 

°.,1I3,59 

- 

Arch  fecond 

13  36  3' 

• 

. 

- 

Comp,  latitude 

5 1 4'  f 

• 

Mcr.  parts 

3601.81 

Lat.  left 

37  0 0 

- 

Mcr.  parts 

2392.63 

Diff.  of  lat.  | 

14  20  41  i 
or  860'  41*1 

• 

M.  diff.  of  lat. 
2.9348476 

1209.18 

Diftance 

- 1027 

• 

3.0115704 

»7»  . 
And  hiV 


I by 


cofcomt  0.2205370  prccccding 

. rule, 

line  9.7867710 

cofinc  9.9876330 


3.0824909 


Fii-ft  approx,  courfe  330  3'  49  *£ 

Firlf  approx,  difference  of  longitude 
Given  difference  of  longitude 

Firft  error 


cof,  9.9232772 


787.165 

79°- 

-i-835 


tangent  9-8 '35747 
2.8960656 


Hence  the  computed  latitude  is  a little  greater  than  the  truth  ; therefore,  let 
a new  latitude  be  affumed  a few  minutes  lefs,  as  51*  iff. 


Affumed  lat. 

51*  18' 

- Mer.  parts  - 5597.50 

Given  latitude 

37  0 

- Mer.  parts  - 2392.63 

Diff.  of  lat.  | 

r 14  >s 

» 858 

• Mer.  diff.  of  lat.  1204.87 

2.9334873 

- - 1.0809404 

Diftance 

1027 

3.0115704 

Second  approx,  courfe  330  20' 

i6",8  • cof.  9.9119169 

tangent  9.8181116 

Second  approx,  difference  of  longitude 
Ginn  dUfcrence  of  longitude 

Second  error  - • 

Firft  error  » 

Sum  ■ - - 


792.596 

79c. 

+ 2.596 
-2.835 

5*43* 


9.8990520 


Computed 
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Computed  latitude  - • Firft  approx,  courfe  33°  3*49". 5 

A /Turned  latitude  - 51  18  o • Second  approx,  courfe  33  20  16.8 

Difference  - 2 41.5  - Difference  - - 16  27.3 

Now,  As  5*431  t 2.835  ::  4*,/*5  : 1'  24^.3 

Computed  latitude  - - - 51  20  41.  j 

True  latitude  - - - 51  19  17.2 

And,  As  5.431  ; 2.835  ::  16' 27**3  * 8'  35^.4 

Firft  approximated  courfe  - 33  3 49.  5 

True  courfe  • - - N 33  12  24. 9 W. 


iS. 

Emerfon'e 
firft  rule  for 
the  Solution 
of  this  Pro- 
blem. 


IV. 


MR.  EMERSON’S  METHOD  OF  SOLUTION. 

[As  given  in  his  Mathematical  Principles  of  Geography , 8cc.  page  141.3 


PROBLEM. 

One  Diflance  and  Difference  of  Longitude  being  given,  to  find 
the  other  Latitude. 

1.  Aflumc  any  angle  for  the  courfe,  as  near  as  you  can  guefs,  by  the  circum- 
ftances  of  the  queftion.  From  this  find  the  difference  of  latitude,  making — 

As  radius 
To  the  diftance, 

So  the  cofine  of  the  courfe 
To  the  diff.  latitude. 

2.  Both  latitudes  being  had,  find  the  difference  of  longitude  thus — 

As  radius 

To  the  tangent  of  the  courfe, 

So  the  mer.  diff.  of  latitude 
To  the  difference  of  longitude. 

3.  If  the  longitude  found,  differs  from  the  longitude  given,  as  it  generally 
will,  corrett  the  courfe,  by  making  it  greater  or  lefs,  as  there  is  occafion  ; then 
find  the  latitude,  and  then  the  longitude  again.  Repeat  the  operation  till  the 
longitude  agrees  with  that  given.  But  when  you  come  near  the  matter,  you 
may  find  the  courfe  truly  from  two  trials,  by  the  rule  of  falfe. 

Or 
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Or  thus, 

1.  Say,  as  radius  : cofine  given  latitude  ::  difference  of  longitude  : to  Em?rfuo’» 

the  departure.  fecund  rule. 

2.  Find  the  fum  and  difference  of  the  departure  and  diftance ; take  the 
logarithms  of  the  fum  and  difference,  and  add  them  together  j half  the  fum  of 
thefe  logarithms  is  the  log.  of  the  difference  of  latitude.  Again, 

3.  Say,  as  meridional  diflf.  of  latitude  proper  difference  of  latitude  ::  dif- 
ference of  longitude  : departure  more  exadt. 

Repeat  the  2d  and  3d  articles  over  and  over,  always  with  the  laft  departure 
and  difference  of  latitude,  till  at  laft  you  gee  the  fame  difference  of  latitude 
twice  ; and  this  is  the  true  difference  of  latitude,  whence  you  may  get  the  other 
latitude  exafh 

REMARK. 

Emerson’s  firft  method  is  according  to  Mercator’s  failing;  and  in  his 
fecond  method,  both  middle-latitude  failing  and  Mercator’s  failing  are  made 
ufe  of.  The  numerous  repetitions  he  defires  to  be  made,  will  render  his  methods 
very  tedious.  He  has  not  given  an  example  to  illuftrate  his  rules;  the  reader 
may,  however,  perform  any  of  the  proceeding  or  following  examples  by  them. 


V. 


MR.  LYONS’S  METHOD  OF  SOLUTION. 

£ As  given  in  the  Nautical  Almanack  for  1772*.]  Lyoni’t 

method  of 

— ■ — ■ Solution, 

PROBLEM. 

A Ship  fails  from  a given  Latitude,  and  having  failed  a certain  number 
of  Miles,  has  altered  her  Longitude  by  a given  Quantity ; to  find 
the  Courfe  fleered. 


SOLUTION. 

ADD  together  the  log.  cofine  of  the  given  latitude,  and  die  log.  of  the  dif- 
ference of  longitude  in  minutes  ; and  from  that  fum  fubtraft  the  log.  of  the 
diftance,  the  remainder  is  the  fine  of  the  approximate  courfe. 

* As  Mr.  Lyons  f»ys,  this  Problem  war  pmpofed  by  Dr.  Halliy,  it  would  therefore  appear 
that  be  had  not  fees  Hvis’i  Geography,  nor  Swell's  Tiphys  BaUrui. 

VOL.  IV.  Pp  In 
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In  theTraverfe  Table  find  the  given  latitude  among  the  degrees,  and  the 
difference  of  longitude  among  the  diftanccs : half  the  correfponding  departure 
will  be  the  firft  correction  of  the  courfe  in  minutes ; and  is  to  be  fubiraCted 
from  the  approximate  courfe,  if  the  given  latitude  is  the  lclfer  of  the  two ; 
otberwifc  to  be  added  to  it. 

In  Table  A,  find  the  firft  correction  in  the  firft  column  marked  A’cb ; and  in 
the  column  which  is  marked  at  the  top  with  the  number  of  degrees  contained  in 
the  complement  of  the  approximate  courfe,  find  the  correfponding  number  of 
minutes:  this  number  of  minutes  will  be  the  feccnd  correction,  in  the  fame 
Table,  find  the  difference  of  longitude  in  the  firft  column  ; and  in  the  column 
which  is  marked  at  the  top  with  the  number  of  degrees  contained  in  the  courfe, 
find  the  correfponding  number  of  minutes;  and  taking  I'udi  a part  of  it  as  is 
marked  under  the  given  latitude  in  Table  B,  fuch  part  will  be  the  third  cor- 
rection. 

The  fecond  and  third  corrections  fubtrafted  from  the  approximate  courfe, 
corrected  by  the  firft  correction,  will  leave  the  true  courfe. 


Table  A. 

Table  B. 

Arch. 

10° 

20° 

30® 

40° 

s°° 

60® 

70° 

80* 

go® 

Lat. 

i° 

3' 

1' 

1' 

l' 

o' 

o' 

o' 

/ 

O 

O' 

o° 

2 

12 

6 

4 

2 

2 

I 

1 

O 

O 

10 

X 

3 

27 

l3 

8 

6 

4 

3 

2 

I 

O 

20 

X 1 X 

0 ^ 7 

4 

47 

23 

14 

IO 

7 

5 

3 

I 

O 

3° 

i + i 

5 

74 

3t> 

23 

l6 

II 

8 

5 

2 

O 

40 

“f"  TV 

6 

107 

52 

33 

22 

l6 

I I 

7 

3 

0 

5° 

X 

* 

7 

*45 

70 

44 

3° 

21 

if 

9 

. ♦ 

0 

60 

X 

• 5 

4 + T3 

8 

190 

92 

5» 

40 

28 

•9 

12 

6 

0 

7° 

80 

X 

6 

90 

X 

6 

EXAMPLE. 

Applied  to  ^-et  a 272  m>les  nprthwards  from  the  latitude  of  46*  20/  N.  till  Ihe 

an  Example,  ha*  altered  her  longitude  40  : it  is  required  to  find  the  courfe. 


Cofine  latitude 

- 46°  jo' 

- - - 9-839i  + 

Log.  diff.  of  longitude 

- 240’ 

. - 2.38021 

Log.  diftance  - • 

• • 27a' 

- - 2.43457 

Approximate  courfe 

37°  i2' 

- fine  9.78478 

In  the  Traverfe  Table,  the  departure  belonging  to  the  dift&nce  140,  and 
courfe  46*  20',  is  174',  the  half  of  which,  to  wit,  87',  or  i°,  27',  is  the  firft 

correction. 


Digitized  by  Google 


METHODS  OP  SOLVING  DR.  HALLEY’S  PROBLEM.  39I 

correction.  In  Table  A,  with  i*f,  and  J2°t  the  complement  of  the  courfe, 
find  1',  the  fecond  correction  : with  40  and  37°f  we  find  11,  -Jth  of  which 
(Table  B)  is  3',  the  third  correction. 

Approximate  courfe  37*  32'  — 1*  27'  — 4 = 36*  t'  the  true  courfe. 


SOLUTION  OF  LYONS’S  EXAMPLE. 


D!(f.  of  long. 
Latitude 

Arch  firft 

Arch  fecond 

Comp,  latitude 
Given  lat. 


Diff.  of  lat. 
Diftance 

Firft  approx,  courfe 


4°  ° 

46  20 

46  24  1 1.2 

.3  a 

50  o 1.2 
46  to  o 

3 40  ».* 
or  220'  t *.2 
272 


cofine  9.9989408 

cotan.  9.9797797 


cotan.  9.9787205 


Mer.  parti 
Mer.  parts 

M.  diff.  of  lat. 
2.5424622 
2.4345689 


Dift.  40  3a'  cofine  9.9986392  And  the 
- - cofecant  0.1406401  fameErampIr 

folved  by  the 

• - fine  9.8598642  former  rules. 


3474-7® 

3144-4$ 

33°ri5 


36°  0*42  7 


cof.  9.9078933 


Firft  approx,  difference  of  longitude 
Given  difference  of  longitude 

Firft  error  • 


240.116 

240. 


cofipe  9.999143$ 


*•5*89743 


tangent  9.8614470 
2.3804213 


- - + .116 

The  computed  latitude  is  hence  too  little  by  a very  fmall  quantity : let  there- 
fore 50°  o'f  be  the  alTumcd  latitude. 

Affumed  lat.  50®  o'  30"  Mer.  parts  - 3475.27 

Given  latitude  46  20  o Mer.  parts  - 3 144.43 

Mer.  diff.  of  lat. 


3 40  30 


or  aao*  301* 
272 


Diff.  of  lat. 

Diftance 

Second  approx,  courfe  35®  50'  2 1 ".7 

Second  approx,  difference  of  longitude 
Given  difference  of  longitude  • 

Second  error 
Firft  error 

Sum  • 


330.®4 
*•3434086 
2.4345689 


- cof.  9.9088397 


2.5196180 


tangent  9.8586981 


*3®-9SS 

240- 

- t.°4S 
+ .116 

1. 161 


2.3783162 


P p a 


Computed 


Digitized  by  Google 


292 


DR.  mackay’s  comparison  of  the  different 


Computed  latitude 
AfTumed  latitude 


50°  O 
jo  o 


l.* 
30.0  • 


Difference  - 23.8 

Now,  A»  i.tfii  : .116 

Computed  latitude 

True  latitude 

And,  As  1.161  : .116 

Firfl  approximated  courfe 

True  courfe 


. Firft  approx,  courfe  36*  o' 42".  • 
Second  approx,  courfe  3;  30  at. 7 

- Difference  - • to  20.3, 

::  a8".8  : a".8 

• - - JO  O 1.2 

• • JO  O 4. 

: 10' 20". 3 t 1'  2" 

- 36  0 4* 


35  59  4° 


VI. 

M.  BEZOUTS  METHOD  OF  SOLUTION., 

[As  given  in  his  Traite  de  Navigation , (printed  at  Paris  in  the  year  1781,.)  being 
the  fixth  volume  of  his  Court  de  Matbimatiques. 


Hermit's  At  page  107,  of  the  above-mentioned  Treatife,.  Bezout  expreffes  himfel£ 
OdTproblcm.  wl(h  rc£ar^  t0  this  Problem,  as  follows. 

Nous  pourrions  ajouter  ici  une  fixieme  queftion,  qui  ne  differe  de  la  prece- 
dente  qu’en  ce  que  le  rumb  de  vent  y eft  inconnu,  et  fes  licues  de  diftance, 
au  contraire,  font  fuppofeet  con  Dues.  Elle  a.  cgalement  pour  objet  de  faire 
conclurre  la  latitude,  de  la  longitude.  Mais  1’ufage  n’en  feroit  pas  auffi 
fur,  parce  que  1'incertitude  fur  la  mefure  du  ftllage  eft  plus  grande  que  fur 
celle  du  rumb  de  vent.  D’ailleurs,  cette  queftion  ne  pouvant  etre  refolue  que 
par  approximation,  nous  n’en  dirons  rien  ici.  Au  refte,  ceux  qui  d£fireront  ffa- 
voir  comment  on  peut  refoudre  cette  queftion,  1c  trouveront  vets  la  fin  de  cet 
ouvrage. 


Again,  at  page  300,  he  gives  the  following  formula  for  this  purpofe  j in 
which  m is  the  latitude  failed- from,  m + q the  latitude  come-to,  a the  courfe, 
z'  the  difference  of  longitude,  / the  diftance  expreffed  in  leagues,  dq  the  cor- 
rection of  the  latitude  come-to,  which  is  fuppofed  to  be  known  nearly ; and 
dz  the  difference  between  the  given  difference  of  longitude,  and  that  which  coo- 
24.  refponds  to  the  courfe  and  difference  of  latitude  known  nearly.  The  formula  is 

His  formula  aZcAs  fine  xa  cofine  a cofiwc  (m  + q)  3*  \ r ,,  „ -<7-  V 

for  its  Solo-  dq  — i — — — — . — 1L  ■ d ou,  fays  M.  Bezout,  connotffant  a- 

rion.  i1  finc  * — * eofine  («•  + f ) ' 1 

peu-pres  le  rhumb  de  vent  et  la  latitude,  on  pourra  ealculer  la  correftion  dq 
qu’on  doit  faire  & cette  latitude  a -peu-pres  connue,  en  mettant  pour  a et  q 

leurs 
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lours  valours  a-peu-pres  connues,  pour  2'  la  difference  dc  longitude  qui  repond 
aux  valeurs  a-peu-pres  connucs  de  a et  de  q,  et  pour  dz  la  difference  entre  la 
difference  de  longitude  donnee,  et  celle  qui  rcpond  a la  difference  de  latitude  et 
au  rhumb  de-vent  a-peu-pres  connus. 

Par  exemple — Suppofons  qu’etant  parti  de  42°  23'  de  latitude  Sud  * et  io°  A to 
dc  longitude,  on  ait  fait  864  lieues  entre  le  Sud  et  I’Eft,  et  qu’on  foit  aftuelle- in  Example, 
ment  dans  un  lieu  dont  la  longitude  eft  72°  53'.  On  eftime  avoir  couru  au 
S.  E.  6*  50'  E.  et  etre  arrive  par  la  latitude  de  69° ; on  demande  dc  confirmer 
ou  de  reftifier  cette  eftime. 

Si  la  latitude  et  le  rhumb  eftimes  etoient  exa&s,  la  difference  de  longitude 
feroit  de  63®  3',  qui  excedc  celle  qu’on  connoit  de  38' ; j ar  done  dz  ~ — 38', 
z — 3811,  a — 510  50',  et  » + j = 69°,  l — 2592;  fubftituant  ces  va- 
leurs, on  trouve  dq  — 136 ' = 2*  i6';  done  la  latitude  d’arrivee,  corrigee,  eft 
de  71®  16'. 

Pour  connoitre  fi  cette  correclion  eft  fuffifantc,  avec  cette  nouvelle  latitude 
d’arrivee,  jc  calcule  le  rhumb  de  vent  et  la  difference  de  longitude  5 je  trouve 
a — 48®  2'J,  z — 3763'.  Done  la  difference  de  longitude  qui  refulte  de  la 
correction  prec6dente  eft  moindre  de  to'que  la  difference  de  longitude  donnee; 
on  a done  dz  = + 10' ; fubfliuiant  ces  valeurs  comme  ci-deffus,  dans  celle 
dc  dq,  on  trouve  dq  zz  — 21'.  Done  la  latitude  d’arrivee,  corrigee  de  nou- 
veau, eft  70°  54'.  Se  calcule  dc  nouveau  le  rhumb  et  la  difference  de  longi- 
tude ; et  je  trouve  48“  38'  pour  le  rhumb,  et  3771't  ou  62°  51'i  pour  la  dif- 
ference de  longitude.  11  y a done  encore  une  minute  et  demi  de  moins  fur  la 
longitude.  Je  fais  done  dz  — + l'f ; et  fubftituant  cette  valeur  et  celles 
qu’on  vient  de  trouver  pour  a et  pour  2’,  j’ai  enfin  <1  = 48°  50'  et  m -f-  q zz. 

70°  49' ; qui  fatisfont. 


SOLUTION  OF  BEZOUT’S  EXAMPLE. 


Diff.  of  long. 

62®  S3' 

• 

co  fine 

9.6587780  - Dill*  430  izf 

- cofinc 

9.8627088 

Latitude 

41  23 

* 

cotan. 

0.0397233  - 

cofccant 

0.1712837 

Arch  firft 

63“  27' 

34'8 

cotan. 

9.6983013  ... 

fine 

9.9516386 

Arch  fecond 

•4  39 

27* 

- 

- - . , 

cofine 

9.98563U 

Latitude 

78  7 

2 

Or 

48  48 

8. 

26. 

The  gene 
ral  rule  ap- 
plied to  his 
Example. 


* Bezout  makes  this  44  Nord,”  but,  from  the  given  quantities  in  the  Example,  it  is  evident  it 
null  be  South.  If  a ihip  from  latitude  42°  23' N.  fails  between  the  South  and  Eaft,  and  arrive  at 
a latitude  greater  than  that  failed-from,  that  latitude  muft  be  South  ; and  to  arrive  at  latitude  69°  S« 
the  diftance  run  mud  exceed  2227  leagues,  although  /he  (houid  /ail  upon  a meridian  ; but  the  given 
difUncc  is  only  864  leagues. 

» Since 
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By  which  it  Since  the  fum  and  difference  of  arches,  firfl  and  fecond,  are,  each  of  them, 
is  (hewn  to  greater  than  the  latitude  failed-from,  two  different  Solutions  may  therefore  be 
dhTrrent  $o° obtained  to  this  example.  And,  lince  the  latitude  failed-from,  and  the  other 
lotions.  given  quantities,  are  very  conliderable,  the  difference  between  the  lengths  of 
the  correfponding  arch  of  a great  circle  and  that  of  a loxodromick  curve  will 
alfo  be  confulerable.  Hence,  the  greatell  of  the  computed  latitudes  will  be  ron- 
fidcrably  greater  than  the  truth,  and  the  leaft  latitude  much  lefs.  We  fhall 
firft  perform  the  firfl  of  thefe  Solutions,  or  that  in  which  the  grcatcfl  latitude  is 
that  wanted,  and  then  the  other  and,  in  Order  to  contract  the  work,  let  the 


The  firft 
Solution  bj* 

latitude  come- 

-to  be  alfumed  equal 

to  71*. 

AlTumcd  latitude 

71°  0'  ' - 

Mer.  part* 

6145.70 

the  general 
rule. 

Given  latitude 

41  jj 

Mer.  paru 

1811.76 

Diff.  of  lat.  | 

Diftance 

39  37 
or'  1717 
*59* 

Mer.  diff.  lat. 

3*2347703 
3-4»  3^350 

S3J2-94 

3.5118175 

Firft  approx,  courfc  48°  30*  $4w-3  • 

cof.  9.82113,3 

- tangent 

0.0^342  20 

Firft  approximate  difference  of  longitude 
Given  difference  of  longitude 

* - 3769.10 

3773- 

3.5762495 

Firft  error  - 

- 3.20 

As  this  affumed  latitude  is  too 

great,  let  therefore  70*  50' 

be  affumed. 

Second  affumed  lat.  70*  50' 

Given  latitude  - 42  23 

Mer.  parts  - 6115.11 
Mer.  part*  - 2812.76 

Ditt  of  latitude  ( 28  1 

l °r  >707 
Diftance  - 2592 

Mer.  diff.  of  lat.  3302.35 

3-’3“375 

3.4136350 

3.5188231 

Second  appr.  courfe  48°  48'  32''.$ 

cofine  8.8186025 

tangent  0.0579147 

Second  approx,  diff.  of  longitude 
Given  difference  of  longitude 

3773-44 
3773 • 

3.5767378 

Second  error 

Firft  error  * - • 

- + -44 

•J  — 3.20 

Sum  - * *•  * 

3.64 

Firft  affumed  lau  710  0' 

Second  - 70  50 

• • Firft  approx,  courle 

• - Second 

48°  30'  54" 

48  48  3 1 

Difference  • 10 

• - Difference 

17  38 

As  3.64  1 .44  j:  10'  4.  i»  1*'/ 

Second  aJTurard  latitude  . - 70  50 

True  latitude  . - - 70  51  12 

As 
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As  3.64  : -44 
S«conj  approx,  courts 

True  courfe 


17/38''  : 2'  8'' 
48  48  32 

• 48  46  24 


Bezout  finds  nis  latitude  z'f  lefs,  and  his  courfe  3'f  greater  than  the  above 
determination. 

Again,  for  the  fecond  folution  of  this  example,  let  34“  10'  be  taken  for  the 
aflumed  latitude. 


A (Turned  latitude 
Given  latitude 


54°  >o' 
4>  >3 


Mcr.  parts 
Mer.  parts 


3881.69 

2812.76 


11  47 
or  707 


DiC  of  latitude 

Ditlancc  ...  2392 

Firft  approx,  courfe  740  10'  t6".6 

Firft  approx,  diff.  of  longitude 
Given  difference  of  longitude 

Firft  error  .....  2.69 

Hence  this  latitude  it  too  little  j let  therefore  the  fccond 
AfTumcd  lit.  be  54°  ao'  - Mer.  parts 

Given  latitude  42  33  - Mer.  parts 


Mer.  diff.  of  lat.  1068.93 
- • 2.8494194 

• - 3-4>3«35° 

- cofine  9.4357844 

3770.31 

♦ 3773- 


3.0289493 


tangent  0.5474174 


3-57^37<S7 


Diff.  of  latitude 
Diftance 

Second  approx,  courfe 


/ 11  37 

1 or  717 


Mcr.  diff.  of  lat« 


3898.80 

2812.76 

1086.04 


2592 

73”  56'  29'' 


Second  approx,  difference  of  longitude 
Given  difference  of  longitude 

Second  error  - 

Firft  error  - - - 

Difference  - 

Ftrft  affumed  latitude  - 54°  10' 
Second  affumed  l*t.  - 54  20 

Difference  - 10 


Then,  As  2.(9  : .1 
Second  affumed  latitude 

True  latitude 
And,  As  2.(9  : .1 
Second  approx,  courfe 

True  co  uric  - • 


2.8555192 

- 3-41 363  5” 

cofine  9.4418842 

- - 3772-90 

- - 3773- 

- - — 0.1 

• — 2.69 

2.59 

. Firft  approx,  courfe  - 
Second  approx,  courfe 

Difference 
lo'  s ajf* 


3.0358459 


tangent  0.5408296 
3.5766754 


740  10'  i6''.6 
73  f*  »9- 
13  47.6 


• 54  20  o 

- 54  »o  23  S, 

»3'  47 ".6  1 32" 

73  S*  29 


S.  73  55  57  E- 


vn.  solu- 


23. 

The  fccond 
Solution  of 
the  fame  Ex- 
ample. 
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VII. 

SOLUTION  OF  BARON  MASERES’  FIRST  EXAMPLE. 
[See  page  33d  of  this  Volume.  J 


*9.  I.  By  Robertson’s  Method. 

Baron  Ma- 

am”l'ffiratEX  ^ the  Traverfe  Table  to  the  ’atitude  51*  1 taken  as  a courfe,  and  the 
tempted* to  difference  of  longitude  786,  or  its  aliquot  pan,  in  a diflance  column,  the  cor- 
be  fol*ed  by  refponding  difference  of  latitude  49/,  is  the  meridional  diflance;  to  which, 
Robettfon'e  onc-fixth  part  of  it  being  added,  beiaufe  the  (hip  is  approaching  towards  the 
r'  Equator,  gives  573,  for  a fecond  departure.  But  this  fecond  departure  is 

But  this  greater  than  the  given  diflance  564;  that  is,  one  of  the  kgs  of  a plane  triangle 
method  foils,  is  greater  than  the  hvpotcnufc ; which  is  abl’urd.  1 herefore  this  Example  can- 
not be  folved  by  Robertson’s  rules. 


II.  By  the  General  Rule. 


The  fame 
Example 
folved  by  the 

Diff.  of  long. 

130  6' 

- cofinc  9.9885482  Dift.  9* 

24'  cofine 

9.9941289 

Latitude 

51  18 

• cotan.  9.  / 37*44  - 

• cofecant 

O.IO76658 

general  rule. 

Arch  firft 

5*  1 6" 

cotan.  9.8922626 

- fine 

98967393 

Arch  fccond 

Computed  latitude 
Given  latitude 

4 4*  >8 

47  1948 
$1  18 

- Mer.  parts  3231.83 

- Mcr.  parts  3^97.50 

- cofine 

9.9985340 

Diff*.  of  latitude  ^ 
Di  fiance 

3 58  xi 
or  238  12 
- 564 

- Mer.  diff.  of  lat.  365.67 

- - • *-37694>8 

1.751*791 

“ • 

2.5630893 

Firft  approx,  courfc 

6j®  1'  J‘ 

".  2 - cofine  9.62566x7  . 

tangent 

°-33,(’7J 1 

Firft  approx,  diff,  of  longitude 
Given  difference  of  longitude 

Firll  error 

- - • • 784.810 

- - - 786. 

• - - —I.I9O 

*.8947644 

The  computed  latitude  is  hence  too  little;  let  therefore  another  latitude  be 
affumed  two  minutes  greater,  or  47*  21' 48". 


Aflumed 
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A^dc4  Utitttfk  47°.2i'  48"  Mer.  |*rU 

• 

J *34-79 

Given  latitude  51  18  0 Mer.  part* 

* 

3597*5° 

Diff.  of  kt.  S 3 56  >*  Mcr.  diff.  of  Ur.  362.71 

l or  236  12  - - _ *.373*799 

- - M59S59S 

Di  (lance  - 564  • • 

2.7312791 

Second  approx,  courfe  65°  14'  29^.4  - cof. 

9.6220008 

tingent  0.3361239 

Second  approx,  difference  of  longitude 

- 

786.472 

- 2.89568^4 

Given  difference  of  longitude 

* 

786.' 

Second  error  - • * •* 

* 

+ o*47* 

Firft  error  • - • 

* 

— 1. 190 

**  Sum  m m m m 

1.662 

Computed  latitude  - 470 19'  4*"  - Firft  approx,  courfe  6j*  l'  3 *»2 

AiTuraed  latitude  • 47  21  48  - Second  approx,  courfe  65  <4  29.4 


Difference  - - - 2 - Difference  • • 13  26.2 

Then,  A*  1.662  t 1.19  t:  *'o"  t t'  2 {*.9  or  i1 

Computed  latitude  * • • • 47.19  48 


True  latitude  . - - . 47  21  14 

And,  A»  1.662  : 1.19  ::  13*26".!  i 9*37" 

Firft  approximated  courfe  • 6;  1 3 

* True  courfe  * - - S.  63  10  40  W. 

The  latitude  thus  found  agrees  with  that  obtained  by  a different  procefs, 
within  about  half  a minute  ; andthe  courfe,  within  three  minutes.  The  refults 
of  the  former  method  are  given  in' page  47. 

•Thefecond  example  given  by  Baron  Maseres,  in  page  60,  is  the  fame  as 
M.  Boucuer’s  which  has  already  been  folvcd.  We,  therefore,  now  proceed 
to  folve  the  Baron’s  third  example,  which  is  given  in  page  95.  In  that  example 
the  latitude  failed-from  is  5*  N.  the  di (lance  is  ^64  miles  between  the  South 
and  Weft,  and  the  difference  of  longitude  i*  324'. 904  =:  50  24'  54". 2 4. 


VpL,  IV. 


Diff. 
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COMPARISON  OF  THE  DIFFERENT 

3** 

*The  Baron’ 

, Diff.  of  long.  5®  24'  J4".24 

cofine  9.9980373  . Dift.  9“  14' 

cPfine  9.9941189 

third  Ex- 
ample per- 

Latitude  - J 

cotan.  a 0380482  . 

cofecant  1.0597040 

formed  by  the  Arch  firft  - 5 1 20^ 

cotan.  1.0561057 

fine  8.9422137 

new  rulci. 

Arch  fecond  7 41  34 

• - • 

cofine  9.9960566 

Comp,  latitude  2 41  13  Vr 

- Mer.  part*  161.20 

Giren  lat.  • 3 

• Mer.  part*  300.38 

M.  diff  of  lat.  461.38 

2.6641470 

Diff.  of  lat.  461'  1 3 #T*T 

. 2.6639114 

Diftance  • . 364 

• * *-7S'*79« 

Firft  approx,  courfe  35°  8'  14*,' { 

- oof.  9.9126333 

ungent  9.8474419 

Firft  approx,  difference  of  longitude 

324.854 

• 2.5116889 

Given  difference  of  longitude 

• * j:4-9<H 

Firft  error  - - 

- - — 0.03 

Diff.  of  long.  3 14.904 

2.31 17531 

Diftance  - 564 

• *-75“79‘  * *-7JU79' 

2d  approx,  courfe  35*  10'  z8v.8 

fine  9.7604760  cofine  9.9124343 

tangent  9.8480413 

Approx,  diff  of  lat.  7 41  0.78 

= 461.013  - 2.6637136 

Latitude  failcd-from  5 

- Mer.  parts  300.38 

Latitude  come-to  a 41  0.78 

Mer.  part.  161.07 

Mer.  diff,  of  latitude  461.45 

- 2.6641246 

’’Second  approx,  diff.  of  longitude 

- - - 3:5.212 

- 2.5111661 

Given  difference  of  longitude 

- - - 324.904 

Second  error 

. - • + O.308 

■ 

Firft  error  — 

■ • • — O.OJO 

Sum  - « • 

- - - 0.358 

Firft  computed  latitude  - 2°  41 ' - Firft  approx,  courfe  - 35®  8' 1 4". 7 

Second  computed  lat.  • 1 41  0.78  . Second  approx,  coc.rfc  3;  rt>  18.8 

Difference  - - 1294  - Difference  - • ,>  14J 

Now,  Aa  .358  : .oj  ::  li".94  : i".8o 

Firft  computed  latitude  . - 1 41  13.72 

True  latitude  • - 7 • 2 41  11.91 

And,  Aa  .338  : .05  ::  2' 14".!  : 18". 7 

Firft  courfe  - . . . 35  8 14.7 

True  courfe  - . . S.  33  8 33.4  W. 

CON- 
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CONCLUSION, 


Wc  have  now  concluded  our  Companion  of  the  different  Methods  that  have  cOUc?uGor. 
been  propofed  by  other  writers  for  folving  the  proceeding  Problem,  with  a new 
Method  which  we  have  given  for  the  fame  purpofe.  The  firft  part  of  the  ap- 
proximation by  this  new  method,  generally  gives  the  required  latitude  very 
near  the  truth : and  when  the  place  failed-  from  is  near  the  Equator,  and  the 
other  given  quantities  are  fmall,  this  method  gives  fometimes  almoft  an  exaft 
folution  ; as  the  required  terms  may  in  thefe  cafes  be  found  true  to  the  differ- 
ence of  a fingle  fecond  : Whereas,  in  the  operations  for  folving  the  different 
Problems  in  the  various  failings  in  Navigation,  it  is  ufual,  and  always  thought 
fufficiently  exatt,  to  bring  out  the  required  terms  within  only  a minute  of  the 
truth.  Again,  when  the  given  place  is  confiderably  diftant  from  the  Equator, 
and  confequently  an  affumed  latitude  becomes  neceffary ; we  may  obferve, 
that,  when  the  (hip  is  failing  towards  the  Equator,  the  computed  latitude  will 
be  lefs  than  the  true  latitude,  but  that,  when  the  Ihip  is  receeding  from  the 
Equator,  it  will  be  greater ; and  confequently  there  can  be  no  great  difficulty, 
or  danger  of  committing  a great  error,  in  thefe  cafes  in  fixing  upon  an  affumed 
latitude — that  is,  a latitude  may  be  readily  affumed  which  will  be  very  near  the 
true  latitude.  Thofe  who  perufe  thefe  different  methods  attentively,  will  find 
that  every  poffible  cafe  may  be  folved  by  the  rules  we  have  given ; and  thac 
thefe  rules  will  alfo  difeover  the  ambiguity  of  thofe  examples  which  admit  of 
two  folutions,  which  is  not  done  in  any  of  the  other  methods.  And  one  of  the 
other  methods,  namely,  Mr.  Robertson’s,  (as  has  been  already  obferved,) 
fails  in  the  cafe  in  which  the  Ihip  is  failing  towards  the  Equator,  when  the  aug- 
mented departure  is  greater  than  the  given  diftance. 

To  thofe  who  incline  to  examine  or  perform  the  preceeding  operations,  it 
will  be  neceffary  to  mention  that  the  Tables  ufed  in  thefe  calculations  were 
Taylor’s  and  Sherwin’s  Logarithmick  Tables,  and  the  Table  of  Meridional 
Parts  for  the  Sphere,  given  in  the  Cennoijfance  da  Temps  pour  Punnet  1793,  by 
M.  de  Mendoza,  a Captain  in  the  Spanilh  Navy.  And  to  fuch  perfons  the 
writer  of  this  paper  will  venture  to  predift,  that,  by  the  time  they  (hall  have 
gone  through  thefe  icveral  operations,  they  will  not  fail  to  have  difeovered, 
even  without  intending  it,  various  contra&ions  and  limitations  of  them,  by 
which  the  labour  of  performing  them  might  have  been  leffened  •,  but  which  the 
writer  did  not  think  it  neceffary  to  point  out  on  this  occalion,  becaufe  it  was  his 
intention  to  abide  ftridUy  by  the  rules  he  had  laid  down.  Alfo,  in  drawing  up 
thefe  rules,  he  ufed,  what  appeared  to  him  to  be,  the  Gmpleft  methods,  or  thole 
which  would  be  mod  generally  underftood,  and  he  wholly  rejefled  fome  other 
methods  which  might  ealily  have  been  deduced  both  from  the  fame  and  from  • 
different  principles. 

Aberdeen,  March, 

1796. 
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A 

DISSERTATION 

OW  THE 

RISE  AND  PROGRESS 

OP  THE 

MODERN  ART  OF  NAVIGATION 


IT  has  been  much  difputed,  to  whom  the  world  was  obliged  for  the  mari-  Of  the  Mj- 
ner’s  compafs.  A late  Italian  writer  indeed  contends,  after  many  that  Com' 
the  honour  of  the  invention  is  due  to  Flavin  Gioja  of  Amalfi  in  Campania,  who  P*  u . 
lived  about  the  beginning  of  the  14th  century*,  though  others  fay  it  came 
from  the  Eaft,  and  was  earlier  known  in  Europe  *.  However  that  may  be,  it  is 
certain,  this  wonderful  difeovery  gave  rife  to  the  prefent  art  of  navigation  j 
which  feems  to  have  made  fome  progrefs  during  the  voyages,  that  were  begun 
.in  the  year  1420,  by  Henry  Duke  of  Vifio*.  This  learned  Prince,  brother  to 
Edward  King  of  Portugal,  was  particularly  knowing  in  cofmography,  and  fent 
for  one  matter  James  from  the  ifland  of  Majorca,  to  teach  navigation,  and  to 
make  inftruments  and  charts  for  the  fea  *. 

Thefe  voyages  being  greatly  extended,  the  art  was  improved  under  the  fuc- 
ceeding  monarchs  of  that  nation.  For  Roderic  and  Jofepb,  phyficians  to  King 
John  the  Second,  together  with  one  Martin  de  Bohemia,  a Portugueje,  born  in 
the  ifland  of  Fayal,  fcholar  to  Regiomontanus,  about  the  year  1485,  calculated,  for 
the  ufe  of  the  failors,  tables  of  the  Sun’s  declination,  and  recommended  the 
attrolabc  for  taking  obfervations  at  fea  *. 

•*  Suitable  to  that  verfe  of  Panormitana , 

Prima  dedit  nautii  ufum  magnetis  Amalfhis . 

* See  Signor  Gregorio  Grimaldi' % Diflcrtation  on  this  fubjeft,  in  the  Memoirs  of  the  Etrufcan  Acs- 
-demy  of  Cortona t Tom.  uL  p.  1931  printed  at  Rome  in  1742. 

2 Hijlbire  des  Maihimatiques^  far  M.  Montucla,  a Parity  1758. 

4 Marian * Hift.  Hifpan.  lib.  xx.  cap.  II.  and  lib.  xxvi.  cap.  17.  Mogmtia,  1605. 

1 Decados  d’Afia  par  J.  di.  Burn 03,  lib.  xvi.  1552. 

• Majfen  HiHor.  Indie,  lib.  i.  p.  6.  printed  at  Florence  in  1598. 

The 
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The  famous  Cbriftopber  Columbus  is  faid,  before  he  attempted  the  difcovery  of 
America,  to  have  conlulted  Martin  de  Bohemia,  with  others,  and  during  the 
courfc  of  his  voyage  to  have  inflrufled  the  Spaniards  in  navigation  * ; for  the 
improvement  of  which  art,  the  Emperor  Charles  the  Fifth  afterwards  founded  a 
lecture  at  Seville'. 

Ofthevaria-  The  variation  of  the  fca-compafs  could  not  be  long  a fecret.  Columbus,  on 
tion  of  i he  the  14th  of  September  1492,  obfervedit,  as  his  fon  Ferdinand  afferts*,  though 
Compaf*.  ^ others  feem  to  attribute  that  difcovery  to  Scbaftian  Cabot*.  And  as  this  varia- 
• '491*  tjon  differs  in  different  places,  Gonzales  d'Oviedi  found  there  was  none  at  the 
Azores  * ; where  fome  geographers  have  thought  fit  in  their  maps  to  make  their 
firft:  meridian  to  pafs  through  one  of  thofe  iilands ; it  not  being  then  known, 
that  the  variation  altered  in  time. 

The  Croii-  The  ufe  of  the  Crofs-Staff  now  began  to  be  introduced  amongft  the  Sailors. 
Htaff.  This  very  ancient  inftrument  being  dclcribed  by  John  Werner  of  Nuremberg,  ia 
’5’*'  his  Annotations  on  the  firft  book  of  Ptolemy's  Geography,  printed  in  1514,  he  re- 
commends it  for  obferving  the  diClancc  between  the  Moon  and  fome  Star,  in 
John  Werner,  order  thence  to  determine  the  longitude.  .Werner  feems  to  have  been  the 
A.  D.  ijss.  greateft  geometer  as  well  as  allronomer  of  the  time.  In  1522,  he  publifiied  a 
iratft  *,  containing  a fpccimen  of  the  conick  fcftions,  with  fome  folid  problems  j 
and  alfo  he  there  determined  the  preceflion  of  the  equinox  more  exadUy  tlytn.it 
had  been  done  by  any  before  him. 

But  the  Art  of  Navigation  dill  remained  very  imperfeft,  from  the  conftant  ufe 
of  the  plane-chart ; the  grofs  errors  of  which  mud  have  often  milled  the  mariner, 
efpecially  in  voyages  far  didant  from  the  Equator.  Its  precepts  were  probably 
at  fird  only  fet  down  on  the  earlied  fea-charts,  as  that  cuftom  is  continued  to 
this  day  j and  larger  directions  have  been  ufually  premifed  by  the  Dutch,  to 
■collections  of  their  charts  called  Wagoner's,  from  the  name  of  the  publifher ; 
alfo  by  many  afiedted  titles,  fuch  as  l'iery -Columns,  Sea-Beacons,  Mirrors,  At- 
lajfcs,  &c. 

At  length  there  were  publilhed  in  Spanijh  two  treattfes,  containing  a fyftetn 
of  the  Art,  which  had  a great  vogue ; the  fird  by  Pedro  dc  Medina  ox  Valladolid, 

1 I -a  Hiftoria  general  y natural  dc  Us  Indias  par  Gonzalles  de  Miedo,  cn  Sevilla,  1535.  And 
Dcfcriptione  dciat  indins  OcciderUalc,  dc  Antonio  de  Herrera,  en  Madrid,  1601. 

4 llaellayt , in  the  dedication  of  his  firft  volume  of  Voyages,  printed  in  1399. 

1 In  Cotumhu’t  life  written  in  Span'tjb,  which  it  now  become  very  fcarce ; but  it  was  printed  in  /«r- 
tian  at  V tnict  in  1 5 7 1 . 

4 See  Livio  Samno't  Grographia,  at  the  fame  place  in  1585  ; Dr.  WilBeun  Gilbert,  Sc  Magaete,  Lou- 
den, 1600;  and  Purckads  Pilgrim,  in  1.625,  voL  I. 

5 C-atot,  a Venetian  by  birth,  firft  ferved  our  King  Henry  the  feventh,  then  the  King  of  Spain, 
end,  laftly,  returning  to  England, .he  was  contlituted  grand  pilot  by  King  Edward  the  Sixth,,  with 
an  annua!  falary  of  above  tfio  pounds.  Of  this  famous  navigator  and  his  expeditions.  many  writers 
have  made  mention,  both  foreigners,  and  Erj/j/b,  as  Petrr  Pfoytyr,  Romnfeo,  Herrera,  Holinjbcd, 
Lord  Eacon,  and  particularly  HacklayiveA  Purchai,  iu  their  V olieCtiua J of  Voyagea. 

* Opera  Maihematica,  at  Hartmberg,  in  quarto. 

in 
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in  154.?!  called  Arte  de  Nauegar  ; the  other  at  Seville,  in  1 5.56,  by  Martin  Cities,  MaU;n  Cor. 
with  this  title,  Breve  Compendia  de  la  Spbera,  y de  la  Arte  de  Navegar  con  mteves  t«. 
lnftrumentos  y Reglas.  The  author  of  this  lad  trail  fays,  he  compofed  it  at 
Cadiz  in  1545. 

Thefe  feem  to  have  been  the  oldeft  writers  who  had  fully  handled  this  fub- 
jeft  ; for  Medina,  in  his  dedication  to  Philip,  Prince  of  Spain,  laments,  that 
multitudes  of  (hips  daily  petilhed  at  fea,  becaufe  there  were  neither  teachers  of 
the  art,  nor  books  whereby  it  might  be  learnt;  and  Cutes,  in  his  dedication, 
boafls  to  the  Emperor,  that  he  was  the  fir (l  who  had  reduced  Navigation  into 
a compendium,  enlarging  much  on  what  he  had  performed 

Medina  gave  ridiculous  directions,  how  to  gnefs  at  the  place  of  the  horizon, 
when  it  could  not  be  feen  ; and  he  likewil'e  defended  the  errors  of  the  plane* 
chart,  3nd  advanced  againft  the  variation  of  the  magnetic  needle  the  fame  fort 
of  abfurd  arguments  as  Ariftotle  and  his  followers  had  brought  to  prove  the  im- 
poffibility  of  the  Earth’s  motion.  But  Cortes  briefly  and  clearly  made  out  the 
errors  of  the  plane  chart,  and  feemed  to  reflect  on  what  had  been  faid  againft 
the  variation  of  the  compafs,  when  he  advifed  the  mariner  rather  to  be  guided 
by  experience,  than  to  mind  fubtle  reafonings.  Befldes,  he  endeavoured  to  ac- 
count for  this  variation,  by  imagining  the  needle  to  be  influenced  by  a magnetic 
pole  (which  he  called  the  point  allrattivc)  different  from  that  of  the  world ; and 
this  notion  has  fincc  been  farther  profecutcd  by  others. 

However,  Medina's  book,  being  perhaps  the  firft  of  its  kind,  was  foon  tranf- 
latcd  into  Italian,  French,  and  Flemijh \ and  ferved  fur  a long  time  as  a guide 
to  the  navigators  of  foreign  countries. 

But  Cortes  was  our  favourite  author!  a tranflation  of  whofe  work  by  Mr. 

Richard  Eden  was,  on  the  recommendation  of  that  great  navigator  Mr.  Stephen 
Burrough,  and  the  encouragement  of  the  Society  for  making  difeoveries  at  (ca, 
publfftied  at  London  in  1561:  which  underwent  various  impreflions ’,  whilft 
the  Englifh  tranflation  of  Medina’s  work,  though  made  within  twenty  years  after 
the  other,  feems  to  have  been  neglefled,  notwithftanding  the  encomiums  be- 
llowed on  it  by  Mr.  John  Fiampton,  the  tranflator. 

A fyftem  of  Navigation  at  that  time  confided  of  fome  fuch  particulars  as  thefe  : 

— An  account  of  the  Ptolemaic  hypothefis,  and  the  circles  of  the  fphere  ; of  the 
routidntfs  of  the  Earth,  its  longitudes,  latitudes,  and  climates,  and  the  eclipfes  of 
the  luminaries ; a kalendar;  directions  how  to  find  the  prime,  epaft,  &c.  and,  by 
the  laft,  the  Mcon’s  age,  and  thence  the  tides  ; a dticnption  of  the  fca-compafs, 

\ 

* The  learned  Don  Nlcolo  A/ifor do,  in  his  Bibhelhcca  IFfpanica,  printed  at  Rone  in  1672,  Tom.  i. 
p.  353,  puts  down  a Look,  intithd,  Tut  dado  de  la  Spbera  y del  marear  con  el  regi/nento  de  las  alurat, 
written  by  Franci/co  I- a Zero,  a Porltigurfe , and  printrd  at  Seville  in  1535  ; but  perhaps  there  is  a 
rniilakc  in  the  date.  He  alfo  mentions  an  edition  of  Cartes  in  1 55 1 . 

1 The  Italian  and  French  tranflations  were  printed  in  1554,  the  firft  at  Fcnicr,  the  other  at  Lyons; 
the  Flemijh  edition,  1 have  feen,  was  at  Antwerp  in  1580  ; perhaps  it  had  been  printed  before* 

3 In  the  latter  editions  fome  miftakes  in  the  tranflation  are  corrected. 
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not  forgetting  the  load  Rone,  with  (omething  about  ibe  variation,  called  it* 
ncrtb-eajling  and  nortb-vctJUng,  for  the  difcovering  of  which  by  night  as  well 
as  by  day,  Cortes  faid,  an  inltrumcnt  might  cafily  be  contrived  ; tables  of  the 
Sun’s  declination  for  four  years’,  in  order  to  find  the  latitude,  from  his  meri- 
dian altitude ; to  do  (lie  fame  thing  by  the  ftars  called  the  guard-ftars  in  the  north, 
and  by  thofe  called  the  crofters  in  the  fomh  ; of  the  cotirfe  of  the  Sun  and  Moon  ; 
the  length  of  the  days;  ol  tinio  and  its  divilions;  to  frnd  the  hour  of  the  day,  and, 
by  the  nodlurnal,  that  of  the  night ; and,  laftiy,  a defeription  of  the  fea-chart  ; 
on  which  to  difeover  where  the  (hip  is,  they  made  life  of  a fmall  table,  that 
fhewed,  upon  an  alteration  of  one  degree  in  the  latitude,  how  many  leagues 
were  run  on  each  runib,  togeihcr  with  the  departure  from  the  mcriJian.  Bc- 
fides  fome  inftruments  were  deferibed,  efpecially  by  Cories  ; as,  for  inftance,  an 
inftrument  for  finding  the  place  and  declination  of  the  Sun,  with  the  days  and 
place  of  the  Moon;  and  certain  dials,  theaftrolabe  and  crols-ftaff,  with  a com- 
plex machine  to  difeover  the  hour  and  latitude  at  once. 

And  after  this  manner  the  Art  continued  to  be  treated,  though  from  time  to 
time  improvements  were  made  in  it  by  the  following  authors. 

Gemma  As  Werner  had  propofed  to  find  the  longitude  by  obfcrvatiotis  on  the  Moon ; 
Friimj.  f0  Gemma  Frifius,  in  a traft  infilled  De  Principiis  Aft  tenon:*  et  Co/mograpbis, 
A.  D.  1530.  printed  3t  Antwerp  in  1530,  advifed,  for  the  fame  purpofe,  the  keeping  the  time 
, by  the  means  of  fmall  clocks,  or  watches,  then,  as  he  lays,  lately  invented.  He 
all’o  contrived  a new  fort  of  crofs  ft  aft',  which  he  delcribes  in  his  treatife  De 
Radio  A/ironcmicc  et  Ce-mietrico,  primed  at  the  fame  place  in  the  year  1 545;  and, 
in  his  additions  to  Peter  Apian's  Cofmography,  he  gives  the  figure  of  an  inftru- 
nieni  w hich  he  calls  a Nautical  Quadra  t,  and  reprefenrs  it  as  very  ufeful  in  Na- 
vigation, promifing  to  write  largely  on  the  fubjeift.  Accordingly,  in  an  edition 
he  nude  anr.o  1553,  of  his  above-mentioned  book  de  Principiis  Aftronomi *,  &c,. 
he  delivers  fevcral  nautical  axioms,  as  he  calls  them  ; which,  with  fome  alterations, 
were  repeated  by  his  fon  Cornelius  Gemma,  in  a poflhumous  piece  of  his  father 
on  the  Univerfal  Ajlrolabe , publifhed  in  1356.  Gemma  Friftius  died  in  1555, 
aged  45  years. 

Dr.  Can-  With  us  Dr.  William  Cunningham,  in  his  Ccjmcgrapbical  Gla/s,  printed  in 
ningham.  i 359,  amongft  othrr  things,  briefly  treats  of  Navigation,  and  efpecially  (hews 
A.  D.  1559-  the  ufe  of  the  Nautical  Quadrant,  and  bellows  much  praife  on  that  inftrument.. 

Peter  Nunez,  But  a greater  genius  than  any  of  thefe  undertook  this  fubjeft.  For  the  famous 
cr  Noniun.  mathematician  Pedro  Nunez,  or  Nonius,  fo  early  as  1547  ptibhlhed  a book  written 
A.  D.  1367. 

in  the  Portugueje  language,  to  explain  a difficulty  in  Navigation  propofed  to  him 
by  the  commander  Don  Martin  Aipbonfo  de  Sofa  ; winch  was  thirty  years  after 
printed  at  Bajil,  in  Latin,  with  the  addition  of  a ficond  book,  and  the  whole  in- 
titled  de  Arte  et  Raticne  Navigandi ; in  which  he  both  truly  and  learnedly  expoles 
the  errors  of  the  plane-chart  ■,  and  alfo  gives  the  folutions  of  feverai  curious 

1 Corfu  (els  down  the  places  of  the  Sun  for  a twclrcmonth,  with  an  equation-table  to  correA 
thofe  places,  ferving  for  man)-  years  to  come  ; and  alfo  another  table  to  frnd  the  Sun’s  declination 
from  bis  longitude  being  given. 
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Aftronomical  Problems,  amongft  which  is  thgt  of  determining  the  latitude  from 
two  obfervations  of  the  Sun's  altitude  ancf  the  intermediate  azimuth  being 
given.  He  alfo  delivers  many  ufeful  advices  about  the  Art  of  Navigation, 
particularly  how  to  perform  its  operations  on  the  globe.  He  obferved,  that, 
though  the  oblique  rhumbs  are  fpiral  lines,  yet  the  direft  courfe  of  a fit  ip,  will 
always  be  the  arch  of  fome  great  circle,  whereby  the  angle  with  the  meridians 
will  be  continually  changing;  and  confequently  that  all  that  the  flcerfman  can 
here  do  in  order  to  preferve  the  original  rhumb,  is  to  corrcft  thefe  deviations  as 
foon  as  they  become  fenftble.  But  thus  the  (hip  will  in  reality  deferibe  a courfe 
fomeulut  different  from  the  rhumb-line  intended;  and  therefore  the  fteerfman’s 
calculations  for  affigning  the  Latitude,  where  any  rhumb-line  croflls  the  fcveral 
meridians,  will  be  in  fome  meafure  erroneous.  He  alfo  again  fets  down  his  me- 
thod of  dividing  a quadrant  by  concentric  circles which  he  had  deferibed  in  his 
ingenious  treatile  de  CrepufcuUs , printed  in  1542,  and  which  he  fnppofed  to  have 
been  praclifed  by  Ptolemy.  There  were  alfo  other  tracts  of  his  contained  in  this 
edition  of  this  work  : but  another  and  (till  more  compleat  edition  of  his  Latin 
works  was  made  by  himfelf  at  Coimbra,  rn  1573.  His  treatife  of  Algebra,  written 
in  Spanijb,  was  printed  at  Antwerp  fix  years  before. 

In  1577  Mr.  William  Diurne  publilhed  his  Treatife*,  intitled,  A Regiment  ^y;n;ain 
for  the  S;a,  w hich  he  defigned  as  a fnpplement  to  Cortes,  whom  he  frequently  Bourne, 
quotes.  Befides  many  things  common  with  others,  Bourne  gives  a table  of  the  A.  D.  *577'. 
places  and  declinations  of  thirty-two  principal  (tars,  in  order  to  find  the  lati- 
tude and  hour ; as  alfo  a larger  tide-table  than  that  publifhed  by  Mr.  Leonard 
Digges,  in  1556  s.  He  (hews,  by  confidering  the  irregularities  in  the  Moon's 
motion,  the  errors  of  the  failors  in  finding  her  age  by  the  epaft ; and  alfo  in 
their  determining  the  hour  from  obferving  upon  what  point  of  the  compafs  the 
•Sun  and  Moon  appeared.  He  adviles,  in  failing  towards  high  latitudes,  to  keep 
the  reckoning  by  the  globe,  as  in  thofe  latitudes  the  plane-chart  errs  mod.  He 
defpairs  of  otir  ever  being  able  to  find  the  longitude  by  any  inffrument,  unlcfs 
•tire  variation  of  the  compafs  lliould  be  caufed  by  fome  fuch  attradive  point  as 
Cortes  had  imagined,  though  of  this  he  doubts.  And,  as  he  had  (hewn  how  to 
find  the  variation  of  the  compafs  at  all  times,  he  advifes  mariners  to  keep  an 
account  of  the  obfervations,  as  ufeful  to  difeover  thereby  the  place  of  a (hip  ; 
which  advice  the  famous  Simon  S levin  profccuted  at  large  in  a treatife  publilhed 
at  Leyden  in  1599,  intitled  Portuum  invejligandorum  Ratio , metapbrofto  FZug'.ne 
Grotioi  the  fubltance  of  which  was  the  fame  year  printed  at  Loudon,  in  Eng  ip, 
by  Mr  .Edward  Wright,  intitled  ‘Lhe  Haven-finding  Art. 

But  the  mod  remarkable  thing  in  this  ancient  l raft  is,  the  deferibing  the  Of  the  Log. 
way  our  fa'lors  eftitnated  the  rate  a (hip  made  in  her  courfe,  by  an  inffrument  A- D-  l6o7* 

* The  admirable  dtvifion  now  fo  much  in  life  is  a very  great  improvement  of  this;  fo  that  when 
the  famous  Dr.  Edmund  Halley , the  Royal  Allronomer,  revived  that  by  adapting  it  to  his  Mural 
Arch,  fome  body  here  named  it  A A Wan,  in  which  he  has  been  followed  by  many. 

* He  had  ten  years  before  publilhed  what  he  calls  Rules  of  Navig*tiont  as  appears  fiom  bis  Al' 
manacy  printed  in  1571. 

* In  his  Treatife^  intitled,  A ProjrfAlication  evcr!afling%  fob  23. 

R r a called 


Digitized  by  Google 


DISSERTATION*  ON  THE  RISE  AND  PROGRESS 


308 

called  the  log.  This  was  fo  namftd  from  the  piece  of  wood,  or  log,  that  floats 
in  the  water,  while  the  lime  is  reckoned  dining  which  the  line  to  which  it  is 
fattened  is  veering  out.  The  author  of  this  device  is  not  known  ; and  1 find  no 
farther  mention  made  of  it  till  the  year  1607,  when  it  is  faid  to  have  been  made 
ufe  of  in  an  Eaft-lndia  voyage,  of  which  an  account  is  publilhed  by  Purcbas  ; but 
from  that  time  its  name  occurs  in  other  voyages  that  are  publilhed  in  Purcbas’i 
collections.  And  henceforward  it  became  famous,  being  taken  notice  of,  both  by 
our  own  authors,  and  by  foreigners;  as  by  Gunter  in  1623,  Siel/ias  in  1624, 
\ Melius  in  1 631,  Ougbtr/d  in  1633,  Herigone  in  1634,  Saltonflall  in  1636,  Norwood 

in  1637,  Fournier  in  1643  ; and  indeed  by  almoft  all  the  fucceeding  writers  on 
Navigation,  of  every  country.  And  it  continues  to  be  ftill  in  ufe  as  at  firth, 
though  attempts  have  been  often  made  to  improve  it,  and  other  contrivances 
propofed  to  ftipply  its  place.  Many  of  thefe  have  lucceeded  in  quiet  water,  but 
have  proved  ufelefs  in  a troubled  Sea. 

A following  edition  of  this  book  was  revifed  by  the  author,  where,  in  the 
preface,  he  fets  forth  the  grofs  ignorance  of  the  old  (hip-mafters,  repeating  fome 
of  the  infipid  jefts  they  made  ufe  of  to  judify  their  want  of  knowledge  in  their 
art.  Amongft  the  additions,  he  enlarges  on  the  account  of  the  log-lme.  And 
at  the  end  fubjoins  an  Hydrographical  Di/courfe  touching  the  five Jeveral  Pajfages 
into  Cathay. 

Bourne  publifbed  other  tra&s,  as  one  called  Inventions  or  Devifes,  where  he 
deferibes  a method  by  wheel-work  of  meafuring  the  velocity  of  a Ihip  at  fea> 
which  artifice  he  attributes  to  one  Mr.  Humfrey  Cole. 

Michael  At  Antwerp,  in  1581,  Michael  Ccignet,  a native  of  the  place,  pu.blifhed  a 
Cotpnet.  fmall  treatife,  intitlcd,  InJlruHion  nouvelle  des  Points  plus  excellents  et  necejfaires 

■ 1 *5  '•  tcuchant  l' Art  de  Naviguer  *.  This  ferved  as  a fupplement  to  Medina,  whofe 
miftakes  Coignet  well  expofed.  He  there  Ihewed,  that  as  the  rhumbs  are  fpirals, 
making  cndlels  revolutions  about  the  poles,  numerous  errors  mud  arife  from 
their  being  reprefented  by  ftraight  lines  on  the  fea-charts ; and  exprefled  his 
hopes  of  difeovering  a rule  to  remedy  thofe  errors;  faying,  that  mod  of  the 
fpcculations  delivered  by  the  great  mathematician,  Peter  Nonius,  for  that  pur- 
pofc,  were  fcarce  practicable  ; and  therefore,  in  a manner,  ufelefs  to  Tailors.  In 
treating  of  the  Sun’s  declination,  he  took  notice  of  the  gradual  decreafe  in  the 
obliquity  of  the  ecliptic,  a point  long  difputed,  but  now  fettled  from  the  theory 
of  attraction.  He  alfo  defended  the  crofs-diflf  with  three  tranfverfe  pieces,  as 
it  is  at  prefent  made,  which  he  acknowledged  to  be  then  in  common  ufe 
amonglt  the  mariners ; but  he  preferred  thai  of  Gemma  Frifius.  He  likewife 
gave  fome  indrumems  of  his  own  invention,  which  arc  now  quite  laid  afide,  ex- 
cept perhaps  his  neflurnal.  As  the  old  lea-table,  mentioned  above,  erred  more 
and  more  in  advancing  towards  the  poles ; he  fet  down  another  to  be  ufed  by 
fuch  as  failed  beyond  the  both  degree  of  latitude.  At  the  end  of  the  book  is 

1 It  had  been  published  in  Flemi/b ; but  tbe  French  edition  it  the  fulled.  Cilgtut  died  in  162  j, 
keying  many  mathematical  manuferiptJ.  See  Valera  Andrea  Bibimbtca  Belgiea,  printed  at  Laavam 
in  1643. 
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delivered  a method  of  failing  on  a parallel  of  latitude  by  means  of  a ring-dial, 
and  a 14  hour  glafs  ; on  which  the  author  very  much  values  himfelf. 

The  fame  year  Mr.  R bert  Ncrman  ‘ publillied  a difeovery,  he  had  long  be-  Of  the  dip- 
fore  made,  ot  the  dipping  of  the  magnetic  needle,  in  a fmall  pamphlet,  called  P'(nB  of  d'e 
The  Newt  Attradive,  where  he  (hews  how  to  determine  its  quantity  ; and  in  NccdlctC 
fpcaking  of  the  loadftone,  he  dil'putes  againft  Cortes's  notion,  that  the  variation  Robert  Nor. 
of  the  compafs  was  caufed  by  a point  fixed  in  the  heavens,  contending  that  it  man.  A.  D. 
Ihould  be  fought  for  in  the  earth,  and  propofes  how  to  difeover  its  place.  He  1 S8,‘ 
alfo.  treats  of  the  various  forts  of  compalfes,  felling  forth  at  large  the  dangers 
that  muft  arife  from  the  then  prevailing  pra&ice  of  not  fixing,  on  account  of 
the  variation,  the  wire  diredlly  under  the  flower-de-luce ; as  compafles  made  in 
different  countries  have  it  placed  dilfcrcntly.  Bourne  indeed  had  warned  againft 
lilts  abufe,  and  there  are  many  things  common  to  both  authors. 

To  Norman's  piece  is  always  fubjoined,  Mr.  William  Burrongb's  Difcourfe  of  wj]|;am 
the  Variation  of  the  Cempafs  cr  Magneticall  Needle.  The  author  had  been  aj>a,r0Ugh. 
famous  navigator,  having  tiled  the  fea  from  fifteen  years  of  age,  and  for  his  merit 
was  promoted  to  be  Controller  of  the  Navy  by  Queen  Elizabeth'.  He  (hews 
how  to  determine  the  variation  feveral  ways,  fetting  down  many  obfervations  of 
it  made  by  an  azimuth-compafs  of  Norman's  invention,  but  improved  by  him- 
felf. He  demonftrates  the  falfhood  of  the  rules  commonly  ufed,  to  find  the  la- 
titude by  the  guaril-ftars.  He  particularizes  many  errors  in  the  then  fea-chans-, 
occafioncd  by  the  ncglefl  of  the  variation  ; adding.  But  of  tbefe  coaftes  (towards 
the  north,)  and  of  the  inwar de  partes  of  (be  countries  cf  Ruflia,  Mufcovia,  &c,.  I 
have  made  a perJeSl  plat  and  defeription,  by  myne  ozvne  experience  in  fundrie  voiages 
and  train  ties,  hot  be  by  fea  and  lande  to  and  fro  in  tbefe  partes , Vibicb  l gave  to  her 
Majeftie  in  anno  1578.  And  laftly,  he  jullly  finds  fault  with  Coignet' s inftru- 
ment,  called  a nautical  bemifpbere ; but  fpeaks  too  feverely  againft  the  writers  of 
Navigation,  concluding  thus. 

But  (as  l baut  already fufficientUe  declared, ) the  eumpas  Jbewetb  not  akvaies  the 
foie  of  the  wor.de,  but  varietb  from  the  fame  diverjly,  and  in  fayling  deferibetb  circles 
aecordyngly.  Wbiebe  thing,  if  Petrus  Nonius,  and  the  reft  that  have  written  of 
Navigation,  bad  jointlie  confidcred  in  the  tradation  of  their  rules  and  inftruments , 
then  might  they  have  been  available  to  the  ufe  of  Navigation  ; but  they  pcrceivying 
the  difficulty  of  the  tbyng,  and  that,  if  they  bad  dealt  therewith,  it  would  have  utterly  ■ 
overwhelmed  their  former  plaufeble  conceits,  with  Pedro  de  Medina  (who,  as  it 
appear itb,  bavyngfom:  Jmall  fufpicion  of  the  matter,  reafoneth  very  clerkly,  that  it  is 
not  necejfary  that  Jucb  an  abfurdity  as  the  Variation  fkould  be  admitted  in  fuch  an 
excellent  art  as  Navigation  is)  they  have  all  thought  beft  to  paffie  it  over  with  flencc. 

The  Spaniards  too  continued  to  publifli  treatifes  of  the  Art  : and  particularly  Rndcrico 
an  excellent  Compendium  by  Rcderico  Zamorauo  was  printed  at  Seville  in  the  year  Zamorano. 
1585;  which  is  written  clearly  and  with  brevity,  not  being  incumbered  with  A.D-  1585. 

* He  is  commended  for  an  excellent  Artift  by  our  authors,  as  Bourne,  Burrougb,  Sir  Humfrej 
Gilberiy  Hues , Potter,  BlundevilU,  Wright,  and  Dr.  Gilbert . 

2 Haclluyt’s  Voyages,  Vol.  i.  p.  417.  Printed  in  1599. 
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fuch  idle  fpeculations  as  abound  in  ‘Medina  and  Cortes.  The  author  was  Royal 
Lecturer  at  Seville,  and  contributed  much  to  the  reforming  the  fea-charts ; as 
we  are  tdld  by  his  fucceflor,  Andres  Garcia  de  C'fptdes,  who  alfo  publiflied  a 
Treatife  of  Navigation  at  Madrid,  in  1606. 

Xar"-cGlobe»  As  globes  may  be  very  fcrviceable  for  the  mariner,  Mr.  Edward  Mul/incux 
made  by  Ed-  fee  forth,  in  1592,  at  the  charges  of  Mr.  William  Sander  Jon,  a merchant*,  a pair  of 
neux  » globes  much  larger  than  thole  exhibited  in  the  year  1541  by  the  famous  geo- 
’ grapher,  Gerard  Mercator.  On  the  terreftrial  one  were  deferibed  many  new-dif- 
covercd  countries ; and  the  fevcral  voyages  made  round  the  world  by  Sir  Francis 
Drake  in  1577,  and  by  Mr.  ‘lbomas  Cavendijb  in  1 586,  with  the  progrefs  Sir  Mar- 
tin Frcbijber  had  made  towards  the  north  in  1576,  to  a place  called  his  Straits, 
were  traced  out  on  it. 

Robert  Hues  Thefe  globes  were  accompanied  with  a trafl  deferibing  their  ufes,  written  in 
dVc’jubrt Englijb ; but  in  1594  Mr.  Rcbsrt  Hues  ptrblilhed  a more  elaborate  work  on  the 
a!d.  1594.  fame  fubject  in  Latin ; wherein,  amongft  others,  he  folves  by  the  globe  the 
problem  of  determining  the  latitude  from  two  obft-rvaiious  of  the  height  of  the 
Sun,  when  the  time  between  the  two  obfervarions  is  given  1 1 and  in  the  laft  part 
of  his  book  he  performs  the  ufual  queftions  in  Navigation,  preuiiftng  a very  fen- 
fible  difeourfe  on  the  Rhumb-lines,  where  he  refutes  the  error  of  Gemma  Frifius, 
who  had  aflerted,  that  they  met  in  the  poles.  At  the  conclulion  he  highly  praifes 
a treatife  of  Mr.  Tve/nas  I lariat,  hoping  it  would  be  foon  publiflied,  in  which 
thac  author  had  treated  of  this  fubject  upon  geometrical  principles,  with  great 
fagacity  and  judgement.  But  all  the  manuferipts  of  that  great  mathematician 
were  loft,  except  his  Artis  Analytics  Praxis,  which  was  publiflied  in  the  year 
1631,  fotne  years  after  his  death  ; in  which  traft  that  idea  of  the  generation  of. 
algebriiick  equations  one  from  another  by  multiplication,  which  has  flnee  been 
very  generally  followed,  was  fitft  advanced. 

Dues  * was  a perfon  of  letters,  and  befides  had  been  far  at  fea.  Amongft  other 
curious  particulars,  he  gives  a good  account  of  the  attempts  that  had  been 
made  at  various  times  to  meafure  the  Earth.  In  the  Epijlle  to  Sir  (Falter  Raleigh  • 
he  takes  an  occafion  to  enumerate  the  many  difeoveries  of  our  mariners  in  very 
different  parts  of  the  world.  Mis  book  was  received  with  great  applaufe, -and 
has  been  indeed  a patiern  for  fuch  as  aftei  wards  handled  the  fame  fubjelt.  It 
has  been  often  printed  abroad,  particularly  in  1617,  with  the  notes  of  yobss 
ifaac  Pontanus,  who  omitted  the  Epijlle  and  the  mentioning  of  liariot.  I low- 
cver,  from  this  mutilated  edition  it  was  tranilated  into  Englijb  by  one  Mr.  Jsbu 
Cbilmcad,  M.  A.  of  Cbrift  Cburcb  Coliege,  Oxford,  and  publiilied  at  London  in  1639. 

Captain  Amongft  our  Tailors,  none  were  more  famous  than  Captain  John  Davis  *,  who 

d“*“’  Uav'5,  gave 

A.D.  1594.  . _ 6 

' This  Mr.  Sandtrjon  was  much  refpefled  for  Ilia  knowledge  as  wdl  as  for  his  liberality  to  inge- 
■.  nious  men.  - 

4 This  problem  has  been  dilcufTcd  by  Dr.  Henry  Pemb.nau,  in  the  Phitofophical  Tranfactions, 

Vol.  li.  part  ad.  J 760,  p.910,  where  h<  has  alfo  given  fotne  improvements  in  Trigonometry. 

5 There  is  an  account  of  Hun  and  Hnriut  in  Authuuy  tt'toXt  Atbea.  Oxen.  Vol.  i.  printed  in  1721, 
at  being  both  members  of  that  Uoiveility. 

4 Several  of  Ids  voyages  are  in  Haeltuyi' s and  Prrebetj's  collections.  hie  and  Captain  Abraham 
arc  greatly  praiicd  by  Sir  Robert  Dudley,  in  his  Arcani  del  Mate,  as  keeping  a perfect  reckon- 
ing 
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pvc  name  to  the  Straits  lie  difeovered  j and  great  matters  were  expe&ed  from 
his  long  experience  and  Ikill.  In  1594  he  puhliflied  a fmall  treatife,  intitlcd. 
The  Seaman's  Secrets.  This  is  writ  with  brevity,  though  fomewhat  pedantically, 
and  was  eileemed  in  its  time,  an  eighth  edition  being  printed  in  1657;  fo  it 
feems  to  have  fupplanted  Cortes.  .Davis  treats  of  plane  failing,  calling  it  hori- 
zontal, and  fets  down  the  form  of  keeping  a reckoning  at  lea.  He  likewifc 
fliews  how  to  fail  by  the  globe,  and  boafts  of  what  he  intended  to  do ; much 
commending  great-circle-lailing,  without  deferibing  it,  as  alfo  what  he  calls 
paradoxal;  that  is,  by  a projection  on  the  plane  of  the  Equator  with  fpiral 
rhumbs,  faying,  he  will  publifli  a chart  for  that  purpofe.  But  above  all,  he 
extols  the  ufe  of  calculations  in  the  cales  of  Navigation,,  and  promifes  to  handle 
that  fubjeft. 

At  the  end  of  the  book  is  given  the  figure  of  a ftaflf  of  his  contrivance,  to 
make  a back  obfervation.  Of  this  the  author  is  fo  vain  as  to  fay,  Then  which 
infirurr.nit  (in  my  opinion ) the  Jeamar.  jhall  not  fmde  any  fo  good,  and  in  allclymates 
of  Jo  great  certaintie,  the  invention  and  demonf  ration  whereof,  I may  boldly  challenge 
to  appertain  unto  my  Jelfe  (as  a portion  of  the  talent  which  God  bath  bejlowed  upon 
me)  I hope  without  abufe  or  offence  to  any. 

This  inftrument  feems  to  have  for  fome  time  been  in  ufe  ; for  y Id,  inn  Mi tins, 
in  his  treatife,  intitlcd  Ajlronomhe  Injlitutio,  printed  in  1605,  gives  a figure  of 
it  from  an  original  in  the  pofleflion  of  M.  Frederic  Uautman,  governor  of  Am- 
boy r,  a.  But  it  foon  yielded  to  one  of  a more  commodious  form,  which  is  now 
commonly  called  Davis’s  Qiiadtant'  ; as  if  it  was  alfo  of  his  invention,  and  that 
perhaps  only  becaufc  a back  obfervation  is  made  by  both  inftruments;  fo  the 
quadrant  itfelf  was  at  fit  ft  ftyled  a Staff  and  Back-Staff. 

The  famous  traveller  Signor  Pietro  della  Valle  in  going,  in  the  year  1623, 
from  Ormus  to  Surat,  as  a pallenger  on  board  an  Engliff  veflcl,  obferved  that 
great  ufe  was  made  of  this  quadrant  by  the  feamen  : and  from  this  circumftance, 

(as  the  inflrument  was  quite  new  to  him,)  he  takes  occafton,  in  his  account  of 
his  voyages,  to  Ihew  its  ufe  very  diftinftly,  and  fays,  the  feamen  told  him,  that 
it  had  been  lately  invented  and  was  called  David’s  Staff 1 from  its  author.  Alfo 
Captain  Charles  Salunfi all,  in  his  Navigation,  deferibes  it  under  the  name  of  a 
Back-Staff;  and  in  Captain  Thomas  James’s  famous  voyage  for  difeovering  a 
north-weft  pafiage,  begun  in  1631,  amongft  the  many  inftruments  which  he 
carried  along  with  him,  are  mentioned  two  of  Mr.  Davts’s  Back-ffaves,  which, 
were  doubllcls  thele  quadrants.  % 

ing  by  the  way  of  longitude  and  latitndc  i in  proof  of  which  Sir  Robert  has  there  given  us  two  of  their 
Journals.  This  Sir  Robert  Dudley  was  a natural  fon  of  the  great  Eatl  of  Deiceflcr,  Queen  Elizabeth’s 
favourite,  and  had  commanded,  in  1594.  a fleet  againlt  the  Spaniards  ; but  retiring  to  Florence , he  ■ 
atTumed  the  titles  of  Duke  cif  Nocthumberland  and  hail  of  Warwick,  His  Arcano  was  printed  at  that 
place  in  two  volumes,  in  1646  ami  1647. 

* It  is  called  by  the  French  Quartier  Anglois, 

* David  Staff,  cbe  in  lingua  Inglefe  vale  a dir  legno  di  David  : Vtaggi,  Part  3.  letter  ] . d Roma. 
This  author  not  only  praifes  the  Captain  Nicholas  Woodcock,  and  other  officer*,  but  alfo  the  common 
failors,  for  their  care  and  Ikill ; and  fays,  the  Pormguejc  lofc  great  number  of  Ihips  for  not  being  fo 
cxaA  in  their  obfervations  as  the  Engljih. 

Con-  , 


Digitized  by  Google 


312 


dissertation  on  the  rise  and  progress 


Gerard 

Mercator. 

A,  D.  1569. 


Contemporary  with  Davis  was  Mr.  Richard  Poller,  who,  it  is  faid,  had  been 
a principal  mafter  on  board  the  R'-yal  Nary.  He  wrote  a very  fmali  book,  in- 
titled,  The  Pathway  to  Per  fell  Sai  ing,  where,  from  an  obfervation  he  made  in 
1586,  he  would  infer',  that  different  load-flones  communicated  different  de- 
grees of  variation  to  the  magnetic  needle,  and  therefore  defpifes  the  pnblifhing 
obfervations  of  that  kind,  as  needlefs.  His  book  was  not  printed  till  1644; 
and  it  did  not  deferve  to  be  publifhed  at  all,  as  it  abounds  with  miftakes,  and 
is  written  fantaflically,  obfeurely,  and  arrogantly. 

But  all  this  while  the  plane  chart,  notwiihflanding  its  errors  were  frequently 
eomplained-of,  continued  to  be  followed  5 as  its  ule  is  eafy,  and  ferves  toler- 
ably well  in  lliort  voyages,  efpecialty  near  the  Equator. 

However,  a way  to  remedy  thefe  errors  had,  for  fome  time,  been  inquired 
after.  And  Gerard  Mercator  feems  to  be  the  lirft,  who  conceived  the  means 
of  effecting  this,  in  a manner  convenient  for  feamen,  by  continuing  to  repre- 
fent  both  the  meridians  and  parallels  of  latitude  by  parallel  flraight  lines,  as  in 
the  plane-chart,  but  gradually  augmenting  the  di fiances  between  the  degrees  of 
latitude  in  advancing  from  the  Equator  towards  cither  Pole,  that  the  rhumbs 
alfo  might  b'e  extended  into  flraight  lines,  fo  that  a flraight  line  drawn  between 
any  two  places,  laid  down  in  this  chart  by  their  longitudes  and  latitudes,  fliould 
make  an  angle  with  the  meridians,  expreding  the  rhumb  leading  from  one  to 
the  other.  But,  though  Mercator , in  1369,  fet  forth  an  univerfal  map  thus 
conflrutfled  *,  it  does  not  appear  upon  what  principles  he  proceeded ; probably,  it 
was  by  obferving,  in  a globe  furnilhed  with  rhumbs,  what  meridians  the  rhumbs 
palfcd  at  each  degree  of  latitude.  I liac  he  knew  not  the  genuine  principles,  I 
fhall  make  evident ; our  countryman,  Mr.  Edward  IV right,  was  certainly  the 
firfl  who  difeovered  them. 

JVtigbt  inlinuates,  but  without  fufficient  grounds,  that  this  enlargement  of 
the  intervals  between  the  parallels  had  been  fuggefled  before  by  Cortes  s,  and 
■even  by  Ptolemy  himfelf. 

As  to  Cortes,  he  fpeaks  of  the  number  of  the  degrees  of  latitude,  and  not  of 
the  extent  of  them  : for  his  expreffion  amounts  to  no  more  than  tips,  “ that  the 
degrees  of  latitude  are  to  be  numbered  from  the  Equator,  and  confequently  that 
both  northwards  and  fouthwards  from  that  line  the  numbers  affixed  to  them  mud 
continually  increnfe ; and  from  any  place  having  latitude  (fuppofe  Cape  St.  lrtr.~ 
•cent  in  Spain,  which  is  his  inftance)  the  degrees  of  latitude  will  be  denoted  by 
numbers  increafing  towards  the  Pole,  and  decrcafihg  towards  the  Equator.”  He 
had  before  cxpreisly  di reeled,  that  they  fliould  be  all  equal  by  mcafurement 
on  a fcalc  of  leagues  adapted  to  the  map 

1 Fcrhapg  he  fhould  have  thence  concluded  that  the  variation  altered,  which  was  afterwards  found 
to  be  the  cafe. 

1 See  his  life,  written  by  his  intimate  friend,  Gnalterxs  Ghymmiust  which  was  prefixed  to  an  en- 
larged edition  of  his  Ailat*  publifhed  at  Duijbur y,  in  1593,  by  Rumoldut  his  fou,  a year  after  his 
father’s  death.  Gerard  Mercator  was  born  in  1512. 

1 See  the  *d  chapter  of  JVrighl't  book. 

♦ Part  3d.  cap.  ad.  fob  58. 
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The  paflage  in  Ptolemy  ',  referred  to  by  Wright  *,  does  indeed  relate  to  the 
proportion  between  the  distances  of  the  parallels  and  meridians^  but  contains  no 
fliadow  of  Mercator’s  fclieme  : for,  inftead  of  propofing  any  gradual  enlarge- 
ment of  the  diftanccs  of  the  parallels  in  a general  chart,  that  pallage  relates  only 
to  particular  maps,  and  is  moie  diftinftly  explained  in  the  firft  chapter  of  his 
laft  book  j where  he  advifes  explicitly  not  to  confine  a fyflem  of  fuch  maps  to 
one  and  the  fame  fcalc,  but  to  plan  them  out  by  a different  mcafure,  as  occafion 
fhall  require,  with  this  only  caution,  that  the  degrees  of  longitude  fhould  in 
each  bear,  in  fome  mcafure,  that  proportion  to  the  degrees  of  latitude,  which 
the  magnitude  of  the  refpedlive  parallels  bear  to  a great  circle  of  the  fphere; 
and  fubjoins,  that  in  particular  maps,  if  this  proportion  be  obferved  in  regard 
to  the  middle  parallel,  the  inconvenience  will  be  not  great,  though  the  meri- 
dians fiiould  be  ftraight  parallels  to  each  other;  wherein  his  tlefign  is  plainly  no 
other,  than  that  the  maps  fhould  in  fome  fort  reprefent  the  figures  of  the  coun- 
tries they  are  drawn  for.  Mercator , (who  drew  maps  for  Ptolemy's  tables  ’,)  un- 
derftood  him  in  no  other  fenfe,  thinking  it  an  improvement  not  to  regulate  the 
meridians  by  one  parallel,  but  by  two  ; one  diftant  from  the  northern,  and  the 
other  from  the  foulhern  extremity  of  the  map  by  a fourth  part  of  the  whole 
depth ; whereby  in  his  maps,  though  the  meridians  are  ftraight  lines,  they  are 
generally  drawn  inclining  to  each  other  towards  the  Pole. 

But  Mercator's  univerfal  map,  mentioned  above,  though  the  author  defigned 
it  for  the  benefit  of  failors,  was  fo  far  from  being  readily  adopted,  that  fome  of 
the  mod  fkilful  amongft  them  objected  to  its  ufefulnefs.  Thus  Mr.  Burnugb 
fays  of  it — By  augmenting  bis  degrees  of  latitude  towards  the  poles,  the fame  is  more 
fitte  for fuche  to  bebolde,  as  Jludie  in  cofmegraphie,  by  readyng  autbours  upon  the  lands, 
then  to  bee  ufed  in  Navigation  at  the  fea. 

And  Mr.  Thomas  Blundeville,  in  his  Briefe  Defcription  of  Univerfal  Mappes  and  Thomai 
Cardes,  firft  printed  in  1 5S9,  gives  an  account  of  this  map,  obferving  that  Bar-  Blundeville, 
nardus  Puteanus,  of  Bruges,  had  publifhed,  in  1579,  one  altogether  like  it.  And,  ‘589- 
though  Blundeville  is  fo  particular  as  to  fet  down  numbers  exprefling  the  dif- 
tances  between  every  two  parallels  of  latitude  in  thofe  maps,  yet  he  feems  to 
flight  them,  by  faying,  that  no  better  rules  than  thofe  given  by  Ptolemy  can  be 
devifed.  But  this  is  fo  far  from  being  true,  that  what  is  delivered  by  that  antient 
geographer  about  the  conftrudlion  of  a general  map,  is  a very  indifferent  perform- 
ance, altogether  unworthy  of  the  author  of  the  Almageft,  and  not  in  the  lead  cor- 
refponding  with  the  fagacity  fhewn  in  two  treatifes  on  the  Plamfpberc  and  Ana- 
lemma,  which  the  Arabians  have  banded  down  to  us  as  compofuions  of  Ptolemy  *. 


1 Gteirapb.  lib.  u.  cap.  I. 

* In  an  advcrtifcmcnt  fet  down  on  hia  univerfal  map,  at  the  end  of  hii  fecond  edition  of  hi»  book ; 
and  in  this  miftake  he  has  been  followed  by  others. 

1 In  an  edition  he  made  of  Ptolemy*  s Geography,  in  1584. 

4 Thcfe  were  publifhed  by  Fed,  Commantfiuut,  one  at  Venter , in  1518,  the  other  at  Rome , in 
256a. 

Vol.  IV.  S s Magmas 
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Maginnt,  Magintts  alfo,  « the  end  of  his  Geographta  Umverfa,  (the  former  part  of  which 
A.  D.  1596.  is  a tranflation  o£  Ptolemy's)  fir  ft:  primed  at  V evict,  in  1596,  mentions  this  map 
of  Mercator,  and  even  gives  a fketch  of  it  j but  feems  to  have  no  diftintt  con- 
ception of  the  author’s  defign. 

That  Mercator's  map  was  not  rightly  deferibed,  is  manifeft  from  the  num- 
bers given  by  Blundcville-,  and  that  he  was  ignorant  of  a genuine  method  of 
dividing  the  meridian,  appears  from  a paflage  in  an  account  that  was  publifhed 
of  his  life,  where  the  writer  (ays,  that  Mercator  often  allured  him,  that  this  ex- 
tending a fpbere  into  a plane  anfwered  to  the  quadrature  of  the  circle,  fo  that 
nothing  feemed  to  be  wanting  to  make  it  a juft  folution  of  that  celebrated 
Problem,  but  the  demonftration. 

However,  though  they  did  not  pcrfetftly  underftand  the  principles  of  this  map  of 
Mercatcr , yet  our  authors  about  this  time  b>  gan  to  entertain  favourable  thoughts 
of  it;  which  might,  perhaps,  be  owing  to  a report  that  then  prevailed,  that 
the  learned  and  accurate  Mr.  IVrigbt  was  about  to  treat  of  Mat  fubjcct.  For  Dr. 
Df.Thomai  Thomas  Hoed,  to  the  iirft  edition  he  made,  in  159a,  of  Bourne's  Regiment,  a Ided 
rtoi*'  A-D‘  3 Dialogue  of  his  own,  called  The  Mariner’s  Guide,  written  only  to  Ihcw  the  ufe 
of  the  plane-chart,  where  he  acknowledges  and  fets  forth  its  errors,  and  highly 
praifes  Mcrutot's,  faying,  he  had  compofcd  a treatife  concerning  it;  but  the 
indiftind  account  he  gives  thereof,  fhews  it  would  not  be  this  author’s  lot  to 
render  it  fit  for  the  ufe  of  Navigation.  And  Mr.  Biundewile,  in  the  following 
editions  of  his  above-mentioned  trad,  omitted  the  commendation  he  had  given 
of  Ptolemy's  method  of  delineating  an  univerjal  map. 

Mercator’s  feheme  was  not  indeed  contrived  for  reprefenting  the  parts  of  a 
country  in  a juft  proportion  to  each  otner ; but  is  appropiiated  to  the  ufe  of 
mariners,  who  fail  upon  rhumbs  by  the  guidance  of  the  compaf* : and  our 
Mr.  Edward  countryman,  Mr.  Edouard  iVrigbt,  brought  it  to  perfedion  ',  by  difcovcring  a 
Wright.  true  way  of  dividing  the  meridian.  Of  this  difeovery  Mr.  IVrigbt  lent  an  account 
A.  D.  159+.  from  Caius  College,  in  Cambridge,  (of  which  College  he  was  then  a Fellow,)  to 
his  friend  the  above-mentioned  Mr.  Blundcville,  containing  a lliort  table  for  that 
purpofe,  with  a fpecitnen  of  a chart  fo  divided,  together  with  the  manner  of  di- 
viding it  : All  which  Bkndeville  publifhed,  in  1594,  amongft  iiis  Exercifes,  in  that 
part  of  them  which  treats  of  Navigation  ’ ; where  he  has  well  delivered  what  had 
been  before  written  on  that  Art ; infomuch  that  his  book  was  long  in  great  repute, 
a feventh  edition  of  it  having  been  printed  in  1636.  To  the  fecor.d  edition,  anno 
1606,  and  the  following  ones,  was  added  his  former  difeourfe  of  univerfa!  maps. 

Mr.WiUiam  It*  1 597,  the  Reverend  Mr.  iVilliam  Bariowe,  in  his  Navigator's  Supply,  gave 
Barluwc.  a demonftration  of  this  divifion,  as  communicated  by  a friend ; faying,  This 
A.  D.  1597.  manner  of  cards  has  been  publiquely  extant  in  print  tbefe  tbirtie'yeares  at  leaft  1 ; but 
a cloude  ( as  it  were ) and  tbicke  mifte  of  ignorance  doth  keeps  it  hitherto  concealed : 
And  fo  much  the  more,  becaufe  Jome  who  were  reckoned  for  men  of  good  knowledge, 

* Some  of  our  modern  writers  have  {aid,  Mercator  took  the  hint  from  fVrlgbt : but  that  is  a mif- 
takc  ; for  Mercator *s  map  was  publifhed  thirty  years  before  Il'rigbt* s book,  who  frequently  refers  to 
it.  Sec  Edward  Sbcrbmrn’t  trauflation  of  the  firlt  book  of  Manibm,  in  167$,  p.  S6. 

1 Chap.  29.  1 He  Ibould  have  faid  z8  only. 

have 
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have  by  glancing  fpeeches  ( but  never  by  any  one  reajon  of  moment ) gone  about  what 
they  couldgo  di/grace  it. 

This  hook  of  Barlowe' s contains  deferiptions  of  fevcral  inftruments  for  the 
life  of  Navigation,  the  principal  of  which  is  an  azimuth  compafs,  with  two  up- 
right fights' ; and,  as  the  author  was  very  curious  in  making  experiments  on  the 
loadftone,  he  difeourfes  welt  and  largely  on  the  fca-conipafs ; and  ftill  farther 
handies  that  fubjeet  in  a trad  he  publifhed  fome  years  after,  intitled,  Magneli- 
cal  Advancements. 

At  length,  in  1599,  Mr.  Wright  himfclf  printed  his  famous  treatife,  intitled,  Edward 
The  Correction  of  certain  Errors  in  Navigation,  which  had  been  written  many  Wright’a 
years  before  ; where  he  (hews  the  reafon  of  this  divilion  *,  the  manner  of  con-  P™£‘Pa’o 
ft ru cling  his  table,  and  its  ufes  in  navigation,  with  other  improvements:  A A.  d,  1599.' 
book,  as  Dr.  HalUy  fays,  well  deferring  tie  perufal  of.  all  fucb  as  deftgn  to  ufe  ike 
fea  *. 

In  the  preface,  Wright  complains  of  the  obftinacy  of  our  mariners,  for  not 
liking  an  improvement  in  their  Art,  faying,  that  they  were  like  thofe  whole  ig- 
norance Mailer  Bourne  had  expofed,  repeating  Bourne’s  very  words  *. 

Though  this  great  improvement  in  Navigation  by  Wright  has  been  embraced 
and  followed  by  all  proper  judges  j yet  fome  undilcerning  perfons  have  of  late, 
even  amongft  us,  found  fault  with  it : as  one  Henry  Wilfon,  by  a propofal  for  a 
curvilinear fea-chart,  in  1720;  and  one  Mr.  Weft,  of  Exeter,  in  a pofthumous 
piece,  printed  in  1762.  But  their  cavils  have  been  fufficiently  obviated  ; thofe 
of  the  firft  by  Mr.  Hafelden,  in  his  Mercator's  Chart,  and  in  his  Reply,  both 
printed  in  1722;  and  thofe  of  the  fecond,  by  Mr.  William  Mountaine,  in  the 
Philofophical  Tranfadions,  Vol.  LIII.  p.  69.  Anno  1763. 

In  1610  Mr.  Wright  publilhed  a fecond  edition  of  this  valuable  work,  and 
dedicated  it  to  Henry,  Prince  of  Wales,  his  royal  pupil  *,  with  the  addition  of 
fome  new  improvements  : particularly,  he  propofed  an  excellent  way  of  determin- 
ing the  magnitude  of  the  Earth  ; and  at  the  fame  time  recommended  very  judi- 
cioufly  the  making  our  common  tneafures  in  fome  fettled  proportion  to  that  of  a 
degree  of  a great  circle  on  its  futface,  that  they  might  not  depend  any  longer  on 
the  uncertain  length  of  a barley-corn. 


* Many  of  ibefe  inltrumenu  are  ill  the  Jrcar.e  del  Mare,  together  with  the  demontlration  above- 
mentioned. 

* Maps  with  their  meridians  that  divided,  had  been  publifhed  at  Amfierdam  b yjoloeus  II embus, 
who,  when  in  Londan,  working  as  an  engraver,  learnt  the  manner  of  doing  it  from  Mr.  Wright's 
Manujc  ripi ; the  fourth  chapter  of  which  he  had  tranferibed  into  one  of  his  maps.  Ha  tub  us  after- 
wards in  his  letters,  both  to  Mr.  Briggs,  and  a!fo  to  Mr.  Wright,  begged  pardon  for  not  having  ac- 
knowledged the  obligation.  See  Wright’s  preface  ; where  he  complains  of  Houdius’i  proceeding, 
and  farther  relates,  how  his  hook,  (a  copy  of  which  had  been  prefented  to  the  Earl  of  Cumber- 
land,) had  like  to  have  come  out  under  the  name  of  a famous  navigator,  whom,  from  fome  circum- 
tiances  there  mentioned,  I imagine  to  have  been  Abraham  Kendal. 

1 Philafofthical  Tranfaflions,  for  1696.  N°  z J g. 

4 See  above,  page  308,  lines  1 6 and  1 7. 

1 In  1657  a jd  edition  of  this  book  was  publifhed  by  Mr.  JoJefih  Moxon  ; in  which  the  dedication 
to  Prince  Henry  is  unadvifedly  left  out;  and  at  the  end  is  added,  by  the  editor,  the  above-mentioned 
Haven -Ji tiding  Art , as  alfo  Wright’s  universal  map,  improved  by  the  difcoverict  made  Sncc  his  fime. 
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Some  of  his  other  improvements  were  as  follows:  1 ft.  The  Table  of  Lati- 
tudes for  dividing  the  meridian,  computed  to  minutes  ; whereas  before  it  was  but 
to  every  tenth  minute,  and  the  fliort  table  fent  by  him  to  Biundnillems  degrees 
only  : adly.  An  lnftrutnent,  he  calls  the  Sea-rings-,  by  which  the  variation  of  the 
compafs,  the  altitude  of  the  Sun,  and  the  time  of  the  day,  may  be  determined  readily 
at  once  in  any  place,  provided  the  latitude  be  known  : jdly,  The  correfling 
the  errors  arifing  from  the  excentricity  of  the  eye  in  obferving  by  the  crofs-ttaff : 
4thly,  A total  amendment  in  the  Tables  of  the  declinations  and  places  of  the 
Sun  and  Stars  from  his  own  obfervations,  made  with  a fix-foot  quadrant,  in  the 
years  1594,  95,  96  and  97  : and,  jthly,  A fca-quadrant,  to  take  altitudes  by  a 
forward  or  backward  obfeivation,  and  likewifc  with  a contrivance  for  the  ready 
finding  the  latitude  by  the  height  of  the  polc-ftar,  when  not  upon  the  meridian. 
And  that  his  book  might  be  the  better  underftood  by  beginners,  he  has,  in  this 
edition  of  it,  fubjoined  a tranflition  of  the  above-mentioned  Zamorano’s  Com- 
pendium ; in  which  he  has  correfted  fome  miftakes  in  the  original,  and  added  a 
large  table  of  the  variation  of  the  compafs  obferved  in  very  different  parts  of  the 
world,  to  fliew  that  it  is  not  occalioned  by  any  magnetical  pole. 

This  excellent  perfon  was  allowed  fifty  pounds  a year  (no  inconfiderable  fum 
at  that  time  of  day)  by  the  Eaji-India  Company,  for  reading  a ledure  on  Na- 
vigation. He  alfo  formed  a projed  for  conveying  water  to  London  ; but  was  pre- 
vented from  executing  it  by  designing  men  : which  is  frequently  the  cafe.  Whilft 
he  led  a fludious  and  retired  life  in  the  Univerfity  of  Cambridge,  his  reputation 
was  fo  far  known,  that  Queen  Elizabeth  granted,  in  1589,  a dijpenfatien  for  his 
abfence  from  the  Univerfity,  to  the  end  that  he  might  accompany  the  Earl  of 
Cumberland  in  the  expedition  to  the  Azores ; as  1 have  been  informed  by  Sir  'James 
Burrougb,  Matter  of  Caius  College,  (of  which  Mr.  IVrigbt  had  formerly  been  a 
fellow,)  a gentleman  of  fine  tafte  in  architedurc,  as  appears  from  fome  of  the 
new  buildings  in  Cambridge,  which  render  the  older  buildings  in  the  fame  place 
a difgracc  to  that  famous  feat  of  learning,  which  has  produced  many  great  men, 
as,  (to  mention  here  only  mathematicians)  IVrigbt,  Briggs,  Ougbtred,  Dr.  Pell, 
Fofter,  Horrox,  Bainbridge,  Bifhop  fVard,  Dr.  IVallis,  Dr.  Barrow,  Rooke ^ Sir 
ljaac  Newton,  Cotes , and  Dr.  Brook  Taylor. 

IVrigbt' $ improvements  on  Mercator's,  chart  became  foon  known  abroad. 

Simon  Ste-  In  1608'  were  publifhed  the  Hypomnemata  Matbematica  of  the  above-men- 
*in.  A.  D.  tioned  Simon  Strain,  compofcd  for  the  ufe  of  Prince  Maurice.  In  the  part  con- 
1608.  cerning  Navigation,  the  author,  having  treated  of  failing  on  a great  circle,  and 
(hewn  how  to  draw  mechanically  the  rhumbs  on  a globe,  fets  down  IVrigbt’ s 
two  tables  of  latitudes  and  of  rhumbs,  in  order  to  deferibe  thofe  lines  more  ac- 
curately ; and  in  an  appendix  he  commends  Hues,  fhews  a mittakc  committed 
by  Nonius  in  relation  to  the  rhumbs,  and  pretends  to  have  difeovered  an  error 
in  IVrigbt' s latter  table  i but  IVrigbt  himfelf,  in  the  fecond  edition  of  his  book, 
has  fully  anfwcred  all  Stevin’s  objedlions,  demonftrating  that  they  arofc  from 
his  grofs  way  of  calculating. 

And,. 
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And,  in  1 624,  the  learned  Willebrcrdus  Sne/lius,  ProfefTor  of  the  Mathema- 
tics at  Leyden,  publifhed  his  fypbis  Batavus a Treadle  of  Navigation  on 
Wright' s plan,  written  fomewhat  obfcurely.  In  the  introduffion  are  praifed 
Nonius,  Mercator,  Stevin,  Hues,  and  Wright.  But  fmce  what  had  been  per- 
formed by  our  artifls  on  this  fubjeft  is  not  there  particularly  declared,  as  are 
the  improvements  made  by  the  others  ; it  has  happened  that  fome  have  attri- 
buted Wright's  principal  difeovery  to  this  author.  Thus  Albert  Girard,  who, 
in  1634,  publifhed  a French  tranflation  of  Stevin’ s Works,  with  notes,  in  one 
of  them  obferves,  that  Snel/ius  had  calculated,  what  he  calls.  Tabula  Can-, niece 
Parallelorum,  to  minutes  as  far  as  70  degrees  ; whereas  Wright  had  fet  forth,  in 
1610,  fuch  a table,  fo  calculated  to  89  degrees  59  minutes;  notwithflanding 
which,  M.  de  Lagny,  in  the  Memoirs  of  the  Royal  Academy  of  Sciences  at 
Paris  for  1703,  treating  of  the  C rr  £led  Chart,  fays,  C'cft  Wtllebrord  Snellius 
qui  en  ejl  I'inver.teur.  But  the  Fieutb  writers  now  acknowledge  our  countryman, 
Wright,  to  have  been  its  author*. 


Willtbror- 
duj  Sncftmi, 
A.  D.  1614- 


Sneilius  was  followed  in  Holland  by  Adrian  Melius,  in  a treatife,  intitled,  Pri-  Adrian  Me- 
mum  Mobile,  printed  at  Anfterdam,  in  1631;  and' in  France,  by  the  learned  tiu».  A.  D. 
Peter  Herigone,  in  his  Curfus  Mitbematicus,  where,  in  the  dedication  of  the  1 ^** 
fourth  tome  to  the  Marfhal  B Jfompiere , the  author  fays,  Artcm  navigandi  in  cenfu  g0Jc." 
Mathematic es  non  repofuFe  plerique  noftrum  ; tuque  Jane  in  butte  ordinem  aferibi  me- 
ruit, quandiit  ctrcd  tanlitm  nautarum  praxi  celebrata  ejl ; nunc  verb,  cum,  inventis 
tabulis  loxodromicis  ( quas  nos  primiim  Gallis  exbibemus ) fermam  certam  frmafque 
leges  acceperit,  fine  tnjurid  omitti  non  potejl.  But  to  return  to  our  countryman— 

Mr.  Weight,  in  the  12th  chapter,  having  (hewn  how  to  find  the  place  of  a 
fhip  on  his  chait,  obferved,  the  fame  might  be  performed  more  accurately  by 
calculation  ; but  confidering,  as  he  fays,  that  the  latitudes,  and  efpecially  the 
courfes  at  fea,  could  not  be  determined  fo  prccifcly,  he  forbore  fetting  down 
particular  examples  ; as  the  mariner  may  be  allowed  to  tave  himfelf  this  trouble, 
and  only  mark  out  upon  his  chart,  when  truly  conft ruffed,  the  fhip’s  way  after 
the  manner  then  ufually  praflifed. 

However,  in  1614  Mr.  Raphe  Hand/on , among  his  nautical  queflions,  fob-  Mr.  Rtip[, 
joined  to  a tranflation  of  PitiJcus' s Trigcnomelry,  folvcd  very  diftinflly  every  cafe  Handfon. 
of  Navigation,  by  applying  arithmetical  calculations  to  Wright’s  table  of  lati-  A-  D-  l6J+. 
tudes,  or  of  meridional  parts,  as  it  has  fince  been  called. 


And  befides,  though  the  method  Wright  difeovered  for  determining  the  Of  finding 
change  of  longitude  by  a fhip  failing  on  a rhumb,  is  the  adequate  means  of  J,lc  cl.lanK{ of 
performing  it;  Handfon  propofed  two  ways  of  approximation  for  that  purpofe,  ngltu<ic' 


1 In  1617  had  been  publKhcd  hia  Eraioft bints  Batavus  % where  is  given  an  account  of  his  mcafuo- 
ing  the  Earth. 

* c*eft  qu 'on  apptUe  la  carta  rlduita , invention  admirable , de  la  quelle  on  eft  redevable  * 

Edouard  Wright,  quoiqu*on  V ait  feu  vent  attribuc : a Mercator.  Hill,  dc  l’Acad.  Roy  ale  dcs  Sciences, 
An.  1753.  p.  275. 

1 It  was  reprinted  in  2630. 
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without  the  afliftance  of  Wright's  divifion  of  the  meridian  line.  The  firfl  was 
computed  by  the  arithmetical  mean  between  the  confines  of  both  latitudes ; the 
other  by  the  fame  mean  between  their  ferants,  as  an  alternative,  when  Wright’s 
book  was  not  at  hand,  though  this  latter  is  wider  from  the  truth  than  the  firft; 
and  farther  lie  ihewed  by  the  fort. laid  calculations,  how  much  each  of  thefe 
ccmpendiums  deviates  from  the  truth,  and  alfo  how  erroneoufly  the  computations 
on  die  principles  of  the  plain-chart  differ  fiom  them  all. 

There  is  another  method  of  approximation,  by  what  is  called,  the  Middle 
Latitude  h which,  though  it  errs  more  than  that  by  the  arithmetical  mean  be- 
tween the  co-fines,  yet,  being  lefs  operofe,  is  the  only  one  now  ufed  by  our 
failorsi  notwithftanding  the  arithmetical  mean  between  the  logarithmick.  co- 
fines, equivalent  to  the  geometrical  mean  beisveen  the  co-fines  themfelves,  had 
been  fincc  propofed  by  Mr.  Jibn  Bojjct which  in  high  latitudes  is  fomewhat 
preferable. 

The  computation  by  the  middle-latitude,  will  always  fall  fhort  of  the  true 
change  of  longitude  j tlut,+>y  the  geometrical  mean,  will  always  exceed  it ; but 
that,  by  the  arithmetical  mean,  will  fall  fhort  in  latitudes  above  45  degrees,  and 
exceed  in  letter  latitudes.  However,  none  of  thefe  methods,  when  the  change 
in  latitude  is  lufficiently  final!,  will  deviate  greatly  from  the  real  change  in  lon- 
gitude. 

About  this  time  Logarithms  ' began  to  be  introduced  into  the  pra&ice  of 
the  mathetnaticks  ; and  as  they  are  of  excellent  ul’e  in  the  art  of  Navigation, 
we  (hall  here  fay  fbmething  about  their  original. 

Thefe  were  invented  by  John  Napier , Baron  of  MarcHJloun  in  Scotland,  as 
appears  from  his  treatife,  intitled,  Mitifici  Lsgaritbmorum  Canonis  Defcriptio , firft 
printed  in  16144.  Soon  after,  the  author  communicated  to  Mr.  Henry  Briggs, 
Profetlbr  of  Geometry  at  Grejbam  College  in  London',  another  form  of  loga- 
rithms; with  which  Mr.  Briggs  was  fo  well  pleafed,  that  he  immediately  let 
about  computing  a very  large  table  of  them,  which  he  publifhed  in  1624,  with 
his  Hritbizetica  Logarithmica  “.  But  in  the  mean  time,  as  a fpecimen,  he  printed, 

in 

1 Gunter'*  work*,  ftrfl  printed  in  1613. 

* About  1630,  in  a dialogue  which  was  publilhed  after  the  author’*  death,  in  an  appendix  to  the 
Pathtvay  to  Perfrli  Sailing,  llaffet  had  been  a teacher  of  Navigation  at  Chatham , and  well  made  out 
what  be  undertook,  to  wit,  “ that  a Ihip  would  return  to  the  place  it  departed  from,  by  failing  on 
the  fame  rhumb,”  contrary  to  what  Fuller  and  other*  had  maintained.  At  the  end  of  this  difeourfe, 
he  applies  hi*  compendium  to  the  three  principal  problem*  in  failing. 

3 The  foundation  of  logarithm*  is  a property  of  two  feriefts  of  numbers,  one  in  arithmetical,  the 
other  in  geometrical  proportion  ; which  property  is  declared  by  Archimcites  in  hi*  Artmarius . 

4 In  1610  was  made,  after  the  author’s  death,  a fecond  edition,  with  hi*  farther  improvement*  fa 
Spherical  Trigonometry. 

3 He  »n  in  1619  appointed  by  Sir  Henry  Saville,  hi*  profedbr  of  geometry  at  Oxford. 

4 AJriaa  Flacq  made  an  edition  of  this  book  at  7ergoa,  in  1618,  where  the  table  of  logarithms 
was  continued  by  him  to  one  hundred  thoufand  numbers,  though  the  logarithm*  themfelves  arc 
but  to  ten  places,  whereas  in  Bnggi'x  book  they  were  to  fourteen.  Some  copies  of  Flacq’*  tables 
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in  1617,  a few  copies  for  his  own  ufe  and  that  of  his  friends,  of  a very  fmall  Henry 
one,  not  exceeding  a thoufind  natural  numbers.  A' 

From  this  table  Mr.  Edmund  Gunter,  Mr.  final’s  colleague  in  Aftronomy,  Edmund 
computed  one  of  artificial  fines  and  tangents  to  every  minute  of  the  quadrant ; 9u^ltr‘6 
which  he  publifhed  in  1620,  being  the  firft  of  its  kind  '.  And  when  he  made  A‘  ' 1 **" 
an  edition,  of  his  works  three  years  after,  both  thefe  tables  were  fubjoined  to 
his  book. 


There  he  applied  to  Navigation,  according  to  Wrigb, t’s  table  of  meridional  » 
parts,  as  well  as  to  other  branches  of  the  mathematicks,  his  admirable  Ruler  V 
on  which  were  inferibed  the  logarithmick  lines  for  numbers,  and  for  fines  and 
tangents  of  arches.  He  alfo  greatly  improved  the  Sector  * for  the  fame  purpofes. 

And  he  fhewe.l  how  to  take  a back-obfervation  by  the  crofs-f  all",  whereby  the 
error,  arifing  Ironi  the  excentricity  of  the  eye,  is  avoided ; deferibing  likewife 
an  inflrin  ent  of  his  invention,  named  by  him  A Croft-Bow , for  taking  al- 
titudes of  the  Sun  or  Stars,  with  fome  contrivances  for  the  more  ready  col- 

lecting the  latitude  from  the  obfervation  4. 

The  difeoveries  relating  to  the  logarithms  were  carried  to  France  by  Mr.  Edmund 
Edmund  Wingate,  who,  going  to  Paris  in  1624,  publilhed  in  that  city  two  fmall  Wingate, 
trails  in  French  s,  and  dedicated  them  boih  to  Gaftcn,  Duke  of  Orleans,  the  A'  l6j+* 
King’s  only  brother.  In  the  firft  he  teaches  the  ufe  of  Gunter’s  Ruler  j and  in 
the  other,  he  teaches  the  ufe  of  the  tables  of  logarithms  and  artificial  fines  and 
tangents,  as  modelled  according  to  Napier’s  lad  form,  which  he  attributed  to 
Briggs.  But  this  was  a miftake  ; as  appears  from  the  dedication  of  Napier’s 
Raid  iogia,  printed  in  1616,  and  from  what  Mr.  Briggs  himfclf  faid  in  the  pre- 
face of  hi>  Aitbruetica  Logaritbmica. 

The  Reverend  Mr.  William  Oughtrfd  projected  this  Ruler  into  a circular  WillUm 

arch,  fhewing  fully  its  ufes  in  a treatife  firft  printed  in  1633,  intitlcd,  Phe  Oughtrcd. 

Circles  of  Props,  lion ; where,  in  an  appendix,  are  well  handled  leveral  important A-  i633» 
points  id  Navigation.  It  has  been  made  in  the  form  of  a Sliding  Ruler.  See 
Seth  Partridge's  ufe  of  the  double  fcalc,  in  1662. 


were  purchafed  by  our  bookfdlcrs,  and  publifhed  at  London,  with  an  Enylijh  explanation  premifed, 
dated  1631. 

1 Vlacq  alCo  publifhed,  at  the  fame  place,  in  1633,  hi*  Trigonometria  Artificiality  with  tables  of 
logarithmic  lines  and  tangents  to  every  tenth  fecorui  of  the  quadrant.  FJaca’t  tables  have  a great 
reputation  for  their  exactnefs,  as  have  amcnglt  us  Sherwiu* $ tables,  the  firlt  edition  in  1706,  and 
Garaincr* & edition  of  the  fame  tables  in  1745.  M.  de  Funtetulic,  in  the  Hiftnry  of  the  Academy  of 
Sciences  for  1717,  commends  an  edition  of  Flee** s fm.^llcr  tables,  made  at  Lyons,  in  1670,  as  does 
M,  de  la  Lands,  in  his  Atlronomy,  printed  at  Paris , in  1764,  tables  publifhed  there  in  1760.  • 

* This  Ruler  is  fo  coudantly  in  the  practice  of  our  art  ills,  that  it  has  got  the  name  of  The 
Gunter. 

1 The  ufes  of  a Seftor  had  been  (hewn  by  Dr.  Robert  Hood,  in  a tra&  he  publifhed  in  1598. 

4 This  ingenious  perfon  died  in  1626,  aged  45  years.  His  works  hare  been  fcvcral  times  re- 
printed with  fucccflive  additions;  the  fccond  edition  was  made  in  1636  from  his  own  manufeript  ; 
then  from  thofe  of  Mr.  Samuel  Fofier , ProfefTor  of  Aftronomy  at  Gref  Lam  College,  again  by  Mr„ 
Henry  Bond,  and  Mr.  William  Ley  loam . The  fulled  and  lad,  being  the  fifth,  was  in  1673. 

* Thefe  were  afterwards  printed  4L  London  in  Ertglijh  with  improvements. 
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3*0  DISSERTATION  ON  THE  RISE  AND  PROGRESS 

As  by  the  logarithmick  tables  all  trigonometrical  calculations  are  greatly  faci- 
litated ; fo  the  firit  author,  who,  I find,  has  applied  them  to  the  cafes  of  fail- 
ing, was  Mr.  Thomas  Addifon,  in  his  treatife,  intitled,  Arithmetical  Navigation, 
printed  in  1625.  He  all'o  gives  two  traverfe  tables  with  their  ufes,  the  one  to 
quarter  points  of  the  compafs,  the  other  to  degrees. 

Mr.  Henry  Gellibrand,  Mr.  Gunter’s  fticceffor  at  Grefham  College,  publifhed 
his  difeevery  of  the  changes  in  the  variation  of  the  compafs,  in  a fmall  quarto 
pamphlet,  intitled,  A Dijccurje  Mathematical  on  the  Variation  of  the  Magnetical 
Needle,  printed  in  1635.  This  extraordinary  phenomenon  he  found  out  by  com- 
paring the  obfervations  made  at  different  times  near  the  fame_  place  by  Mr. 
Rurrougb,  Mr.  Gunter,  and  himfelf,  all  perfons  of  great  fkill  and  experience  in 
thefe  matters.  And  this  difeovery  was  foon  known  abroad  * ; for  father  Atha- 
rafius  Kircher,  in  his  treatife  intitled  Magnes,  firft  printed  at  Rome  in  1641, 
fays,  our  countryman,  Mr.  John  Greaves,  had  informed  him  of  it,  and  then 
gives  a letter  of  the  famous  Marin  us  Merfennus  containing  a very  diftinft  ac- 
count thereof.  Gellibrand  had  been  famous  for  the  part  he  bore  in  the  Trigono- 
metria  Britannica  of  his  deceafed  friend  Mr.  Briggs,  which  was  printed  in  1633, 
at  Tergou,  under  the  care  of  Adrian  Vlacq.  Gellibrand  alfo,  in  1635,  publifhed 
in  Englifli  an  Infiituticn  Trigonometrical/. 

In  1631  Mr.  Richard  Norwood  had  publifhed  an  excellent  treatife  of  Trigono- 
metry, adapted  to  the  invention  of  logarithms,  particularly  in  applying  Na- 
pier’s general  canons  \ The  author  having,  as  he  fays,  acquired  his  know- 
ledge in  the  maihema’icks  at  Tea*,  efpecially  fbewed  the  ufe  of  trigonometry 
in  the  three  principal  kinds  of  Navigation.  And  towards  the  farther  improve- 
ment of  that  Art,  he  undertook  a laborious  work  for  examining  the  divifions  of 
the  log-line. 

As  altitudes  of  the  Sun  are  taken  on  (hip-board,  by  obfcrving  his  elevation 
above  the  vifible  horizon  ; to  colleft  from  thence  the  Sun’s  true  altitude  with 
correfknefs,  fVrigbt  obferves  it  to  be  necefiary,  that  the  dip  of  the  horizon  be- 
low the  obferver's  eye  fhould  be  brought  into  the  account  ; which  cannot  be 
calculated  without  knowing  the  magnitude  of  the  Earth.  Hence  he  was  led  to 
propofe  different  methods  for  finding  this  j but  complains,  that  the  molt  effec- 
tual one  was  out  of  his  power  to  execute;  and  therefore  he  contented  himfelf  with 
a rude  attempt,  which  was  in  fome  meafure  fufficient  for  his  purpofe  : and  the 
dimenfions  of  the  Earth,  deduced  by  him,  correfpondcd  fo  well  with  the  ufual 
divifions  of  the  log-line,  that,  as  he  did  not  write  an  exprefs  treatife  on  Navigation, 

* In  the  Hiftory  of  the  Royal  Academy  of  Sciences,  at  Paru%  for  171a,  p.  19,  it  is  faid  by  M. 
de  FontmeUe%  that  the  learned  Peter  Gaffendt  was  the  principal  difeoverer  of  this  property  ; but  Gaf 
fendi  himfelf  acknowledged  that  he  had  before  received  information  of  GelubramT%  difcovcrici. 
G offend.  Opcr.  voL  ii.  p.  ij2.  Lugd.  1658. 

• A very  advantageous  report  of  it  was  made  by  M.  Muriate  at  a meeting  in  1668,  of  the  Aca- 
demy. Du  Hamelt  Hift.  Acad.  Scienf.  p.  51.  1701. 

1 From  a failor  he  became  a teacher,  ftyling  himfelf  before  his  books,  A Reader  of  the  Mathe- 
xaaticks  in  London. 
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but  only  meant  to  corrcd  fuch  errors  as  prevailed  in  general  pradice,  the  log- 
line did  not  fill  under  his  notice.  But  Mr.  Norwood,  in  order  to  regulate  this 
inftrument  upon  genuine  principles,  put  in  execution  the  method  which  Mr. 
IVright  had  recommended,  as  the  mod  peifcd,  for  finding  the  dimenfion  of  the 
Earth,  with  the  true  length  of  the  degrees  of  a great  circle  upon  it;  and,  in 
1635,  adtially  mealured  the  diflancc  between  London  and  York ; from  which,  and 
from  the  altitudes  of  the  Sun  in  the  Summcr-Solflire,  obferved  on  the  meridian 
at  both  places,  he  found  a degree  on  the  great  circle  of  the  Earth  to  contain 
367,196  Englifh  feet,  (which  aie  equal  to  37300  Fran b fathoms  or  toifes,)  which 
is  very  near  the  true  length  of  it ; as  appears  from  many  meafures  of  a degree 
iliac  have  been  made  ftnee  that  time. 

Of  this  affair  Mr.  Norwood  gives  a full  and  clear  account  in  his  treadle, 
called  The  Seaman’s  Pratitie,  which  was  firfl  publifhed  in  1637.  There,  with 
tinaffeded  modefly,  he  apologizes  for  the  hardinefs  of  a private  perfon's  under- 
taking fo  difficult  a talk ; and  very  cautioufly  points  out  the  true  reafon  why  fo 
great  a mathematician  as  Snt’.lius  had  failed  in  his  attempt.  He  alfo  fhews  vari- 
ous ufes  of  his  difeovery,  particularly  for  correding  the  grofs  errors  hitherto  com- 
mitted in  the  divifions  of  the  log  line.  But  fuch  necefi’ary  amendments  have  been 
little  attended  to  by  the  failors ; whole  obftinacy  in  adhering  to  inveterate  mif- 
takes  has  been  always  complained  of  by  the  bed  writers  on  Navigation. 

Farther,  Mr.  Norwood  like  wife  there  deferibes  his  own  excellent  method  of 
felting  down  and  perfecting  a Sea-Reckoning,  ufinga  traverfc  table  for  that  purpofe; 
which  method  he  had  followed  and  taught  for  many  years  : and  befidcs,  helhcws 
how  toredify  the  couile,  by  taking  into  confident! ion  the  variation  of  the  compafs; 
as  alio  how  to  difeover  currents,  and  to  make  proper  allowance  on  their  account. 

This  treatife  and  his  treatifeon  ‘Trigonometry  were  continually  reprinted,  as  the 
principal  books  for  learning  the  Art  of  Navigation  fcientifically.  What  he  had 
delivered  in  thefe  two  books,  and  efprcially  in  the  latter  of  them,  concerning 
this  fubjed,  was  contraded  as  a manual  for  failors,  in  a very  fmall  piece,  called 
his  Epitome ; which  is  a very  ufeful  performance,  and  has  gone  through  num- 
berlefs  editions. 

No  alterations  were  ever  made  in  The  Seaman's  Practice,  till  in  the  1 2th  edi- 
tion, (printed  in  1676,  after  the  authors  dcccafe,)  there  began  to  be  inlerted, 
at  page  39,  the  following  paragraph  in  a fmallcr  charader — [About  the  year 
1671  Monfieur  Picart  has  publifhed  an  account  in  French,  concerning  the  meajure 
of  the  Earth,  a breviate  whereof  may  be  feen  in  the  Philofophical  Tranfadions, 
No.  x 1 2,  wherein  be  tomludes  one  degree  to  contain  365,184  linglilh  feet,  nearly 
agreeing  to  Mr.  Norwood’s  experiment .]  And  this  advertifement  is  continued  in 
the  fubfequent  editions,  as  I find  it  in  one  printed  fo  lately  as  1732. 

Norwood’s  mcafure  therefore,  though  it  was  not  known  to  the  great  Sir  Ifaac 
Newton  in  his  youth,  was  not  buried  in  oblivion,  on  account  of  the  confufions 
occaiioncd  by  our  civil  wars,  as  M.  de  Voltaire  has  been  pleafed  to  fay1;  on 
the  contrary,  it  has  been  conflantly  commended  by  our  writers  on  Navigation  ; 

1 Elemenj  de  la  Phitofcpbie  de  Newton,  chap,  xviii.  printed  at  Path  in  1 7 3®* 
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as,  for  example,  by  Mr.  Henry  Bond,  foon  after  its  publication,  in  a note  at  pdge 
107  of  the  Seaman' % Kalendar,  (which  ancient  book  he  reprinted  and  improved, 
whofe  ufe,  through  numberlefs  editions,  is  continued  amongft  our  failora  to  this 
day;)  and  by  Mr.  Henry  Phillips,  in  his  Geometrical  Seaman,  in  165:,  and  in 
his  Advancement  of  Navigation  in  1657  ; and  by  Mr.  John  Collins,  in  his  Naviga- 
tion by  the  Plane  Scale , in  1659 ; and  by  the  Reverend  Dr.  John  Newton,  in  his* 
Mathematical  Elements,  in  1660;  and  by  Mr.  John  Seller,  in  his  Practical  Navi- 
gation, in  1669  ; and  by  Mr.  John  Brown,  in  his  Triangular  Quadrant,  in  1671. 

And  in  the  Pbi'ofopbical  TranJaClior.s  for  1676,  No.  126,  there  is  given  a 
very  particular  account  cf  it.  Nor  had  it  efcaped  the  royal  notice;  for  when 
King  fames,  in  1690,  honoured  the  Obfcrvatory  at  Paris  with  a vifit,  he  in- 
formed the  gentlemen,  then  prefent,  of  this  rncafure  of  the  Earth  ; am!  upon 
their  acquainting  his  Majefty  how  that  had  been  determined  by  M.  Picard,  the 
King  withed  the  two  meafures  might  be  compared  together '. 

But  “ that  if  was  not  commonly  known  in  France"  is  no  wonder,  feeing  that 
Englifh  books  were  not  then  fo  much  inquired  after  as  at  preftnt,  by  that 
polite  and  learned  people. 

Thus,  for  example,  in  the  Journo!  des  Sfavans  for  December  1666,  it  was  ob- 
ferved  of  Dr.  Hooke’s  Micrograpbia,  qu'il  efi  ecrit  en  une  langue  que  pci  de  perfonnes 
tntendent ; but,  of  late  years,  in  the  fame  Journal  for  February  1750,  it  is  faid 
of  the  Englijb  tongue,  that  it  was  une  langue  que  tons  let  vrais  Javans  devroient 
Javoir.  And  now,  as  Norwood  is  taken  notice  of  in  the  latter  editions  of  Sir  IJaac 
Newton's  Principia,  his  name  and  merit  are  become  almoft  univerfally  known. 
Infomuch  that  a particular  account  of  his  rncafure  is  given  by  M.  de  Mauperluis, 
in  the  preface  to  his  Treatife  of  the  figure  of  the  Earth,  printed  at  Paris  in  1738 ; • 
wherein  he  deferibes  his  method  of  determining  the  length  of  a degree  on  the 
Earth  in  Lapland ; and  Norwood  is  likewife  mentioned  by  two  learned  Spanijb 
fea-officers,  Don  Jorge  Juan  and  Don  Antonio  dUlloa,  in  the  account  of  their 
voyage  printed  at  Madrid  in  1748  ; which  voyage  had  been  undertaken  for  the 
fame  purpofe  of  difeovering  the  true  length  of  a degree  of  latitude,  they  having 
been  appointed  to  accompany  the  French  mathematicians  who  were  fent  out  by 
the  King  of  France  to  meafurc  fuch  a degree  near  the  Equator. 

Henry  Bond.  About  the  year  1645  Mr.  Bond  publilhed,  in  Norwood's  Epitome,  a very1 
A.  D.  1645.  great  improvement  in  Wright's  method,  by  a property  in  his  meridian  line, 
whereby  its  divifions  are  more  fcientifically  affigned,  than  the  author  himfelf 
was  able  to  effeft ; which  was  from  this  theorem,  That  thefe  divifions  are  ana- 
logous to  the  excefies  of  the  logarithmick  tangents  of  half  the  refpeftivc  lati- 
. tudes,  augmented  by  45  degrees,  above  the  logarithm  of  the  radius. 

This  he  afterwards  explained  fomewhat  more  fully  in  the  third  edition  of 
Gunter's  works,  printed  in  1653;  where,  after  obferving  that  the  logarithmick 
tangents  from  450  upwards,  increafe  in  the  fame  martner  (as  he  exprelTcs  it,) 
that  the  fccants  added  together  do,  if  every  half  degree  be  accounted  as  one 
whole  degree  of  Mercator's  meridional  line ; his  rule  for  computing  the  meri- 

* Du  Haunt,  Hift.  Acndcm,  Regal.  Scient.  p.  i8y. 
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dional  parts  appertaining  to  any  two  latitudes  (fuppofcd  on  the  fame  fide  of  the 
Equator),  is  laid  down  to  this  e fifed  ; To  take  the  logarithmick  tangent,  rejed- 
ing  the  radius,  of  half  each  latitude  augmented  by  45  degrees,  and  dividing 
the  difference  of  thofe  numbers  by  the  logarithmick  tangent  of  45*  30',  the 
radius  being  likewife  reje&ed,  and  the  quotient  will  be  the  meridional  parts 
required,  expreffed  in  degrees.  And  this  rule  is  the  immediate  confequence 
from  the  general  theorem,  That  the  degrees  of  latitude  bear  to  t degree  (or 
60  minutes,  which  in  IVrigbt's  table  Hands  as  the  meridional  parts  for  1 de- 
gree,) the  fame  propoition  as  the  logarithmick  tangent  of  half  any  latitude  aug- 
mented by  45  degrees,  and  the  radius  neglcfted,  to  the  like  tangent  of  half 
a degree  augmented  by  43  degrees,  with  the  radius  likewife  rcjefled. 

But  here  was  farther  wanting  the  demondration  of  this  general  theorem,  j,mft  Gre. 
which  was  at  length  fupplied  by  that  great  mathematician,  Mr.  James  Gregory  gory, 
of  Aberdeen , in  his  Excrii/aticnes  Geometric*,  printed  at  London  in  1668;  and  A.  D.  i568. 
lince  more  concil'ely  demonftrated,  together  with  a fcientific  determination  of 
the  divifor,  by  Dr.  Hatley,  in  the  Pbilojopbical  Transitions  for*i  695,  No.  219,  Dr.Edmund 
from  the  consideration  of  the  fpirals  into  which  the  rhumbs  are  transformed  in  Hillcjr. 
the  ftereographic  projection  of  the  fpherc  upon  the  plane  of  the  equinoctial ; 
which  the  excellent  Mr.  Roger  Cotes  has  rendered  ftill  more  fimple,  in  his  L;- 
gometria,  firft  publifhed  in  the  Pbilojopbical  Tranjaliions  for  47 14,  No.  388. 

It  is  moreover  added  in  Gunter's,  book,  that,  if  of  this  divifor  (which 
does  not  fenlibly  differ  from  the  logarithmick  tangent  of  43*  T 30"  curtailed 
of  the  radius)  be  ufed,  the  quotient  will  exhibit  the  meridional  parts  expreffed  , ' 
in  leagues  : and  this  is  the  divifor  fet  down  in  Norwood's  Epitome. 

After  the  fame  manner  the  meridional  parts  will  be  found  in  minutes,  if 
the  like  logarithmick  tangent  of  45°  o'  30"  diminifhed  by  the  radius  be  taken, 
that  is,  the  number  ufed  by  others  1 being  12633,  when  the  logarithmick  tables 
confift  of  eight  places  befides  the  index. 

This  Mr.  Bond,  wh<_  introduced  fo  ufeful  a difcovery  into  the  Art,  was  a 
teacher  of  the  mathematicks  in  London,  and  employed  to  take  care  of  and  im- 
prove the  impreffions  of  the  current  Treatifcs  of  Navigation.  In  art  edition  of 
the  Seaman's  Kalendar,  p.  103,  he  declared,  he  had  difeovered  the  longitude,  by 
having  found  out  the  true  theory  of  the  magnetic  variation  ; and  to  gain  credit  of  the  Ve- 
to'his  affertion,  he  foretold,  that  at  London , in  1657,  there  would  be  no  varia-  nation  of  the 
tion  of  the  compafs,  and  from  that  time  it  would  gradually  increafe  the  other  Megoetick 
way,  which  happened  accordingly.  Again,  in  the  Pbilojopbical  Tranjaliions  for  Nccdlc- 
1 668,  No.  40,  he  publithed  a table  of  the  variations  for  49  years  to  come. 

This  joyful  news  to  all  failors  acquired  Mr.  Bond  a great  reputation;  info- 
much  that  the  Treatife  he  had  compofcd,  called  The  longitude  found,  was,  in 
1676,  publifhed  by  the  fpecial  command  of  King  Charles  the  Second,  and 

* See  Mr.  P trims' t Treatife  of  Kaftig/rticnt  in  Vo!.  I.  of  Sir  Jonas  Moort'%  Ne<u  Syjtem  of  the 
Mathematicks , p.  208,  printed  at  London  in  1681.  Perkins's  book  was  publifhed  by  itlclf  the  year 
following,  under  the  title  of  the  Seaman's  Tutor. 
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ufhcred  into  the  world  with  the  approbation  of  feveral  of  the  molt  eminent 
mathematicians  of  that  time  *.  . . 

But  it  was  foon  oppofcd,  there  being  publilhcd  at  London,  a book,  in  167 9* 
called  Lb*  Longitude  net  found,  written  by  one  Mr.  Beckborrow.  And,  indeed, 
as  Bond’s  hypothefis  did  net  in  any  wife  anfwer  its  author’s  fanguine  exporta- 
tions, the  famous  Dr.  tlal'ey  again  undertook,  this  affair  ; and  from  a multitude  , 
of  obfervations  he  was  induced  to  conclude,  that  the  magnetic  needle  was  in- 
fluenced by  four  poles.  His  fpeculations  on  this  fubjeft  arc  delivered  in  the 
Pbilofcpb'ual  Tranfadicns  for  1683,  No.  148,  and  for  1692,  No.  195.  But  this 
wonderful  phenomenon  feems  to  have  hitherto  eluded  all  our  refearches. 

However,  that  excellent  perfon,  in  1700,  publilhcd  a general  map,  on  which 
■were  delineated  curve  lines  exprefling  the  paths,  where  the  magnetic  needle 
had  the  fame  variation.  This  was  received  with  univerf.il  applaufe  *,  as  it  may 
lead  to  foroc  difeovery  in  fo  abftrufe  an  affair,  and  at  prefent  be  ufeful  on  many 
occaftons  in  determitvng  the  longitude.  The  pofitions  of  thefe  curves  will  in- 
deed continually  fuffer  alterations ; but  then  they  fhould  be  correrted  from  time 
to  time ; as  they  have  been  for  the  year  1744,  and  the  year  1756,  by  two  in- 
genious perfons,  Mr.  William  Mounlaine  and  Mr.  fames  Dodfon,  fellows  of  the 
Koyal  Society.  The  latter  died  not  long  after  he  had  been  chofen,  for  his 
merit,  mathematical  mailer  at  CbriJP s Hojpital  in  London. 

. Dr.  Haliey  alfo  gave,  in  the  Philosophical  TranfaOions  for  1690,  No.  183,  a 
Diflcrtation  on  the  Monfoons,  containing  many  obfervations  very  ufeful  for  all 
fuch  as  fail  to  the  places  that  are  fubjert  to  ihofe  winds. 

The  true  principles  of  Navigation  having  been  fettled  by  Wright,  Norwood, 
and  Bend,  many  authors  among!!  us  trod  in  their  fteps,  making  fome  little  im- 
provements. It  would  be  impoffible  to  enumerate  each  particular.  Of  the 
writers  already  mentioned,  Phillips  and  Collins,  in  the  title-pages  of  their  books, 
declare  what  they  aimed  at;  Phillips  alfo  in  his  trart,  called  the  Advancement  of 
Navigation,  recommends  a pendulum  inflead  of  a half-minute  glafs,  to  eftimate 
the  time  the  log-line  is  running  out.  He  alfo  propofes  to  do  the  fame  thing 
by  wheel-work.  Befides,  in  the  Pbilofopbical  Tranfadions  for  1668,  No.  34,  he 
delivers  a better  method  to  determine  the  tides  than  what  was- commonly  prac- 
tifed  ; for  which  purpofc  Mr.  John  Flamfleed,  the  Royal  Allronomer,  gave  dill 
more  perfert  directions  in  the  fame  Tranfadions  for  1683,  No.  I43  •,  and  he  like- 
wife  fird  ordered  a glafs  lens  to  be  fixed  on  die  fhade-vane,  in  what  is  called 

* In  the  PhiJofofhical  Tranfadieiu  for  the  fame  year,  No.  130,  it  is  fa  id,  the  Lord  Brounkcr\ 
name  was  inferted  by  mi  flake. 

* It  is  particularly  commended  in  the  Hiftory  and  Memoirs  of  the  Royal  Academy  of  Sciences 
at  Parity  for  the  years  1701,  1705,  1706,  1708,  and  1710.  See  alfo  Mr.  Robinii  Refie&iont  in 
his  Introdu&ion  to  Lord  Anfon'*  Voyage  round  the  World,  made  in  1743#  flee,  as  alto  in  the  ninth 
chapter  of  the  firft  book,  and  eighth  of  the  third. 

Davis’s 


Digitized  by  Google 


OP  THE  MODERN  ART  OP  NAVIGATION.  3»5 

Daw’s  quadrant ',  which  contrivance  Dr.  Robert  Hock,  ProfefTor  of  Geometry 
at  Grejbam  College,  had  before  thought  of  *. 

Seller's  PraHiea!  Navigation,  though  without  demnnfl  ration?,  has  the  rules  of  Sencr., 
failing  in  the  different  kinds,  as  pci  formed  by  calculation,  by  the  plane-fcale,  PraHualNn- 
by  the  gnntcr,  and  by  the  finical  quadrant,  with  various  other  matters  relative  vigmitn. 
to  the  Art ; as  alfo  the  life  of  the  azimuth-compafs  (as  now  modelled,)  the  ring-  A-^- 
dial,  the  fea-ring,  the  crofs-ftaff,  Davis’ s quadrant,  plough,  nodurnal,  inciinatory 
needle  and  globe,  together  with  all  the  necefiary  tables ; the  whole  being  de- 
livered in  a manner  io  well  adapted  to  the  general  humour  of  mariners,  that  it 
has  undergone  numbeilefs  editions : the  lad,  I have  feen,  was  in  1 739  ; but 
fomc  late  writers  feem  to  have  abated  the  run  of  this 'book. 

As  in  failing  efpccial  regard  ought  to  be  had  to  the  lee- way  a (hip  makes,  fo  OftheLee- 
many  authors  have  touched  upon  this  point;  but  the  allowances  ufually  made wayofa Ship, 
on  that  account  are  very  particularly  fet  down  by  Mr.  John  Buckler,  and  pub- 
lilhed  in  a fmall  trafl  fir ll  printed  in  1702,  intitled,  A New  Compendium  of  the 
sib  ole  Art  of  Navigation,  written  by  Mr,  William  Jones. 

We  ought  not  here  to  pafs  over  in  filence  the  very  ufeful  invention  of  Dr.  Of  artificial 
Gamin  Knight,  which  is  the  making  artificial  magnets,  that  are  of  greater  efficacy  Magnet*, 
than  the  natural  ones.  Though  the  Doftor  has  not  thought  fit  to  reveal  his 
fccret  ; yet  others  have  found  it  out,  who  have  made  it  public,  particularly 
the  Reverend  Mr.  John  Michel,  of  Queen’s  College,  Cambridge,  and  Mr.  John 
Canton ; the  firfl  in  a treatile  of  Artificial  Magnets,  printed  in  1750;  the  other 
in  the  Philofophical  Tranfadions,  vol.  X.LV1I.  Ann.  1751. 

The  Earth  being  now  univerfally  agreed  to  be  not  a perfed  globe,  but  a of  the  Sphe- 
fphero-eid,  whofe  diameter  at  the  poles  is  Ihortcr  than  any  other  ; the  Rev.  Dr.  ra-eidal  Fi- 
Patrick  Murdoch  publilhcd  a trad  in  1741,  where  he  accommodated  Wright's  ease  of  the 
Culing  to  fuch  a figure ; and  Mr.  Colin  Maclaurin,  ProfefTor  of  Mathematicks  in 
the  Univerfity  of  Edinburgh,  the  fame  year,  in  the  Philofophical  Tranfadions,  No. 

461,  gave  a rule  to  determine  the  meridional -parts  of  a fphero-eid,  which  fpecu- 
lation  he  farther  profecutes  in  his  book  of  Fluxions,  punted  at  Edinburgh,  in  1 742. 

Though  Sir  IJaac  Netsitm  in  his  Principles,  (which  was  firfl  printed  in  1 686,) 
had  demonftrated  from  the  theory  of  gravity,  that  this  mud  be  the  real  form  of 
the  Earth,  as  it  revolved  about  an  axis;  yet,  in  the  year  1718,  M.  Cajfini  again  * 
undertook  from  obfervations  to  (hew  the  contrary,  and  that  the  Earth  was  a Iphe- 
ro-eid,  having  its  longed  diameter  palling  through  its  poles*;  and,  in  1720,  M. 

* See  the  above-mentioned  Perkins'*  Navigation,  page  >50. 

1 See  the  Bifliop  of  Roehefier's  (Dr.  Thomas  Sprat's,)  excellent  Hillury  of  the  Royal  Society  in 
1667,  pag.  246  ; and  Hook's  Pofthumous  Wotks,  publifbed  by  Richard  tValUr,  Efq.  in  170;,  p.  557. 

’ In  the  Memoir,  of  the  Royal  Academy  of  Science!  at  Paris,  his  father  in  1701,  and  he  in  1713, 
attempted  to  prove  that  the  Earth  was  an  oblong  fphero-eid. 

4 M.  John  Bernoulli  in  his  EJfesi  d'ssne  Nouvefle  Phyjiqut  Cdrjle,  printed  at  Paris  in  1757,  triumphs 
over  Sir  lfiue-Rtns>Sm-\  vainly  imagining  thefe  precarious  obfervations  coold  invalidate  what  Sir 
f/uoc  hid  demonilrated. 
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de  Mairan  advanced  arguments,  foppofed  to  be  ftrengthened  by  geometrical  de- 
nionflrations,  to  farther  confirm  M.  Cnffini'%  alien  ion.  But  in  the  Philol'ophical 
t>r.  Defagu-  Tranfadions  for  1725,  No.  386,  387,  and  388,  Dr.  Defaguliers  publifhcd  a dtlfer- 
litr*.  " tation,  wherein  he  made  appear  the  weaknefs  of  the  reafoning,  and  the  infuffi- 
A.  D.  1723.  ciency  of  the  obfervations,  as  they  were  managed,  to  fettle  fo  nice  an  affair. 

He  there  alfo  propofed  a proper  method  for  adjufting  this  point,  when  he  fays. 
If  any  confequercc  of  this  kind  could  be  drawn  from  attual  meafuring , a degree  of 
latitude  final d be  meafured  at  the  Equator,  and  a degree  of  longitude  tikewife  mta- 
fured  there  ; and  a degree  very  northerly,  as  for  example,  a whole  degree  might  be 
atlually  meafured  upon  the  Baltick  fea,  when  frozen,  in  the  latitude  of  fixty  degrees. 
There,  according  to  M.  Caffmi’s  laft  fuppfilion,  a degree  would  be  56653  toifes ; 
whereas  at  the  Equator  it  would  be  of  58019  toifes,  the  difference  being  1366  toifes, 
about  the  two  and  fortieth  part  of  a degree ; which  muft  be  fenjtble : and  liktwife 
the  degree  of  longitude  would  according  to  him  be  of  56817  toifes , left  by  1202,  or 
the  forty-eighth  part,  than  a degree  of  latitude  at  the  fame  place. 

On  this  admonition,  in  1735,  were  fent  from  France  two  fets  of  mathemati- 
cians, members  of  the  Royal  Academy  of  Sciences ; one  towards  the  Pole,  the 
other  to  the  Equator ; in  order  to  meafure  at  each  place  the  length  of  a degree 
on  the  meridian.  The  report  they  brought  home  quite  overfet  what  had  been 
urged  in  favour  of  the  oblong  figure ; a degree  towards  the  north,  in  the  lati- 
tude of  66*  2 o'  being  found  to  contain  about  57438  toifes,  and  near  the  Equa- 
tor but  56750. 

This  unwelcome  news  caufed  again  a degree  to  be  meafured  in  France,  which 
at  length  came  out  to  be  confonant  with  thofe  which  had  been  brought  from 
very  diftant  parts  of  the  world.  Thus  thefe  mathematicians  confirmed  by  pain- 
ful obfervations,  what  Sir  Ifaat  Newtcn  had,  as  M.  de  Maupertuis  ufed  to  fay, 
determined  in  his  elbow-chair  ; Sir  IJaac  making  the  length  of  a degree  under 
the  Pole  to  be  57382,  and  at  the  Equator  56637  toifes.  And  perhaps  no  ob- 
fervations  can  be  exaft  enough  to  determine  this  matter  more  precifely. 

But  1 will  now  mention  fome  of  thfc  foreign  writers  on  Navigation. 

Italian  >*d  ^ome>  ‘n  I^°7>  came  forth  a treatife,  intitled,  Nautica  Mediterranea, 
French  «n-  written  in  Italian  by  Bartolomeo  Crefccnii,  the  Pope’s  engineer.  The  author 
ten  on  Nari-mifles  no  opportunity  of  expofing  the  errors  of  Medina  J but  fcircc  gives  any 
gation.  . thing  of  his  own,  except  a machine  to  ferve  to  meafure  the  way  a Ihip  has  made. 

As  the  Jefuits  have  treated  of  moll  branches  of  learning,  fo  this  Art  has 
not  been  beneath  their  confederation  ; the  three  following  authors  having  been 
of  their  fociety. 

Father  At  Paris,  in  1633,  Father  George  Fournier  publifhed  an  Hydrography,  prin- 
George Four-  cipally  relating  to  Navigation.  The  aurbor  would  fain  perfuade  us,  that  a na- 
nicr.  A.  D.  tive  0f  Dieppe  was  the  firft  perfon  that  bad  correfted  the  plane-chart ; and  that 
* the  Hollanders  had  learnt  of  the  French  the  art  of  making  charts  fo  correffed  ; 

whereas  charts  fo  corrected  had  been  engraved  long  before  at  Am  ft  er  dam  by 
lodocus  Hondims  and  others. 
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John  Baptift  Riccioli,  in  his  Geograph'ta  13  Hydrograpbia  Reformata,  printed  at  Rfcc;0li. 
Bologna  in  1661,  inferts  a Trcatifc  of  Navigation,  collecting  his  materials  from  A.  D.  j66i. 
a I molt  every  writer,  as  he  does  in  his  Aimagejl  and  Chronology,  which  is  indeed 
the  chief  merit  of  his  works. 

Father  Claudius  Francis  Millie/  de  Chales;  a learned  Jefuit,  wrote  on  this  fub-  Father  dc 
jed  after  a more  maderly  manner,  both  in  his  Curfus  Matbcmaticus,  fir  ft  printed  Chafe*.  A.  D. 
at  Lyons  in  1674,  and  in' a French  Treatife,  pubhlhcd  in  1677,  intitled,  L' Art  !“77' 
de  Naviguer , dcmonlri  par  Principes. 

Thefe  three  authors,  befides  treating  of  the  different  kinds  of  failing,  abound 
in  methods  for  taking  of  altitudes,  finding  the  variation,  and  edimating  the 
way  a (Flip  makes,  &c.  They  alfo  delcribe  a machine  refembling  that  of  CreJ- 
centi.  Riccioli  gives  a very  faulty  meafure  of  the  Earth,  made  by  hitnfelf;  and 
Decbales  advifes  the  ufc  of  a pendulum  in  reckoning  by  the  log-line,  as  alfo  of 
wheel-work  for  the  fame  purpofe,  as  Phillips  and  Cole  had  done  before. 

But  there  were  writers  in  France  between  Fournier  and  Decbales.  As  in  1666,  Monlicur 
and  the  following  years,  had  been  printed  at  Dieppe  feveral  trads,  handling  G.  Deny*, 
different  patts  of  Navigation,  compolcd  by  M.  G.  Denys,  which  have  been  often  A*I>' l666* 
reprinted. 

And,  in  1671,  the  Sieur  Blondel  Saint  Aubin  pubiifhed  a book,  called,  L' Art  de  m.  Btomfcl 
Haviguer  par  le  Duartier  de  ReduBion,  deferibing  an  indrument 1 much  in  ufe  Same  Aubin. 
amongll  the  French  failors,  by  which  may  be  performed,  as  by  the  finical  qua.  A‘  ,67‘* 
drant,  the  operations  of  Navigation,  though  not  much  more  fpeedily  than  by 
the  Travcrfe  Table,  and  not  near  fo  accurately.  He  alfo  pubiifhed,  in  1673, 
his  Tre/cr  de  la  Navigation,  where  the  Art  is  well  treated  of,  particularly  by 
calculations. 

M.  Saverien  in  his  Marine  DiBionasy,  printed  at  Paris  in  1758,  lays,  that  M.  M.  Dj  flier. 
Daffier  feems  to  have  been  die  firfl  of  the  French  writers  that  Ihewed  the  ufc  of 
Gunter's  feales  \jchdles  Ar.gloifcs'}  in  his  Pilote  expert,  printed  in  1683. 

At  Paris,  ten  years  after,  was  pubiifhed  the  firfl  part  of  a magnificent  work, 
intitled,  Le  Neptune  Franpois,  by  order  of  the  French  king,  confiding  of  fea-  Lt  Neptune 
charts,  according  to  Weight's  fcherne,  made  from  the  lated  obfetvations,  and  Francois, 
reviewed  by  Meffrs.  Pent,  CaJ/ini,  and  others.  As  this  contained  the  charts  of  A.  D.  169J. 
Europe  only,  there  were  added  others  of  different  parts  of  the  world,  printed  the 
fame  year  at  Amfierdam.  The  whole  was  preceeded  by  a difeourfe  of  M.  Sau- 
veur,  who  had  formed  fome  of  the  charts,  v here  he  fhews  how  to  perform  the 
problems  of  Adronomy  and  Navigation  by  dales;  which  difeourfe  lud  been 
pubiifhed  by  itfelf  at  Paris,  in  169’. 

M.  John  Bouguer  compofcd  by  authority  his  Trails  Complet  de  la  Navigation,  Mi.  John 
fird  printed  in  1698,  which  was  well  received,  as  containing  mod  of  the  prac-  Uoimicr. 
tices  then  known ; and  Father  Pezenas,  Jefuit  and  Royal  Profeffor  of  Hydro-  AF^r6fi^ 
graphy  at  Marjeilles,  pubiifhed  there,  in  1733,  a trad,  called,  E'temens  d*tm^X.V. 
Pilotage  ; and  at  Avignon , in  1741,  a larger  work,  intitled,  PraBique  du  Pilotage.  1733. 


1 It  it  only  a kind  of  flcclcton  of  Wriibt* a univerfai  map. 
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This  author  (hews  how  to  find  the  meridional  parts  by  the  Artificial  Tangents, 
an  old  difcovery  among'l  us,  declared  fo  long  ajjo  as  1645,  in  Norwood's 
Epitome  •,  he  alfo  has  been  induftrious  in  tranflatmg  levcral  of  our  mathematical 
books  into  French, 

M.  Peter  But,  in  1753,  M.  Peter  Boitgucr,  fon  of  the  former,  publifiied  a very  elaborate 
Buucuer.  treatife  on  this  fubjeft,  intitlcd.  Nouveau  Traite  de  Navigation;  which  is  wrilten 
A.  D.  1753.  fcnfibly,  the  author  being  an  excellent  mathematician,  and  famous  for  other 
productions.  He  there  gives  a variatiun-com pals'  of  his  own  invention,  and 
attempts  to  reform  the  log,  as  he  had  done  in  the  Memoirs  of  the  Academy  of 
Sciences  for  1 747.  He  is  alfo  very  particular  in  determining  the  lunations  mote 
accurately  than  by  the  common  methods,  and  in  ddferibing  the  corrections  of 
the  dead  reckonings. 

M.dcla  The  excellent  adrononter,  M.  de  la  Caille,  in  1760,  made  an  edition  of  M. 
Caille.  A.  D.  Eouguer's  book,  which  he  fomewhat  abridged  and  improved. 

M.  It  Mon.  In  1766,  at  Paris,  came  out  a treatife,  with  this  title,  Abtege  du  Pilotage : 
nicr.  A.  JD.  divife  cn  d.itx  parties.  Cii  on  traite  [j'incipalemenl  des  Amplitudes,  des  Lcxcdromies, 
1 dans  Clypolbefe  de  la  Sphere  et  de  Spheroidt,  des  marees,  des  variations  de  Caiman. 

The  former  part  of  this  book  was  fir  If  publifhed  in  1693.  Here  the  whole 
is  improved  by  M.  le  Momdtr. 

SpanilH  Though  the  Spaniards  were  the  earliefl  writers  on  Navigation,  yet  they  were 
author^  o very  backward  to  adopt  its  improvements.  Indeed  Antonio  de  Naiera  publiflied 
Nai"r'a!  A°LX  at  E'Jhon,  in  1628,  a treatife,  infilled,  Navegacion  efpeculativa y praSica  ; where, 
162a.  though  the  author  red! ifies  the  tables  of  the  Sun  and  Fixed  Stars  from  7yd 0 
Bribe’s  obfervations,  he  proceeds  no  farther  in  the  theory  of  Navigation  than 
what  had  been  advanced  by  Nonius,  as  followed  by  Cefpedes.  But  of  late,  in 
1712,  was  printed  at  the  fame  place,  Arte  de  Navegar ; por  Manuel  Pimentel ; 
mcnu^A  I)"  w^ere  *s  ft>ewn  the  ufc  of  Weight's  chart,  which,  in  imitation  of  the  French,  the 
1712.  author  calls  Ckarta  Reduzida.  He  likewife  deferibes  Davis’s  quadrant, -and 
mentions  Norwood  and  Picard's  mcaftires  of  the  Earth.  In  1757  was  printed  at 
Cadiz,  a Treatife,  intitlcd.  Compendia  de  Navegacion  para  el  ujo  de  los  Cavelleros 
Guardias  Marinas,  written  by  the  ingenious  gentleman  mentioned  above,  Don 

Don  Jorge  'Jorge  Juan.  This  is  a good  performance,  delivering  very  diftinflly  the  fevcral 
Join.  A.  D.  parts  of  the  Att,  as  now  improved.  Some  things  are  here  omitted,  that  ufually 
* 757-  occur  in  books  on  this  fubjeft  j but  for  the  knowledge  of  fitch  particulars,  re- 
ferences are  made  to  trafls  compofed  cxprefsly  for  die  ufc  of  the  fociety  of 
gentlemen  deflined  for  the  fea-fervice. 

Bouguer  and  Jorge  Juan,  deferibe  and  commend  the  method  of  dividing  in- 
flruments  for  taking  of  angles,  publifiied  by  Peter  Vernier,  in  a treatife,  intitled, 

1 Many  of  thefe  forts  of  corapafles  have  been  propofed  at  different  times : and,  particularly,  by 
M.  Buache , in  the  Memoirs  of  the  French  Academy  of  Sciences  for  1752,  page  377  ; by  Captain 
Chrtjlophcr  MidAlctnny  in  the  Philofophtcal  Transitions,  No.  450,  /Inn.  1738  ; and  by  Dr.  Knt$hft 
as  improved  by  the  ingenious  Mr.  Jnhn  Smeatent  ibid.  No.  495,  Ann.  1750. 

La 
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La  ConjlvuRicn , (Ac.  du  quadrant  nouveau,  printed  at  Brujfels,  in  i6jt.  This 
divilion,  (an  improvement  of  Curtius’s,  as  that  of  Ferenus  is  of  the  divifion 
by  diagonals')  readily  flows  from  the  firft  lenrna  of  Cltvius's  Treadle  on  the 
Aftrclabe  *,  as  has  been  obferved  by  Pezenas,  in  a book,  he  publilhcd  at  Avignon 
in  1762,  ini  it  led,  Aftrommie  des  Marins, 

As  to  their  treating  of  Wright’ s chart,  I mentioned  above  Snellius  and  Metius. 

To  an  edition,  in  1665,  of  Vlacq  s fmall  tables  of  logarithms,  &c.  is  added,  by 
Ab'aham  de  Gruel,  a table  of  meridional  parts,  of  which  he  explains  the  life,  with 
other  parts  of  Navigation,  in  his  Courje  of  Mathematics , written  in  Dutch,  and 
printed  at  Amflcrdam,  in  1676,  as  had  been  done  by  John  Viret,  in  his  Flambeau 
rcluifant,  cu  Tbtcfor  dc  la  Navigation,  at  the  fame  place,  in  1677. 

The  Dutch  are  great  navigators,  and  have  been  famous  for  their  AtlaJJes,  before  Dutch  »u- 
which  they  ufually  publilh  Treadles  of  Navigation,  as  has  been  already  obferved.  thor». 

The  oldeft  1 have  feen  of  thefe,  was  publilhed  at  Leyden  in  1584,  intitled, 

Spiegel  der  Zee  Vaert,  (or  Mirror  of  Navigation,)  by  Lucas  JanJz  Wagbenaer. 

In  their  later  Atlajfes  there  is  deferibed  an  inftrument  to  be  tiled  after  the  man- 
ner of  Davis’s  quadrant,  but  in  which,  inftead  of  circular  arches,  are  fubftituted 
ftraight  lines. 

Notwithflanding  all  the  improvements  hitherto  mentioned,  the  fea-reckonings , 
though  kept  by  perfons  that  were  deemed  very  ikilful  mariners,  have  been  often 
found  widely  different  from  the  truth.  But  this  often  happens  through  negli- 
gence, as  I have  heard  Dr.  Hallty,  who  had  ufed  the  fea,  fay. 

Thefe  errors  would  be  avoided,  if  from  time  to  time  the  latitude  and  longi-  of  finding 
tilde  could  be  determined.  The  firft  is  generally  obtained  by  the  meridian  the  Latitude, 
altitude  and  declination  of  the  Sun  being  given.  The  declination  is  got  by  the 
help  of  tables  of  the  Sun,  with  an  eafy  trigonometrical  procefs. 

The  firft  could  not  be  very  exaft,  before  the  famous  Kepler  had  determined 
the  true  form  of  the  Earth’s  orbit  ’.  Hence  were  fabricated  his  Tabula  Rudolpbm,e. 

After  thefe  tables  of  Kepler,  thole  of  Mr.  Thomas  Street  were  in  great  requeft  *. 

But  they  now  yield  to  thofe  of  Dr.  Halley  * ; which,  however,  will  want  to  be 
cor  reft  ed  hereafter  : For,  as  Sir  Ifaac  Newton  has  Ihewn  that  all  bodies  mutually 
attraft  one  another,  the  Earth  will  be  difturbed  in  its  motion  by  the  aftions  of 
fome  of  the  other  planets. 

To  find  the  longitude  is  a much  more  difficult  affair.  For  this  end,  at  pre-  Of  finding 
fent,  the  focieties  of  learned  men  in  Europe  offer,  from  time  to  time,  rewards  tl«  Longi- 
to  fuch  as  (hall  belt  treat  of  particular  fubjefts  in  Mathematicks  or  Phyficks. tudc- 
Some  of  thefe  have  been  relating  to  Navigation,  when  Poleni,  Bernoulli , Bougucr, 

* Sec  Mr.  Robins*  t Mathematical  Trad*,  where  thefe  divifions  arc  largely  treated  of. 

* Firft  printed  at  Rome,  in  1693. 

3 In  his  treatife  dt  Mot  a Mart  is  t in  1609.  * 

4 In  hi*  Afiror.cm.a  Carolina , in  1661. 

> In  1719*  many  year*  after  their  cooftraCtion. 
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and  others  have  obtained  the  prizes.  And,  it  is  hoped,  this  encouragement  may 
contribute  to  the  advancement  of  the  Art. 

Eclipfes  of  the  Moon  were  vifed  of  old  ; and  Kepler  recommended  thofe  of 
the  Sun  as  preferable 

The  fatellites  of  Jupiter  were  no  fooner  difeovered  by  the  great  Galileo  ’,  than 
the  frequency  of  their  eclipfes  recommended  them  for  this  pttrpofe  j and, 
amonglf  thofe  who  attempted  this  fubjeift,  none  were  more  fucccfsful  than  Sig- 
nor Dominic  CojJini. 

This  great  aflronomer,  in  1688,  publiflied  at  Bologna  tables  for  calculating 
the  appearances  of  their  eclipfes,  with  directions  for  finding  thence  the  longi- 
tudes of  places  ; and  being  invi*ed  to  France  by  L‘"tvis  the  Fourteenth,  he  there 
publiflied  corre&er  tables  in  1693.  But  the  mutual  attractions  of  the  fatellites 
on  one  another  rendering  their  motions  exceflively  irregular,  the  tables  foon  run 
out ; infomuch,  that  they  require  to  be  renewed  from  time  to  time,  which  is 
performed  by  ingenious  perfons,  as  Dr.  James  Pound,  Dr.  James  Bradley  *,  M. 
CaJJini  the  fon,  and  M . Peter  tVargentin* ; fo  that  now  many  of  the  common 
Almanacks  fee  down  when  thefe  eclipfes  happen  throughout  the  year. 

Mr.  Nevil  Majkelyne , the  Royal  Aflronomer,  has  publifhed  annually,  ever 
fince  1767,'  by  order  of  the  Commiflioners  of  the  Longitude,  a Nautical  Al- 
manack, and  Aftronamical  Epbemeris,  containing  not  only  the  eclipfes  of  the  fa- 
tellites, but  alfo  many  other  tables,  to  enable  the  mariner  to  determine  the  lon- 
gitude. The  fame  thing  has  been  attempted  likewife  in  the  Connoijfance  des  Temps, 
cipecially  for  thefe  latter  years,  by  M.  de  la  Lande. 

The  large  reward  granted  by  the  Brilijb  Parliament  for  a p radical  way  of  difeo- 
vering  the  Longitude  at  fea,  has  put  many  upon  the  fearch  ; infomuch  that  feveral 
idle  artd  abfurd  fchemes  have  been  offered  by  ignorant  and  wrong-headed  men. 
But  the  perfedling  the  methods  propofed  long  ago  by  John  IVtrner  and  Gemma 
FriJtus,  feems  at  prefent  to  engage  the  attention  of  the  publick. 

Thp  theory  of  the  Moon,  though  much  amended  by  the  noble  Tycho  Brahe 
and  Mr.  Jeremy  Horrox  % was  found  to  be  infufficient  to  anfwer  this  end.  But 

* TataU  Rudolph,  printed  at  Ulm  in  1627,  csp.  xvi  tc  xxxli. 

* In  his  Srelereus  Nuneius , fir  ft  printed  at  Venice  in  1610.  ^ 

1 He  fucceedcd  Dr.  Hatley  as  Aftronomer  Royal  at  Greenwich,  where  he  made  a complete  fet  of 
Agronomical  Obfervations,  which,  as  they  are  very  accurate,  it  is  hoped  will  not  be  loft.  He  be- 
came famous  on  publishing  an  account  of  an  apparent  motion  in  the  fixed  ftars,  which  was  imme- 
diately exhibited  by  the  great  mathematician  Dr.  Brook  Taylor,  according  to  the  cxa&  theory  of 
the  Earth’s  motion.  See  Mr,  Bolins'  a Mathematical  Trafts,  vol.  II.  page  276. 

4 IVorgex/'n's  tables  are  much  efteemed  ; they  were  firft  publifhed  at  Stockholm , in  the  j43a  Socie- 
tal! j Revise  Scirntiarum  Uf>faletifis%  for  the  year  1741  ; but  there  has  fince  that  time  been  a fccond  edi- 
tion of  them,  more  eorred:  than  the  former,  made  from  a new  copy  of  the  author*!,  at  Paris,  in 
] 7 59.  by  M tie  la  Lande. 

1 This  great  genius  died  in  1644,  fcarce  23  years  old.  See  his  Optra  Pojlhuma,  publifhed  by  the 
famous  Dr.  John  Wallis  at  London,  in  1^73.  Horrox  firft  ©bferved  the  ’l  ran  fit  of  Venus  over  the 
bun,  in  1639.  He  wrote  an  account  of  this  Phenomenon,  which  was  publifhed  by  the  great  aftro- 
nomcr  HcmeJins,  at  Dantxic,  in  166 1. 
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the  caufcs  of  her  various  irregularities  having  been  difcovcred  by  Sir  Ifaac 
Newton,  and  her  theory  thence  improved  beyond  expedlaiion,  gave  great  hopes 
of  fuccefs;  which  are  now  increaled  by  the  farther  improvements  made  on  his 
principles  by  M.  Euler  and  others  ; as  they  have  enabled  Mr.  Tobias  Moyer  of  Mayer's  Lu- 
Gotthgen  *,  to  compofe  at  length  tables  agreeing  to  the  Moon’s  motion  in  every  ”*r  Tables, 
part  of  her  orbit,  with  very  furprifing  exadtnefs.  And  this  ingenious  perfon  '77°' 
has  left  behind  him  tables  (hill  more  cxaifl  ’,  for  which  the  Parliament  have  re- 
warded his  widow,  as  a]fo  Mr.  Euler.  Thefe  tables  were  publifhed  in  1770, 
by  Mr.  Majkelyne. 

As  to  the  method  of  Gemma  Friftus,  M.  Huygens  was  perfuaded  it  might  be 
accomplifbed  by  his  inventions  of  pendulum-clocks  and  watches  ; a defeription 
of  the  firft  of  which  he  publifhed  in  a fmall  tradl,  printed  at  the  Hague,  in  1658, 
and  of  the  fecond,  as  improved,  in  the  "Journal  des  Seavans  for  the  month  of 
February , 1675.  And  great  expeditions  of  luccefs  had  been  raifed  from  fome  trials 
made  in  a voyage  with  thefe  watches  of  the  firft  conftruftion,  by  Major  Holmes  •, 
an  account  whereof  is  given  in  the  Philofophical  Tranfadlions,  Ann.  1669.  But 
the  various  accidents  thofe  movements  are  liable  to,  foon  caufed  that  way  to  be 
laid  afide. 

Notwithftanding  which,  the  ingenious  Mr.  John  Harrifon  has,  for  many  years 
paft,  employed  himfelf  in  contriving  a machine,  that  (hall  be  free  from  all 
imaginable  inconvcniencies ; and  his  endeavours  have  been  fo  well  approved-of 
by  gentlemen  of  the  greateft  knowledge  in  thefe  fubjedls,  that  the  commilSoners 
for  the  longitude  have  thought  fit  to  allow  him  fome  gratifications  for  bis  pains. 

He  has  been  fince  farther  confidered,  upon  difclofing  the  internal  ftrudture  of 
his  inftrument  *,  and  he  dill  perfeveres  in  puthing  for  the  whole  reward. 

The  difficulty  of  making  obfervations  at  fea  with  fuflicient  exadtnefs,  was  of  making 
feared  to  be  unfurmountable  ; but  attempts  have  been  made  to  overcome  it.  In  Obfervations 
the  Hiftory  of  the  Royal  Society,  at  page  246,  is  mentioned  an  invention  in  ***• 
thefe  words  : A new  inftrument  for  taking  angles  by  refleblion,  by  which  means  the 
eye  at  the  fame  time  fees  the  two  objebls  both  as  touching  the  fame  point,  though  diftant 
almoft  to  a femicircle ; which  is  of  great  ufe  for  making  exabl  obfervations  at  fea. 

A figure  of  this  inftrument,  drawn  by  Dr.  Hook,  the  inventor,  is  given  in  the 
Dodfor’s  pofthumous  works,  with  a defeription,  at  page  503.  But  here  as  one 
refledfion  only  is  made,  it  would  not  anfwer  the  purpofe.  However,  this  was 
at  laft  effedted  by  Sir  Ifaac  Newton,  who  communicated  to  Dr.  Halley  a paper 
of  his  own  writing,  containing  a defeription  of  an  inftrument  with  two  reflec- 
tions, which  foon  after  the  Dodlor*s  death  was  found  among  his  papers  by  Mr. 

Jones,  who  communicated  it  to  the  Royal  Society  ; and  it  was  publifhed  in  the 
Philofophical  Tranfadlions,  No.  465,  Ann.  1742. 

1 Com.  Sociel.  Reg.  Gettingenf.  tom.  II.  p.  283. 

1 Sec  bit  Eutogimm  in  the  Nova  Ada  Erudaorum  for  March  1761. 

2 May  not  a machine  be  produced  that  (hail  anfwer  to  the  words,  but  not  to  the  intention  of  the 
a&  of  parliament ! That  a£t  was  procured  by  Whifton  and  Villon,  two  very  weak  men  ; and  their 
projcA  was  treated  with  the  utmofl  fcom. 
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How  it  happened  that  Dr.  Halley  never  mentioned  this  in  his  life-time,  is 
very  extraordinary  j feeing  that  John  Hadley,  Efq  1 had  deferibed,  in  No.  430, 
jinn.  1731,  an  inftrument  grounded  on  the  fame  principles,  which  is  fo  well 
cllecmed,  that  our  (hops  abound  with  them,  accommodated  with  Vernier' s di- 
viiion,  as  they  are  made  by  our  moft  Ikilful  workmen  ; and  they  are  now  in  gene- 
ral ufe  amongft  the  ikilful  feamen  of  moll  of  the  maritime  nations. 

Of  finding  Though  Medina's  method  for  finding  the  place  of  the  horizon  was  abfurd  ; 
tlic  Horbon  yet,  for  this  end,  fcveral  plaufible  ones  have  been  propofed  by  ingenious  per- 
« So.  fons,  as  Meffrs.  Elton,  Hadley,  Godfrey,  and  Leigh  ; and  that  chiefly  by  apply- 
ing a level  to  Davis’ s quadrant.  Their  devices  are  deferibed  in  the  Philofo- 
phical  Tranfatftions  for  1732,  33,  34,  and  37.  And,  laflly,  an  Horizontal 
Top,  invented  by  the  late  Mr.  Serfon,  (who  was  unfortunately  loft  at  fea  on  board 
the  ViOory  man  of  war,)  has  been  approved-of,  and  publifhed  by  Mr.  Smeaton 
in  the  Philofophical  Tranfatftions,  vol.  XLVI1.  for  1752.  part  ii.  page  352. 

Some  methods  ufed  for  obtaining  the  place  of  the  horizon,  and  of  obferving 
with  Mr.  Hadley's  RefleHing  Sell  or,  are  deferibed  by  Mr.  Robcrtfon,  in  his  Ele- 
ments of  Navigation  j which  treatife  has  defcrvedly  met  with  the  approbation  of 
the  publick. 

Thus  have  I endeavoured  to  trace  out  the  principal  fteps  by  which  the  Art 
of  Navigation  has  advanced  to  its  prefent  height  j nor  without  hopes  that  the 
attempt  may  not  prove  altogether  unacceptable  to  thole,  whofe  bufinefis  or 
curiofity  lead  them  to  be  acquainted  with  this  very  ufeful  branch  of  the  Ma- 
thematicks : on  the  fuccefsful  pratftifing  of  which  depends,  in  an  cfpecial  man- 
ner, the  flourifliing  ftate  of  our  country. 

This  Difl'ertation,  written  at  firft  by  defire,  is  now  reprinted  with  alterations. 
Though  1 may  be  thought  to  have  dwelt  too  long  on  fome  particulars  not 
direiftly  relating  to  the  fubjeft  ; yet,  l hope,  that  what  is  fo  delivered,  will  not 
be  altogether  unentertaining  to  the  candid  reader.  As  to  any  apology  for  hav- 
ing handled  a mattet  quite  foreign  to  my  way  of  life,  I (hall  only  plead,  that 
when  very  young,  1 lived  in  a Tea-port  town,  which  made  me  eagerly  defirous  of 
becoming  acquainted  with  an  Art  that  could  enable  the  Mariner  to  croft  the  wide 
and  pathlefs  ocean  with  fecurity,  and  arrive  at  his  defired  harbour. 

1 Mr.  Hadley  being  well  acquainted  with  Sir  Ifeietc  Hervton,  might  have  heard  him  fay,  /feet's 
propofol  could  be  perfected  by  means  of  a double  refledtion.  However,  Mr,  Hadley,  being  a very 
ingenious  perfon,  might  have  hit  on  the  fame  thought,  as  well  as  Mr.  Godfrey  of  renfylvaniai  to 
whom  the  invention  of  this  admirable  inflrumenl  has  been  aferibed  by  fume  gentlemen  of  that  colony  s 
1 bis  is  not  the  only  cafe,  wherein  different  perfoni  have  produced  limilar  inventions. 

London.  JAMES  WILSON. 
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A 

PROBLEM 

Concerning  the  Construction  of  a Triangle,  by  means  of  a Circle  only , 
though  the  Properties  of  its  Sides  lead  to  an  Equation  of  the  Tenth  Order ; 
Propofed  and  Solved  by  James  Glen ie,  Efq . late  a Lieutenant  in  the 
Corps  of  Engineers. 


v PROBLEM. 

Article  t.  /"\N  the  given  line  BC,  as  a bafe,  to  defcribe,  by  drawing  only 
right  lines  and  circles,  a triangle  B AC,  of  which  the  perpen- 
dicular altitude  (hall  be  equal  to  half  the  bafe  BC,  and  the  (ides  of  which,  to 
wit,  A B and  A C,  (hall  be  of  fuch  magnitudes  that  the  fum  of  their  cubes  (hall 
be  equal  to  three  times  the  cube  of  the  bafe  BC. 


CO  NT- 
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Bifefl  the  bafe  B C in  the  point  D j and  from  D draw  the  right  line  D E at 
right  angles  to  B C,  and  equal  to  three  times  D C ; and  prolong  the  faid  line 
D E on  the  other  fide  of  BC  to  the  point  G,  fo  that  DC  (hall  be  to  DG  in 
the  fame  proportion  as  DE  is  to  DC,  or  that  DC  (hall  be  equal  to  three 
times  D G.  Then  bifedT  the  line  EG  in  the  point  K ; and,  with  K as  a center, 

and  K E,  or  K G,  as  a radius,  defciibe  a circle.  Then,  becaufe  D C is  a 

mean  proportional  between  ED  and  DG,  the  two  fegments  of  the  diameter  EG, 
it  is  evident  that  the  circumference  of  this  circle  will  pafs  through  the  point  C, 
and  confcquently  through  the  oppofite  point  B,  which  is  at  the  fame  dillance 
as  C from  the  diameter  E G.  In  the  next  place,  from  the  point  D in  the  dia- 
meter E G,  take  the  line  D F equal  to  DC  ; and  from  the  point  F draw  the 
line  FA  parallel  to  the  bafe  BC  and  meeting  the  circumference  of  the  circle 
ECGB  in  the  point  A.  And,  laftly,  from  the  point  A draw  the  right  lines 
A B and  A C to  the  extremities  of  the  given  bafe  B C. 

Then  will  the  triangle  A B C be  the  triangle  required,  or  the  triangle  of 

which  the  perpendicular  altitude  F D is  equal  to  half  the  bafe  B C,  and  of 

which  the  two  fides  A B and  AC  are  of  fuch  magnitudes  that  the  fum  of  their 
cubes  lhall  be  equal  to  three  times  the  cube  of  the  given  bafe  BC.  e.  f. 


DEMONSTRATION. 


Art.  2.  For,  in  the  i ft  place,  the  perpendicular  altitude  of  this  triangle,  to 
wit,  D F,  is,  by  the  conflruiflion,  equal  to  DC,  or  half  the  bafe  BC;  which 
is  the  firft  condition  required  in  the  Problem. 

And,  2dly,  the  fum  of  the  cubes  of  the  two  fides  A B and  A C will  be  equal 
to  three  times  the  cube  of  the  bafe  BC  ; as  may  be  fhewn  in  the  manner  fol- 
lowing. 

Let  DC,  or  half  the  bafe  BC,  be  denoted  by  the  letter  a.  And  we  fhall 
have  B C n 2a,  and  confcquently  BC3  (=  2?’/  =:  8 a’,  and  ^BC*  (—  3 x 8a1; 
= 243*.  We  mud  therefore  fhew  that  AB*  4-  AC*  will  be  equal  to  24a1. 

Art.  3.  Now  let  the  right  line  AH  be  drawn  at  right  angles  to  the  bafe  B C, 
produced,  and  meeting  it  in  the  point  H. 

Then,  becaufc  A C H and  A B H are  right-angled  triangles,  having  a right 

angle 
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angle  at  H,  we  (hall,  by  El.  t,  47,  have  AB?  = BH?  + AH?  = BH?  4- 
DF?  = BH?  + DC?  = BH?  + aa  = BD  + DH>  + aa  = BD?  4-  2BD 
X DH  4-  DH?  4-  aa  — aa  + aa  x DH  + DH?  + aa  = 20a  + a ax 

DH  + DH?  = 2 00  +2  ax  DH  4-  FA?  — 2 aa  + 21  x FA  + FA?  = 
(by  the  nature  of  the  circle,)  2 aa  + 2 ax  FA  4-  EF  x FG  = a 00  + 2 0 x 
FA  + EF  x H)  + DCi  = (by  the  conftruflion,)  200  +2  ax  FA  4-  2FD 

X FD  4-  y-  = 2 00  + 2 0 X FA  4-  2a  x 0 + -j  = 200  +2  ax  FA  4- 


4 ft  , . „ r?  a > 8<w  6<m  . . 8<*<*  6a<*  , 

2a  x — = 200  + 20  x FA  4-  — = 1-  aa  x FA  4-  — = — 4- 

3 3 3 3 3 

S ( 8a*  , 8*3  1433  , 4/8  1433  , J j X J 8 

2*X  v/j—  + - = f+«»x^=f  + ^ * Thrfj  = 

1433  x £24  _ 143*  + 233  x y ^ _ 14*3  33  X 4/4  X y/24  _ Mff. 

3 3 3 3 3 3 3 

^ x HW2.6  Therefore  AB  will  be  _ a x s (h±+^t 
3 3 -/)  * 

and  confequently  AB1  will  be  = a1  x X 

3 v'S 


And  we  (hall  have  AC?  = (by  El.  i,  47,)  AH?  4-  CH?  = DC?  + CH? 
= 00  4-  CH?  = 00  4-  DH  — DC]?  = 00  4-  FA  - DC1?  = aa  + FA? 

- aFA  x DC  4-  DC?  = aa  + FA?  - 2DC  X FA  4-  DC?  = aa  + FA? 

— aa  x FA  4-  aa  = 2 aa  + FA?  — aa  x FA  = 2 aa  4 y - ju  x FA 


, 8 aa 

= 2 aa  -i — 2a  x 

3 


*FF= 


, Saa  a/8  , Saa 

~ zaa  4-  — — 20  x * X - r-  = 200  + — 

3 v 3 3 

a/3  x */8  , _ a/24  , 8rf<»  k 

— iaa  x ^ ~r  — 2aa  4* 2aa  X ^ = 2<js  H ^ x — 

v^3  * *^3  3 3 3 4 * 

= T+T--x 


3 3 3 3 

S£  = l±?-aax^  = aax  ,4~^.  There- 
* 3 3 3 3 

fore  AC  will  be  = a x ^ , and  confequently  AC*  will  be  = a1  x 

14  - 4/96  ^(14  - 4/9*5 

— A . • 

3 v^3 

Therefore  ABJ  4-  AC1  will  be  = a«  x iiy?6-  x + a*  x 

14-  4/96  _ 4/(14-  i/V’l 

X > 


Vol.  IV. 


X x 


Art.  4, 


Digitized  by  Google 


33* 


Ml.  CLUMl'l  PROBLEM. 


li.  4-  l/q6  . 12  4-  2 X 4/24  + » __  12  + 2 X 4/8  *(/}+»_ 

Art.  4.  Now  — — — - is  = = : — 

3 3 3 

12  + 2 X V*  X 4/1  X V}  4-  2 _ II  + 2 X 2 X 4/2  X ^ + 2 _ 2^3  + 4^*  * _ 

3 * 3 

Therefore  ^ will  be  = ■—  = 2 + ^.  And  confequently 

•/j, Vj  v^i 

AB,  or  <j  x t will  be  = a x [2  + and  A BJ  will  be  = 
Vi  V» 


x f+lT  = *’  X 8 + ^ + 6 X T + YJi 

And  in  like  manner 


14  — V 26  . 11  — 2y/l4  + 2 12  — 2 x 4/8 

is  — 3 


I»  — * X 4/4  X 4/1  X Vi  + 4 _ >2-2  X 2 X 4/2  X 4/3  + 2 2y/3  ~ 7*>‘ 

_ - - - » 3 3 

Therefore  will  be  = V3  = 2 - And  confequently 

V3  4^3  Vi 


AC,  or  a x wiU  be  = a x fa  — and  AC*  will  be  = 

Vi  Vi 


, f 4/2!’  2 ..  o 1 2 4/ 2 

X|2-7jl  ="  X8^  — 


6x2  2y/2 

-v/3  + 3 3Vi 


Therefore  AB5  + AC’  will  be  = a’  % 8 + —7—  + — - — + ~ri  + 


Vi 


iVi 


»’  x » - + Hr  - = .•  x 8 + 8 + Lii  + Lf4 

a5  x x6  + 4 + 4 = 24a1,  or  3 x 8a*,  or  3 x BC1.  Qc  e.  d. 


A SCHOLIUM. 

Art.  5.  In  the  courfc  of  the  foregoing  demonftration  it  was  (hewn  that  AB% 
or  aa  x 13  '/f(>  was  equal  to  aa  x f2  -f  , and  confequently  that  AB, 

or  a x 1 » or  the  fquare-root  of  aa  x was  equal  to 

a x f z + But  it  may  be  afkcd,  how,  when  we  had  found  AB7  to  be 

equal  to  aa  x ' +~  > we  came  to  difeover  that  AB,  or  the  fquare-root  of 

aa  X 


Digitized  by  Google 


MR.  GLEKJE’S  PROBLEM. 


339 


ca  x 14  +— would  be  equal  to  a X [2  + or  that  the  fquare-root  of 
3 v3 

the  frattion  l4.  * would  be  the  binomial  quantity  2 •+•  Now  this 

might  have  been  difeovered  in  the  following  manner. 


An  Invejligation  of  the  Binomial  Square-Root  of  the  FraBicn  - i-i—i— . 


Art.  6.  In  the  firft  place  we  may  obferve  that  tire  fraction  14  ^ is  ( = 
Z'l+yGT*  = **7  + **  _ JL.  Xf7+V^:  Therefore  the 

fquare-root  of  the  fraftion  --4-  + 4/91  will  be  — ^ x s/l7  + ^24.  We  will 

therefore  now  feek  for  the  fquare  root  of  the  binomial  quantity  7 -f  ^24 ; 
which  may  be  found  in  the  following  manner. 

Art.  7.  In  the  firft  place  we  may  obferve  that,  if  the  binomial  quantity 
7 ■+■  \/24  has  another  binomial  quantity  for  its  fquare-root,  (which  is  not  the 
cafe  with  every  fuch  binonrial  quantity  as  7 4-  24,  of  which  one  member 

is  a furd  quantity,  or  the  fquare-root  of  a non-fquare  number,)  one  member  at 
lead  of  the  faid  binomial  fquare-root  muft  be  a furd  quantity,  or  the  fquare-root 
of  a non-fquare  number.  And  we  cannot  be  certain  before-hand  that  both  the 
members  of  fuch  binomial  fquare-root  will  not  be  fuch  furd  quantities.  But 
wc  are  fure  that  both  the  nrenrbers  of  fuch  binomial  fquare-root  capnot  be  ra- 
tional numbers : for,  if  they  were  fo,  their  fum,  or  the  whole  of  the  faid  bino- 
mial fquare-root,  would  alfo  be  a rational  number  j and  fo  would  its  fquare  ; 
and  conlequently  it  could  not  be  equal  to  the  binomial  quantity  7 + \A 24, 
which  is  an  irrational  quantity.  It  is  therefore  certain  that  either  one,  or  both,  the 
members  of  the  faid  binomial  quantity,  which  is  equal  to  the  fquare-root  of  the 
binomial  quantity  7 + ■\/24,  muft  be  furd  quantities.  Let  the  greater  of  the 
two  members  of  this  fuppofed  binomial  fquare-root  be  called  x,  and  the  teller 
be  called y,  fo  that  x +y  (hall  be  equal  to  the  fquare-root  of  7 -f  ^24. 

Then  will  xx  + zxy  -f  y y (which  is  equaj  to  the  fquare  of  x 4-  y,)  be  equal 
to  7 + v/24. 

Now,  whether  x and  y are,  both  of  them,  furd  quantities,  that  is,  fquare- 
roots  of  non-fquare  rational  numbers,  or  only  one  of  them  is  a furd  of  that 
kind,  and  the  other  is  a rational  number;  their fquares  xx  and yy  muft,  in  both 
cafes,  be  rational  numbers.  Therefore  the  fum  of  thefe  fquares,  or  the  quan- 
tity xx  + yy,  muft  alfo  be  a rational  number.  Let  us  therefore  fuppolc  that 

X x 2 this 
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this  fum  is  equal  to  7,  or  the  rational  member  of  the  binomial  quantity 
7 4-  ^24,  to  which  the  whole  trinomial  quantity  xx  4-  2 xy  + yy  is  equal,  and 
confcquently  that  2 xy,  or  the  remaining  part  of  that  trinomial  quantity,  is  equal 
to  \/24,  or  to  the  furd  member  of  the  faid  binomial  quantity  7 -f-  ,/ 24. 
This  fuppofilion  is  not  inconfillent  with  any  thing  before  fuppofed  ; and  it  feems 
likely  to  enable  us  to  find  the  values  of  x and  y,  of  which  we  are  in  fearch. 


Arr.  8.  Now,  if  xx  + yy  is  equal  to  7,  we  fhall  have  xx  =:  7 — yy.  And, 
becaufe  x is  fuppofed  to  be  greater  than  y,  it  follows  that  xx  mull  be  greater 
than  yy,  and  confcquently  greater  than  half  of  xx  + yy,  or  than  half  of  7 ; and 
yy  will  be  lefs  than  half  of  xx  + yy,  or  than  half  of  7. 

Further,  fince  2 xy  is  — \/24>  the  fquare  of  ixy  will  be  equal  to  24 ; that  is, 
4**27  will  be  — 24 ; and  confequently  xxyy  will  be  (=  —•)  — 6,  and  xx  will 


But  it  has  been  fhewn  that  xx  is  = 7 — yy. 


Therefore  — will  be  = 7 — yy,  and  confequently  6 will  be  = 777  — y*. 
Therefore  (fubtra fling  both  ftdes  from  or  the  fquare  of  —)  we  fhall  have 
- 6 = -^2.  - (jyy—y4  = & - ?yy  + y\  or  ^ — = ~~  W + /> 

or  — = — — 7 }y  + y4-  Therefore,  (extrafling  the  fquare-roots  of  both 

4 4 


fides,)  we  fhall  have  yy,  and  confequently  — + yy  — and 

yy  = 5-  — = 1.  Therefore  y,  or  the  fquare-root  of  yy,  will  be 

equal  to  the  fquare-root  of  I,  that  is,  to  1 likewife  ; and  xx  (which  is  equal  to 
7 — yy,)  will  be  = 7 — 1 = 6,  and  confequently  x will  be  — y/  6. 

Therefore  x + y will  be  = %/ 6 + 1,  or  the  fquare-root  of  the  binomial 
quantity  7+^24,  will  be  = s/6  + 1.  <!•  e.  i. 


Art.  9.  Now  “ that  v'S  + 1 is  truly  the  fquare-root  of  the  binomial  quan- 
tity 7 -f  \/ 24”  will  eafily  appear  by  fquaring  it.  For  the  fquare  of  s/  6 + 1 

is  6 + 2^6  4.  i (=  7 + 2\/6  = 7 + \/ 4 X s/6  = 7 + x/  (4  x 6) 

= 7+^24.  Q.  E.  D. 


Art.  10.  Since  the  fquare-root  of  the  binomial  quantity  7 + </i\  is  — 
s/6  + 1,  the  fquare-root  of  ' 4-  (which  has  been  fhewn,  in  art.  6,  to  be 
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= £ X ✓/■7+V14)  Will  be=^xV6+1(=  + g X I 

_ </g  x X y/3  v/2s  _ . </* 

^3  v^r  ~ T 3 ' Qi  E.  I. 


An  Invejiigation  of  the  Binomial  Square- Root  of  the  Fr anion  — ~ v/gfl 


Art.  1 1.  In  like  manner  we  may  inveftigate  the  fquare-root  of  the  fraflion 

H — »V’  wjjich  wc  fhall  find  to  be  2 — — . This  may  be  done  as  follows. 

3 S3  1 

The  fraction  14  is  = 2x7 — ~ * K/li  = -j-  X f 7 — "S 24 ; and  con- 

fcquently  the  fquare  root  of  will  be  = ■*£-  X the  fquare  root  of  the 

binomial  quantity  7 — y/24.  We  mull  therefore  endeavour  to  find  the  fquare- 
root  of  7 — S' 24. 

Art.  12.  Now  let  x — y be  fuppofed  to  be  equal  to  this  fquare-root.  And 
we  (hall  have  xx  —2 xy  + yy  {—  x — jf)  = 7 — ^24. 

Further,  let  xx  + yy  be  fuppofed  to  be  = 7,  and  confcquently  ixy  to  be 
•=.  24. 

Then  will  xx  be  = 7 — yy,  and  4x157  will  be  =:  24,  and  confequently  xxyy 

will  be  (=  — ) = 6,  and  xx  will  be  = — . 

v 4 yy 

Therefore  7 — yy  will  be  = and  7 yy  — y 4 will  be  = 6,  and  -^2- 
— —y*  wil1  ^ = ~ ~ 6 = ~ — ~ — or  — — yy  + y*  will 

be  — Therefore  -1 yy  will  be  — and  will  be  = —•  -{-  yy, 

and  yy  will  be  = — 7 — 1.  Therefore  y,  or  the  fquare-root  of  yy, 

will  be  equal  to  the  fquare-root  of  1,  that  is,  to  1.  And  xx  (which  is  equal  to 
7 — yy)  will  be  =:  7 — i = 6.  Therefore  x will  be  =:  \/6,  and  x — y will 
be  = v/ 6 — 1 ; that  is,  the  fquare-root  of  the  binomial  quantity  7 — s' 24 
will  be  = y/b  — 1.  q.  e.  1. 

Art.  13. 
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Arr.  13,  Now  “ that  \/6  — 1 is  truly  the  fquare-root  of  the  binomial 
quantity  7 — \/n"  will  cafily  appear  by  fquaring  it.  For  the  fquare  of 
y/6  — 1 is  6 — 2s/6  + 1 (=  7 — 2s/6  = 7 — v/4  X v/6  = 7 — 
v'J+  X 6)  = 7 — ^24.  <*.  E.  D. 

Art.  14.  Since  the  Iquare-root  of  the  binomial  quantity  7 — v/  24  »s  = 
■Z6  — t,  the  fquare-root  of  the  fraction  — — ^ v/y6  (which  has  been  fliewn  in 

art.  11  to  be  = ~ x t/f?  —^24,)  will  be  = ^ x f/6  — 1 (=  — ~ ^ 

V 3 v3  7 V 3 

4/1  X 1 */2  X ,/i  x 1/5  \/2\ ^2 

-/3  ~ Si  vT  ” 2 vV  ^ E.  I. 


Oiferva  lions  on  the  foregoing  Methods  of  lnvefiigating  the  Square-Roots  of  Irrational 
Binomial  and  Ref  dual  Quantities,  fucb  as  7 + v/24  and  7 — V'  2^. 


Art.  15.  When  the  quantity  of  which  the  fquare-root  is  fought  is  a rcfidual 
quantity  conlifting  of  two  members,  the  one  rational,  and  the  other  irrational, 
and  the  irrational  member  is  lefs  than  the  rational  one,  and  is  fubtradted  from 
it,  (as  is  the  cafe  with  the  rcfidual  quantity  7 — 1/24,  or,  in  general,  with 
the  rcfidual  quantity  A — a/B,)  the  two  fuppofttions  made  above,  to  wit,  ift, 
that  * — y,  or  the  difference  of  two  other  quantities  denoted  by  * and  y,  is 
equal  to  the  fquare, root  of  fuch  given  rcfidual  quantity  A — \/B,  and,  2dly, 
that  xx  + yy,  or  the  fum  of  the  fquares  of  die  faid  two  other  quantities,  is 
equal  to  A,  or  the  rational  member  of  the  faid  given  refidual  quantity,  will  al- 
ways be  poffible,  or  compatible  with  each  other. 

For,  if  we  fuppofe  the  greater  quantity  a:  to  be  at  firft  equal  to  \l[\  — y'B, 
or  the  fquare-root  of  the  given  rcfidual  quantity  A — %/B,  and  the  lefler  quan- 
tity y to  be  at  firft  equal  to  o ; and  we  further  fuppofe  the  quantity  x to  increafe 

gradually  from  its  firft  magnitude,  to  wit,  \/ (A  — ■ %/ B,  ad  infinitum,  and  the 
quantity  y to  increafe  gradually  at  the  fame  time  from  o ad  infinitum,  and  the 
increments  received  by y to  be  always  equal  to  the  contemporary  increments 

received  by  * ; it  is  evident  that  x — y,  which  is  at  firft  equal  to  v/  A — \/ B 

— o,  or  v/ f A — %/B,  will  continue  always  of  the  fame  magnitude,  notwith- 
ftanding  the  increafe  of  both  x and y,  and  therefore  will  be  always,  as  at  firft, 

equal  to  A — And  in  the  courfc  of  this  increafe  of  x and  y from 

v// A — y'li  and  from  o ad  itfimium,  it  is  evident  that  xx  will  increafe  from 

A - 
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A — v'B  ad  irfinitum,  and  that  yy  will  increafe  from  o ad  infinitum,  Therefore 
xx  + yy  will  increafe  gradually  at  the  fame  time  from  A — N/B  + o,  or 
from  A — \/B,  ad  infinitum,  and  confequently  will,  at  fume  point  of  time 
during  its  increafe,  become  equal  to  any  given  quantity  whatfoever  that  is  greater 
than  A — 1/  B.  But  A is  greater  than  A — v'B.  Therefore  the  quantity  x.v  + yy 
will,  at  fome  point  of  time  during  its  increafe  from  A — v'B  ad  infinitum,  be- 
come equal  to  A.  And  confequently  the  fecond  fuppofition,  to  wit,  that 
xx  + yy  is  equal  to  A,  or  the  rational  member  of  the  given  reiidual  quantity 
A — v^B,  is  compatible  with  the  firft  fuppofition,  to  wit,  that  x — y is  equal 

to  s/ 'A  — v'B,  or  the  fquarc-root  of  the  faid  given  refidual  quantity  A — v'B  ; 
or,  in  other  words,  it  is  pofiible  for  two  quantities,  x and  y,  whereof  x is  the 
greater,  to  exifl,  that  lhall  be  of  fuch  magnitudes  that  the  cxcefs  of  x above y 

Ihall  be  equal  to  v'jA  — v'B,  or  to  the  fquare-root  of  the  given  refidual 
quantity  A — v'B,  and  that  the  fum  of  their  fquares,  or  the  quantity  xx  + yy, 
fliall  be  equal  to  A,  or  the  rational  member  of  the  faid  given  refidual  quan- 
tity. 0_.  E.  D. 

Art.  16.  And  the  like  two  fuppofitions  will  alfo  be  compatible  with  each 
other  in  the  cafe  of  a given  binomial  quantity,  as  7 -f-  ^24,  or,  in  general, 
A + v'B,  when  the  rational  member  A is  greater  than  the  irrational  member 
v'B  ; but  not  otherwife. 

For,  whatever  be  the  magnitudes  of  x and  y,  the  fum  of  their  fquares  will 
always  be  greater  than  twice  their  produdf,  or  xx  + yy  will  always  be  greater 
than  2xy.  Therefore,  to  the  end  that  xx  + yy  may  be  equal  to  A,  and  lxy  to 
v'B,  it  is  neccffary  that  A lliould  be  greater  than  v'B.  And,  if  we  attempc 
to  find  the  fquare-root  of  a binomial  quantity  A + v'B,  when  A is  lefs  than 
v'B,  by  making  thefe  two  fuppofitions,  to  wit,  ill,  that  x -f-  y is  equal  to 
the  fquare-root  of  A + v'B,  and,  2dly,  that  xx  + yy  is  equal  to  A,  we  fliall 
be  fure  to  come  to  a conclulion  that  will  point  out  the  incompatibility  of  thefe 
two  fuppofitions  with  each  other,  or  the  impoflibility  of  the  fecond  fuppofi- 
tion, to  vvit,  that  xx  + yy  is  equal  to  A. 

Thus,  for  example,  if  we  endeavour  to  find  out  the  fquare-root  of  the  bino- 
mial quantity  3 + V24;  and,  with  this  view,  we  denote  the  faid  fquare-root 
by  the  binomial  quantity  x + y,  and  then  make  the  fecond  fuppofition  above- 
mentioned,  to  wit,  that  xx  + yy  is  equal  to  3,  and  confequently  that  2 xy  is 

equal  to  v'  24,  we  (hall  have  xx  — 3 — yy,  and  /\xxyy  (—\zxy)')  — 24,  and 

xxyy  (=  -y)  = 6,  and  xx  — -y.  Therefore  3 — yy  will  be  = and 

2,yy  — y*  will  be  = 6.  But  nyy  — y 4 is  — 3 — _yd  X yy,  which  (by  Euclid’s 
Elements,  Book  2d,  Prop.  5,)  can  never  be  greater  than  the  fquare  of  half  the 
quantity  3,  of  which  3 — yy&ndyy  are  the  component  parts,  that  is,  than  the 

fquare  of  -y,  or  than  or  than  2 -) — y ; which  is  much  lefs  than  6.  There- 
fore 
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fore  the  equation  2)7  — y*  — 6 is  an  impoflible  equation.  And  eonfcquently 
the  fuppofition  from  which  it  is  derived,  to  wit,  “ that  xx  + yy  is  equal  to  3,” 
is  a falfe  fuppofition. 

Art.  17.  But,  fo  long  as  A is  greater  than  s''  B,  the  two  fuppofitions  that 
a;  + y is  equal  to  the  fquare-root  of  the  binomial  quantity  A + v''  B,  and  that 
xx  + yy  is  equal  to  A,  will  be  poflible  fuppofitions,  or  will  be  compatible  with 
each  other,  though  the  excefs  of  A above  VB  fhould  be  ever  fo  fmall;  of 
which  the  binomial  quantity  5 + V 24  may  afford  us  an  example. 

- For,  if  we  fuppofe  * + y to  be  equal  to  the  fquare-root  of  the  binomial 
quantity  5 + v'  24,  and  xx  + yy  to  be  equal  to  j,  and  eonfcquently  2 xy  to  be 
equal  to  V24,  we  lhall  have  xx  = 5 — yy,  and  4 xxyy  = 24,  and  eonfcquently 

xxyy  {—  — ) = 6,  and  xx  — — . Therefore  5 — yy  will  be  = — , and 

' 4 v yy 

confequently  gyy  — y‘  will  be  = 6,  and  (yyy  —y*  will  be  — — 6, 

or  — — $yy  + y*  will  be  = — — — — -I_.  Therefore  (extrafling  the 
4 4 4 4 

fquare- roots  on  both  fides,)  we  (hall  have  -j yy  — and  A-  = + yy, 

and  yy  — -j j-  = - — 2,  Therefore y will  be  = V'b,  and  xx  (which 

is  equal  to  5 — yy,)  will  be  = 5 — 2 = 3,  and  confequently  x will  be  = 4/3. 
Therefore  x + y,  or  the  fquare-root  of  the  given  binomial  quantity  3 + •/  24 
will  be  = 2 + s^2.  q.  e.  1.  . 

Art.  18.  Now  “that  ^3  4-  s' 2 is  truly  the  fquare-root  of  the  binomial 

quantity  5 + V'24,”  will  eafily  appear  by  fquaring  it.  For  the  fquare  of 
•/ 2 + ^2  is  = 3 + 2 2 X ^*  2 * + 2 (=  3 + 2^6  4-2=5+  2^6 

= 5 + v^4  X ^6  = 5 + s' (4.  X 6)  = 5 + 2+  Oj  e.  D. 

End  of  the  Objervations  begun  in  Art.  15. 


Art.  19.  Hitherto  we  have  only  fet  forth  and  demonflrated  Mr.  Glenie’s 
elegant  conftruftion  of  the  foregoing  Problem,  and,  in  the  Scholium  fubjoined 
to  the  demonftration  of  that  conftruftion,  have  given  an  explanation  of  the 
methods  by  which,  in  the  courfe  of  that  demonftration,  we  difeovered  the 

fquarc-roots  of  the  two  fradlions  14  +3^--  and  '4~^~  to  be  the  quantities 

2 + ~ and  2 — ~,  which  were  ncceffary  fteps  of  the  faid  demonftration  : 

and  we  afterwards  added  to  the  (aid  Scholium  fome  ufeful  obfervations  relating 

to 
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to  the  extractions  of  the  fquare-roots  of  irrational  binomial  and  refidual  quan- 
tities, fuch  as  A + •/  B and  A — v'B.  But  we  will  now  undertake  the 
more  arduous  talk  of  direCtly  folving  Mr.  Glenie’s  Problem  without  the  help 
of  his  conftruClion.  And  with  this  view  it  will  be  convenient  to  ftate  the 
Problem  over  again  in  the  following  terms. 


A Problem  concerning  the  ConftruRion  of  a certain  Triangle,  the  Bafe  and  perpendi- 
cular Altitude  of  which  are  given,  and  likewife  the  Proportion  of  the  Sum  of  the 
Cubes  of  its  Sides  to  the  Cube  of  the  given  Bafe. 


Art.  20.  To  find  the  two  fides  A B and  A C of  a triangle  ABC,  fig.  2,  of 
which  the  bafe  BC  is  given,  and  of  which  the  perpendicular  altitude  is  equal 
to  half  the  bafe  B C,  and  the  two  fides  A B and  A C are  of  fuch  magnitudes 
that  the  fum  of  their  cubes  is  equal  to  three  times  the  cube  of  the  bafe  B C. 


Before  we  enter  upon  the  folution  of  this  Problem,  or  the  invefiigation  of  the 
lengths  of  the  fides  A B,  AC,  of  the  faid  triangle  ABC,  it  will  be  proper  to 
(hew  that  a triangle  of  this  defeription,  or  of  which  the  fides  are  fo  related  to 
the  bafe,  is  pollible.  This  may  be  (hewn  as  follows. 


A previous  DemonJIration  that  it  is  poffible  for  a Triangle  with  the  Properties 
deferibed  in  the  Conditions  of  this  Problem  to  exijl. 


L.et  the  given  bafe  BC  be  bifeCted  in  the  point  D.  And  at  D draw  the 
line  D F at  right  angles  to  the  bafe  B C and  equal  to  half  B C.  Then  will 
D F be  the  perpendicular  altitude  of  the  triangle  fought. 

Vol.  IV.  Y y From 
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From  F draw  the  line*,  F B and  F C to  the  extremities  of  the  bafe  B C,  and 
likewife  draw  the  line  FG  parallel  to  the  bafe  BC.  Then,  fince  DF  is  the 
perpendicular  altitude  of  the  triangle  fought,  it  is  evident  that  the  vertex  A of 
the  faid  triangle  muft  lie  fomewhere  in  the  right  line  F G. 

Now  let  us  firft  inquire  whether  F is  the  vertex  of  the  faid  triangle,  that  is, 
whether  the  point  A co-incides  with  the  point  F,  or  whether  the  fern  of  the  cubes 
of  F B and  F C (the  two  fides  of  the  triangle  F BC,)  is  equal  to  three  times 
the  cube  of  its  bafe  B C. 

Now  the  cube  of  the  bafe  B C is  equal  to  8 times  the  cube  of  D C,  or  half 
the  bafe.  Therefore,  if  F is  the  vertex  of  the  triangle  fought,  the  fum  of  the 
cubes  of  F B and  FC  ought  to  be  equal  to  three  times  8DC*,  or  to  24DC*. 
But  the  fuin  of  thofe  two  cubes  is  equal  only  to  4 x \/ 2 X DC*,  or  to  4 x 
1.414,213,  &c  x DC’,  or  to  5.656,852,  tic  x DC*;  as  may  be  (hewn  in. 
the  following  manner. 

By  El.  1,  47,  FC7  is  = FD7  + DC7  (=  DC7  + DC7)  = 2DC7,  and 

FB7  is  = FD7  + BD7  (=  B D7  + BD7  = 2BD7)  = 2DC7.  Therefore 
FC  is  = DC  x \/J,  and  FC*  is  zz  DC*  X 2\/j;  and  FB  is  alfo  = 
DC  x %/2,  and  F B*  is  = DC*  x 2\/i.  Therefore  FB*  -f  FC*  is  ( — 
DC*  x 2\/ 2 + DC’  x 2 \/z)  — DC‘  x 4\/ 2 = DC*  x 4 X 1.414,213, 
&c  = 5.656,852,  &c  x DC*.  Q_.  E.  D. 

Therefore  FB*  + F'C*  is  lefs  than  24DC’,  and  confequently  the  triangle 
FBC  is  not  the  triangle  required. 

Now  let  us  fuppofe  the  point  A to  move  from  the  point  F along  the  line  F G 
(which  is  parallel  to  the  given  bafe  BC,)  towards  the  diftant  point  G.  Then 
it  is  evident  that  the  line  AB  will  continually  increafc,  from  being  equal  at  firft 
to  the  line  FB,  ad  infinitum ; and  confequently  the  cube  of  the  line  AB  will 
alfo  increafe  ad  infinitum.  Therefore  the  fum  of  the  two  cubes  A B and  A C 
(which,  when  the  point  A co-incided  with  the  point  F,  was  equal  to  5.650,852, 
See  x DC*,)  will  alfo  increafe  from  the  faid  firft  magnitude,  5.656,852,  & c 
X DCi,  ad  infinitum,  and  confequently  will,  at  fome  point  of  time  during  its 
faid  increafe,  become  equal  to  any  quantity  that  is  greater  than  5.656,852,  8cc 
X DC* ; and  therefore  it  will,  at  one  point  of  time,  be  equal  to  24DC*.  It  is 
therefore  polTible  for  a triangle  to  exift  which  (hall  have  the  property  required 
by  the  conditions  of  the  Problem,  or  of  which  the  two  fides  A B and  A C Hull 
be  of  fuch  magnitudes  that  the  fum  of  their  cubes  fhall  be  equal  to  24DC*, 
(or  3 x 8DC*,  or-  3BC’,)  or  three  times  the  cube  of  the  given  bafe  BC. 

I E.  D. 

Art.  21.  But  the  difeovery  of  the  point  A in  the  indefinite  line  FG,  from 
which  if  we  draw  the  lines  AB  and  AC  to  the  extremities  of  the  given  bafe  BC, 
the  fum  of  their  cubes  (hall  be  equal  to  three  times  the  cube  of  the  given  bafe 
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B C,  or  to  24  times  the  cube  of  D C,  or  of  half  the  bafe  B C,  is  a matter  of 
great  difficulty.  The  following  method  of  difcovering  it  by  means  of  an  Alge- 
braick  inveftigation,  (which  feems  to  be  the  mod  obvious  that  can  be  taken,) 
will  bring  us  to  an  equation  of  the  tenth  power.  But,  before  we  enter  upon 
this  inveftigation,  it  will  be  proper  to  make  another  attempt  towards  fixing  the 
limits  of  the  pofition  of  the  point  A,  or  the  vertex  of  the  propofed  triangle 
ABC. 

From  the  point  C draw  the  line  C E at  right  angles  to  the  bafe  B C,  and 
meeting  the  line  FG  (which  is  parallel  to  BC,)  in  the  point  F,.  And  from 
the  point  E draw  the  right  line  E B to  the  other  extremity  B of  the  given  bafe 
BC.  And  let  us  inquire  whether  the  triangle  EBC,  arifingTrom  this  conftruc- 
tion,  will  anfwer  the  conditions  of  the  Problem,  or  whether  the  fum  of  the 
cubes  of  E B and  EC  will  be  triple,  or  more,  or  lefs,  than  triple,  of  the  cube 
of  the  bafe  BC,  or  will  be  equal  to,  or  greater  than,  or  lefs  than,  (3  x 8DC*, 
or)  24-times  the  cube  of  D C,  or  of  half  the  faid  bafe. 

Now  E C is  (=  DF)  = DC,  and  confequently  EC*  is  = DC*.  And, 
by  El.  1,  47,  E B7  is  = EC7  + BC7  (=  DC7  + BC7  = DC7  +7dc|7 

= DC7  + 4DC7)  = 5DC7;  and  confequently  E B is  = DC  X \/ 5,  and 
therefore  E B*  will  be  = D C*  x 5 v/ 5 DC’  x 5 X 2.236,067,  &c) 
= 11.180,335,  tic  X DC’.  Therefore  EB’  + EC’  will  be  = 1 1.180,335,  &c 
X DC’  + DC,-=  12.180,335,  *c  x DC1;  which  is  lefs  than  C’,  or 
3BC’.  And  therefore  the  triangle  EBC  will  not  anfwer  the  conditions  of  the 
Problem,  and  the  point  A,  or  the  vertex  of  the  triangle  ABC,  which  has 
the  property  required,  will  not  co-incidc  with  the  point  E,  but  will  lie  fome- 
what  beyond  the  point  E towards  the  point  G,  fo  as  to  make  the  line  AF  be 
greater  than  the  line  E F,  and  the  line  A B be  greater  than  E B,  and  the  fun*. 
of  the  cubes  of  A B and  A C be  greater  titan  E B*  + EC’,  or  12.180,335, 
8cc  x DC’. 

Art.  22.  Now  let  the  bafe  BC  be  produced  indefinitely  on  the  fide  of  C to 
the  point  1.  And  let  the  point  A,  taken  by  conjcdure  in  the  line  F G fome- 
what  beyond  the  point  E towards  the  point  G,  be  fuppofed  to  be  the  vertex 'of 
the  triangle  fought;  and  from  A draw  the  right  lines  AB  and  AC  to  the  ex- 
tremities of  the  given  bafe  BC ; fo  that  AB  and  AC  (hall  be  fuppofed  to  be  chc 
fides  of  the  faid  triangle.  And  from  the  fame  point  A draw  the  right  line  AH 
at  right  angles  to  the  line  BC1,  and  meeting  it  in  the  point  H.  Then,  it 
is  evident,  if  we  can  afeertain  the  length  of  the  external  line  C H,  lying  be- 
tween the  point  H and  the  given  point  C,  or  the  nearer  extremity  of  the 
given  bafe  BC,  we  (hall  be  able  to  determine  the  pofition  of  the  point  A,  and 
confequently  the  lengths  of  the  lines  A B and  A C of  the  triangle  required  by 
the  Problem. 
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An  Algebriiick  InveJligation  of  the  Length  of  the  Line  C H. 


Art.  23.  Now  to  inveftigate  the  length  of  this  line  C H,  let  us  denote  it 
by  the  letter  x ■,  and  let  the  line  D C,  or  half  the  given  bafe  B C,  be  denoted 
by  the  letter  a. 

Then  will  BC  be  = 2 a,  and  BH,  or  BC  + CH,  will  be  = 2 a + xt 
and  confequently  B H7  will  be  = 24  4-  = 4 aa  4-  4 ax  4-  xx.  And  A H 

(which  is  = FD  = DC)  will  be  = a,  and  confequently  AH7  will  be 
= aa. 

Therefore  AHf  + BHf  will  be  = aa  4-  4 aa  + 44*  + xx  = 54a  4-  4 ax 
4-  *x,  and  AH*  + CH!  will  be  — aa  4-  xx. 

But,  by £1.  1,  47,  AB7is  = AH?+  BH7,  and  A 0*15=  AH7  4-  CH7. 

Therefore  A B7  will  be,  — 54a  + 4 ax  4-  xx,  and  A C7  will  be  — aa  - f-  xx' 
Therefore  A B will  be  = aa  4-  4 ax  + xx,  and  A C will  be  = ^aa  4-  xx. 

Therefore  AB’  will  be  = $aa  4-  44*  4-  x*j’,  and  A C1  will  be  = aa  4-  ,va^1  . 

But,  by  the  conditions  of  the  Problem,  AB1  + AC'  is  = 3B C J ( = 
3 x’aDCV  = 3 x 8DCJ  = 24DC1)  = 24a’. 

| 1 

Therefore  Saa  + 4d*  + 4-  aa  + **]’  will  be  =r  24a*. 

Therefore,  fquaring  both  fides  of  this  equation,  we  (hall  have  $aa  4-  4 ax  + xx V 

4-  2 X 50a  + 4 ax  4-  xx)^  x aa  4-  xv'l*  4.  aa  4-  xx)'  = 5760*. 

Art.  24.  Now  the  cube  of  544  4-  4 ax  4-  xx  is  the  feptinomial  quantity 
125a6  + 3ooas*  4-  3154V  + 1844V  4-  63a’**  4-  i2(wr‘  4-  x‘,  as  will  appear 
by  the  following  multiplications. 


544 
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jaa  + 4»x  4 xx 

$aa  + 4 ax  4 xx 

25a*  4 2oa’x  4 5 a*x* 

+ 20a*x  4 l6a*x*  4 4 a*’ 

4 50V  + 4ax*  + ** 

25a*  4 40a1*  4 26  aV  4 8axJ  4 x4 

jaa  4 4a.v  4 xx 

12 5a4  + 20oa‘x  4-  1 30aV*  4-  40a ‘a*  4-  §aax* 

4 iooa*x  4-  t6oa4x*  4-  lojaV  4-  32aa.v4  4 4 ax* 

4-  2 5 a4 a*  4-  4oa’x’  4 26 aax4  4 8a.v‘  4 ** 

123a4  4 300a’*  4 315a4**  4 184a1*1  4 63a’**  4-  I2ax*  4 **• 

And  the  cube  of  aa  4 xx  is  a5  4 3a4.**  4 3a1*4  4 x4. 

Therefore  3.2  a 4 4 ax  4 xxY  4 2 X $aa  4 4ax  4 xxY^  x ~aa~+~xx)  4 

aa  4-  xx)*  will  be  = 8 X 5aa  4 4 ax  4 xx)  x aa  4 xx)  4 t*.?'*4  + 
30oa’.v  4 3 1 ja4v*  4 i84aV  4 63a  V 4 llax*  4 x4  4 a*  4 3a  V 4 3a'*4  4 x* 

~ 2 X 5aa  4 4,/x  + xx'/  x aa  4 xx^  4 126a4  4 300»’x  4 3i8a4x*  4 
1 84a!x’  4 66a‘x4  4 1 2axS  4 2*4. 

But  it  has  been  (hewn  that  5aa  4 4 ax  4 xx\’  4 2 X jaa  4 4*  4 xx)* 
X aa  -h  xx V X aa  4 xxV  15  — 57°a  ■ 

1 5 

Therefore  2 X $aa  ■+•  4*x  4 xx  * x aa  4 xxY  4 t26a4  4 300a5x  4 
3i8a+.r*  4 i84aJxJ  4 66a*x4  4 i2ax‘  4 2x4  will  be  = 576a4;  and  (dividing 

i j 

all  the  terms  by  2)  50a  4 +ax  4 xx!*  x aa  4 xx)’  4 63a*  4 130 a‘x  4 
r«9aV  4 92a*v’  4 33a*x*  4 6<**‘  4 x4  will  be  = 288a4,  and  confequently 
(fubtrafting  63a4  4 ^oa’x  4 i39a4x*  4 92a'x*  4 33a*x4  4 6ax‘  4 x4  from 

J 1 

both  Tides,)  we  fhall  have  $aa  4 4ax  4 xxY  x aa  4 xx]*  — 225a4—  130a** 
— 139 a4x’  — 92aV  — 33a**4  — 6ax‘  — x4. 

Art.  25.  Now  let  both  fides  of  this  equation  be  fquared.  The  fquare  of 

J J 

5 aa  4 4ax  4 xx)‘  x aa  4 xx)',  (which  forms  the  left-hand  fide  of  this  equa- 
tion,) is  = 5aa  4 4ax  4 xx\‘  X aa  4 xx' 1 rs  the  feptinomial  quantity 
125a4  4 30oasx  4 3i5a+x*  4 t84.a>x>  4 63a‘x4  4 i2ax*  4 x*  x the  qua- 
drinomial  quantity  a4  4 3a4x*  4 3a***  4 x4,  which  product  is  equal  to  the 
following  compound  quantity,  confifting  of  fixteen  terms,  to  wit,  1 25a1*  4 
300a‘*x  4 69oa,0x*  4 io84a*x*  4 i383a*x+  4 146 4a ’a5  4 i26oa4x*  4 
888a’x7  4 S°7a*x'  + 22oa*x®  4 66«V"  4 t2<**"  4 *'*;  as  will  appear  by 
the  following  multiplication. 
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Therefore  we  fhall  now  have  125a7*  4 300a"*  4 figoa'V  4 1084a4*5  4 
1383a*.*4  4 1464a7*5  4 1260a4*6  4 S88a5*7  4 507a4*'  4-  220a5*4  4-  66a4*'4 
4 12a*"  4 *'*  = 50,625a1*  — 67,5003"*  — 49050  a'4*'  4 6,3coa4*5  4 
38,031a'*4  4 36,456a1**  4-  ao,3oSaV  4-  8,280a**7  4-  2,511a4*'  4-  580a1** 
4-  i02aV*  4-  12a*"  4-  *"•' 

In  this  equation  we  may  obferve  that  the  two  terms  12a*"  and  .v"  are  found 
on  both  fides  of  the  mark  of  equality,  and  with  the  fame  fign  + prefixed  to 
them.  They  will  therefore  counterbalance  each  other,  and  confequently  may  be 
left  out  of  the  equation  without  affedling  the  equality  of  its  two  oppolite  fides. 
And  then  the  faid  equation  will  rife  only  to  thfe  101I1  power  of  *,  and  will  be 
as  follows,  to  wit,  125a"  4 300a"*  4 6902'°*’  4 1,084a4*1  4 1,383a'*4  4 
1,464a7*5  4 1,260a6*4  4 888a5*7  4 507 a4*'  4 220a5*4  4 66aV°  = 
50,625a"  — 67,500a"*  — 49,050a'0*'  4 6,30oa4.iJ  4 38,031a'*4  4 
36,456a7*5  4 20,308a4*4  4 8,280a5*7  4 2,511a4**  4 580a’*4  4 io2aV°. 

Art.  26.  Now  let  the  two  terms  67,500a"*  and  49,0503'°*’  be  added  to 
both  fides  of  this  equation.  And  we  fhall  then  have  125a"  4 67,800a"* 
4 49,74.0a'0*5  4 1084a4*5  4 1383a5**  4 1464a7*1  4 1260a**4  4 888a5*7 
4 507 a4*'  4 220a5*4  4 66aV°  =:  50,625a"  4 6,300a4*5  4 38,031a**4 
4 36,456a7*5  4 20,308a4*4  4 8,280a5*7  4 2,511a4*'  4 58oa’*9  4-  102a'*'0. 

Inthenext  place  let  the  terms  125a",  1084a4*1,  1383a**4, 1464a7*5,  1260a4*4 
888a5*7,  507a4*1,  220a5*4,  and  66a'.v'°,  be  fubtradted  from  both  fides  of  the 
equation.  And  we  fhall  have  67,800a"*  4 49,740a10*4  = 50,500 a"  4 
5,216 a4*1  4 36,648a5*4  4 34,992a7*5  4 19,048a6*6  4 7,392a5*7  4 2004a4*' 
4 360a7*4  4 36a'*10;  and  confequently  (dividing  all  the  terms  by  aa,l 
67,800a4*  4 49,740 a'*4  = 50,500a'0  4 5,216a7*5  4 36,648a6*4  4 34,992a5*5 
4 19,048a4*-4  4 7,392a1*7  4 2004a'*'  4 360 a*4  4 36*'°;  and  (by  fub- 
.tradling  the  terms  5,216 a7*1  and  36,648.-r4*4,  and  all  the  following  terms  on 
the  right-hand  fide  of  the  equation,  from  both  fides  of  it,)  we  (lull  have 
67,800a4*  4 49,740aV  — 5,216a7*5  — 36,648a6*4 — 34,99ta5*5  — 19,048a4*4 
— 7,392a5*7  — 2004a4*:'  — 360a*4  — 36*'0  = 50,500a"  j and  (by  dividing 
all  the  terms  by  4,)  we  fhall  have  16,950a4*  4 12,435a'**  — 1,304a7*’  — 
9,162a4*4  — 8,748a5*1  — 4,762  a4*6  — 1,848a5*7  — 501  a'x*  — 90a*4  — 
9*'*  = 12,625a'0.  By  refolving  this  equation  we  fhall  dilcover  the  value  of  .v, 

or  C hi,  from  which  we  may  derive  thofc  of  aa  4 **,  or  AC?,  and  of  5aa 
4 4a*  4 **,  or  AB?,  and  confequently  thofe  of  AC  and  A B,  or  the  fides 
of  the  triangle  A B C which  we  are  required  to  deferibe.  cl  e.  i. 
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Another  Method  of  obtaining  the  foregoing  Equation  for  determining 
the  Value  of  x,  or  C H. 


Art.  27.  As  the  foregoing  algebraick  computations  are  very  long  and  in- 
ti icate,  and  there  may  therefore  be  fome  ground  for  apprehending  that  fome 
arithmetical  errors  may  have  been  committed  in  the  performing  them,  it  will, 
I think,  be  prudent  and  expedient  to  have  recourfe  alfo  to  another  method  of 
obtaining  the  final  equation  above-mentioned,  to  wit,  the  equation  16,9500'*  -f- 
12,4350V  — 1,3040V  — 9,1 620V — 8,7480V  — 4,7620  V—  1,8480V 

— 5010V  — 90 ox®  — 9*"  = 12,6250“,  by  which  the  value  of  x,  or  CH, 
is  to  be  determined  ; to  the  end  that  no  doubt  may  remain  concerning  the  ac- 
curacy of  the  faid  equation,  and  its  fitnefs  for  determining  the  yalue  of  x,  or  C1I. 
Now  this  equation  may  hkewile  be  obtained  in  the  following  manner. 

Art.  28.  Let  A B be  put  =:  7,  and  AC  z z. 

Then,  by  the  conditions  of  the  Problem,  we  (hall  have  7’  + a*  = 240’. 
Therefore  (fquaring  both  ftdes,)  we  (hall  have  7*  + 27V  + z*  = 5760", 
and  confequently  27V  = 576 o'  — 7*  — z‘,  and  (by  fquaring  both  ftdes,} 
47  V ==  331,7760“  — 11520V  — 1 1520V  + 27  V + y"  4-  2“,  and  (by 
fubt rafting  27V  from  both  (ides,)  2/2'  = 331,776 0“ — 11520V  — 1 1 5 20“ 2' 
+ 7"  + 2“,  and  (by  adding  11520V  + 11520*2'  to  both  fides,)  27V  + 
11520V  4-  11520V  = 331,7760“  4-  jr“  + 2“,  and  (by  fubtraftingV*  4-  2“ 
from  bodi  fides,)  2 7V  + 11520*7*  4-  1 1520V  — y “ — 2“  = 331,7760“. 

Art.  09.  Now  let  00  + xx  be  fubftituted  in  this  equation  inftead  of  22,  to 
which  we  have  feen  above  that  it  is  equal.  And  we  (hall  have  27*  X 00  4-  x.\)’ 
4-  11520*7*  -f-  11520*  x 00  + x*l*  — 7“ — 00  +~xx\‘  = 331,7760”;  that  is, 
27*  x a*  + 30V  + 3o*x4  4-  x*  + 11520V  + 1 1520*  x 
f?  4-  30V  4-  30V  -r  Xs) — 7“  — o"  — 6o'°x’  — 1 50V  — 200V  — 150V 

— 6oV°  — x“  will  be  = 331,7760“,  or  27*  x o*  4-  3 oV  4-  30V  + x‘)  + 
11520*7*  + 11520“  +■  3456o*°x*  4-  34560V  4-  11520V  —7" — 0“  — 
6o'°x' — 150V  — 200V — 1 50V — 6oV° — *“  will  be  = 331,776 a"; 
or,  if  we  place  the  terms  that  involve  the  powers  of  7 before  the  reft,  we 
Bull  have 

27*  x «*  4-  30V  4-  3 o’x 4 4-  x° 

4-  11520*7*— 7“ 

4-  11520“  4-  3456o’V  -f  34560V 

— 0“  — 6o'V—  150  V 

-f  1 1520V  — 1 50V  — 6oV°  — x“ 

A A 

— a 
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or  2 y*  X a4  4 3a4*6  4 3 a'*4  4 x6 
+ 1152a6/ — /* 

4-  1151a"  4 345oa'V  4 3441a'*4 
4 113  2aV — ij«V  — 6aV°  — x" 


f = 33I»77^,”> 


Art.  30.  Now  let  jaa  4 44*  -f  xx,  (which  has  been  (hewn  to  be  equal  to 

A B?,  or yy,)  be  fubftituted  inftead  of  yy  in  this  equation.  And  it  will  then 
be  as  follows,  to  wit, 

2 X 5 aa  4 4a x 4 xx) 1 X «°  4 3a V 4-  ja'x*  + x° 

4 Iljl  X a*  X 5aa  + 4a.1t  4 xxj1  — l\aa  4-  4a <•  4-  xxY 
4-  tijia"  4-  3450a'6**  4 3441a'*4  4-  1132a6*6 
— 1 5aV  — 6 aV°  — *" 

or  2 x 125a*  4-  300a3*  4-  3 1 5a  V 4.  184a3*3  + 63  a**  * 4-  12  a*3  4-  a* 

X a“  4-  3a4*4  4-  3a*x*  4-  *6 

4-  1152a*  x 125a*  4-  30oa‘.v  4-  3 1 ja*x‘  4-  1 84a V 4-  63a’*4  4-  12a*3  +"x4 

— (5 aa  4-  Aax  4 ■»#'*  4 i,i5ia'*43,45°a'V4  3,44iaV+  1,1 3 la4** — 1 5a4** 

— 6aV°  — *"  = 331,776a",  or  (if  we  multiply  the  feptinomial  qyantity  125a* 
4-  300a’*  4-  315a4**  4-  1 84a**1  4-  633V  4-  12 ax'  4 **  into  the  quadrinomial 
quantity  a*  + jaV  4-  3a**4  + »')  2 X the  compound  quantity  125a"  + 300a"* 
4 690a,o**4-  i,oS4aV4  i,383a'*44  1,464a’*3  4 1 ,26oaV-4  888a3*’ 4 507 a4*1 
4-  220a3*9  4-  66aV°  4 I2a.v"  4-  *'*,  confiding  of  thirteen  terms,  4-  1,152a* 
X the  feptinomial  quantity  125a*  4 300a1*  4 315a4**  4 184a’*3  4-  63a’*4  4 

12a**  4-  x*  —(Jaa  4 4j4»V  4 i,i5ia"43,45°a'V43,44i«'*44i,i32a6*6 

— 15a4**  — 6aV°  — x"  zz  331,776a1*,  or  (if  we  multiply  the  firfl  compound 
quantity,  confiding  of  thirteen  terms,  into  2,)  250a"  4 6ooa"jc  4 1,380a"** 
4 2,i68aV  4 2,766 a'x*  4 2,928a’*3  4 2,520a**6  4 1,776a**’  4 1,014a4*' 
4440a3*9  4 r32aV°  4 24a*"  4 2*’*  4 1152a6  x the  feptinomial  quan- 
tity 125a*  4 300a’*  4 315a4**  4 184a3*3  4 63a**4  4 i2a*‘  4 ** 

— fjaa  4 4 a*  4 **Y  4 1151a"  4 3,450a'0**  4 3,44>fl'*4  + ]»I3la‘JC‘  — 
15a4*'  — 6a,x“’  — *"  = 331,776a",  or  (if  we  multiply  the  feptinomial  quan- 
tity 125a*  4 300a3*  4 315a4*1  4 184a3*3  4 63a’*4  4 12a3*4  4 **  into 
1152a6,)  250a"  4 600a"*  4 1,380a'0**  4 2,168a9*3  4-  2,766a'*4  4 2,928a’*3 
4 2,520a6*6  4 1,776a3*’  4 1,014a4**  4 440a3*4  + 132a**'0  4 24a*"  4 
2*"  4 144,000a"  4 345,600a"*  4 362,880a'0**  4 211,968a9*3  4 72,576 a'*4 
4 13,824a’*3  4 1,152a6*6  — <jaa  4 4a*  4 xx)6  4 1,151a"  4 3,450a'0**  4 
3,441a'*4  4 1,132a6*6  — 15a4*'  — 6 a1*'9  — *"  zz  33i,7/6a“,  or(if  we  place 
the  terms  that  involve  the  fame  powers  of  * near  each  other,) 

Vol.  IV.  Zz  250a" 
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250a'’  + 6004”*  + 1,380a** 

4-  144,0004“  4-  345,6004“*  + 362,8804'°** 

+ 1,151a1*  4-  3,450a'0** 

4-  2,1 68a***  + 2,766a**4  4-  2,928a’*’ 

+ 211,968a**’  4-  72,576a'*4  + 13,8244V 
4-  3,44 1 aV 

4-  2,520  a4*8  + 1,7764**’  + 1,0144V 
+ 1,152a8*4  — 15a4*'  + 4404V 

4-  1,132a8*8 

2*" 

*'* 

or  (hy  making  the  proper  additions  and  fubtraftions,)  145,4014“  + 346,2004“* 
4-  367/7104'°**  4-  214,136a9*’  + 78,7834V  + 16,7524V  4-  4,8044V  4- 

1,776a’*’  -f-  999a4*'  4-  4404V  + 1 264’*'°  + 244*"  4-  *'*  — f^aa  + 44*  + **;* 
= 331,776a1*,  or  (fubtra&ing  145,401a'*  from  both  fides  of  the  equation,) 
346,2004'**  + 367,710a'0**  4-  214,136a***  4-  78,7834V  4-  16,752a’*’  4- 
4,804a***  4-  1,7764’*’  4-  9994V  4-  440a’**  4-  1264V0  4-  24a*11  + *'* 

— 0*4  4-  44*  4-  **)'  = 186,3754’*. 

Art.  31.  We  mud  next  raife  the  trinomial  quantity  544  4-  44*  + **  to  the 
lixth  power. 

Now  the  cube  of  this  quantity  has  already  been  (hewn  to  be  125a*  4-  30045* 
4-  315a1**  4-  184a’*’  4-  634V  4-  124*’  4-  **.  Therefore  its  fourth  power 
will  be  6254*  4-  2000a’*  4-  2900a8**  4-  24804’*’  4-  1366a4*4  + 496a1*’ 
4-  u6a*x*  4-  1 6a*’  4-  x* ; and  its  fifth  power  will  be  3125a10  4-  12,500a** 
4-  23,125a'**  4-  26,0004V  4-  19,650a**4  4-  10,4244’*’  4-  3,9304V  4- 
1040a’*’  4-  185a**’  + 20a.v*  4-  *'*i  and  its  fixth  power  will  be  15,6254'*  4* 
75,000 a”*  +•  168,7504'°**  4-  235,0004V  4-  225,375a'*4  4-  156,7204V  4- 
80,996 aV  4-  31,3444’*’  + 9,0154V  4-  1 880a V 4-  270a’*10  4-  24a*"1  4- 
*>*. 

Art.  32.  Therefore  the  laft  equation  will  now  be  as  follows,  to  wit, 

346,2004"*  4-  367,710a10**  4-  214,136a**’ 

— 75,0004"*  — 168,750a10**  — 235,000a**’ 

4-  78,783a'*4  4-  16,7524V  4-  4,805a*** 

— 225,375a'**  — 156,7204V  — 80,996  aV 

4-  1,7764V  4-  9994V  4-  440a’**  4-  126a'*10 

— 31,344a’*’  — 9,015a4**  — 1,8804V  — 270a**'0 

4-  24a*"  4-  *•> 

— * 24a*"  — *"  — 15,625a"  r:  186,375a",  or  (by  making  the  pro- 
per 


4-  132a'*'0  4-  24a*"  4- 


— 154a  •+•  44*  4*  xxi 
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per  fubtra&ions,)  271,200*”*  + 198, 960*'°** — 20,864**** — 146,592*'** 

— 159, 968*’*'  — 76,192a'*4  — 29,568*’*'  — 8oi6aS*’  — 144c*’**  — 

144a1*”  * * — 15,625a'*  = 186,375a*;  and  (adding  15,625*'*  to 

both  Tides,)  we  (hall  have  271,200*”*  4-  198,960*'°*’  — 20,864a’*1  — 
146,592a'*4  — 139,968a’*’  — 76,192a'*4 — 29,568a’*'  — 8,016a4*’  — 
14401’** — 144a’*'0  = 202,000a'*;  and  (by  dividing  all  the  terms  by  **,) 
we  thall  have  271,200a**  + 198,960a'**  — 20,864a’*’  — 146,592a6*4  — 
139,968a’*’  — 76,192a4** — 29,568*’*’ — 8 ,01 6a1*' — 1440a*’  — 144*'° 
= 2oa,oooa'°;  and  (by  dividing  all  the  terms  by  2,)  135,600a’*  + 99,480a'** 

— 10,422a’*’  — 73,296a***  — 69,984a’*’  — 38,096a'*6  — 14,784a’*'  — 
4,008a’*'  — 720a**  — 72.x*  = ioi,oooa‘°;  and  ’by  dividing  all  the  terms 
by  8,)  16,950a’*  + 12,435a'*1 — 1,304a’*’  — 9,162a**4  — 8,748a’*’  — 
4,762a4*0  — 1,848a’*’  — 501a’*' — 9 oa*’  — . 9*'0  = 12,625a'0;  which  is 
the  fame  equation  we  obtained  above,  in  art.  26,  by  the  former  method  of 
proceeding.  We  may  therefore  now  be  confident  that  no  arithmetical  mi  (lakes 
have  been  made  in  any  of  the  operations  by  which  this  equation  has  been  ob- 
tained, and  confequently  that  it  trucly  expielfcs  the  relation  between  the  given 

line  a,  or  DF,  or  , and  the  unknown  line  CH.  And  therefore  by  refolv- 

ing  the  faid  equation  16,950a’*  4-  12,435a'*’ — 1,3044’**  — 9,162a6*4  — 
8,748a’*’  — 4,762a4*6  — 1,848a’*’  — 501a’*’  — 90a** — 9*'0  = 12,625a'0 
we  may  determine  the  length  of  the  laid  line  CH,  and  confequently  the 
pofition  of  the  point  A,  (in  which  the  faid  line  meets  the  line  FG,)  or  the 
vertex  of  the  triangle  ABC,  and  the  length  of  its  two  fidcs  A B and  A C. 

q.  e.  1. 


A Method  of  Reducing  the  foregoing  Equation  of  the  Tenth  Order 
to  a EhmJratiih  Equation. 


Art.  33.  By  fubtrafling  the  abfolute,  or  known,  term,  12,625a'0,  of  this 
equation  from  both  (ides  of  it,  we  (ball  transform  it  into  the  folloxving  equa- 
tion, 16,950a’*  + 12,435a'*’  — 1,304a’*’  — 9,162a6**  — 8,748a’*’  — 
4,762 a4*6  — 1,848a’*’  — 501a’*'  — 90a*’  — 9*‘°  — 12,625a”  = o,  or 

— 12,625a”  + 16,950a’*  4-  12,435a'*’  — 1,304a’*’  — 9,162a6*4  — 
8,748a’*’  — 4,762a4*’  — 1,848a’*’  — 501a’*'  — 90a*’  — 9*'0  = o.  Now 
the  compound  quantity  — 12,625a*0  4-  16,950a’*  4 12,435a'*’—  1,304a’** 

— 9,162  a‘x*  — 8,748a’*’  — 4,762  a4*6  — 1,848a’*’  — 501a’**  — 90a*’ 

— 9*‘°  is  divifible  by  the  compound  quantity — 2525a’  4-  360a’*  4-  1404a'*’ 
4 1640a’*’  4 978a4*4  4.  408a’*’  4-  124a’*6  4-  24a*’  4 3*'  without  a 
remainder,  and  the  quotient  of  fuch  divifion  is  the  trinomial  quantity  5 aa  — 
6a*  — 3**;  as  will  appear  by  performing  the  faid  divifion,  which  will  be 
as  follows. 

Z z 2 The 
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Now  this  equation  may  be  refolved  as  follows.  Add  to  both  Tides  of  it  the 
quantity  aa  ; and  we  fhall  have  xx  + rax  + aa  — + aa  = -2df 

= ^7",  and  confequently,  (extracting  the  fquare-roots  on  both  (ides,)  x + a 

= lx^{=ax%±£  = a x ^-2.  = , x £JF)  = ax^, 
Vj  v Vj  x V3  3 3 3 

* «v/24  \a  — t . 

and  x — a x a — a x — - — — = a x — 1 ; that  is,  x,  or 

3 3 3 3 . 

the  line  CH,  will  be  = a x or  = FD  x -■24~~  3.  q.  e i 

Art.  34.  Since  * is  = a x 3,  we  (hall  have  xx  — aa  X 2-~ ■ 6 '/z*  + 9 

at  3 3 

. 33  — 6^1+  ..  it— 1-/*\  . 11  — ^4  x v/14 

(=  aa  x — — aa  X 1 — aa  x — i — aa  x 

' 9 3 3 

11  - A/fTx_i4^  — aa  X — — and  confequently  aa  + xx  — aa  + aa  x 

11  ~ **  (=  l—  + aa  x - 9-  = « X 3+"-^9fi)  -<mx  !*=.£*  t 

that  is,  A Cf  will  be  = m x And  A B7,  or  50a  -f  4a.tr  + aw, 

will  be  = $aa  + 4 a x a X ~ 3 + m X " (=  5<m  + 

x ^i_=_3.  + «,  X = ^ + 4^x  ^=-5  + «X 

= X ,;-+  1 ■ - + 4*«  X = « X X 

3 3 3 ^3 

= M X M X = « X 4 MX 

3 3 3 3 

. . a6  — ^96  + J V96  — u.  „ 14  + ^96  rr.L  e A f I 

= m X - ) — aa  X — Therefore  A C,  or  the 

3 3 , 


lefler  fide  of  the  triangle  ABC,  will  be  = u x or  « X 

and  A B,  or  the  greater  fide  of  the  faid  triangle,  will  be  = a x •/  fl- 

a/I  14  + V96 

\'i  ’ e.  1. 


or  <j  x 


Art.  35.  Theft  two  values  of  A C and  A B will  anfwer  the  condition  of  the 
Problem.  For  the  fum  of  their  cubes  will  be  equal  to  three  times  the  bafe 
BC  of  the  triangle  ABC;  as  may  be  thus  demonftrated. 

Since  A C is  =.  a.  x ~ ^9-,  and  A.B  is  = a x we  (hall 

v 3 v3 

have 
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have  AC 1 =z  an  X — ( = aa  x 

3 | 3 3 

11  — 2k/x  »/8  2 II  2 X X a/A  X */1  + * 

aa  x — — = aa  x — — = aa  x 

3 3 

n-ixix^xyn-i  - ca  x 4xx  - ixi/)  x y'x-f  » _ gg  y ^'1  - v7^’ 

3 l ’ 3 ' 

and  confequently  A C = a x ~ *—  a X 

n ' ^3  v \'3  vV  s/$ 

and  we  fhall  have  AB?  s=  aa  X — (r:  aa  x — aa  X l24~Zv/-4  + x 

3 3 3 

= aa  x ,;+  — aa  x — +■  **/}  x ^ * S*  + = aa  x 

3 3 

II  + IX^JX^  + I „4XJ  + IX  >v/3  X^!X|, »i/3  + */?* 

3 3 ’ 3 

and  confequently  AB  = <j  x * (=  a x£-yy  + ;nX|i  + 

Therefore  A C*  will  be  = a'  x i — ■^1*  = a‘  x 
■/?.!  

„ */2  . 1 2»/2  , o 12  */»  2 i/i 

8_JX4X^  + 3xaxT-^5=-*x8--7r+4-J$i 


= t1  X II  — 


12  v/2 

V^3 


-2£  = a*  X is  - 3-^-a  - = -»  xf.a  -2|g. 

3V^3  3*^3  3^3  I 3^3 

and  AB’  will  be  = «’  x a + (=  a’  X 

8 + 3X4X^  + 3X!X-j-+^|=*’x8+^  + 4 + 773 

= *•  * ■*  + ^•+^=“-x!-+«f;  + ^=4-x,f^>|f 

and  confequently  AC1  + AB’  will  be  :=  a1  x ji2  — + a’  X j 12  + — 

= a’  X 12  ■+■  12  = a’  X 24  = 24a’  = 3 X 8a’  = 3 x 2a)'  = 3 X BC>. 

Q.  E.  D. 


Ji  Remark  on  the  Reduction  of  the  foregoing  Equation  of  the  10 tb  Order  to  a 
Quadra  tick  Equation  by  the  long  Algebrdick  Divifton  performed  in  Art.  33. 


Art.  36.  We  have  now  compleated  the  folution  of  Mr.  Glenie’s  Problem, 
and  found  the  magnitudes  of  the  external  line  C H and  of  AC  and  A B,  the 
two  fides  of  the  triangle  ABC,  (which  we  were  required  to  deferibe,)  without 

any 
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any  mention  of  Mr.  Glenie’s  conftrudlion.  But  I muft  freely  confefs  that  it 
has  not  been  done  without  the  help  of  that  conftrudiort,  though  no  mention 
has  been  made  of  it : for  it  was  by  the  means  of  that  conftruffion  that  I dis- 
covered that  the  compound  quantity — 12,625a10  4-  16,950a**  4-  12,435a1** 

— 1,304a7** — 9,162a*** — 8,7484’**  — 4,762a***  — 1,848a**7 — 501a**' 

— 90a**  — 9*'0  was  diviftble  without  a remainder  by  the  trinomial  quantity 
5 aa  — 6a.v  — 3**,  and  that  the  quotient  of  that  divifion  would  be  the  com- 
pound quantity  — 2,525a'  4-  360a7*  4-  1,4044V  4-  1,640a***  4-  978a4*4 
4-  408a'**  4-  124a'*4  4.  24a*7  4-  3*';  from  whence  it  followed  that,  if  the 
fame  compound  quantity  — 12,625a10  4-  16,950a**  4-  12,435a7*4  — 1,304a7*' 

— 9,162a6*4  — 8,748a**’  — 4,762a4**  — 1,848a1*7  — 501a4**  — 90a**  — 
9**  was  to  be  divided  by  the  compound  quantity  — 2,525a'  4-  360a7*  4- 
1,404a6*"  4-  1,640.1'*’  4-  97^a4**  4-  4oSaJ*‘  4-  124a"*6  4-  24a*7  4-  3*', 
the  quotient  would  be  the  trinomial  quantity  5 aa  — 6a.v  — 3**,  as  we  have 
found  it  to  be  in  art.  33.  Nor  do  I yet  know  of  any  method  of  difeovering 
with  certainty,  a priori,  and  without  the  previous  knowledge  of  Mr,  Glcnie’s 
conftruttion,  that  the  compound  quantity  — 12,625a10  4-  16,950a**  4- 
12,435a'*1  — 1,304a7*1  — 9,162a6*4  — 8,748a5*'  — 4,762a4*6  — 1,848a'*7 

— 501a1*'  — 90a**  — 9*'°  is  divifible  without  a remainder  by  the  trinomial 
quantity  5 aa  — 6a*  — 3**.  We  might,  however,  have  conjcfhired  with  a 
great  appearance  of  probability,  that  the  faid  compound  quantity  — 12,625a10 
4-  16,950a**  4-  12,435a'*1  — 1,304a7*1  — 9,162a4*4—  8,748a’*1  — 4,762a4** 

— 1,848a’*7  — 501a"*'  — 90a**  — 9*10  was  divifible  by  fome  trinomial 
quantity  of  which  the  firft  term  was  5 aa,  and  the  laft  term  was  3**,  becaufe 

— 12,625a10,  (or  the  firft  term  of  the  faid  compound  quantity,)  is  divifible 
by  5 aa,  and  — 9*10,  (or  the  laft  term  of  the  faid  compound  quantity,)  is  di- 
vifible by  3**.  But  how  to  difeover,  or  even  to  form  a conjefturc,  what  will  be 
the  numeral  co-efficient  of  a*  in  the  middle  term  of  fuch  trinomial  quantity, 
(if  there  be  any  fuch  trinomial  quantity  by  which  the  faid  compound  qoamiiy 
may  be  divided  without  a remainder,)  I know  not. 


Art.  37.  The  quadratick  equation  3**  4-  6a*  = 50a,  or  **  4-  2 ax  ~ 

(to  which  we  reduced  ihe  foregoing  Problem  in  art.  33  by  means  of  the 

long  algebraick  divifion  therein  fet  forth,)  may  be  conftruffed  geometrically,  or 
by  drawing  only  right  lines  and  circles,  in  the  following  manner,  as  well  as  by 
ihe  before- mentioned  very  elegant  Conftrudiion  given  us  by  Mr.  Glenie. 


A Gre- 
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A Geometrical  Ccnjlruflion  of  the  Quadratick  Equation  3**  -f-  6 ax  rr  $aa,  or 
xx  + lax  — refulling from  the  foregoing  Algebrdick  Solution  of  Mr.  Glenie's 
Problem. 


With  the  line  BC,  or  za,  or  the  given  bafe  of  the  propofed  triangle,  as  a 
diameter,  deferibe  the  circle  B F C B (fig.  3 ;)  and  at  the  point  C,  or  the  ex- 
tremity of  the  diameter,  or  bafe,  BC,  draw  the  line  CK  touching  tire  circle 

in  C,  and  of  fuch  a length  that  its  fquare  fhall  be  equal  to  — , or  five  third 

parts  of  aa,  or  DC?;  which  may  be  done  by  Euclid’s  Elements,  Book  2d, 
Prop.  J4th.  Then,  from  the  point  K draw  the  line  KDL,  pafling  through  D, 
the  center  of  the  circle,  and  meeting  the  circumference  of  the  circle  in  the 
points  Land  M,  of  which  M lies  between  K and  D.  And  from  the  center  D 
of  the  laid  circle  draw  the  line  DF  at  right  angles  to  the  line  B C,  or  the  bafe 
of  the  propofed  triangle,  and  meeting  the  circumference  of  the  circle  in  F ; 
which,  being  a radius  of  the  circle,  will  be  equal  to  the  radius  D C,  or  to  half 
the  laid  bafe  BC;  and  from  the  point  F draw  the  line  FG  parallel  to  the 
faid  bafe  B C.  Then  let  the  bafe  BC  be  prolonged  towards  the  point  I to  the 
point  H,  fo  that  the  line  C H lhall  be  equal  to  the  line  M K.  And  from  the 
point  H draw  the  right  line  H A at  right  angles  to  C H,  and  meeting  the  right 
line  FG  (which  is  parallel  to  BCH,)  in  the  point  A.  Laftly,  from  the  point 
A draw  the  two  lines  AB  and  AC  to  the  two  extremities  B and  C of  the 

given 
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given  bafe  BC.  Then  will  the  line  C H be  equal  to  the  line  x in  the  equation 

v.v  + 2 ax  ~ and  the  triangle  ABC  will  be  the  triangle  fought,  or  that 

of  which  the  perpendicular  height  will  be  equal  to  half  the  bafe  B C,  and  of 
which  the  fides  Afi  and  AC  will  be  of  fuch  magnitudes  that  the  fum  of  their 
cubes  dial  I be  equal  to  three  times  the  cube  of  the  bafe  B C.  e.  f. 


DEMONSTRATION. 


Art.  38.  For  CH?  + m x CH  is  = CH?  + BC  x CH  = CH?  + 
2DC  x CH  = (by  the  conftruflion,)  KM?  + 2DC«x  KM  = (by  the  na- 
ture of  a circle,)  KM?  + 2DM  x KM  = KM?  + LM  x KM  = 
KM  + LM\  x KM  = KL  x KM  = (by  El.  3,  36.)  CK?  = (by  the 
conflruftion,)  ~ — xx  +•  iax.  Therefore  C H mud  be  equal  to  x. 

E.  D. 

And  in  the  triangle  ABC  the  perpendicular  altitude  A H is  equal  to  D F, 
or  D C,  or  half  the  bafe  B C ; which  is  the  firft  condition  of  the  Problem. 

And  A C?  is  (=  AH?  + C H?  = (by  art.  34,)  aa  + aa  X 11  ~ — if? 

+ aa  x " ~ v/9-6)  -Atx  ~ ; and  A B7  is  (=  AH?  + B H?  = 

3 3 

aa  4-  2a~+x 1*  — aa  + 4 aa  + 4 ax  + xx  = 5 aa  + 4 ax  + xx)  — (by  art.  34,) 
aa  x '4  + . Therefore  (by  what  has  been  (hewn  above  in  art.  35,)  AC* 

will  be  = a’  X fn  — and  ABJ  will  be  — a>  x ft2  + ^~rS  and  con- 
3vi  i</i  

fequently  AB1  + AC*  will  be  (:=  a > x I'u  + + a1  x 12 

n 1 ii/i  3*0 

— a’  x 12  4-  12  = o*  X 24  =;  24 a'  — 3 x 8a>  ~ 3 X-^1)  ~ 3BC 1 ; 
which  is  the  fecond  condition  of  the  Problem.  Therefore  the  triangle  ABC 
will  be  the  triangle  required.  e.  d. 

Vol.  IV.  3 A Objervations 
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Obfervaticns  on  the  Reduction  of  the  Equation  of  tbt  lotb  Order,  ( obtained  by  the 
foregoing  Algebrdick  Invejligation  of  the  Value  of  x,  or  C H,)  to  a Quadratic): 
Equation  by  means  of  the  Operation  of  Divifion  performed  in  art.  33. 


Art.  39.  The  reduttion  of  the  equation  of  the  10th  order,  (obtained  in 
art.  26  and  32,  as  the  refult  of  our  inveftigation  of  the  value  of  x,  or  C H,) 
to  a quadratick  equation  by  means  of  the  long  algebriiick  divifion  performed 
in  art.  33,  is  agreeable  to  the  common  prattice  of  all  modern  writers  of  Algebra 
from  the  time  of  Harriot  and  Des  Cartes,  (whofc  works  on  Algebra  were  pub- 
lifhed  in  the  years  1631  and  1637,)  down  to  the  prefent  time.  But  it  never- 
thelefs  appears  to  me  to  be  fomewhat  obfeure  and  unfatisfattory ; becaufe,  by 
bringing  all  the  terms  of  the  equation  to  the  fame  fide  of  the  mark  of  equality, 
and  thereby  making  them  become  equal  to  nothing,  the  long  compound  quan- 
tity, confifting  of  eleven  terms,  that  is  to  be  divined  by  the  other  compound 
quantity  confiding  of  nine  terms,  is  a quantity  equal  to  nothing.  Now  fuch  a 
quantity,  it  may  be  objetted,  is  no  (juantity  at  all,  but  a mere  non-entity,  and 
is  confequently  incapable  of  being  either  multiplied  or  divided,  and  no  juft  or 
certain  conclusion  can  Be  drawn  from  any  fuch  operation  that  may  feem  to  have 
been  performed  upon  it.  This  objection  feems  to  be  at  leaft  plaufible ; and 
therefore  I will  now  endeavour  to  ftrengthen  the  conclufion  obtained  by  the  faid 
operation  of  Divifion  (which  conclufion  we  have  feen  to  be  a true  one,  and  to 
anl'wer  the  conditions  of  the  Problem,)  namely,  “ that  the  quotient,  500  — 6ax 
— 3**,  of  the  faid  divifion  is  equal  to  nothing,  or  that  gxx  -f-  6 ax  is  equal  to  500, 
or  that  the  value  of  the  unknown  quantity  * may  be  determined  by  the  quadra- 
tick  equation  3**  + 6 ax  — 5aa,"  by  fome  further  and  plainer  reafonings. 


A Proof  of  the  ExaClnefs  of  the  Operation  of  Divifion  performed  above  in  Art.  33, 
by  multiplying  the  Divifor  in  the  faid  Operation  into  the  Quotient  that  was  ob- 
tained from  it. 


Art.  40.  Let  the  compound  quantity  — 2,5250'  + 360 a'x  •+•  1, 40411V  + 
1,6400V  -+■  97811V  + 4080  V -f-  1240  V + 240*’  -t  3*'*  which  is  the  di» 
vifor  in  the  aforefaid  long  operation  of  divifion,  (and  which  does  not  appear 
from  any  thing  that  has  been  proved  in  the  foregoing  articles  to  be  neceffarily 
equal  to  nothing,  but  may  perhaps  be  equal  to  fome  real  quantity,  by  the 
fuperiority,  in  point  of  magnitude,  of  the  fum  of  the  eight  terms  which  are  con* 
netted  together  by  the  fign  +,  to  thefingle  term  2,3250',  which  has  the  fign— • 
prefixed  to  it,)  be  multiplied  by  the  trinomial  quantity  500  — 60*  — 3**, 
which  was  the  quotient  of  the  former  operation  of  divifion.  Then,  if  the  faid 
former  operation  of  divifion  was  rightly  performed,  the  produtt:  of  this  multi- 
plication ought  to  be  the  former  dividend,  to  wit,  the  compound  quantity 
— 12,6250'°  + 16,9300**  + 12,4350'*’  ” 1,3042V  — 9,1620V  — 
8,7480V  — 4,7620V  — 1,8480V  — 5010“*“  — 9O0.V*  — 9*'°.  Now  this, 
multiplication  may  be  perfotmed  a?  follows  ; 


Digitized  by  Google 


MR.  GLIKlt  S PROBLEM. 


363 


3, 

+ 

i 

« 

+ 

H 

•* 

3- 

+ 

*h 

% 


\ 


* 

& 


1 


2.  3-  S 
" ? K 

+ I I 

* > 5 
8 U 

(1  T « 

+ 1 1 
-s,  % % 
\ 

M *T  «*■> 

vo  ^ o> 
« fT 

+ 1 1 

3 H H 

8.5  3 

q,  co  cv 

W **\  *T 

+ I I 

\ \ \ 


CO  OO  M 

•#  S -f 
+ I I 

H "!i  "h 

8 3 s 
0 « » 
* * Q 

OO  of  - 

+ I 1 

jn 
3 8 5. 

" ^ N 

O H \A 


+ I + 

<?  <? 

3 3 


+ + 


*2  e a *o  S IS  "O 

S°s*2 3 
a o'- 
S a 


vm  5 *■*  c 60 
- O tf  a c **- 

C O C 1/1  -s 

g 0 = 6-J  e 

.S  .2  £ 2 * o g 

Sfcs:w"  Z 

clUS 


v ,0 

rss 

* 60 -G  ,o 
in  c *-  ^ 

s 


o 0 

at 

j 1 u 

°-g^-S  TiJ  *1- 

sf.r  X%  2 

1 1?\ s « 
S.  S';  j*  3 
0 *-  .5  **  * a* 
2 — o o ” u 

1 ?iL+i  * 

£T  § « « 

CUOO 


V) 

U 

T3  o 

§ cL 

+ _ 

S2  5 
c <u 
60  3 

is  cr 

-c  c 

- o 

C U -s 

— 3 

^ g«’8  - 

G 3 2 
rt  hq  Q,-3 

- 5 o 


^3  'j 

*!  1 
2J5  + § 

.Hi?" 

■5ES§ 

-s  ‘jj  ^ a. 
+ 3 

H 8 


.9  a..g  6. 

— T 


s :>  •=  .2  >0  - 

•*  «T3  *n  f*  rt 

1 ^ w .w  ~ jz 

° o -g  + 

- rt 


. s-* 

1 O ^ "f  * <= 
2 •«-  5-g 
(g  » g «“  t**s 


- Si  fcj  E 

2 3 boj  2 

V cC  to 

+ a -3  g.^2 

to  V nn  _ 


r,  *S 
8 

IP>2S 
<a  k.sp. 

3 *S 

lo 

.2  G _ ^ 

•S  « > 


9 

2 o 

«“»  NO 
O — 


rl 

9 

cr 

4> 

cS 


C v*_ 

5 ^ 0 

^ g 

O o 


5 O 

7! 

1 cu 

e 

>.  a 

S3 
.y  02 


a 

u 


>N 

rt 

s 


.ir_c  o 

*5  w.  Vtoi 


3 

C* 

+ 

3 

J 

M 

*13 

G 

3 

cr 

c 

o 

u 

-o 

c 

rt 

§ 

'O 


3 tJ 

E ^ 

to 

‘r  a. 

J S* 


s § 

11 

•-*3 

80 


o 

> 

rt 


G 

8. 

D 


r 3J- 


Cl» 

Cl,  o 

« 

tt-S 

^ « 
L. 

o ,0 
c 

to  Jr? 

w 2 
o -S 
•O  “ 

_.  T3 

HM  C 

•J< 


"3 

3 

cr 


*•5  S 


w 


ws  - 

+.tt  g 

G SO 

w 15  • 
^■£:  4- 

-s  ; 

1 o H 

I to  CO 


60 
6J>§ 
C •£ 

?s 

o — 

“ 3 

rt  a* 

3 O 

w Oi 

_g’5 

-O  o 
— 

'eS 

<££ 
'S  >. 

G «| 

S E 


I'O 

9 
6 


$ 

~h 

3 

G 

O 

■ 

cr 


m 


| .y 

G 


3 

cr 
v y 

G 

O 

o 

TJ 

G 


bfi 

O 


I .a 


o 

J3 


60 

G 


-o 

u 

c 

1 

%> 

*-* 

o 

o 

-o 


p 

*: 

4 


o 

‘U 


■5 

13 

| 

I 

S. 

i 

§ 

1 

! 


1 

•<» 

r 


u 


!js  g-s 

S<ti 

<L>  u 5 
Cl*  c a 
o „ 

c ,S 
‘c  ‘-g  -£ 
Wj  w o 
g.2  c c 

tfi.a’S  2 


-6^  tl 


_ cr* 
otj  « o 

T3  S w -2 
c ^ 

.2  o -5 
Q.-|  9.  S 


3 S-g  o* 

E 

KSS-0^ 

- £3  « 

.2  u£  - 

si  a >,vi> 
•J12  I s 

a 5 


cn"S 

5^  I % 


3 S 

T3  O ._  v 

If  Is  i 


« 

< 

to 


3 » 
2 ^ I 
e 
0 


°51 


60 

c 


Q U 

13  _Q 

* ^ 
w g:^ 

- Si-5  u w 

| » 0 S-s 

-a  w c cr  a, 

O w «3  '3 

^ “Bs  ^*.2  C3 

« ^ G B 
o^Ss 
g '2^5-9 
c 


*5 

■5  gp-3  -S^ 
lE  E 

1 

- M-°  3 

*-*  § .E  "O  c* 

O 

.2*5  0 cu 

• ts  JO  *-=  «J 
*•  f3  Q-  c» 

:*-=  o — -- 
*-*  Q+  ..  G *o 

<33  E « 

Digitized  by  Google 


to  lb: /aid  Objection. 


364 


MR.  OLEHIE  S PROBLEM. 


>i  2.  5 -7.  «.  15  o"o  - « 


"S.5  S'g  2 g-3!  3 3 § 0-59  o* 
_l.o,5v.-5  0«5'0o-o‘‘'c'0 

+.S  o c 9-  a — “ Sr-o  ^ ® + "3 

m hcc^Sbfld''-  .tJ  c S 3 h ' *- 

g 8\i=  o.s-c  s « S £ h 

- >,-£  js  8 -o  j=  '3  g o'Etsjs  o c 1*2 

— 0 ° 

, I S*Vm  C O 0 T3  "C  rt  O .3  C “ '3  J3 

lt3-Q°i.“2cc-5  -o  = ort  - 

aj  *.,>>._.«4;3Cw  C *-*  p kq 


c J w c o ir.i  u ~ 

2!2  c'qu-^:  n 5>  E .3  •£  g 5 
in  3 o 8 o > . R u b.2-3  u.u 

' ”|"ahs 

— ur5a,vT3*J»i;  c.-°  “ 

js  “ *5 

■£  p vo  ~ -3  vr*  o n S 


"3  ef  •■"5  «£j  11  * [2  >■  « a.  1.  n;  "jj2 

c . 5 -o  c-h  p vo  = -3  “>8  i.  - 2 

„ JS  g £ 5 2 « I i!  c E E 5* 

.2  w.  .J  a-  * -3  1 “ .2  -3  -5  J . o 

“°8=-o-ag5}aa§B«H,,s 

bB-d  SiS  c = “ S,  .u  = .=  n «>. 

« 8 >,•=  I rti>^5  o.cr-a  r +■“ 
? c -5  3 I*  w-g  -S  u.  •=  Si g 2 "3 

R-.E  S^Enflc  a 5Pt3  -5c 


c.e-s.y  ?«»■= 

cv-  g •5.  o °.Si  “ 
9-S"  8 J 3 


= C "2  “ » S 
j S in  > - 'O  c 


3.-3'=St;«  3 c B = .>  E 

>,  & °“ 3 u - 2 ff.2  .5  K ^ -S  •=  5 

— E -£  c °\S  « «*•  “ Js  '>  s .8 
"?+£?*--  — -ogt0  >, ~ Co11 

>-,=  11  s s § 3.S 

i 3-.S- *3  «'S jj-I  1 *.*  2- 
s 2 “ £ g -3  0 gpf/sj  „.g» 
« , .S’ - -| -c ;sb-s « °-.y  - “a. , 

>—  <2°l  | « .S’.’E -5 ■= -s '% 'S 
I "a  = *3  ►.'§  .S'0'S'S  2S  c £ “ 

■g  a-o'I'i  S.t-3 5*2  gs 

rt  J:  c >a.S  £~  "®  — ^ o 

*r+.£-g  “,2  >.'=  § S>2-5 

s . ccfer'ss^o^op'iiu 


•$'+2x‘-£:iaSS<ii'£p,,S 

•92,S.«tSs8ar-i1l8'g 

§ 2.  s §■  * uj"s ; 

.2-4-1  >-t:  u o^,9  ic  fl  ‘ 

^ 2-2 *5 ^ ^ o •g 

O M £ C CUJ3  *4  Qv  r»  c 

15'"s§«S-b-£g„,<t;u^“« 

° + I » S'o  o M O A 2 •£  a c q- 


0+  « £-Kro  ^ r1-2  rt  ^ ~ 

‘ I St  u O O o W W Cm 

I >.  ^ fl.cW 

_C  K M CO  ^ -T3  tii  *r^.  u J*  n - ^ ^ 

r^j.§Eii6.s,2«7<s  « 

ir+  .■§  “-=^a  c pp3 

“ o!i  O 2 " 3'Z  w ! 2 ? 


~ E vo •=  ^5 £ E-S  §-£.a.2  q.2 


MR.  GLEN1E  S PROBLEM, 


3 6S 


■is?? 


>»JS  c 

■5  r 3 


“ ^c<s 
* -a1*  = 


.£•  ♦»  a.  " 

“ OO  • — , 

^ •>  — T 

jS  O'  3 . 

^ + 2 ,3 


Co  ^ CN 
3 N H 

! + + 

^ H 3 

Ji  5 3 

■ — • '"■  N 

[-H  » On 


S>  - 

< s»S 

3 +S2 

*o  ^ ? 
&,*%  c 


C M ^ 
C rt 

.g*5 

*"*  ss  .2 

C O -c 

S d Ch 

•sj§ 
3 8 g 

-3  1-0 

«S  o.s 

r)  *> 

O 

<3-  ** 

3 \ o 

1*8* 


* ^ -f  T3 

v.  *-1  i C3 

i jy  „ * 

o . ^ »S 

- I 8. -g. 

S'  Z 2-3 


.Digitized  -by  Google 


quantity  which  was  the  dividend  of  the  operation  of  divifion  performed  in  art,  33,  and  which  was  known 
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10  be  equal  lo  nothing.  Therefore  this  remainder  mull  alfo  be  equal  to  no- 
thing, and  confequently  the  produdt  of  the  multiplication  of  the  compound 
■quantity  M by  the  binomial  quantity  6 ax  + 3 ax,  which  was  fubtra&ed  from 
the  other  produdt  of  the  multiplication  of  the  fame  compound  quantity  M by 
the  lingle  term  5<js,  mud  be  equal  to  the  faid  other  produdt ; and  confequently 
the  binomial  quantity  6 ax  -f-  3**,  which  was  the  multiplicator  of  M in  one 
of  thefe  multiplications,  muft  be  equal  to  the  (ingle  quantity  3 aa,  which  was 
the  multiplicator  of  M in  the  other  multiplication.  e.  0. 

Art.  43.  If  we  denote  (tax  by  the  letter  B,  and  3**  by  the  letter  C,  this 
reafoning  may  be  exprefled  more  concifely  as  follows  : 

The  produdt  of  the  multiplication  of  the  compound  quantity  M by  the  bi- 
nomial quantity  B 4-  C,  being  fubtradted  from  the  produdt  of  the  multipli- 
cation of  the  fame  quantity  M by  the  (ingle  quantity  A,  leaves  a remainder 
that  confifts  of  eleven  terms  that  are  exadtly  the  fame,  and  with  the  fame  figns 
+ and  — prefixed  to  them,  as  the  eleven  terms  of  the  compound  quantity 
that  was  the  dividend  of  the  operation  of  divifion  performed  above  in  art.  33, 
and  which  we  know  to  be  equal  to  nothing.  Therefore  the  faid  remainder  will 
alfo  be  equal  to  nothing ; that  is,  the  quantity  A x M — (B  + CT  x M is  = o. 
Therefore  the  quantity  B + C)  x M muft  be  = the  quantity  A x M,  and 
confequently  B ■(•  C muft  be  = A,  or  6 ax  + 3*#  muft  be  — $aa. 

E.  D. 

This  reafoning  feems  to  be  liable  to  no  exception. 

Art.  44.  Hitherto  we  have  obtained  the  value  of  the  line  C H,  or  x,  or  of 
the  root  of  the  final  equation  16,930 a*x  + 12,43  caV  — 1,30413  V — 9,162 a*x* 
— 8,7480V  — 4,7620V  — 1,8480V  — 5010V — 90  ax'  — 9*'0  — 12,6250'°, 
only  by  reducing  the  faid  equation  to  the  quadratick  equation  500  — 6 ax  — 3**, 

= o,  or  300  = 6 ax  + 3.W,  or  3**  -f-  60*  =:  5 aa,  or  xx  4-  20*  — iff,  by 

means  of  the  long  algebraick  divifion  performed  in  art.  33  1 and  to  that  divifion 
1 confefs  I was  led  by  the  previous  knowledge  of  Mr.  Glenie’s  conftnidlion  of 
the  Problem,  and  that  I do  not  know  any  certain  way,  independently  of  that 
previous  knowledge,  of  difcovering  the  novinomial  quantity  that  was  taken  for 
the  divifor  in  it.  I will  therefore  now  proceed  to  (hew  how  we  might  arrive  at 
a pretty  near  value  of  x,  or  the  root  of  the  faid  final  equation,  without  re- 
ducing it  to  a quadratick  equation,  and  without  any  reference  to,  or  aftiftance 
from,  the  foregoing  conftrutftion  of  the  Problem  by  Mr.  Glenie. 


A Rt/e- 
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A Refolution  of  the  final  Equation  16,950a'*  + 12,435a'**  — 1,304a’*}  — 
9,162a4*4  - 8,748 a5*5  _ 4,762a4*4—  1,848a**’  — 5oiaV  — 50 a*'  _ 9*'* 
— 12j625a'°,  (obtained  by  the  foregoing  Algebraick  Invefiigation  of  the  Value  of 
the  line  x,  or  CH,  in  fig.  2,)  by  Mr.  Raphfon's  Method  of  refolding  Equations . 
by  Approximation. 


Art . 45.  It  has  been  fhewn  above,  in  art.  21,  without  any  reference  to 
Mr.  Glenie’s  conftruCtion  of  the  Problem,  that  the  line  AF,  in  fig.  2,  will  be 
greater  than  the  line  F.F,  or  that  A,  the  vertex  of  the  triangle  fought,  will  be 
beyond  the  point  E,  and  confequently  that  the  line  AH  drawn  from  the  faid 
vertex  at  right  angles  to  the  line  BI,  or  the  bafe  BC  produced,  and  meeting  it 
in  H,  will  lie  without  the  faid  triangle  ABC,  and  that  the  line  BH  will  be 
greater  than  the  bafe  BC,  and  the  line  CH  will  lie  without  the  faid  triangle. 
But  how  much  the  line  BH  will  exceed  the  bafe  BC,  or  how  great  their  differ- 
ence CH,  or  *,  will  be,  in  comparifon  of  the  given  line  DC,  or  — , or  a,  in 

order  to  make  AC*  AB*  be  equal  to  3BC’,  according  to  the  fecond  condi- 
tion of  the  Problem,  is  what#ftill  remains  to  be  determined,  and  may  be  deter- 
mined by  refolving  the  equation  16,950a**  + 12,435a'**  — 1,304a’**  — 
9,162a4*4  — 8,748a5*'  — 4,762a4*4  — 1,848a**’  — 501a’*'  — 90a*'  — 9*’*' 
= 12,625a'0.  We  muff  therefore  now  endeavour  to  refolve  this  equation. 
Now,  in  order  to  refolve  this  equation  by  Mr.  Raphfon’s  method  of  approxima, 
tion,  (which  I conceive  to  be  the  beft  method  of  refolving  it  that  can  be  taken,) 
k will  be  expedient  to  begin  our  operations  by  making  fome  conjectures  con- 
cerning the  value  of  *,  that  may  lead  us  gradually  to  a difeoverv  of  a tolerably 
near  value  of  it  that  may  be  made  the  balls  of  a further  approach  to  its  true 
value  by  Mr.  Raphfon’s  method.  And  with  this  view  I lhall,  firft,  fuppofe  x, 

or  CH,  to  be  equal  to  a,  or  DC,  or  and  compute  the  values  of  the  lines 

AC  and  AB  refulting  from  that  fuppofition,  in  order  to  difeover  whether  the 
fum  of  their  cubes  will  be  greater  than,  equal  to,  or  lefs  than,  24a*,  or  3 x 
8a*,  or  3 x "2a\*,  or  3BC*,  or  three  times  the  cube  of  the  given  bafe  BC. 

Art.  46.  Now,  if  *,  or  CH,  is  = a,  we  (hall  have  AC? (=  CH?  -+•  AH? 

“ AH?  AH?  = 2 AH?  — 2DC?)  — laa,  and  confequently  AC  ~ a x 
and  AC*  (=  a*  x 4 1 — a3  x 2 X t.4>4  &c  = a1  x 2.428  &c) 

2,428  &c  x a3  i and  we  lhall  have  AB?  (=  BH?  + AH?  — BC  + Cm]? 

+ All*.- 
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+ AH'?  = nJC~+CHl?  + DC7  = iDC  + DC)7  + DC7  = 3u^i?  + 
DC?  = 9DC?  4-  DC?  = 10DC?)  = loaa,  and  confcquently  AB  = a X ✓ 10, 
and  AB*  (=  a’  x 10  x v/10  = a*  x 10  x 3.1612  &c)  = a*  X 31.622, 

&c.  Therefore  AC’  + AB*  will  be(=  2.428  &c  x a’  + 31.622  &c  x a’) 
= 34.050,  &c  X fl*  ; which  is  greater  than  24a*,  or  3BC*.  Therefore  the 
true  value  of  x,  or  CH,  mull  be  lefs  than  a,  or  AH. 

We  will  therefore,  in  the  fecond  place,  fuppofe  x,  or  C H,  to  be  = or 

0.5  x a. 

Upon  this  fuppofition  we  (hall  have  xx,  or  CH7,  — ^ ',  or  0.25  x aa. 

Therefore  AC7  will  be  (=  CH7  + AH7  =0.25  x aa  + aa)  = 1.25  x aa; 
and  confequently  AC  will  be  V 1.25  x a)  = 1.118  &c  x a,  and  AC’ 
will  be  (=  1.118  &c)*  x a')  = 1.397,  &c  x a* ; and  AB7  will  be  ( = 
fill7  -+•  AH7  = BC  + C fl  7 + AH7  = 2a  + 0.5  X ai*  + aa  = 2.5  X aV 

4.  aa  + ’Tp*  x aa  + aa  s=  6.25  x aa  + aa)  = 7.25  x aa ; and  confe- 
quently AB  will  be  (=  \Z7.25  x a)  = 2.692  &c  x a,  and  AB*  will  be 

(=  AB  x AB?  = 2.692  &c  x a x 7.25  &c  x aa  = 2.692  8cc  x 

7.25  X a*)  z:  19.517,  &c  X a*.  Therefore  AC’  + AB’  will  be  (=  1.397, 
&c  x a’  + 19.517,  &c  x a’)  = 20.914,  & c X a*;  which  is  lefs  than 
24a’,  or  3BC*.  Therefore  the  true  value  of  x,  or  CH,  mud  be  greater  than 

— , or  — or  0.5  X a. 

This  lad  value  of  AC*  + AB*,  to  wit,  20.914  &c  x a*,  (which  refults 

from  the  fuppofition  that  x,  or  CH,  is  equal  to  or  or  0.5  x a,)  is 

but  little  greater  than  20a’,  or  X 24a’,  or  x 24a’,  or  5 fixth  Parts  of 

the  value  of  AC*  + AB*  when  x is  the  value  fought.  Wc  will  therefore  now 
fuppofe,  in  the  3d  place,  that  o.  j X a is  about  5 lixth  parts  of  the  true  value 
of  x,  and  confequently  that  the  faid  true  value  is  = 0.6  x a. 

Now,  upon  this  fuppofition,  we  (hall  have  or  C H?,  = 0.36  X aa,  and 
AC?  (=  CH?  + AH?  = 0.36  x aa  + aa)  = 1.36  X aa,  and  confcquently 
AC  (=  v'  1 .36  x a)  = 1. 166,  &c  X a,  and  AC’  (=  1.3d  x aa  x 1. 166, 
&c  x a)  = 1-585,  &c  x a*;  and  we  (hall  have  AB?  (=  BH?  -f-  AH?  = 
BC  + CH'i?  + AH?  = 2a  + 0.6  x a]*  + aa  — 2.6  x a\'  + aa  = 6.76 

X aa  + aa)  = 7.76  x aa,  and  confequently  AB  (=  \/ 7.76  x a)  = 2.785, 

kc 
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8cc  x a,  and  AB’  (~  7.76  X aa  X 2.785,  &c  x a)  = 21.611,  8cc  X a 
Therefore  AC’  -t-  AB’  will  he  (=  1-585,  &c  X a'  4-  21.611,  &c  x o’)  — 
23.196,  &c  X o’  -,  which  is  foinewhat  lefs  than  24a1,  or  3BC.  Therefore  the 
true  value  of  *,  or  CH,  mufl  be  foinewhat  greater  than  0.6  x a.  But  their 
difference  cannot  be  great,  becaufe  23.196,  &c  x o’  differs  fo  little  from  240*. 

We  will  therefore  take  0.6  x a for  our  firft  near  value  of  x,  or  the  bafis  of  our 
approximation  to  a more  exa£t  value  of  it  according  to  the  directions  of 
Mr.  Raphfon’s  method. 

Art.  47.  Since  x is  fomewhat  greater  than  0.6  x a,  let  us  denote  their  dif- 
ference by  the  letter  z,  or  fuppofe  .v  to  be  equal  to  the  binomial  quantity  0.6 
X a 4-  z,  and  let  this  quantity  be  fubftituted  inltead  of  x in  the  terms  of  the 
equation  16,9500'*  -f-  12,4354V  — 1,3044V — 9,1620V  — 8,7484V  — 
4,7620V  — 1,8484V — 5010V  — 90 ax9  — 9*'0  = 12,6254'°,  omitting  all 
thofc  members  of  the  teveral  powers  of  the  binomial  quantity  0.6  X a -f  z 
which  involve  any  higher  powers  of  z than  its  fimple  power,  or  z itfelf,  agree- 
ably to  Mr.  Raphfon’s  directions.  This  fubilitution  may  be  made  in  the  fol- 
lowing manner ; 

Since  .v  is  = 0.6  X«  + z,  we  lhall  have 

xx  (—  0.6  x a + 2}*  = 0.6  x o')*  + 2X0.6xoxz-1-  &c) 

= 0.36  x 04  -f-  1.2  x oz  •+■  &C, 

and  a*  ( = 0.6  x a + z ,*  = 0.6  x o' ’ + 3 x 0.6  x o'j*  x 2 + &c 

= 0.216  x a1  + 3 x 0.36  x a2z  + &c) 

= 0.216  X n*  + 1.08  x o*z  ■+■  &c, 

and  a*  (=  0.6  x o + z\*  = 0.6  x a)*  + 4 x 0.6  x a)‘  x 2 -f  Stc 
= 0.1296  X 4*  + 4 X 0.216  X a'z  + &c)  • 

= 0.1296  x o*  0.864  x o’z  + Sec, 

and  *’  (=  0.6  x a + zV  = 0 6 x d\*  + 5 X 0.0  x x z + Sec 
— 0.077,76  X 0s  + 5 X 0.1296  X 04*  4-  &C) 

= 0.077,76  x o‘  +•  0.6480  X 0*z  + &c, 

and  **  (=.  0.6  x a + zV  = 0.6  x o;6  + 6 X 0.6  x a ’ X 2 + &c 
=:  0.046,656  x o‘  + 6 X 0.077,76  x os2  + &c) 

=c  0.046,656  x o*  + 0.466,56  x o’z  + &c, 

and  *’  (=  0.6  x o + z,1  = 0.6  x «V  + 7 X 0.6  X o',5  x z + &c 
= 0.027,993,6  x o’  + 7 X 0.046,656  X tfz  + 8tc) 

= 0x127,993,6  X «’  + 0.326,592  X o‘z  + 8cc, 

Vol.  IV.  3 B • ■ ' ind 
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and  *'  (=  0.6  x a 4 **'  = 06  x ai*  + 8 x o.6  x “)’  X z 4 &c 
= 0.016,796,16  x a*  4 8 x 0.017,993,6  x a’z  4-  &c) 

= 0.016,796,16  X a'  4-  0.223,948,8  x a’z  4-  &c, 

and  x * (=0.6  X a 4-  zV  = 0 6 x «1*  4-  9 X 0.6  x a'>'  x z 4-  &c 

= 0.010,077,696  X a*  4-  9 X 0.016,796,16  X a'z  4-  &c) 

= 0.010,077,696  Xi'  + 0.151,165,44  X a'z  4-  See, 

and  .v,#  (—  o b x 4 4-  z]'°  = 0.6  x 4'”  4-  to  x 0.6  x a)*  x z 4-  &c 

= 0.006,046,617,6  X a'°  4-  10  X 0.010,077,696  X a’z  4-  8cc) 

z 0.006,046,617,6  X a”  4-  0.100,776,96  X a’z  4-  &c. 

Therefore  16,950a’*  will  be  (=  16,950a’  x 0.6  X a 4-  z — 16,950 a9  X 
0.6a  4-  16,950a*  x z)  = 10,170.0  x a'®  4-  16,9504*2;; 

and  12,4354V  will  be  (=  12,4354'  X 0.36  x « 4 i.t  X « 4 4c 
= 12,4354'  X 0.36  x a*  4-  i2,435a'  X 1.2  x«4  & c) 

= 4,476.66  x 4*°  4-  14,922  X a’z  4-  &c, 

and  1,304a’*1  will  be  (=  1,304a’  x 0.216  x a*  4-  1.08  X a'z  4-  &c 
= 1,304a’  x 0.216a’  4-  1,3044’  X 1.08  X a'z  + Sec) 

— 281.664  x a10  4-  1,408.32  x a’z  4-  & c, 

and  9,i62aV  will  be  (=  9,162a'  X 0.1296  x a*  4-  0.864  x a’z  4-  Sec 
= 9,1624'  X 0.129644  4.  9,162a'  x 0.864  X «'«  + &c) 

= 1,187  X a‘°  4-  7,915.968a’*  4-  See, 

and  8,748a’*5  will  be  (=  8,748a’  x 0.077,76  x a’  4-  0.6480  x 4*2  4-  & c 
= 8,748a’  X 0.077,76  X a’  4 8,7484’  X 0.6480  X a’z  + &c) 

= 680.244,48  x 0“  + 5,668.7040  X a’z  4 &c, 

and  4,762 a4*6  will  be  (=  4,762 a*  x 0.046,656  x a’  4 0.466,56  x a’z  4-  &c 
= 4,762a*  x 0046,656  x a’  4 4,76244  x 0.466,56  X a’z  4 &c) 
= 222.175,872  x a”  4 2,221.758,72  x a’z  4 Sec, 

and  1,848a’*’ will  be(=  1,848a*  X 0.027,993,6  x a’  4 0.326,592  x a'z  4 &c 
= 1,848a’  x 0.027,993,6  X a’  4 1,848a*  x 0.326,592  x a’z  4 8ec) 
= 51.731.064  x a”  4 603.542,016  x a’z  4 &c, 

and  joiaV  will  be(=  501a*  x 0.016,796,16  x a'  4 0.223,948,84’*  4 & c 

— 501a*  X 0.016,796,16  x a*  4 501a*  x 0.223, 948, 8a’z  4 &c) 

= 8.414,876,16  x a”  4 H2.i98,348,8a’z  + &c, 

and 
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and  goax*  will  be  ( = 90a  x 0.0 10,07 7,690  X a*  + 0.131,165,44.  X a'z  4-  &c  • 
= 90a  X 0.010,077,696  X a*  4-  90a  X 0.151,165,4+  X a'z  + &c) 
= 0.906,992,640  x a'4  4-  13.604,889,60  X a4*  + &c, 

and  9*,#  will  be  (—  9 X 0.006,046,617,6  x a"*  4-  0.100,776,96  x a4z  4-  &c 
= 9 X 0,006,046,617,6  x a'0  4-  9 x 0.100,776,96  x a*z  + &c) 
= 0.054,419,558,4  x a'4  4-  0.906,992,64  x a’z  4-  &c. 


Therefore  the  whole  compound  quantity  16,9503**  4-  12,435a'**  — 1,3044'** 
— 9,162a4** — 8,748a***  — 4,762a**4  — 1,848a5*'  — 501a’**  — 90a**  — 9*“ 
will  be  equal  to  the  following  fct  of  quantities  involving  the  powers  of  a and  ss, 
to  wit. 


10,170  X a'°  4- 

4-  4,476.66  X a'°  4- 

— 281.664  X a’*  — 

— 1,187.000  X a'0  — 

— 680.244,48  X a10  — 

— 212.175,872  X a'4  — 

— 51.731,064  X a’»  — 

— 8.414,876,16  X a'4  — 

— 0.906,992,640  X a'4  — 

— 0.054,419,558,4  x a14  — 

that  is,  to  the  quadrinomial  quantity 

14,646.660,000,000,0  X a'4  4- 
— 2,432.191,704,358,4  x a'4  — 
or  to  the  binomial  quantity 

12,214.468,295,641,6  X a‘°  4- 


16,950 

14,922 

1,408.3a 

7,915.968 

5,668.704,0 

2,221.758,72 

603.542,016 

112.198,348,8 

13.604,889,60 

0.906,992,64 

31.872.000. 000.0 

17.945.002.967.0. 


X a*z 

X a»z  4-  &C 
X 0*2  — See 
X a*z  — See 
X a**  — &c 
X a’z  — &c 
X a*z  — &c 
X a*z  — See 
X a*z  — &c 
X a’z  — &c, 

1 X a’z  4-  & c 
X a*z  — &c. 


13,926.997,032,96  X a*z  4-  &c. 


But  the  compound  quantity  16,950a4*  + 12,435 aV — 1,303a’*5  — 9,162a4*4 
— 8,748a’**  — 4,762 a**4  — 1,848a5*’  — 501a4*’  _ 90a*4  — 9*'°  is  z 
12,625a'4. 


Therefore  the  binomial  quantity  12,214.468,295,641,6  x a'4  4-  13,926. 

997.032.96  X a’z  will  alfo  be  zz  12,625a'4.  And  confequently  13,926.997, 

032.96  x a’z  will  be  (=  12,625a'4  — 12,214.468,295,641,6  x a'°)  =: 
410.531,704,358,4  x a'4,  and  (dividing  both  fidcs  by  «*,)  13,926.997,032,96 


X z will  be  = 410.531,704,358,4  x a,  and  z will  be  = 


4io.;3i, 704,378, 4 x a 
13,926.997,032,96 


= 0x129  X a.  Therefore  *,  or  0.6  x a 4-  *,  will  be  = 0.6  X a 4-  0,029  X o 
= 0.629  X a,  or  nearly  0.63  x a.  q.  a.  1. 


Art.  48.  We  will  now  fubditute  0.63  x a inftead  of  x in  the  compound 

3 B 2 quantity 


» 


Digitized  by  Google 


37* 


MS.  OLK  Nit’S  PROBLEM.- 


quantity  \6,g$oSx  4-  ia,435«V  — 1,3043V  — 9,16111V  — 8,7483V  — 
4,7613V  — 1,84811V  — 5013V  — 90V  — 9-v"’,  in  order  to  dil’cover  whe- 
ther the  value  of  that  compound  quantity  rcfulttng  from  fuch  fubftitution  is 
greater,  or  lefs,  than  the  abfoltite  term,  12,025a10,  of  the  foregoing  equation, 
/rills  fubfliiution  may  be  made  as  follows: 

If  * be  = 0.63  x a,  we  fhall  have 
xx  — 0.396,9  X aa,  and  a*  — 0.250,047  X a*, 

and  *4  = 0.157,529,61  x a*,  and  **  = 0.099,243,654,3  x a‘, 

and  zz  0.062,523,502,2  x a4,  and  *’  z=  0.039,389,806,3  x a’, 

and  .v*  = 0.024,815,578,0  x a',  and  x*  — 0.015,633,814,1  x a*, 

and  x'°—  o 009,849,302,9  x a". 

Therefore  16,950a’*  will  be  (=  16,950a*  x 0.63  x a) 

= 10,678.50  X a,0i 

and  :1,4353V  will  be  (=  12,435a*  x 0.396,9  x a*) 

= 4.93S-4S,*5  X a'° • 

and  1,3043V  will  be  (=  1,304a’  X 0.250,047  x a’) 

= 326.061,188  X a‘° ; 

and  9,162 aV  will  be  (=9,1623*  x 0.157,529,61  x a4) 

= 1443.286,286,82  x a'°; 

and  8,748aV  will  be  (=  8,748a*  X 0.099,243,654,3  x a5) 

= 868.183,487,816,4  x a'°  i 

and  4,7623V  will  be  (=  4,762 a4  x 0.062,523,502,2  x a‘) 

= 297-736>9'7.476>4  X a'°; 

and  1,8483V  will  be  (=  1,848a*  x 0.039,389,806,3  x a’) 

= 72-792j36,2>°42>4  X a,0j 

arid  50iaV  will  be  (=:  5014*  x 0.024,815,578,0  X a*) 

= 12.432,604,578,0  x a*° ; 

and  90AX*  will  be  (=  90a  x 0.015,633,814,1  x a*) 

= 1.407,043,269,0  x a'0; 

and  9*’°  will  be  (=  9 x 0.009,849,302,9  x a'°) 

= 0.088,643,726,1  x a19. 

And  confequently  the  whole  compound  quantity  16,950a**  + 12,4353V 

— 1,3043V  — 9, 162a***  — 8,7483V  — 4,7623V  — 1,8483V  — 501a*** 

— 90 a**  — 9*' 0 will  be  equal  to  the  following  ten  quantities,  to  wit, 

10,678. 
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io, 678.3000  x a,Q  - 326.061,288,000,0  X a'° 

+ 4.935-45‘5  x a"  — 1,443.286,286,820,6  X a1" 

— 868.183,487,816,4  x a" 

— 298.112,058,489,6  x a'* 

— 72*79j>3^2>°42>4  x a'* 

— *2.432,604,5;  8,0  X a'* 

— 1.407,043,269,0  X a’* 

— 0.088,643,736,1  X a'°, 


and  confcquently  to  the  binomial  quantity  15,613.9515  x a‘°  — 3,022.363, 
7”+,74.1»5  X a'°,  or  to  ihe  finglc  quantity  12,591.587,735,258,5  x a’° ; 
uh.ch  « fomcwhat  lefs  than  12,625a’0,  or  the  abiolute  term  of  the5  equation 
*6,9504  *4.  12,435a  **  — i,30laV  — 9,i6aaV  — 8,748a1*1  — 4,7 624V 

“ a k ^ r 7 5°^  * ~ — 9*'°  = *2.6254’'’.  Therefore  0.63  x a 

mult  be  lefs  than  the  true  value  of  x in  the  faid  equation.  <4.  b.  i. 


Art.  49.  In  order  therefore  to  obtain  a more  exa£t  value  of  x or  the  root 
ot  tins  equation,  let  us  fupnofe  x to  be  equal  to  0.63  X a + z,  and  let  us 
lubltuute  0.63  x a + 2 inftead  of  x in  the  equation  i6,950a9.v  + 1 2,43  ra'j»* 
— 1,304a  .v  - 9,162a**4  — 8,748a1*’  _ 4,7624V—  1, 848a V — 50'iaV 
904.V  94  — 12,625a"1;  which  may  be  done  in  the  manner  following  : 


Since  * is  = 0.63  + 2,  we  fhall  have 

xx  (=  0.63  X a + 2)*  = 0.63  x a')*  + 2 X 0.63  X a x 2 + &c) 
= 0-3969  X a*  + i.26a2  4-  8ec, 

and  a1  ( = 0.63  X a 4-  zV  = 0.63  x aV  + 3 X 0.63  x a}’  X z + &c 
= 0.250,047  x «*  + 3 X 0.3969  X a’  X z + kc ) 

= 0.250,047  X 4*  + 1.1507  X 4*2  + &C, 


and  A*  (_  0.63  X a + z)4  = O 63  X a\4  4.  4 X 0.63  X al  * X 2 + &c 
— °.'57>529>6*  X a4  4 4 x 0.250,047  X a1  x 2 + kc) 

= °.>57,529»6i  X a4  4 1.000,188  X aJz  4-  &c. 


andar*  (—  0.63  x a 4 — 0.63  x a)1  + 5 x 0.63  x «J4  x 2 + kc 

= 0 099,243, 654, 3 X a'  4.  5 x 0.157,529,61  X a4  X 2 + &c) 
= 0099,243,654,3  x a1  A 0.787,648,05  X a4z  4 &c, 

and**  (=  0.63  X a + z)‘  = 0.63  x a]‘  + 6 X 0.63  x aV  X 2 + &c 
= 0.062,523,502,2  x a4  + 6 X 0.099,243,654,3  X a1  X 2 4-  8tc) 
= 0.062,523,502,2  X a*  + 0.595,461,925,8  x a’z  4-  &c. 


and 
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and  x1  (=  0.63  X a 4 a)7  = 0.63  X a^’  4 7 X 0.63  x"aV  X z 4 &c 

= 0.039,389,806,3  x o’  4-  7 X 0.061,5*3,302,2  X a*  X z 4 &c) 

= 0-039, 389.806, 3 X a'  -f  0.437,664,515,4  x a'z  4 &c, 

and  .v*  (=  0.63  x a 4 zV  = 0.63  x aV  4 8 X 0.63  X a)’  X 2 4 &c 

= 0.024,815,578,0  x a*  4 8 X 0.039,389,806,3  X a’  X 2 4 8cc) 

~ 0.024,8  15,578,0  X a*  4-  0.315,118,450,4  x a'z  4 &c, 

and  x * (=  0.63  x a 4 z)”  = 0.63  x a)'  4 9 X 0 63  x aV  X 2 4 See 
= o 015,633,8 14,1  x a*  4 9 x 0.024,815,578,0  x a*z  4 &c) 
= 0 015,633,814,1  x a’  4 0.223,340,202,0  x a'a  4 &c, 

and  x ‘°  (=  0.63  x a 4 2V9  = 0.63  x a')'0  4 10  x 0.63  x a&*  X z 4 &c 
= 0.009,849,302,9  X a'°  4 Jo  X 0.015,633,814,1  X a'z  4 See) 
= 0.009,849,302,9  x a'°  4 0.156,338,141,0  x a'z  H-  &c. 

Therefore  16,950a'*  will  be  (=  16,950a*  X 0.63  X a 4 2 
= 16,950a'  X 0.63  X a 4 16,950a’  X z) 

— 10,678.50a”  4 16,9504'z, 

and  1 2,43 5aV  will  be  (=  12,435a*  X 0.3969  X a1  4 1.26  X az  4 See 
= 12,435a'  X 0.3969a*  4 12,4350’  X l-*6a«  4 Sec) 

= 4935-45 ‘Sa”  4 15,668. loa’z  4 &c, 

and  1,304a’**  will  be  (=  1,304a’  X 0.250,047  X a*  4 1.1907  X a'z  4 &c 
= 1,304a’  X 0.250,047  X a*  4 1,304a’  X 1.1907  X a'z  4 &c) 
= 326.061,288a10  4 1552.6728 a'z  4-  Sec, 

and  9,162a'*4  will  be  (3=  9,162a*  X 0.157,529,61  X a*  4-  t.ooo,i88a'z  4 Sec 
= 9, 1624‘Xo.  157,529,61  X a4  4 9,162a*  X 1.000,188  Xaz  4 8e c) 
= 1443.286,286,82  X a'°  4 9163.722,456  X a»z  4 &c, 

and  8,748a***  will  be  (=  8,748a*  x 

0.099,243,654,3  X a*  4 o.787,648,05a4z  4 Sec 
= 8,748a*  X 0.099,243,654,3  X a*  4 8,748a’  X 0.787,648,05  X a*z  4 &c) 
= 868.1 83,487, 816, 44'°  4 6890.345,141,40  X a’z  4 Sec, 

and  4,762 a4*6  will  be  f = 4,763a4  X 

0.062,523,502,2  X a’  4 0.595,461,925,8  X a'z  4-  &c  = 

4,762a4  X 0.062,523,502,2  X a‘  4 4,76244  X 0.595,461,925,8  X a’z  4 &c) 
= 297.736,917,476,4a10  4 2,835.589,690,659,6  X a’z  4 Sec, 

and 
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sad  1,848s1*’  will  be  (=:  1848s*  X 

°.oj9-3“9>8o0>3  X s’  + 0.437,664,515,43^  + &c  = 

1,848s*  X 0.039.389,806,3  X s’  + 1,848s*  X 0.437,664,5 1 j,4s‘z  + Sec) 

• =:  7a. 792, 362, 042, 4 X s'°  + 808.804,024,459,2  X s’z  4-  &c, 
and  5010V  will  be  (e=  501s*  X 

0.024,815,578,0  X s8  4-  0.315,118,450,4  X s’e  + &c  = 

501(1’  X 0.024,815,578,0  X s’  4-  50 is*  X o 315,118,450,4  X s’z  + &c)r 
= 12.432,604,578,0  X s”  4-  i57-874>3+3.65°.4  X s’z  4-  &c, 
and  90s*’  will  be  (=  90s  X 

0.015,633,814,1  X a®  4-  0.223,340,202,0  X s’z  4-  &c  = 

90 a X 0.015,633,814,1  X s’  4-  90a  X 0.223,340,202,0  X s’z  H-  See) 

= 1.407,043,269,0  X s’  4-  20.100, 618, 180, p X s’z  4-  &c, 

and  9*'0  will  be  (=r  9 X 0.009,849.302,9  X s'®  4-  0.156,338,141 ,0  X s’z  4-  8ec 
= 9 X,  0.009,849,302,9  X s'°  4-  9 X 0.156,338,141,0  X s’z  4-  &c) 

= 0.088,643,726,1  X s‘°  4.  1.407,043,269,0X3*3  4-  &c. 

And  confequently  the  whole  compound  quantity  16,950s’*  + 12,4353V 

— 1,304s’*’  — 9,162  aV  — 8,748s1*’  — 4,762s’*’  — 1,848s’*’  — 5oiaV 

— 90a**  — 9*'°  will  be  equal  to  the  following  compound  quantity,  confifting 
of  twenty  terms,  to  wit, 

10,678.50  X s*°  4-  16,950  X s’z 

+ 4,935.4515  X«"  ” 4-  15,668.10  X s’z  4-  &c 

— 326.061,288  X s*°  — 1,552.6728  X s’z  — 8cc 

— 1443.286,286,82X3“  — 9,163.722,456X3*2  — &c 

— 868.183,487,816,4  X s'°  — 6,890.345,141,40  X s’z  — &c 

— 297.736,917,476,4  X «'°  — 2,835.589,690,659,6  X s’z  — &C- 

— 72.792,362,042,4  X s'®  — 808.804,024,459,2  X s’z ! — &c 

— 12.432,604,578,0  X a”  — 157-874,3431650,4  X «*2  — 

— 1.407,043,269,0  X tf'°  — 20.100,618,180,0  X s’z  — &c. 

— 0.088,643,726,1  X — 1.407,043,269,0  X s’z  — &c,.. 

. y 

that  is,  to  the  quadrinomial  quantity 

15,613.9515  X a‘°  4-  32,618.100,000,000,0  X s’z  4-  Sec 

— 3,021.988,633,728,3  X 0"  — 21,430.546,117,718,2  x s’z  — See,. 

or  to  the  binomial  quantity 

12,591.962,866,271,7  x s*°  4-  11,187.583,882,281,8  x s’z. 

But 
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But  the  faid  compound  quantity  16,9564V  + iz, 4354V  — 1,3044V  •* 
9,1624V  — 8,7484V  — 4,7624V  — 1,8484V  — 5014*4*  — goax*  — 9*'# 
is  = 12,6254**. 


Therefore  the  binomial  quantity  1 2,59 1.962,866,27 1,7  x a**  + 11,187.583, 
88a,2Si,8  x 4*2  will  alfo  be  = 12,6254”.  And  confequently  11,187.583, 
882,281,8  x 4*2  will  be  = 12,6254”  — 12,591.964,866,271,7  x 4”  = 


33.037,133,743,3  x a"’,  and  confequently  z will  be  — 


Bt  °37.'St.7!8,t  x «*» 

1 1, 187.583, 881,28., 8 x «* 


_ J3  Qt7.'.t;.7rit,3  X a _ 
11,187. 583, 881,281, 8 


0.002,95  X 4. 


Therefore  w,  or  0.63  x 4 + z, 


will  be  = 0.63  x 4 + 0 002,95  x 4 4-  0 632,95  X 4.  a,  E.  1. 


The  four  firfl  figures,  0.6329,  of  this  value  of  x are  cxaft,  its  true  value 

bein'*  4 X 11/14  ~ 8 — ay  *'898'>7t>-*BS«?  Stc  - ; _ a 1.898,979,485.;  _ 

° 3 3 3 

4 x 0.632,993,161,8  See,  of  0.632,993,161,8  & c X 4,  as  has  been  (hewn  above 
in  art.  33.  •- 

* O.'  X 

Art.  50.  That  0.632,95  X a is  pretty  nearly  equal  to  the  true,  valpe  of  x in 
the  foregoing  equation  16,9504*1'  12, 43 54' a-*  — 1,3044V  — 9,1024V  — 

8,7484  V — 4,7624  V — 1,8484V  — 5014  V — 904*’  — 9*'°  = 12,6254” 
.will  appear  by  fubftituting  it  inftead  of  x in  the  compound  quantity  that  forms 
the  left-hand  fide  of  that  equation.  This  fubftittition  may  be  made  as  follows; 
L ■■  ' !.  • ,■ 

If  x is  = 0.632,95  x 4,  we  fhall  have 

xx  — 0.400,625,702,5  X 44,  and  x'  = 0.253,576,038  x 41, 

and  x*  = 0.160,500,9 53  X V,  and  *’  = 0.101,5891078  x 4s, 

and  x * — 0.064,300,806  X 4",  and  x1  — 0.040,699,195  x a’, 

and  x*  = 0.025,760,555  X a\  and  x*  — 0.016,305,143  x a*, 

and  x”  = 0 010,320*340  >;#.<«”.  .<  — . — 

Therefore  16,9504V  will  be  (±3  16,950a*  x 0.632,95  x a) 

= 10,728.502,50'  x a’% 

and  12,4354V  will  be  (=  12,4354*  x 0.400,625,702,5  x a*) 

= 4981.780,616,587  X a”, 

and  1,3044V*  will  be  (=  1,3044’  x 0.253,576,038  X a1) 

= 330.663,153,552  x a‘% 

and  9,1624V  will  be  (=  9,1624s  x 0.160,500,953  x a*] 

— 1, 470-509, 73 1^86  x a”, 

and  8,7484V’  will  be  (=  8,748a’  x 0.101,589,078  x a’) 

= 888.701,254,344  x a ”, 

and 
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and  4,7624V  will  be  (=  4,762a4  x 0.064,300,806  x a") 
= 306.200,438,172  X a'8, 

and  1,84845*’  will  be  (=  1,8484’  x 0.040,699,193  x a’) 
= 75.212,112,360  x a'8, 

and  3014V  will  be  (=  3014*  x 0.023,760,555  x a') 

= 12.906,037,055  X 

and  goa.v4  will  be  (—  90 a x 0.016,305,143  X a*) 

= 1.467,462,870  x a'8, 
and  will  be  (=  9 x 0.010,320,340  x a10) 

— 0.092,883,060  x a'8. 


Therefore  the  whole  compound  quantity  16,9504V  + 12,4354V  — 
1,3044  V — 9,162  aV  — 8,7484V  — 4,7624V  — 1,8484  V — 5014V  — 
904*°  — 9*'°  will  be  — 


(10,728.502,50  x a”  — 330.663,153,552  X a*° 

+ 4,981.780,610,587  x a«  — 1,470.509,731,386  x a”  1 

— 888.701,254,344  x «"  I 

— 306.200,438,172  X 4”  [ 

! — 75.212,112,360  x 4 18  f 

— 12.906,037,055  x a'8  I 

— 1.467,462,870  x u18  J 

— 0.092,883,060  x a18 

= 15,710.233,110,587  x — 3>o85-753.°72»799  X a10  ^ 

= 12,624.530,037,788  X a*°;  which  differs  by  lefs  than  a18,  or  i a”,  from 
ta. 625  x a’°,  or  the  abfolute  term  of  the  equation  16,9504V  + 12,4354V  — 
1,3044V  — 9,1624V  — 8,7484V  — 4,7624V  — 1,8484V  — 5014V  — 
904*8  — 9*'°  z=  12,625a'8.  Therefore  0.632,95  x a mull  be  very  nearly  equal 
to  the  value  of  x in  the  laid  equation.  (L.  e.  d. 

,/  ! ..  v ' , • . * ' . ■ . ■ ' ■ • ' ‘ 

Art.  51.  If  we  continue  this  approximatioh  to  the  value  of  * one  flep  fur- 
ther, by  fuppofin'g  * to  be  equal  to  0.632,95  x a + 2,  and  fubflituting  this 
binomial  quantity  0.632.95  x a + z inftead  of  x in  the  terms  of  the  equation 
16,9504V  + 12,4354V  — 1,3044V’ — 9,1624V4  — 8,7484V*  — 4,762a4*4 
— 1,8484V’  — 5014V  — 9oa.v*  — 9*'°  ss  12,625a10,  we  fliall  find  z to  be 
= 0.000,043,1511  x a,  and  confequently  x,  or  0.632,95  X a + z,  to  be  = 
0.632,95  x a + o 000,043,15  X a,  or  0.632,993.15  X a;  which  is  exafl  in 
the  tirtl  >fcven  figures  0.632,993,1,  the  more  accurate  value  of  it  being 


i/H  — 3 , 4.808,070,485,3  &c  — 3 1.808, 079, 485-,?  tec  . 

-- — - x a,  (or  T-ZSiiy'— -1^ 2 X a,  or  — " - 0 — - x a,) 

P. 632,993,161,8  8cc  x 4.  This  fubllitution  may  be  made  as  follows  : 
Vol.  IV.  3 c 


or 

If 
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If  ^ is  = 0.632,95  X a + z,  vve  (hall  have 

xx  '=  0.632,95  x a + z-)*  = 0.032,95  x 0V  4-  2 * ©-63a, 95  + n x z + 8*0 
= o 400,625, 702, 500  4-  1.265,90  X oz  4-  &c, 

and  x'  (=  0.632,95  xfl+  2)1  = 0.632,95  x a]*  + 3 x 0.632,95  x «)*  x z + &c 
= 0.253, 576, 03s*1  + 3 x 0,400.625, 702,500  x z 4-  &c) 

= 0.253,576,0380’  + 1.201,877,107,5003  4-  &c, 

and  X*  (=  0.632,95  x a + z)*  = 0.632,95  x a] * + 4 x 0.632,95  xn.'xj  + &c 
= 0.160,500,9530*  + 4 X 0.253,576,0380’  X * + &c) 

= 0.160,500,9530*  4-  1.014,304,1520*2  4-  8cc, 

and  .v’  (=  0.632,95  x a 4-  z'i‘  =s  0.632,95  x~ij\’  4-  5 x 0.632,95  x c|*  x z 4-  &c 
= 0.101,589,0780’  4-  5 x 0.160,500,953  x o*  x z 4-  &c) 

= 0.101,589,0780’  4-  0.802,504,7650*3  4-  8cc, 

and**  (=:  0.632,95  xo  4-  z)‘  z=  0.632,95  x al*  4-  6 x 0.632,95  x iV  x z 4-  &c 
z=  0.064,300,8060*  + 6 x 0.101,589  078a’  x z 4-  &c) 

= 0.064,300,8060*  4-  0.609,534,4680^  4-  &c, 

and  *’  (=  0.632,95  x a + zj’  z:  0.632,95  x o|’  4-  7 x 0.632,95  xoY  x*4&c 
— 0.040,699,1950’  4-  7 x 0.064,300,806  x o*  x z 4-  &c) 

= 0.040,699,1950’  4.  01450, 105,6420*3  4-  &C, 

and  x*  (=  0.632,95  x a 4-  zl*  = 0.652,9 , x d\'  4-  8 x 0.632,95  x oV  x z + &c 
= 0.025,760,5550'  4-  8 x 0.040,699,1950*2  4-  8tc) 

= 0025,760,5550*  4-  0.325, 593, 5600*2  4-  &c, 

and  x*  (r z 0,631,95  x o + 21’  = 0,632,95  xa)*  4-  9 x 0.632,95  x oj*  xi+fcc 
= 0.016,305,1430*  4-  9 x 0.025,760,5550*  x z 4-  &c) 

= 0.016,305,1430*  4-  0.231,844 ,9950*2  + &c, 

and  *'°  (=  0.632,95  x o + zV°  — 0.632.95  x d,'°  4-  10  x 0.632,95  x <,1*  x z 4.  icc 
= o.oio, 320,3400'°  4-  10  x 0.016,305,1430*  x z 4-  &c) 

= 0.010,320,340a10  4-  0.165,051,4300*3  4-  &c. 

t%  . \ 

Therefore  16,9500**  will  be  (=  16,950 o»  x 0.632,95  x 0 4-  2 = 16,9500* 
x 0.632,95  x o 4-  16,950 a*  x z)  2;  10,728.  02,500'°  4-  16,9500*2; 

and  12,4350V  will  be  (=  12,4350*  x 0.400,625,702,  soo  4-  1.265,90x02  + 81c 
n 12,4350’ x o 400,625,70200  4-  *2,4350*  x 1.265,9a  x oz  4-  &c) 

= 4,981.780,610,5870'°  4-  15,741.466,50x0*3  4-  &c; 

and 
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and  1,30441V  will  be  (=  1,304a’  x 

°-253.57& ,038a’  + 1.201,877,107,5332  4 See 
= i,304'’’  x 0.253,576,038a1  4-  1,304a7  x 1.201,877,107 ,53.1s  4 See) 
= 330.663,153,552a10  + 1,567.247,748,1 8oa*z  4 gee; 

and  9,162a4**  will  be  ( = 9,162a4  x . 

IT.  160,500,953a*  4 1.014,304,1523*2  + Sec 
= 9,162a4  x 0.160,500,953a*  + 9,162a4  x i.oi4,304,i52a’z  4-  Sec) 
= «,47°'509»73i>386fl,°  + 9.293-°54>64°>624*,z  4-  See ; 
and  8,748a1**  will  be  (=  8,748a’  x 

0.101,589,078a1  4-  0.802,504,7653*2  4-  &c 
= 8,748a1  x 0.101,589,078a1  4-  8,748a1  x 0.802,504,7653*2  4-  Sec) 
= 888.701,254,344a'0  .4-  7,020.31 1,684, 2aoa*2  4-  8ecj 


and  4,762a**4  will  be  6=  4,762a*  x 

0.064, 300, 806a4  + 0.609, 534,4683*2  4-  &c 
= 4,762a*  x 0.064,300,806a4  4-  4,762a*  x 0.609, 534, 4683*2  4-  8ec) 

=:  306.200,438, 172a'0  4-  3,902.603,136,6 i6a*z  4-  &c ; 

•\  , 

and  1,8483V  will  be  (=  1,848 a’  x 

0.040,699,195a’  4 0.450,105,6423*2  4 Bee 
= 1,848 a1  x 0.040,699,195a’  4-  1,848a1  x 0.450,105,6428**  4 See) 

= 75.211,112,360a’0  4-  831.795,226,4163*2  4.  8cc; 

and  5013V  will  be  (=  501a*  x 

0.025,760,555a*  4 0.325, 593, 5603*2  4 Sec 
as  501a*  x 0.025,760,5553*  4-  501a*  x 0.325, 593, 5603’z  4 &c) 

=1  12.906, 037, 055a'0  4 163.122,373,5608*2  4 See  i 

and  90a**  will  be  (=  90a  x 0.016,305,143a*  4 0.23 1,844,9953*2  4 See 
= 90a  x 0.016,305,1433*  + 90a  x 0.231,844 ,9953*2  4 8 ecj 
— 1.467,462,8703'°  4 20.866,049,5503*2  4 Sec ; 


and  9*'°  will  be  (=  9 x 0.010,320, 3403'°  4-  0.163,051,4303*2  4 &c 
= 9 x 0.010,320,340a'0  4 9 x 0.163,05 1, 43oa*z  4 See) 

= 0.092,883,0603'°  4-  1.467,462,8708*2  4 Sec. 

■ < r i 

Therefore  the  whole  coropoutuTquantity  i6,9jo8*x  4 12,4353V — 1,304 a’*’, 
— 9,162a4*4 --  8,7483V — 4,7623V — 1,8483V  - 5013V — 903.V*  — 
9*'°  will  be  er 


3 C 2 


10,728- 
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10,718.502,500,000a”  4- 
+ 4, 981.780, 610, 587a’0  4- 

— 330-663, T53, 552a10  — 

— i,47°-5°9»73I>386fl’"  — 

— 888.701,254,344a”  — 

— 306.200,438,172a”  — 

— 75.212,112,360a'0  — 

— 12.906,037,055a1* — 

— 1.467,462,870a”  — 

— 0.092,883,0604”  — 


1 6, 950.000,000, ooca’a  4-  Stc 
15,741  466,500,000^*2;  4-  See 
1,567.247,748,1804*2  — &c 
9,293.054,640,624  4*2  — &c 
7,020.31 1,684,2204*2  — See 
a, 902. 603,136, 6i6i«*z — Sec 
831.795,226,4164*2  — &c 
163.122,373,5604*2  — Sec 
20.866,049,5504*2  — &c 
1.467,462,8704*2  — Sec 


15,710.283,110,587a”  + 32,691.466.500,0004*2  4-  See 
— 3»°85-753>°73>799',,<’  — 21,800.468,322,0364*2  — Sec 

= 12,624  530,037,788a*"  4-  10,890.998,177,9644*2. 


J 


} 


But  that  compound  quantity  is  equal  to  12,625a10, 

Therefore  14,624.530, 037, 7884“'  4-  10,890998,177,9644*2  will  alfo  be 
equal  to  12,625a”.  And  confequently  10,890.998,177,9644*2  will  be  =: 
12,625a”  — 12,624.530,037,788a”  = 0.469,962,212 a”,  and  10,890.998,177, 

9642  will  be  = 0.469,962,212  x a,  and  2 will  be  - x a 

— 0.000,043,15  x a ; and  r,  or  0.632,95  X a 4-  2,  will  be  = 0.632,95  X a 

-t-  0.000,043,15  X a = 0.632,993,15  X a.  q.  e.  1. 

Art.  52.  Having  now  found  the  value  of  x,  or  CH,  to  a confiderable  degree 
of  exaSlnefs  by  retolving  the  equation  16,9504*2  4-  12,4353V  — 1,3044V  — 
9,1624V  — 8,7484*2*  — 4,7624V  — 1,8483V  — 5014*2*  — 904.2*  — 92** 

— 12,6254”  iifelf,  without  reducing  it  fas  at  firft,)  to  a quadratick  equation 
by  the  above-mentioned  operation  of  divifion,  we  will  compute,  from  the  faid 
value  of  2,  the  correfponding  values  of  the  lines  AC  and  AB,  or  the  fides  of 
the  propofed  triangle  ABC,  and  then  find  the  cubes  of  the  faid  values,  and 
add  the  faid  cubes  together,  in  older  that  it  may  appear  that  their  fum  is  very 
nearly  equal  to  24a*,  (or  3 X 8a*,  or  3 x aSj*,  or  3BC’,)  or  three  times  the 
cube  of  the  given  bafe  BC,  agreeably  to  the  fecond  condition  of  the  foregoing 
Problem. 


Now  we  have  feen  above  that  AC?  is  (=  AH?  4-  CH?)  = aa  + xx,  and 
that  AB?  is  (—  AH?  4-  BH?)  — 544  4-  44.V  4 22,  and  confequently  that  AC 
is  = s/44  4-  xx,  and  that  AB  is  =r  V 54a  4-  442  4-  22.  We  muft  therefore 
compute  the  values  of  thefe  exprefiions  •/  aa  4-  22  and  */  $aa  4-  442  4-  xx, 
upon  a fuppofition  that  2 is  22  0.632,993,15  X a ; which  may  be  done  as 
follows: 

Since 
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Since  x is  =:  0.632,993,15  X a,  we  (hell  have  .vx  (=  0.632,9931 15)’  x a.i) 
= 0.400,680,327,946,922,5  x aa,  and  41.1  (=  41  x 0.632,993.15  x a)  — 
2.531,973,60  x aa,  and  confequenily  aa  + xx  (—  aa  4-  0400,680,327,946, 

922.5  x aa)  — 1 400,680,327,946,922,5  x aa,  and  $aa  + 4a*  4-  -vx  (=  5 aa 
4-  2.531,972,60  x.  aa  4-  0.400,680,327,946,922,5  x aa  — 7.531,972,60  x aa 
+ 0.400,680,327,946,922,5  x aa)  = 7.932,652,927,946,922,5  x aa.  There- 
fore AC,  or  V aa  4-  xx,  will  be  f = ✓1.400,680,327,946,922,5  x a)  — 

1.183,503,41  x a,  and  AB,  or  \/ $aa  4-  4 ax  4-  .vx,  will  be  (rr  ✓7.932,652, 

927.946.922.5  x a)  — 2.816,496,569  x a.  Therefore  AC’  will  be  (= 

3.183.503,41V  * o’)  = *•657,709,893  x a1,  and  AB’  will  be  (= 

2 8 16,496,569V  x a’)  = 22.342,289,740  x a*,  and  confequenily  AC*  4-  AB* 
will  be  ( = *-657, 709,893  x a*  + 22.342,289,740  x a1)  =s  23.999,999,633 
x a*  i which  is  very  nearly  equal  to  24a’,  or  36c1,  agreeably  to  the  conditions 
of  the  Problem.  Therefore  1.183,503,41  x a and  2 8 16,496,569  x a will  be 

very  nearly  equal  to  the  true  values  of  the  fides  AC  and  AB  of  the  triangle 

ABC,  which  wc  were  required  to  deferibe.  tj^  e.  d.  - 

We  have  therefore  now  conipleatly  folved  the  foregoing  Problem,  propofed 
above  in  art.  20,  without  the  help  of  Mr.  Glenie’s  Conftru&ion. 


Further  Objcrvations  on  the  Equation  16,950 a’x  4-  I2,435a*x*—  1 ,304^’**  — 
9,i62a‘x* — 8,478aV  — 4,762a*** — i,848aV  — 5010V  — 9oax*  — 
9*'°  = 12,625a'0,  obtained  by  the  foregoing  Algebr'dick  Invejligation  of  the 
Value  of  the  line  x,  or  CH. 


Art.  53.  The  value  of  x that  has  been  obtained  in  the  prcceeding  articles, 
to  wit,  0.632,993,15  x a,  is  not,  however,  the  only  root  of  the  equation 
16,9500’*  4-  iM35aV  — 1,3040V  — 9,1620V  — 8,748a5*’  — 4,762a**0 
— 1,848a**’  — 5013V  — 90a*0  — 9*'°  = 12,6250'°,  to  which  we  have 
been  led  by  the  foregoing  algebraick  inveftigation  of  this  Problem.  But  it 
will  have  another  root  that  will  be  greater  than  0.632,993,15  x a,  and  will  be 
nearly  equal  to  0.79  x a ; as  we  (hall  now  proceed  to  Ihew. 

If  we  fuppofe  the  line  * to  increafe  gradually  from  o ad  infinitum,  it  is  evi- 
dent that  all  the  terms  of  the  compound  quantity  16,950a’*  4-  *2,4350'**  — 
1,3040V  — 9,1620V — 8,748a1**  — 4,762a***—  1,8480V  — 501a'**  — 
90 ax’  — 9*10  will  increafe  gradually  from  o ad  infinitum  ; and  it  is  alfo  evi- 
dent that,  in  the  beginning  of  fuch  increafe,  and  while  x is  only  a fmall  part 
of  a,  the  two  firft  terms,  16,950a’*  and  i2,435aV,  of  the  laid  compound 

quantity- 


Digitized  by  Google 


3?2 


MR.  clekie’s  problem. 


quantity  will  be  greater  than  all  the  following  terms  of  it,  and  that  they  will 
exceed  them  in  a very  great  proportion,  infotnuch  that  the  futn  of  the  faid  two 
lird  terms  will  be  greater  than  the  fum  of  all  the  following  eight  terms,  and 
in  a very  great  proportion ; and  that,  the  fimaller  * is  taken,  the  greater  will  be 
the  proportion  in  which  the  turn  of  the  faid  two  fird  terms  will  exceed  the  fum 
of  the  faid  following  eight  terms.  But  this  fuperiority,  in  point  of  magnitude, 
of  the  fum  of  the  laid  two  fird  terms  over  the  fum  of  the  following  eight 
terms,  will  not  always  continue  during  the  incrcafe  of  * from  o ad  infinitum  ; 
but  the  fum  of  the  faid  eight  terms  will  gradually  gain  ground  upon  the  fum  of 
the  faid  two  fird  terms,  and  will,  at  fome  point  of  time  during  the  incrcafe 
of  *,  become  equal  to  the  fum  of  the  faid  two  fird  terms,  and  afterwards  will 
be  greater  than  the  faid  fum,  and  will  continue  to  exceed  it  ever  after,  and 
will  exceed  it  in  a ratio  that  will  continually  grow  greater  and  greater  as  x in- 
creafes  ad  infinitum.  Thefc  things  being  admitted,  (which  feem  to  be  too  evi- 
dent to  need  a proof,)  the  particular  magnitude  of  the  line  x at  the  indant 
that  the  fum  of  the  lad  eight  terms  of  the  faid  compound  quantity,  ( which,  in 
the  foregoing  equation,  are  all  marked  with  the  fign  — , or  are  fubtradted 
from  the  two  fird  terms,  16,9 $00’ x and  12,435a'.**,  of  the  faid  compound 
quantity,)  becomes  equal  to  the  fum  of  the  two  fird  terms  of  it,  may  be  found 
by  refolving  the  equation  16,950 a’x  + 12,4 .35a'**  = 1,3043V  + 9,162 «V 
+ 8,748aV  + 4,7623V  + 1,8483V  4-  5013V  -4-  90a*’  + 9*‘°,  or  (di- 
viding all  the  terms  by  *,)  the  equation  16,950a*  4-  12,435a**  — 1,304 aV  + 
9,162 aV  -4-  8,7483V  4-  4,762aV  4-  1,8483V  -f-  5013V  -4-  903*'  + 9**, 
or  (fubl  rafting  12,435a'*  from  both  fides,)  the  equation  9**  + 90a*'  + 5013V 
-f  1,8483V  -4-  4,762a***  + 8,748a1*4  + 9,162 aV  -{-  1,304a7**  — 12,435a'* 
= 16,950a*.  Now  the  root  of  this  equation  will  be  fomewhat  greater  than  a. 
For,  if  we  fuppofe  * to  be  equal  to  a,  the  compound  quantity  9**  -f-  90a**  4- 
5013V  -4-  1,8483V  4-  4,762a4**  + 8,748a’**  -4-  9,1624V  4-  1,304 aV  — 
12,435a'*  will  be  (=  93*  + 90a’  4-  501a*  -4-  1,8483s1  + 4,762a*  + 8,748a* 
-4-  9,162a’  + 1,304a’  — 12,435a*  = 26,424a*  — 12,4353*)=  13,9893’; 
which  is  fomewhat  lefs  than  16,950a*,  or  the  abfolute  term  of  the  faid  equa- 
tion, and  confequcntly  3 will  be  fomewhat  lefs  than  the  true  value  of  * in  the 
faid  equation.  And,  if  wc  feek  fbrther  for  the  value  of  * in  this  equation,  we 
fhall  find  ic  to  be  a little  lefs  than  1.031  x a.  For,  if  1.031  X a be  fubdituted 
indead  cf  * in  the  faid  compound  quantity  9**  4-  90a**  -f-  5013V  -f-  1,848a1.** 
-4-  4,762a*.**  4-  8,748a***  4-  9,162a5*1  -4-  1,304a’*'  — 12,4353**,  it  will  make 
the  faid  compound  quantity  be  equal  to  17,004.514,200,729  x a*,  \yhich  ex- 
ceeds 16,950a*,  or  the  abfolute  term  of  the  faid  equation,  by  lefs  than  553*, 
or  the  308th  part  of  the  faid  abfolute  term.  1 fhall  therefore  confider  the  root 

of  the  faid  equation  as  being  equal  to  1.030  x a,  or  1.03  x«,orn4^x  3. 

And  confequently,  when  * is  equal,  or  nearly  equal,  to  a + x a,  the 

compound  quantity  9*’  -f  903*'  4-  5013’*’  + 1,8483V  4-  4,762a4**  4- 
8,748a**4  4-  9,162a4**  + 1,304a’**  — 12,435a'*  y ill  be  equal  to  16,950a*, 
and  therefore  (multiplying  both  fides  into  x)  the  compound  quantity  9***  4- 

90a*’ 
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$00*’  + 5010V  4-  1,8480V  + 4,76:0V  4-  8,7480V  + 9,i 6*0“**  + 
1,3040V  — 12,4350V  will  be  = 16,950,.**,  and  (adding  12,4350V  to  both 
Tides,)  the  quantity  9*10  + 900a*  4-  5010V  4-  1,8480’*'  + 4,7620V  + 
8,7480’*’  4-  9,1620**'*  4-  1,3040V  will  be  — 16,9500'*  + 12,4350V,  and 
(fubtraifling  9*'°  4-  900*’  4-  5010V*  4-  1,8480V  • 4,7620V  4-  8,7480V* 
4-  9,1620V*  4-  1,30.40V  from  both  Tides,)  the  compound  quantity  16,9500V 
4-  12,4350V*  — 1,3040V’  — 9,1620V4—  8,7480V  — 4,7620V  — 1,8480V 
— 5010V*  — 900**  — 5*”  vvill  be  = o.  It  appears  therefore  that,  while  * 

increafes  from  o to  1.03  x 0,  or  o 4-  ~,  the  faid  compound  quantity  will 

have  increafed  from  o (to  which  it  is  equal  when  * is  equal  to  o,)  to  Tome  cer- 
tain quantity,  and  have  decreafed  again  from  that  quantity  to  o.  And  hence 
it  follows  that  the  fucceflive  increments  of  the  fum  of  the  two  firft:  terms, 
16,9500'*  and  12,4350**’,  of  the  faid  compound  quantity,  (from  which  two 
terms  all  the  following  eight  terms  of  it  are  fubtrafted,)  will,  during  the  in- 

creafe  of  x from  o to  1 .03  x or  a + x 0,  be,  firft,  greater,  and,  af- 
terwards, lefs,  than  the  contemporary  increments  of  the  fum  of  the  faid  fol'.ow- 
ing  eight  terms,  1,3040V,  9,1620V,  8,7480V’,  4,7620V,  1,8480V,  5010V, 
90 ax9,  and  9*'°.  And  the  greateft  magnitude  of  the  whole  compound  quan- 
tity 16,95 oo9*  4-  12,4350V’  — 1,3040V  — 9,1620V4  — 8,7480V  — 
4,7620V  — 1,8480V  — 5010V*  — 900**  — 9*‘°,  or  of  the  excefs  of  the 
fum  of  the  two  firft  terms  of  the  faid  quantity  above  the  fum  of  the  eight  fol- 
lowing terms  of  it,  will  be  that  which  it  has  when  the  infinitely  fmall  increment 
of  the  latter  fum  is  equal  to  the  contemporary  increment  of  the  former  fum. 

Now,  if  X,  or  the  letter  * with  a point  placed  over  it,  be  put  for  the  infi- 
nitely fmall  increment  of  *,  the  contemporary  increment  of  the  former  fum,  or 
the  binomial  quantity  16,950a**  4-  12,4350"*’,  will  be  (16,950 o'  x X 4- 
12,4350*  X ixx,  or)  16,950 o'.v  4-  24,87oo’*.V  j and  the  contemporary  incre- 
ment of  the  latter  fum,  or  of  the  otftinomial  quantity  1,3040V’  4-  9,1620V4 
4 8,7480V’  4-  4,7620V*  4-  1,8480V  4-  5010V*  4-  90 o.v*  4-  9*'°,  will  be 
(1,3040*  x 3*’.v  4-  9,1620*  x 4*’.V  4-  8,7480’  x 5**.V  4-  4.76104  x 6*\v 
4-  1,8480*  x 7*‘at  4-  S°ia'  x 8*’.v  4-  90 0 x 9*’.v  4-  9 x io*'i  =) 
3,9120'*’:*  4-  36,6480**’.^  4*  43,74ooV\V  4*  28,5724V.*  4-  12,9360V*.* 
4-  4,0080V';*  4-  8iO0.t\v  4-  90 ax'x.  Therefore,  in  order  to  find  the  above- 
mentioned  greateft  magnitude  of  the  foregoing  compound  quantity,  we  mult 
fuppofe  the  increment  3,9120V:*  4-  36,6480**’*'  4-  43,7400’**.!:  4- 

28,572 a*x'x  4-  12, 9360’**#  4-  4,0080V.*  4-  8ioa*’.V  4- 90*'»  to  be  equal 
to  the  increment  16,9500**  4-  24,8700"**. 

Now  let  all  the  terms  of  this  equation  be  divided  by  x.  And  we  (hall  have 
3,9120V*  4-  36,6480V*  4-  43,7400V4  4.  28,5720V  4-  12,9360V*  4- 
4,0080V  4-  8 too*’  4-  90*’  = 16,9500’  4-  24,8700**.  Therefore  (fub- 
tra&ing  24,870 o'  from  both  (ides,)  we  (hall  have  3,9120V  4-  36,6480V*  4- 
43,7400V*  4-  28,5720V  4-  12,9360V*  4-  4,0080V  4-  8 ioo*'  4-  9°*’  — 

34,8700'* 
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24,870a5*  — 16,950 a*,  or  (placing  the  terras  that  involve  the  higher  powers 
of  * before  thofe  which  involve  its  lower  powers,)  §0*’  + 810 ax'  + 4,00811**’ 
+ 12,95611V  + 28,57212  V + 43,740a  V + 36,648aV  + 3,912  aV  — 
24.870a'*  = 16,9503'’;  and  (dividing  all  the  terms  by  6,)  we  (hall  have  15*' 
+ l35ax>  + 668aV  4-  2,ij6aV  4-  4,762 aV  4-  7,290a5**  4-  6,io8aV  4- 
652  a’*’  — 4,1450'*  = 2,825a*. 

Therefore  the  compound  quantity  16,950a**  4-  12,435a'**  — 1,304a’*'  — 
9,1624V  — 8,748a5*5  — 4,762a***  — 1,848a5*’  — 501a’*’  — 90a**  — qx'° 
will  have  arrived  at  its  greateft  magnitude  when  * is  equal  to  the  root  of  the 
equation  15**  4-  135a*'  4-  668aV  4-  2,1563V  4-  4,762a**5  + 7,290a5*4  4- 
6,io8aV  + 652a’*’  — 4,145a'*  = 2,825a*. 

Art.  54.  Now  the  root  of  this  equation  will  be  found  to  be  nearly  equal  to, 
but  fomewhat  lefs  than,  0.7177  x a.  For,  if  * is  fuppofed  to  be  equal  to 
0.7177  x a,  the  compound  quantity  15*°  4-  1 35a*5  4-  668aV  4-  2,156a’** 
4-  4,76aa4*5  + 7,290a5**  4-  6,io8aV  4-  652a'*1  — 4,145a'*  will  be  found 
to  be  (c=  5,803.788,796,899  X a*  — 2,974.866,500,000  x a»)  — 2,828. 
921,296,899  x a*,  which  is  lefs  than  2,829  X a>>  an<^  therefore  exceeds  the 
quantity  2,825a*,  or  the  abfolute  term  of  the  faid  equation,  by  lefs  than  4a*, 
or  lefs  than  the  706th  part  of  the  faid  abfolute  term.  And  confcquently 
0.7177  x a mull  be  very  little  greater  than  the  true  value  of  x in  the  faid 
equation.  Therefore  (by  what  has  been  (hewn  in  art.  53.)  0.7177  x a will 
be  very  nearly  equal  to  the  value  of  * at  the  time  that  the  compound  quantity 
16,950a’*  4-  12,435a'**  — 1,3043V  — 9,162a***  — 8,748a5*5  — 4,762a**4 

— 1,848a5*’  — 50  ia*x'  — 90a*’  — 9*'°  (during  the  increafe  of  * from  o to 

1 .03  x ii,  or  4 4 i x «)  becomes  a maximum,  or  arrives  at  it’s  greateft  mag- 
nitude ; and  confcquently  the  greateft  magnitude  of  that  comjxiund  quantity 
will  be  that  value  of  it  which  will  arife  from  the  fubftiiuiion  of  0.7177  X a 
inftcad  of  * in  the  feveral  terms  that  compofe  it. 

Art.  55.  Now,  if  we  fubftitute  0.7177  X a inftcad  of*  in  the  feveral  terms 
of  the  compound  quantity  16,950a’*  4-  12,4353  V — 1,304a’*5  — 9,162a4** 

— 8,748a5*5  — 4,762a**4  — 1,848a5*7  — 501a1*'  — 90a**  — 9*”,  we  (hall 
have 

i6,95oa’*(z:  16,950a’  x 0.7177  X a)  = 12,165.0150  x a'°, 

and  1 2,4353V  = 12,4353'  X 0.7177)*  X a’ = 12,4353'  X 0.515,093,29  X a') 
= 6, 405.185,061,15  x a‘°, 

and  1,304a’*5  (=  1,304a’  X 0.7177I5  X a’  — 1,304a’  X 0.369,582,454  X a5) 
= 481.935,520,016  x a”, 

and  9,162a4**  (=  9,162a4  x 0.7177)*  X a*  = 9,162a4  X 0.265,249,327  X a*) 
= 2>430,2,4<333>974  X a'% 

and 
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and  8,748a5*’  ( = 8,748a’  x o.ji]y\'  X a’  = 8,748a5  x 0.190,369,441  x a5) 
= •>665.351,869,868  x a'% 

and  4,762a4*’  (=  4,762 a4  x 0.7177]’  X a’  =:  4,762a4  x 0.136,628,147  xa’) 
= 65 0.623,236,014  x a'% 

and  1,848a5*’  (=  1,848a5  x 0.7177)’  x a’  = 1,848a5  x 0.098,058,021  X a’) 
= 181.201,222,808  X a'% 

and  50iaV  (=  501a*  x 0.7177)*  X a*  = 501a’  x 0.070,376,241  x a’) 
= 35-458>496>74»  x a” 

and  90a*’  (=  90a  X 0.7177)*  X a’  = 90a  x 0.050,509,028  x a5) 

= 4.545,812,520  x a‘% 

and  9*'°  (=  9 X 0.7177V0  X a‘°  = 9 x 0.036,250,329  x a'*) 

= 0326,252,961  x a'°  j 

and  confequently  the  whole  compound  quantity  16,950a**  4-  12, 4353V  — . 

1,304a’*’  — 9,162a’*4  — 8,748a5*’  — 4,762  a4*’  — 1,848a’*’  — 501  aV  — 

90a*’  — 9*”  will  be  = 

12,165.0150  X a,a  — 481.935,520,016  x a'° 

+ 6,405.185,061,15  X a‘°  — 2,430.214,333,974  x a'3 

— 1,665.351,869,868  x «'* 

— 650.623,936,014  x a5t> 

— 181.201,222,808  X a” 

— 35.258,496,741  X a'0 

— 4.545,812,520  x a” 

— 0.326,252,961  X a‘°  J 

= 18,570.200,061,150  x a”  — 5,449.456,744,902  x a'° 

= 13,120.743,316,248  x a'%  or,  very  nearly,  13,121a'*. 


We  may  therefore  confider  13,121a5*  as  the  maximum , or  greateft  magnitude 
of  the  compound  quantity  16,950a’*  + 12,435a*** — 1,304a’*5  — 9,162a**4 
— 8,748a5*5  — 4,762a4*’  — 1,848a’*’  — 501a1*'  — goa*’  — 9*'%  to  which 
it  will  have  increafed  from  o while  * increafed  from  o to  0.7177  X a,  and 
from  which  it  will  decreafe  again  to  o while  * increafes  further  from  0.7177  X a 


to  1.03  x a,  or  a + — x «. 

J * 1 IDO 


Q.  E.  I. 


Art.  56.  Since,  while  * increafes  from  0.7177  x a to  1.03  x a,  the  com- 
pound quantity  16,950a’*  -+■  12,435a'*’  — 1,304 a’**  — 9,162a’*4  — 

8,748 a5*5  — 4,762a4*’  — 1,848a5*’  — 501a’*’  — 90a*’  — 9'5!  decreafes 
Vox..  IV.  3 D from 
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from  13,121a'0  to  o,  it  follows  that  it  mod,  at  fome  one  indant  of  time  during 
its  faid  decreafe,  become  equal  to  any  quantity  whatfocvcr  that  is  lefs  than 
13,121a10,  and  confequently  that  it  mud,  at  fome  one  indant  of  time  during  its 
faid  decreafe,  become  equal  to  the  quantity  12,625a'0,  which  is  the  abfolute 
term  of  the  equation  16,950 a**  + 12,435a'*'  — 1,304a’*5  — 9,i62aV  — 
8,748a’.*5  — 4,762  sV  — 1,848a5*’  — 50  ia'**  — 90  a*’  — 9*'°  = 12,625a'0; 
and  therefore  there  will  be  fome  value  of  *,  greater  than  0.7177  x «,  that, 
being  fubdituted  indead  of  * in  the  compound  quantity  16,950a*.*  -j-  12,435a'** 

— 1,304a7*5  — 9,162a'*4 — 8,748a’*’  — 4,762a**'  — 1,8484’*’  — 501a*** 

— 90a**  — 9*'%  will  make  the  faid  compound  quantity  be  equal  to  12,625a'0, 
or  the  abfolute  term  of  the  faid  equation,  or,  in  other  words,  will  be  a root  of 
the  faid  equation.  We  may  therefore  conclude  that  the  faid  equation  will  have 
two  roots,  of  which  the  leder  will  be  equal  to  0.632,993,15  x a,  (as  has  been 
diewn  in  the  foregoing  articles,)  and  the  greater  will  be  greater  than  0.7177  X a, 
but  lefs  than  1.03  x a.  This  root  we  will  now  proceed  to  invedigate. 

# 

Art.  57.  Now,  if  the  greater  of  thefe  roots  were  as  much  greater  than  the 
middle  quantity  0.7177  X a as  the  faid  middle  quantity  is  greater  than  the 
leder  root  0.632,993,15  X a,  or  (nearly)  0.6330  x a,  the  faid  greater  root 
would  be  (=  5 X 0.7177  X a — 0.6330  X a = 1-4354  X a — 0.6330  X a) 
= 0.8024  x a.  But  when  * is  become  greater  than  0.7177  X a,  the  incre- 
ment of  the  o&inomial  quantity  1,304a’*5  4-  9,162 a'*4  8,748a'*’  4- 

4,762 a4*'  4-  1,848a’*’  4-  501  a'**  + 90a*0  4-  9*'°  is  greater  than  the  con- 
temporary increment  of  the  binomial  quantity  16,950a**  4-  12,435a'**,  and 
is  continually  increafing  while  x increafes  from  0.7177  x a to  1.03  x a. 
Therefore,  while  x increafes  from  0.7177  x a to  0.8024  x a.  or  receives  an 
increment  equal  to  the  cxcefs  of  0.7177  x a above  0.6330  x a,  or  the  leder 
root  of  the  equation,  the  compound  quantity  16,950a**  4-  12,435a'**  — 
1,304a’*5 — 9,162  a'*4 — 8,748a'*’  — 4,762a4*4 — 1,848a5*’  — 501a’**  — 
90a*'  — 9*‘°,  or  the  excefs  of  the  binomial  quantity  16,950a0*  4-  12,435a'*' 
above  the  o6linotnial  quantity  1,304a’*5  4-  9,162a**4  4-  8,748a’*’  4-  4,762a4** 
4-  1,848a5*5  4-  501a’*'  4-  90a*"  4-  9*'0,  will  be  diminifhed  by  a greater 
quantity  than  that  by  which  the  quantity  13,121a'0  (which  is  the  greated  podible 
magnitude  of  the  faid  compound  quantity  16,9504*1-  4-  12,435a'**  — 1,304a’*5 

— 9,162a**4  — 8,748a5*’  — 4,762a4**  — 1,848a’*7  — 501a’*'  — 90a*'  — 
9*'0,  and  is  its  value  at  the  indant  that  * is  equal  to  0.7177  X a,)  exceeds 
the  quantity  12,625a'0,  or  the  abfolute  term  of  the  equation  16,950a’*  -f- 
12,435a**’  — 1,304a’*’  — 9,162a6*4  — 8,748a’*’  — 4, 762a4*4 — 1,848a’*’ 

— 501a’**  — 90 a**  — 9*'0  =2  12,625a'0,  and  therefore  will  be  lefs  than 
12,625a'0,  or  the  abfolute  term  of  the  faid  equation.  Therefore  the  value  of  * 
at  the  indant  of  time  at  which  the  laid  compound  quantity  16,950a4*  4- 
12,435a**’ — 1,304a’**—  9,162a**4  — 8,748  a’*5  — 4,762a4*6—  1,848a5*’ 

— 501a’**  — 90a*0  — 9**0  is  become  a fecond  time  equal  to  the  quantity 
12,625a'0,  mult  be  lefs  than  0.8024  x a ; or,  in  other  words,  the  greater  root 
of  the  equation  16,950a0*  4-  1 2,435a**’  — 1,304a’*5  — 9,162a**4 — 8,748a’*’ 

— 4,762a4*'  — 1,848a5*’  — 501a'**  — 90a*0  — 9*'°  ss  12,625a'0  nuift  be 

lels 
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lels  than  0.8024  x a.  We  will  therefore  fuppofe  it  to  be  equal  to  0.79  X 4, 
and  will  now  proceed  to  fubftitute  0.79  x « inftead  of  * in  the  faid  compound 
quantity  16,950(2®*  4-  i2,435<aV  — 1,3044’**  — 9,162a®** — 8,748a5**  — 
4,7620***  — 1,8480**’  — 5010***  — 90a*®  — 9*'°,  in  order  to  dilcover  how 
nearly  the  value  of  the  faid  compound  quantity  rcfulting  from  the  faid  fubfti- 
tution  will  approach  to  the  abfolute  term,  12,6250'®,  of  the  foregoing  equation, 
and  whether  it  will  be  greater,  or  lefs,  than  the  laid  abfolute  term  : after  which 
we  may  make  further  approaches  to  the  true  value  of  *,  or  the  greater  root  of 
the  faid  equation,  in  the  manner  diredled  by  Mr.  Raphfon. 

Art.  58.  Now,  if  we  fuppofe  * to  be  = 0.79  x a,  we  lhall  have 
XX  (=  0.79  X a)*  = 0T79V  X o’)  = 0.6241  x a*, 

and  **  (=0.79  x aV  = "0.79V  X a*)  = 0.493,039  X o’, 

and  **  (==  0.79  x a)4  =2" 0.7 9] 4 x a*)  = 0.389,500,81  X a4, 

and  **  (=  0.79  x a| * = °.79Y  x ** ’)  = °-3°7*705>639>9  * fl,» 

and  x*  (=  0.79  x a'j®  = 0.79)“  x a*)  = 0.243,087,455  x a*, 

and  *’  ( = o 79  x aV  — 0.79')’  x o’)  = 0.192,039,089  X a’, 

and  *’  (=  0.79  x a\'  =:  0.79)’  X a*)  = 0.151,710,880  X a*, 

and  **  (=  0.79  x o'*  = 0.79  ® x a9)  = 0.119,851,595  x a®,  -v 

and  x’°  ( = 0.79  x a,”  = CI79)”  X a‘°;  = 0.094,682,760  X a". 

Therefore  16,950a®*  will  be  (=  16,950a®  x 0.79  X a 
= 16,950  X 0.79  X O = 13,390.50  X a1®; 
and  12,435a***  will  be(=  12,435a*  x 0.6241  x a* 

= « 2.435  X 0.6241  x a'®)  = 7760.6835  X a’; 
and  1,304a’*’  will  be  (—  1,304a’  x 0.493,039  x a* 

= 1,304  X 0.493,039  X a'0)  = 642.922,8 56  x a'“ ; 
and  9,162 a**4  will  be  (=  9,162a*  X 0.389,500,81  X a* 

= 9,162  X 0.389,500,81  X a'°)  = 3,568.606,421,22  x a”; 
and  8,748a’*5  will  be  (=  8,748a5  x 0.307,705,639,9  X a5 

= 8,748  X 0.307,705,639,9  X a'®3  = 2,691.808,937,845  X fl'*i 
and  4,7624V  will  be  (=  4,7624*  0.243,087,455  x a* 

= 4,762  x 0.243,087,455  x a'”)  = 1,157.582,460,710  x a18; 
and  1,848a’*’  will  be  (=  1,848a’  X 0.192,039,089  X a’ 

= 1,848  X 0.192,039,089  X a“)  = 354.888,236,472  X a”} 
and  501a1**  will  be  (=  5014’  x 0.151,710,880  x a* 

= 501  x 0.151,710,880  x a'®)  = 76.007,150,880  X a’®; 

3 D 2 and 
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and  90a**  will  be  (=  90 a X 0.119,851,395  X a* 

= 90  X 0.119,831,595  x O = 10.786,643,550  x a"; 
and  9*'°  will  be  (=  9 x 0.094,682,760  x «**)  = 0.852,144,840  X a10. 

Therefore  the  whole  compound  quantity  16,950a’*  4-  12,435a'**  — 
1,3043V  — 9,1623V  — 8,7483V  — 4,7623V  — 1,8483V  — 5013V  — 
903**  — 9*'°  will  be  = 

13,390.5°  x <*10  — 642.922,856,000  x a" 

4-  7,760.683,5  x a1*  — 3,568.606,421,220  x a” 

— 2,691.808,937,845  x a” 

— 1,157.582,460,710  X a*’ 

354.888, 236,472  x 3” 

— 76.007,150,880  x a” 

— 10.786,643,550  x a'° 

— 0.852,144,840  x a” 

= 21,151.183,5  X <J’°  — 8,503.454,851,517  x a'° 

= 12,647.728,648  483  X a";  which  is  a little  greater  than  12,6253'°,  or 
the  abfolute  term  of  the  equation  16,950.1**  + 12,4353V  — 1,304a’*’  — 
9,162  aV  — 8,7483V  — 4,762  aV  — 1,848a’*’  — 501a'**  — 90a*’  — 9*'° 
= 12,625a10.  Therefore  (by  what  has  been  (hewn  in  art.  53,  54,  and  55,) 
0.79  x a will  be  a little  lefs  than  the  true  value  of  the  greater  root  of  that 
equation. 

Art.  59.  In  order  therefore  to  find  a nearer  value  of  this  root,  we  will  now 
\ fuppofe  0.79  x 4 t 2 to  be  equal  to  it,  and  will  fubflitute  o 79  x « 4-  z 

inttcad  of  * in  the  terms  of  the  laid  equation,  and  will  then  refoive  the  tranf- 
formed  equation  refulting  from  this  fubftitution,  in  the  manner  directed  by 
Mr.  Raphlon.  This  may  be  done  as  follows  : 

Since  * is  = 0.79  x a + z,  we  fhall  have 

xx  (—  o-79  x a + 2)*  — 0.79  x aV  + 2 x 0.79  x a x z 4-  &c 

= 0.79I*  x a’  + 1.58  x az  + &c) 

= 0.6241  X a*  + 1.5832  4-  &c, 

and  *’  (=  0.79  x a 4-  zY  = 0.79  x aV  4-  3 x 0.79  x x z 4-  &c 
= 079^’  X a’  + 3 x 0.6241a’  x z + 8cc) 

= 0.493,039  X a’  + 1.87233*2  + &c, 

and  x*  (=  o-79  X a -t~z \*  = 0.79  x a)4  + 4 X 0.79  x a)’  X z 4-  8tc 

= 0.79'] ‘ X a*  + 4 x 0.493,039a’  x z + &c) 

= 0.389,500,81a*  + 1.972,156  a’z  + &C, 

and 
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and  *’  (=  0.79  X a + z)*  = 0.79  x a\l  4 5 X 0.79  x a}4  x s + &c 
= 0.79)'  X a*  + 5 X 0.389,500,81a4  X 2 4-  &c) 

= 0.307,705,639,9  a’  + 1.947,504,053*3  + &c, 

and  (=  0.79  X a 4-  2)*  = 0.79  x aj*  4 6 x 0.79  x a^‘  x z + &c 

= 0.791*  X a*  + 6 x 0.307,705,639,9 a’  X 2 + &c) 

= 0.243,087,455a*  + 1.846,233,839,43*2  + &c, 

and  x’  (=  0.79  X a +T)’  = 0.79  x a)f  + 7 x 0.79  x a|“  X 2 + &c 
= 0V79I’  X a’  4-  7 X 0.243,087,455a*  X 2 + &c) 

— o 192,039,089a*  4.  1. 701,612, i85a*z  + 8cc, 

and  .v*  ( = 0-79  x a 4-  z)'  = 0.79  x aV  + 8 x 0.79  X a-)*  X 2 4-  &c 

= 0.71,1*  x a*  4-  8 X 0.192,039,089a’  X z 4-  &c) 

— 0.151,710,880a'  4 1.536,312,7123*2  4-  &c, 

and  x’  (=  0.79  X a + z)’  = 0.79  x a'/*  + 9 x 0.79  x a)'  X 2 + &c 
= o 7yl’  X a*  + 9 x 0.151,710,880a’  x 2 4-  &c ) 

= o 119,851,595  X a”  + 1.365,398,0203*2  + &c, 

and  x'°  (=  079  x a + z\ 10  = 0.79  x s>  + 10  x 0.79  x a)  * X 2 + &c 
= o./9i'*  X a‘°  + 10  X 0.119,851,595a*  x 2 + &c) 

= 0.094,682,760a10  4-  1.198,515,9503*2  h-  &c. 

Therefore  16,9503V  will  be  (==  16,950a*  X 0.79  X«  + z 

= 16,950a*  X 0.79  X a + 16,950a’  Xz  = 16,950  X 0.79  X a1* 
4-  i6,95oa*z)  = 13,390.50  X a”  + 16,9503*21 

and  12,4353V  will  be  (=  12,4353*  X 0.62413*  4-  1.5832  4-  &c 
= 12,435a*  X 0.62413*  4-  12,435a*  X 1.5832  4-  &c) 

= 7,7' 0.68353“  4-  18,647.30  X 3*2  4 &c  ; 

and  1,3040V  will  be  (=  1,3043’  X 0.493,039  X s’  4-  1.87233*2  4-  &c 
= 1,304a’  X 0.493,039s’  4 1,3043’  X 1.87233*2  4-  &c) 

= 642.922,856a10  4-  2441.4792 a*z  4 &c; 

and  9,1623V  will  be  (=  9,1623*  X 0.389,500,81s4  4-  1.972,1563*2  4-  &c 
:=  9,1623*  X 0.389,500,813*  4-  9,162a*  X 1.972,1563’z  4 &c} 

= 3.568.606,421,223’°  4-  18,068.893,2723*2  4-  &c, 

and  8,7483V  will  be  (=:  8,748a’  x 

0.307,705,639,9s’  4-  1.947,504,053*2  4-  &c 
= 8,748a’ X o 307,705,639,9a’  4-  8,748a’  X i.947>504,05a*z  4 &c) 
= 2,691.808,937,845a*!  4-  17,036.765,419,403*2  4 &cj 

and- 
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and  4,7 62a V will  be  (=  -4,762 a*  X 

0.243, oil  7, 45  5a4  +'  1.840,233,839,44**  + &c 
= 4,762 a*  X 0.243,087,453a4  +4,762*4  x 1 .846, 233,839, 40*3  + Sec) 
= 1,157.582,460,710*'°  + 8, 791.765, 543,222, 8a*z  + &c; 

and  1,848a1*7  will  be  (=  1,848a7  X 

0.192,039,089a’  + 1.701, 612,  i85*°z  + &c 
= 1,848a7  X 0.192,039,089a7  + 1,848a7  X 1. 701,612, i8ja6z  + &c) 

= 354.888,236,472a10  + 3,144.579,3 17, 88oa4a  + Sec; 

and  501a'**  will  be  (=  501a*  X 

0.151,710,880a1  + i.536,3i2,7i2a’z  + &c 
= 501a*  X 0.151,710,880a*  + 501a’  X 1.536,312,712*’^  + Sec) 

= 76.007,150,880  a*°  + 769.692,668,712a**  + 8cc; 

and  90a**  will  be  (=  90a  X 0.119,851,595a*  + 1.365,398,020a'*  + &c 
= 90 a X 0.119,851,595a*  + 90 a X 1.365, 398,020a1*  + ficc) 

= 10.786,643,550*'°  + 122.885,821,800a**  + &C  ! 

and  9*‘°  will  be  (=  9 X 0.094, 682, 760a10  + 1.198,515,950a®*  + &c 
= 9 X 0.094,682,760a'®  + 9 X 1.198,515,950a**  + &c) 

= 0.852,144,840*'°  + 10.786,643,550a**  + &c. 


Therefore  the  whole  compound  quantity  16,950a**  + 12,435**** 
1,304a7*7  — 9,162a4*4  — 8,748a**7  — 4,762a4*4  — 1,848a7*7  — 501a’*' 
90a**  — 9*'°  will  be  = 


f »3>39°-5°  X a'° 

+ 7,760.683,5  X a'® 

— 642.922,856  X a10 

— 3,568.606,421,22  X a'4 

— 2,691.808,937,845  X a10 

— 1,157.582,460,710  X a'® 

— 354.888,236,472  X a1® 

— 76.007,150,880  X a'® 

— 10.786,643,550  X a'° 

. — 0.852,144,840  X 


+ 16,950  X a*z 

+ 18,647.30  X a®*  + &c 

— 2,441.479,2  X a*2  — &c 

— 18,068.893,272  X a®*  — Sec 

— 17,036.765,429,40  X a*z  — &c 

— 8,791.765,543,222  X a*a  — Stc 

— 3*I44-579»3I7<88o  X a»z  — &c 

— - 769.692,668,712  X a*z  — &c 

— 122.885,821,800  X *®2  — &C 

— 10.786,643,550  X a*z  — Sec 


J 


f 21,151.183,500  X a'®  + 35,597.300,000,000  X a’z  + &c  "1 

l—  8,503.45+851,517  X a*°  — 50,386.847,896,564  X a*z — &c  J 
= 12,647.728,648,483  X a**  — 15,289.547,896,564  X a**  See. 

. But 
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But  the  faid  compound  quantity  is  = 1 2,625a10. 

Therefore  the  binomial  quantity  12,647.728, 648, 483a10  — 15,289.547, 
896,564  X a*s  will  alfo  be  = 12,625 a1".  And  confcquently  (adding  15,289. 
547,896>564«*3  to  both  fides,)  12,647.728,648,483  x a*°  will  be  = 12,625a10 
4-  15,289.547,896,564 a*z ; and  (fubtraifling  12,6250'°  from  both  fides) 

15,289.547,896,5640*2  will  be  = 22.728,648,483  x a'°;  and  (dividing  both 
fides  by  a*,)  15,289.547,896,654  x z will  be  = 22.728,648,483  x a,  and  z 

will  be  = 2a-7^8-5’H48^  * a _ 0i00i  +8  X a,  Therefore  x,  or  0.79  x a + z, 
1 5,289. 547,896,5  64  * t y 

will  be  (=  0.79  X a + 0,001,48  X a)  = 0.791,48  x a,  or  the  greater  root  of 
the  equation  16,9500**  4-  12,4350V—  1,3040V  — 9,1 62 a V — 8,7480V 

— 4,7623***  — 1,8480V — 501a1**  — 90 ax*  — 9*'°  = 12,625a*0  will  be 

nearly  equal  to  0.791,48  x a.  9.  e.  1. 

— Art.  60.  Now  let  0.791,48  X a be  fubftituted  inftcad  of  x in  the  com- 
pound quantity  16,950 a“x  4-  12,435a"**  — 1,3040V  — 9,1620V  — 8,7480V 

— 4,7620V  — 1,8480V  — 501  a***  — 90 ax*  — 9*'0,  in  order  to  difeover 
whether  the  value  of  it  refulting  therefrom  will  be  nearly  equal  10  12,625a10, 
or  the  abfolute  term  of  the  foregoing  equation,  and  consequently  whether 
0.791,48  x a is  nearly  equal  to  the  greater  root  of  the  faid  equation,  and  to 
difeover  alfo  whether  the  faid  refulting  value  will  be  greater,  or  lefs,  than  the 
faid  abfolute  term,  and  confcquently  whether  0.791,48  X a is  lefs,  or  greatpr, 
than  the  true  value  of  the  laid  greater  root.  This  fubftitution  may  be  made 
as  follows : 

If  * is  = 0.791,48  X a,  we  (ball  have 

xk  ( = 0.791,48  X a")’  = 0.791,48V  X a*)  = 0.626,440,590  X a*, 
and  **  (=  0.791,48  X aV  = o 791, 48!*  X a’)  = 0.495,815,198  X a*, 

and  x*  (=  0.791,48  X~aV  = 0.791,48)*  X a*)  = 0.392,427,812  X a4, 

and  *‘  (=  0.791,48  X a)*  = 0.791,48V  X a*)  = 0.310,598,764  X a*, 

and  **  (=  0.791,48  X al*  = 0.791,48)*  x a6)  = 0.245,832,709  X a*, 

and  x1  ( = 0.791,48  X a'7  = 0.791,48V  X a7)  = 0.194,571,672  X a7, 

and  x'  (=  0.791,48  X a)*  = 0.70 1,48'*  X a*)  = 0.153,999,586  X a*,  , 

and  **  (=  0.791,48  X«l’  = 0.791,48''°  X a9)  = 0.121,887,592  X a», 

and  **°  (=  0.791,48  X <V°  = 0.791,48)'°  X «*°)  = 0.096,471,591  X a‘°. 

Therefore  16,950a9*  will  be  (—  16,950 a’  X 0.791,48  x a ) 

= 13,415.586,00  x a'° ; 

and  12,435a***  will  be  (=  12,435a*  X 0.61.6,440,590  X a*) 

= 717*9788,736,650  x a“i 

and 
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and  1,3044V  will  be  (=  1,304a’  X 0.495,815,198  X a’) 

= 646.543,018,19a  X a'°; 

and  9,1624V  will  be  (=  9,162 a*  X 0.392,427,812  X a*) 

= 3»59S'4*3*6i3>S44.  X a'8  i 

and  8,7484V  will  be  (=  8,748 a’  X 0.310,598,764  x a ’) 

= 2.7‘7-ii7>987>472  x a10; 
and  4,7624V  will  be  (=  4,762a4  x 0.245,832,709  x a’) 

= 1,170.655,360,258X4"; 
and  1,8484V  will  be  (=  1,848a’  x 0.194,571,672  a’) 

= 359-568,449,856  x a”; 
and  5014V  will  be  (=5014*  X 0.153,999,586  a*) 

= 77-»53>79i.586  X a"; 

and  90 ax*  will  be  (=  90 a x 0.121,887,592  X «*) 

= 10.969,883,280  x a"; 
and  9x'°  will  be  (=  9 x 0.096,471,5914'°) 

= 0.868,244,319  X a10. 

Therefore  the  whole  compound  quantity  16,950a**  + 12,4354V—  1,3044V 
9,162a4*4 — 8,7484V  — 4,762  aV — 1,8484V  — 5014V — 90a**  — 
9*'°  will  be  = 

" 1 3,4’ 5-586,000,000  X 4'°  — 646.543,018,192  x a'8 

+ 7>789-788>736,65o  X a‘°  — 3,595*4*3.6 ’3.544  X a'° 

— 2,717.117,987,472  x 4'° 

— 1,170.655,360,258  x 4'° 

- — 359.568,449,856  x a’°  • 

— 77-I53»792>586  X a" 

— 10.969,883,280  X a'° 

— 0,868,244,3 19' x a‘°  J 

= 21,205.374,736,650  X 4’°  —8,578.300,349,507  X a'° 

= 12,627.074,387,143  x a'° ; which  is  very  nearly  equal  to  12,625a''1, 
which  it  exceeds  by  only  the  fmall  quantity  2.074,387,143  X a'°,  or  the  6086th 
part  of  12,625a'0. 

Therefore  0.791,48  X a mud  be  very  nearly  equal  to  the  true  value  of  the 
greater  root  of  the  equation  16,950a**  + 12,4354V — 1,304a’*’  — 9,162a**4 
— 8,7484V  — 4,7624V  — 1,848a’*’  — 501a**’  — 90a*’  — 9*'°  = 
12,6254'°,  but  (by  what  is  obferved  in  art.  53,  54,  and  55,)  will  be  fomewhat 
lefs  than  the  faid  true  value.  q*.  e.  i. 

Art.  6 1. 
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Art.  6 1.  In  order  therefore  to  obtain  a (till  nearer  value  of  this  greater  root 
of  the  faid  equation,  we  will  now  fuppofe  it  to  be  equal  to  0.791,48  X a 4-  z, 
■and  will  fubftitute  the  faid  binomial  quantity  0.791,48  x o 4-  z in  ft  cad  of  * 
in  the  terms  of  the  faid  equation,  and  then  will  relolve  the  transformed  equa- 
tion thence  arifing  in  the  manner  directed  by  Mr.  Raphfon.  This  may  be 
done  in  the  manner  following  : 

Since  * is  rr  0.791,48  x o 4-  we  (hall  have 
xx  (=  0.791,48  x a + z)*  = 0.791,48  x oV  + 2x  0.791,48  x o w z + &c 
— 0.791,481*  x a1  + 1.582,96  X oz  4-  &c) 

= 0.626,440,590 a*  + 1.582,96 az  4-  &c, 

and  x*  (=^>.791,48  x a 4-  2)  * = 0.791,48  x a]*  4-  3 x 0^791,48  xol*  x z 4-  &C 
= 0.791,48V  X a*  4 3 X 0.626,440,590a*  x 2 4-  &c) 

= 0.495,815,198a*  4-  1.879,321, 77oa*s  4-  &c, 

and  x*  (=0.791,48  x a 4-  z)*  = 0.791,48  x o'1,*  4-  4 x 0.791,48  x oV  x s 4-  &c 
= 0.791,48V  x a*  4-  4 X 0.495,815,198a*  x z 4-  8ec) 

= 0-392>4J7»8i2a4  4-  1.983, 26o,792a*2  4*  &c, 
and  x‘  (=  0.791,48  x a 4-  2V  = 0.791,48  x Jy  4-  5 x 0.791,48  x a)4  x 2 4-  &c 
= 0.791, 48V  x a*  4-  5 x 0.392,427,812  x a*z  4-  &c) 

= 0.310,598,764a*  4.  1.962, 139, o6oa42  4-  &c, 

andx*  (=  0.79 1 ,48  x o 4-  z)4  = 0.79 1 ,48  x a)6  4-  6 x 0.791,48  x aV  xz  4-  &c 
= 0.791, 48''*  x «4  4-  6 x 0.310,598,764a*  x 2 4-  &c) 

= 0.245,832,709a4  4-  1.863,592,5840*2  4-  &c, 

and  x ’ (=  0.791,48  x a 4-  2)’  = 0.791,48  x a)’  4.  7 x 0.791,48  x o'*  x 2 + 8cc 
= 0.791,48V  x a*  4-  7 x 0.245,832,709  x a4  x z 4-  &c) 

= 0.194,571,6720*  4-  1. 720,828, 9630*2  4-  &c, 

and  x * (=  0.791,48  xo  4-  zY  = 0.791,48  xoV  4-  8 x 0.791,48  x oV  x 2 4-  &c 
= 0.791,48V  X a*  4-  8 x 0.194,571,672 0’  x 2 4-  &c) 

= 0.153,999,586a*  4-  1.556,573,3760*2  4-  &c, 

and  x*  (=  0.791,48  x o + 2V  = 0.791,48  x «V  4-  9 * 0.791,48  x a)*  x z 4-  &c 
'=  0.791,48  V x a4  4-  9 x 0.153,999,586a*  x 2 + &c) 

= 0.121,887,5920*  4-  1.385,996,2740*2  4-  he, 

and  x'°(=  0.791,48  xo  4-  = 0.791,48  xo 10  4.  10 x 0.791,48  xaVx 2 4.  &c’ 

= 0.791,48)"’  x o'c  4-  10  x 0.121,887,5920*  x 2 4-  &c) 

= 0.096,47 1,59 ia'°  4-  1.218,875,9200*2  4-  &c. 

Vot.  IV.  3 E Therefore 
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Therefore  16,950a**  will  be  (=  16,950a*  x 0.791,48  x a + a = 16,950a* 
x 0.791,48  x a + 16,950a*  x 2)  = 13,415.586,00a'*  + i6,95oa*z ; 

and  12,4353V  will  be  (=  12,435a*  x 0.626,440,590a’  4-  1.582,9662  4 &c 
= 1 2,43 Sa‘  * 0.626,440,590a*  4 12,435a*  x 1.582, 96a2  + &c) 

— 7,789.788,736,650  a'0  + 19,684.107,603*2  + 8cc  ; 

and  1,304a’*’  will  be  (=  1,304a’  x 

0.495,815,198a’  4-  1.879,321,7703*2  4 &c 
= 1,304a’  X 0.495,815,198a*  4.  1,304a’  x 1.879,321,7703’*'+  &c) 

= 646.543,018,192a**  + 2,450.635,588,0803*2  + &C  i 

and  9,162a**4  will  be  (=  9,1623*  x 

0.392,427,812a4  4 1.983,260,7923*2  4 &c 
= 9,1623*  x 0.392,427,8123*  4 9,1623*  x 1.983,260,7923*2  + 8(c) 

= 3,5954a3»6i3»544»,°  + 18,170.635,376,3044*2  + &cc  „ 

and  8,748 a’**  will  be  (=  8,748a1  x 

0.310,598,764a’  4 1.962, 1 39,0603*2  + 8cc 
= 8,748a’  x 0.310,598,764a’  4 8,748a’  x 1.962,139,060 a*2  + Sec), 

= 2,717.117,987,472 a'°  4 17,164.792,496,8803*2  + &Ci 

and  4,7623*2*  will  be  (=  4,762a*  x 

0.245,832,709a*  4 1.863,592,5843*2  4 &c 
= 4,7623*  x 0.245,831,70 93*  + 4,7623*  x 1.863,592,5843*2  + See ) 

= 1,170.655,360,2583'"  4 8,874.427,885,0083*2  + &c; 

and  1,8483*2’  will  be  (=  1,848a*  x 

0.194,571,672a’  4 1.720,828,9633*2  4 fltc 
=2  1,848a*  x 0.194,571,672a’  + 1,8483’  x 1.720,828,9633*2  4 &c) 

= 359*568,449,856«*0  + 3,180.091,923,6243*2  + &c; 

and  joi aV  will  be  (=  501  a*  x 

°-iS3>999>5*6a'  + ‘•556,573>376fl72  + &c 
= 5013*  X 0.153,999,5863*  + 50X3’  X 1.556,573,3763*2  + &c) 

= 77*‘5J»791>586a“>  +,779-8*3>*6l>376a*z  + &c  j 

' and  90a**  will  be  (=  903  x 0.121,887,5924*  + 1.385,996,2743*2  + 8cc 
:=  90a  x 0.121,887,592a*  + 90a  x 1.385,996,2743*2  + &c) 

= 10.969, 883, 2803’°  + 124.739,664,6603’z  4 &c  i 

and 
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*nd  9*’°  will  be  (=  9 x 0.096,471,591  a10  ■+■  1.218, 875, 9zoa*z  + &c 
= 9 x 0.096,471,591a10  + 9X  1.318,875,9203*2  -f  &c) 

=S  0.868,344,319a10  + 10.969,883,280  X 3*z  + &C. 

Therefore  the  whole  compound  quantity  16,950a**  + 12,4353V  — 1,3043V 
— 9,162a**4  — 8,748a’*5  — 4,762  aV  — 1,848a’*’  — 5013V  — 90a**  — 
9*'0  will  be  = 

13. 4I5-S86, 00  x an 

+ 7>789-788>736>65°  X a'° 

— 646.543,018,192  x a10 

— 3.595-423.613.544  x 31* 

— 2,717.117,987,472  x a10 

— 1,170.655,360,258  x a1* 

— 359.568,449,856  x a1* 

— 77-'53>79 2>586  X a10 

— 10.969,883,280  x a” 

0.868,244,319  X 3“ 

_ r 21,205.374,736,650  X a’° 

1 — 8,578.300,349.507  X a'° 

= 12,627.074,387,143  x a" 

But  the  faid  compound  quantity  is  equal  to  12,625a50. 

Therefore  the  binomial  quantity  12,627.074,387,143  X a10  — 14,122.028, 

479.212  x a*z  will  alfo  be  = 12,625a10.  And  confequently  (adding  14,122. 

028.479.212  x a*z  to  both  fides,)  we  (hall  have  12,627.074,387,143  X a‘° 
= 12,625a10  + 14,122.028,479,212  x a’z ; and  (fubtrafting  12,625a’0  from 
both  fides,)  we  (hall  have  2.074.387,143  x a10  = 14,122.028,479,212  X a’z; 
and  (dividing  both  fides  by  a*)  2.074,3875143  X a = 14,122.028,479,212  X z, 

and  z = *'°74’iS7’'43  *■-  = 0.000,146,8  X a.  Therefore  *,  or  0.791,48  X a 

14,122.028,479,212  * iy.  >-r 

-f  z,  will  be  (=  0.791,48  x a + 0.000,146,8  x a = 0.791,626,8  X a; 
or  0.791 ,626,8  X a will  be  a dill  nearer  value  of  the  greater  root  of  the  equa- 
tion 16,950a’*  + 12,435a'*’  — 1,3043V'—  9,1623V  — 8,748a1**  — 
4,7623V  — 1,848a’*’  — 5013V  a-  90a**  — 9*,<>  =:  12,6253*°  than  that 
we  had  before  obtained,  to  wit,  0.791,48  x a.  q.  e.  1. 

This  value,  0.791,626,8  x a,  of  the  greater  root  of  this  equation  is,  pro- 
bably, exaft  in  the  firft  fix  figures,  0.791,626,  ^nd,  perhaps,  alfo  in  the  laft 
figure,  8.  But  to  determine  this  with  certainty,  it  would  be  neceflary  to  carry 
our  approximation  to  the  true  value  of  this  root  one  ftep  further  5 which,  after 
the  great  length  this  folution  has  already  run  into,  fecms  hardly  worth  our  while. 

3 E s Of 


■+■  16,950.000,00  X a’z  -1-  &c 
+ 19,684.107,60  X a*z  -f  &c 

— 2,450.635,588,080  x a*z  — &c 

— 18,170.635,376,304  x a’z  — &c 

— 17,164.792,496,880  x a’z  — &c 

— 8,874.427,885,008  x a’z  — &c 

— 3,180.091,923,624  x a’z  — &c 

— 779  843>26i>376  X a’z  — &c 

— 124.739,664,660  X a’z — 8tc 

— 10.969,883,280  x a’z  — &c 

4-  36,634.107,600,000  X a’z  + &c  1 

— 50,756.136,079,212  x a’z — &c  J 

— 14,122.028,479,212  x a’z  &c. 
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Of  the  Relation  of  the  greater  Root,  0.791,626,8  x a,  juft  now  found,  of  the 
long  Equation  of  the  10 lb  Order  refulting  from  the  Algtbr'dick  Invcfiigation  of 
Mr.  Gleme’s  Problem,  to  the  Solution  of  another  Problem  that  bears  a great 
Refemblanee  to  Mr.  Glenie’s  Problem. 


Art.  62.  This  greater  root  of  the  equation  16,9500**  + 12,435a'**  — 
1,304a’*’  — 9,162a6*4  — 8,748a’**  — 4,762a4*6  — 1,848a’*’  — 501a’*'  — 
90a** — 9*'°  2=  12,625a'6  is  fitted  to  folvc  another  Problem  that  has  a con- 
siderable analogy  to  that  which  we  have  been  here  confidering,  namely,  a 
Problem  in  which  it  (hould  be  required  to  determine  the  vertex  of  another  tri- 
angle upon  the  fame  bafe  BC  as  the  triangle  ABC  in  tig.  2,  and  of  the  fame 
perpendicular  altitude  DF,  but  of  which  the  fides  Ihould  be  fo  much  greater 
than  the  Tides  of  the  triangle  ABC,  that  the  difference  of  their  cubes  (inflead 
of  their  fum,)  fhall  be  equal  to  24a’,  (or  3 x 8a’,  or  3 x 2a|r,  or  3 x BC’,), 
or  three  times  the  cube  of  the  bale  B C.  For,  if  in  (he  line  BC  1 we  take 
the  line  C h (as  in  fig.  4,)  equal  to  this  greater  root,  0.701,62.6  x a,  of  the 
laid  equation,  and  from  the  point  b draw  the  line  ba  at  right  angles  to  C b, 
or  BC,  and  meeting  the  line  FG  in  the  point  a,  and  from  the  point  a we  draw 
the  right  lines  aB  and  aC  to  the  extremities  of  the  given  bafe  BC,  the  ex- 
cefs  of  the  cube  of  a B,  the  greater  fide  of  the  new  triangle  a B C,  above  the 
cube  of  aC,  its  leffer.fide,  will  be  equal  to  three  times  the  cube  of  tie  bafe  BC. 
This  may  be  (hewn  in  the  manner  following : 


Art.  63.  Let  the  perpendicular  altitude  ab,  or  FD,  of  this  triangle,  which 
is,  as  before,  equal  to  half  the  bafe  B C,  be  denoted,  as  before,  by  the  letter  a, 
and  confequently  the  bafe  B C by  2 a ; and  let  C h,  or  the  portion  of  the  line 
BCI  intercepted  between  the  point  C and  the  right  line  ah,  which  is  drawn 
from  a,  the  vertex  of  the  new  triangle  a B C (of  which  the  fides  a B and  a C 
are  of  fuch  magnitudes  that  aB’  — aC’  is  equal  to  3BC’,)  at  right  angles  to 
BCI  and  meeting  it  in  the  point  b,  be  denoted  by  the  letter  x Then  will 

»Gl  be  (=:  abl  + C H)  — aa  + xx,  and  a B?  will  be  (=  a hi  + B bl  = 

ab 1 
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a hi  +"6t  + C = aa  + 2 a + x'  — aa  + 4a  a + 4ax  + **)  — 
533  + 4 ax  + xx. 

Now  let  a B be  put  ~ y,  and  aC  be  put  ==  z. 

Then,  by  the  conditions  of  the  prefent  Problem,  we  (hall  have  y’  — z*  = 
24a*.  Therefore  (Squaring  both  (ides,)  we  (hall  have y*  — zy'z1  + z4  = 5760% 
and  (adding  zy'z1  to  both  (ides,)  y*  4-  z*  — 576a4  4-  2 y’z1,  and  (fubtratting 
576 a4  from  both  (ides,)  zy'z1  — y*  + z°  — 376a4,  and  (by  fquaring  both 
Tides,)  47V  = y"  + 2”  + zy'z6 — iij234y  — n^aa'z4  4-  331,77 6a'*,  and 
(by  fubtrafting  zy'z*  from  both  ftdcs,)  2>4z4  =z  y"  z'*  — nsza'y*  — 
ncza'z*  + 331,776 a1’,  and  (by  adding  H52a4_y4  + U52«4z4  to  both  (ides,) 
zy'z*  + 1152 o'y*  4-  11523V  = y"  4-  z“  + 331,776a1*,  and  (by  fubtra&ing 
y **  + z“  from  both  fidcs,)  2y'z 6 4-  w^ia'y*  + ii52a4z4  — y"  — z"  — 
33,,776a1*;  which  is  the  very  fame  equation  we  derived  in  art.  28,  from  the 
former  Problem.  Therefore,  if  we  iubftitute  aa  4-  xx  inflead  of  zz,  and 
533  + 4a*  -(*  xx  indead  of  yy,  in  this  equation,  as  was  done  above  in  art.  29 
and  30,  we  (hall  ultimately  come  to  the  fame  equation  as  was  obtained  in 
art  32,  by  means  of  thole  fubftitutions,  to  wit,  the  equation  16,9503V  + 
i2,435aV  — i,304aV  — 9,1623V  — 8, 7483*21'  — 4,762a4*4  — 1,8483V’ 
— 5013V*  — 90a*4  — 9*10  = 12,625a'0,  the  greater  root  of  which  will  give 
us  the  length  of  the  line  C b,  as  we  have  already  feen  that  the  leffer  root  of  it 
has  given  us  the  length  of  the  line  CU.  9.  e.  d. 


A Proof  of  tbe  Relation  of  the  faid  greater  Root,  0.791,626,8  X 3,  to  the  Solu- 
tion of  tbe  faid  Second  Problem, 


Art.  64.  Since  aC?  is  = aa  + xx,  and  aB?  is  = 533  4.  4a*  + xx,  it  follows 

that  aC  will  be  :=  Vaa  4-  xx,  and  aB  will  be  = ^5 aa  4-  43*  4-  xx.  Now  we 
have  found  that  x is  nearly  equal  to  0.79 1 ,626,8  x a.  Therefore  43*  will  be  (= 
4a  x 0.791,626,8  x a = 4 X 0.791,626,8  X a')  — 3.166,507,2  x a’,  and  xx 

will  be  (=  0.791,626,8  x a)*  = 0.791,626,8')*  x a’)  = 0.626,672,990, 

478,24a*.  Therefore  aC?,  or  aa  4-  xx,  will  be  (=  aa  4-  0.626,672,990,478, 

24  x a*)  = 1.626,672,990,478,24  x a*,  and  aB?,  or  5 aa  4-  4a*  + xx,  will 
be  (=  5 aa  4-  3.166,507,2  x aa  4-  0.626,672,990,478,24  x aa)  =2  8.793, 
180,190,478,24  x aa.  Therefore  aC  will  be  (=  a x </  1.626,672,990,478,24) 
= a x 1.275,410,9,  or  1.275,410,9  x a;  and  aBwillbe(=  a x V 8.793, 
180,190,478,24)  = a X 2-965,329,6,  or  2.965,329,6  x a;  and  confequently 

aC' 
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aC*  will  be  (.=  aC?  X aC  = 1.626,672,990,478,24  X aa  X 1.275,410,9  X a) 

2.074,676,462  x a*,  and  aB5  will  be  ( = aB?  x aB  = 8.793,180,190, 
478,24  x aa  X 2.965,329,6  x a)  = 26.074,677,496  x a’.  Therefore  aB* 

— aC*  will  be  rr  26.074,677,496  x a’  — 2.074,676,462  x a*  = 24.000, 
001,034  X a* ; which  is  very  nearly  equal  to  24a1,  (or  3 X 8a’,  or  3 x 2^1*,) 
or  3BC5 ; and  confequently  the  fides  aB  and  aC  of  the  triangle  aBC  have  the 
property  required  by  the  fecond  Problem.  Therefore  the  greater  value  of  * 
in  the  equation  16,950a**  4-  12,435a***  — 1,3044'**  — 9,162a***  — 8,748a5** 

— 4,762a4**  — 1,848a5*’  — 501  aV  — 90 a**  — 9*'15  = 12,625a50  now  ap- 
pears to  be  the  value  of  the  line  C b,  which  determines  the  vertex  a of  the  le- 
cond  triangle  aBC,  which  is  required  to  be  deferibed  in  the  fecond  Problem, 
and  in  which  tbe  difference  of  the  cubes  of  the  fides  aB  and  aC  is  equal  to 
three  times  the  cube  of  the  bafe  BC,  juft  as  the  lefler  value  of  * in  the  fame 
equation  was  the  value  of  the  line  C H,  which  determines  the  vertex  A of  the 
firft  triangle  ABC,  which  was  required  to  be  deferibed  in  the  firft  Problem, 
and  in  which  tbe  fnm  of  the  cubes  of  the  fides  AB  and  AC  was  equal  to  three 
times  the  cube  of  the  fame  bafe  BC.  And  thus  the  Problem  is  now  compleatly 
folved  by  Algebra  and  Arithmetick,  and  all  the  difficulties  relating  to  the  final 
equation  produced  by  it  are  fatisfaftorily  anfwered,  without  the  help  of  Mr. 
Glenie’s  Conftrudtion.  But  ftill  1 am  at  a lofs  to  conjedture  by  what  artifice 
Mr.  Glenie  could  difeover  that  the  faid  final  equation  was  capable  of  being  re- 
duced by  an  operation  of  Divifion  from  an  equation  of  the  tenth  order  to  a 

. quadratick  equation,  and  thereby  made  capable  of  being  conftrudted  geometri- 
cally, or  by  drawing  only  right  lines  and  circles. 

And  further,  I very  much  doubt  whether  the  fecond  Problem,  (which  relates 
to  the  difference  of  the  cubes  of  the  fides  of  the  propofed  triangle,)  can  be  con- 
ftrudted in  the  lame  manner  as  Mr.  Glenie  has  conftrudted  the  firft  Problem, 
or  by  drawing  only  right  lines  and  circles. 


Further  Obfervations,  in  Addition  to  tboje  contained  above  in  Art.  39,  40,  41,  42, 
and  43,  on  the  Reduction  of  tbe  foregoing  Equation  of  tbe  10 tb  Order  ( that  was 
obtained  by  tbe  A/gebrditk  Inveftigation  of  the  Value  of  the  line  CH,)  to  a Quadra- 
tick  Equation,  by  means  of  tbe  Operation  of  Divifion  performed  in  Art.  33, 
page  356. 


Art.  65.  It  was  obferved  above  in  art.  39,  that  a plaufible  objedtiqo  might  be 
made  to  the  divifion  of  the  long  compound  quantity  — 12,625a*0  4-  16,950a** 
+ 1 2, 455a  V — 1,304a’**  — 9,162a6*4 — 8,748a’*5  — 4,7624V  — 1,848a**’ 
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— 501  a’x*  — 9044*  — 94'0  by  the  compound  quantity  — 2,5154*  + 3604’* 
■+■  1,4044V  + 1,6404  V + 9784  V + 4084  V + 1244  V + 24 ax1  + 3*’, 
on  account  of  the  laid  dividend’s  being  equal  to  nothing,  and  confequently 
being  incapable  of  being,  either  multiplied  or  divided.  And  hence,  it  was  ob- 
ferved,  a d-iubc  might  be  entertained  concerning  the  truth  of  the  conclufion 
derived  from  it,  Co  wit,  that  the  trinomial  quantity  544  — 64*  — 3*.*’,  (which 
was  the  quotient  of  the  laid  divifton,)  would  be  equal  to  nothing,  or  that  544 
would  be  equal  to  64*  4-  3**,  or  that  the  quadratic^  equation  3*.*  + 6 ax  — 
544  would  be  a true  propofition.  And  therefore  fom'e  further  and  plainer 
reafonings  were  made  ufe  of  in  art.  41,  42,  and  43,  to  (Irengthen  the  faid 
conclufion  and  eftabldh  its  ^uth  j which  were  grounded  on  the  multiplication 
of  the  faid  long  divifor,  full,  by  the  fingle  quantity  544,  and,  fecondly,  by  the 
binomial  quantity  64*-  + 3**,  and  on  the  fubtra&ion  of  the  fccond  of  the  pro- 
ducts thereby  obtained  from  the  full  produdl  5 all  which  operations,  being 
performed  upon  real  quantities,  or  fuch  as  had  a finite  magnitude,  were  evi- 
dently practicable.  And  the  conclufion  obtained  in  art.  42  and  43,  by  means 
of  thefe  reafonings,  to  wit,  that  544  was  equal  to  6ax  + 3x11,  feems  to  have 
been  fairly  and  juilly  proved.  But  1 have  lince  thought  of  another  method  of 
proving  the  truth  of  the  fame  conclufion  without  having  recourfe  to  thofe  mul- 
tiplications, and  without  ever  mentioning  any  dividend  that  is  equal  to  nothing, 
or  of  which  the  fubtraCled  members  art,  together,  equal  to  thofe  from  which 
they  are  lubiraded,  and  confequently  without  giving  any  handle  for  making  the 
above-mentioned  obje&ion.  T bis  method  1 will  now  endeavour  to  explain  : 

Art.  66.  The  final  equation  obtained  by  the  foregoing  algebraick  inveftiga- 
tion  of  the  value  of  the  line  C H,  or  x,  was  16,9504V  -f-  12,4354V*  — 
1,3044V  — 9,1624V  — 8,7484V  — 4,7624V*  — i,848jVt  — 5014V  — 
50a*'’  — 94'*  = 12,6254**. 

Add  9044®  4-  9*'°  to  both  fides  of  this  equation  ; and  we  (hall  have  16,9504  V 
+ 12,4354*4*  — 1,3044V  — 9,1624V-*—  8,7484V*  — 4,7624V*—  1,8484V’ 

— 5014V*  =;  12,6254'*  4-  904.V*  + 9*'°. 

Now  let  12,6254*“  be  fubt  rafted  from  both  fides  of  this  equation;  and  we 
fliall  then  have  — 12,6254'®  -f  16,9504V  -f-  12,4354V*  — 1,3044V*  — 
9,1624*4* — 8,7484V*  — 4,7624V®—  1,8484V’ — 5014V*  = 9044“  + 94'°. 

From  the  compound  quantity  — 12,6254*“  + 16,9504*4  -f-  12,4354*4’  — 
1,3044V*  — 9,1624*4+  — 8,7484V*  — 4,7624*4®  — 1,8484*4’  — 5014*4®, 
(which  forms  the  left-hand  fide  of  this  lad  equation,  and  which,  for  the  fake  of 
brevity,  we  will  call  A,)  let  us  now  fubtraft  the  compound  quantity  — 12,6254'® 
+ 1,800494  + 7,0204*4*  -f  8,2004V  + 4,8904*4*  + 2,0404*4*  + 6204*4® 
-1-  1204V’  -+-  154*4',  which  is  the  produft  of  the  multiplication  of  the  forego- 
ing long  divifor  — 2,525a*  + 3604V  + 1,4044*4’  ■+•  1,6404V*  + 9784*4*  -f- 
4084V  + 1244*4®  + 2444’  34*,  (which,  for  the  fake  of  brevity,  we  will 

call  D,)  into  544,  and  which  is  confequently  equal  to  544  D ; ‘and  the  remain- 
der will  be  the  compound  quantity  15,150 «V  + 5,41 54*4*  — 9,5044V  — 

14,0524®** 
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14,052a**4  — 10,7884***  — 5,3824V  — 1,9684V  — ji6aV,  which  we  will 
call  R.  This  remainder,  together  with  the  compound  quantity  that  is  equal  to 
544D,  by  the  fubtraftion  of  which  from  the  compound  quantity  — 1 2,6254"°  4- 
16,950a’*  + 12,4354V  — 1,3044V  — o,t62aV  — 8,748a*** — 4,762a4** 
— 1,8484V  — 501a**',  or  A,  it  was  produced,  mull,  from  the  nature  of  the 
operation  of  fubtraftion,  be  equal  to  the  laid  compound  quantity  A,  from  which 
the  fubtraclion  was  made,  or  to  the  left-hand  fide  of  the  laft  equation.  They 
may  therefore  be  fubftituted  inftead  of  that  compound  quantity  in  the  faid 
equation.  And,  if  they  are  fo  fubftituted,  the  equation  will  be  as  follows,  to 
wit,  the  compound  quantity — 12,6254'''  4-  1,800a**  4-  7,0204V  4-  8,2004V 
4-  4,890a**4  4-  2,040 aV  4-  620a4**  4-  i2oaV  4-  154V  together  with  the 
compound  quantity  15,1504**  4-  5,415a'**  — 9,5044V  — 14,052a6*4—- 
10,788a'**  — 5,382 a4**  — 1,9684V  — 5164***  will  be  = 904**  4-  9**°. 

Now  let  the  compound  quantity  15,150a’*  4-  5,4154V  — 9,504a’**  — 
14,0524V  — 10,7884V  — 5,382a4*’ — 1,968a**’  — 5164V  be  fubtrafted 
from  both  Tides  of  the  equation.  And  we  (hall  then  have  the  compound  quan- 
tity — 12,6254'°  4-  1,800a9*  4-  7,0204V  4-  8,aooaV  4-  4,8904V  + 
2,040a***  4-  6204V  -f-  ti2oaV  4-  154V  = the  compound  quantity  — 
15,150a’*  — 5,415a'*’  4-  9,5044V  4-  14,0524V  4.  10,788a***  + 5,382a4*’ 
4-  1,968a**’  4-  516a**'  4-  904**  4-  9*'%  or  5J4D  = — R + 90a*’  4-  9*'®. 

Ait.  67.  Now  both  the  (ides  of  this  laft  equation  may  be  divided  by  the 
compound  -quantity  — 2,525a*  4-  3604’*  4-  1,4044V  4-  1,640a**’  4-  978a4*4 
4-  4084V  4-  1 244V  4-  244*’  4-  3**,  or  D,  without  a remainder ; and  the 
quotientof  the  divifion  of  the  firft,  or  left-hand,  fide  of  this  equation,  to  wit, 
tiie  compound  quantity  — 12,6254'°  4-  1,8004**  4-  7,020 aV  4-  8,2004V 
4-  4,8904V  4-  2,040a**’  4-  6204V  4-  1204V  4-  154**',  or  544D,  by  the 
faid  divifor  D,  will  be  the  fingle  quantity  544;  and  the  quotient  of  the  divifion 
of  the  fecond,  or  right-hand,  fide  of  this  equation,  to  wir,  the  compound  quan- 
tity — 15,150a’*  — 5,4154V  4-  9,504a’*1  4-  14,052a’*4  -f  10,788a1*5  4- 
5,3824V  4-  1,9684’*’  4-  516a’*'  4-  90a*’  4-  9*10,  by  the  fame  divilor  D will 
be  the  binomial  quantity  6 ax  4-  3**.  But,  when  two  equal  quantities  are  di- 
vided by  the  fame  divifor,  and  there  are  no  remainders  to  the  divifions,  it  is 
evident  that  the  quotients  of  fuch  divifions  mull  be  equal  to  each  other.  There- 
fore the  fecond  quotient  6a*  4-  3**  mull  be  equal  to  the  firft  quotient  5 aa, 
or  the  quadratick  equation  6a*  4-  3**  =:  544,  or  3**  4-  6a*  — 544,  muft 
be  a true  Propolition.  q_.  e.  o. 

Art.  68.  The  feveral  operations  of  Multiplication,  Subtra&ion,  and  Divifion, 
that  have  been  mentioned  in  the  two  foregoing  articles,  may  be  performed  as 
follows : 


Tbt 


Digitized  by  Google 


n‘  Multiplication  of  the  Compound  Quantity  - 2,525a’  + 360 a'x  + 1,4044V  + 1,640a5*’  + 9784V  + 
408 «V  + 1244V  + 24 ax1  + 3*',  or  D,  into  50a. 
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= 0.791,616,8  x 0.  And  that  this  quantity  will  he  the  root  of  this  equation 
will  be  evident,  without  refolving  the  equation,  by  fubftituting  the  faid  quan- 
tity inftcad  of  x in  the  compound  quantity  360 a'x  + 1,4040V*  + 1,6400V* 
+ 9780V  + 4080V  + 1140V  •+  240*'  + 3*\  which  forms  the  left-hand 
fide  of  the  faid  equation.  For  we  fhall  find,  upon  making  this  fubftilution, 
that  the  value  of  the  faid  compound  quantity  refulting  from  it  will  be  very 
nearly  equal  to  1,5230’,  or  the  abfolute  tertn  of  the  faid  equation.  This  fub- 
fiitution  may  be  made  as  follows 

If  x be  = 0.791,616,8  X 0,  we  fhall  have 
xx  (=  0.791,626,8  X 0V  = 0.791,626,8V  X 0’)  = 0.626,672,990  X 0’, 
and  a*  (=  0.791,626,8  X 0)’  = 0.791,626,8'*  X 0’)  = 0.496,091,133  X 0’, 

and  x*  (=  0.791,626,8  X^4  = 0.791,626,8')*  X 04)  = 0.392,719,036  X 04, 

and  x‘  (=  0.791,626,8  X 0)*  = 0.791,626)8)*  X 0*)  = 0.310,886,913  X 0 *, 

and  x*  (=  0.791,626,8  X a\*  — 0.791,626,8)*  X a")  = 0.246,106,412  X 0*, 

and  x’  (=  0.791,626,8  Xi'  = 0.791,626,8! 7 X 07)  = 0.194,824,431  X 07, 

and  x*  (=  0.791,626,8  X 0"  = 0.791,626,8V  X 0")  = 0.154,228,240  X 0*. 

Therefore  3600V  will  be  (=:  3600’  x 0.791,626,8  X 0 = 360  X 
0.791,626,8  x 0')  = 284.985,648,0  x 0'; 
and  1,4040V  will  be  (=  1,4040“  X 0.626,672,990  X 0*  = 

1,404  x 0.626,672,990  x 0’)  = 879.848,877,960  x 0*  j 
and  1,6400V*  will  be  (=  1,6400*  X 0.496,091,133  x a’  — 

1,640  X 0.496,091,133  x 0*)  = 813.589,458,120  x 0*  ; 
and  9780V4  will  be  (z=  9780*  x 0.392,719,0 36  x 0*  =: 

. 978  X 0.392,719,036  x 0*)  = 384.079,217,208  X 0*  ; 

and  4080’x*  wilt  be  (=  4080*  x 0.310,886,913  x 0*  = 

408  X 0.310,886,913  x 0')  = 126.841,860,504  x 0’  ; 
and  1240V"  will  be  (=  1240*  x 0.246,106,412  x a‘  ~ 

. 124  x 0.246,106,412  X 0’)  = 30.517,195,088  X 0*; 

and  240V7  will  be  (=  240  x 0.194,824,431  x 07  = 

24  x 0.194,824,431  x 0*)  = 4.675,786,344  x 0*  j 
and  3x*  will  be  (=  3 x 0.154,228,240  x 0’) 

= 0.462,684,720  x 0*. 


Therefore  the  whole  compound  quantity  3600V  4-  1,4040V*  + 1,6400V*  + 
9780V4  + 4080V*  + 1 240V*  + 240a'7  + 3**  will  be  = 


284. 
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• 284.985,648,000  x a' 

# • + 879.848,877,960  x a' 

' + 813.589,458,120  x a* 

4-  384.079,217,208  X a* 

< + 126.841,860,504  x a‘  ► 

. + 80  517,195,088  x a* 

+ 4-675>786>344  X a* 

, + 0.462,684,720  x a* 

= 2525.000,727,944  X a’  ; which  is  very  nearly  equal 
to  the  abfolute  term  2,525a"  of  the  equation  360a’*  4-  1 ,404a V 4-  i,640<j*** 
+ 978a4*4  4-  4o8a’^i  4-  124a**4  4-  24a*7  4-  3*'  — 2525a*.  And  confe- 
quently  the  quantity  0.791,626,8  x a mull  be  very  nearly  equal  to  the  root 
of  that  equation.  Qj  e.  d. 


A SCHOLIUM. 


Art.  70.  We  have  now  gone  through  the  folution  of  Mr.  Glenie’s  Problem 
by  two  different  methods,;  namely,  firft,  by  reducing  the  long  equation  of  the 
10th  order  refulting  from  the  algebrsiick  invefligation  of  the  value  of  the  line 
CH,  or  x,  to  a quadratick  equation  by  the  divifion  of  its  terms,  (brought  all 
to  the  fame  fide  of  the  mark  of  equality,  and  confequently  made  to  be  equal 
to  o,)  by  the  long  divifor  D,  and  then  refolving  the  faid  quadratick  equation, 
and  likewife  giving  a geometrical  conftrudtion  of  it ; and,  fecondly,  by  refolving 
at  once  the  faid  long  equation  of  the  10th  order  by  the  help  of  Mr.  Raphfon’s 
method  of  approximation,  without  any  previous  reduction  of  it  to  a lower  or- 
der. And  both  thefe  methods  of  refolution  have  undergone  as  full  an  exami- 
nation and  explanation  as  I have  been  able  to  give  them.'  And  now,  upon 
the  whole  matter,  I muff  beg  leave  to  obferve  that,  though  the  fecond  method 
is  much  more  laborious  than  the  former,  on  account  of  the  many  tedious  fub- 
ftitutions  of  different  quantities  inftead  of  x,  which  it  is  neceffary  to  make  in 
the ’terms  of  the  faid  long  equation  of  the  10th  power,  in  the  feveral  ptoceffcs 
that  occur  in  it,  before  we  arrive  at  the  accurate  value  of  x,  or  C H,  which  we 
at  laft  obtained,  to  wit,_  0.632,993,15  &c  x a,  yet  I think  it  deferves  to  be 
preferred  to  the  former  method,  on  account  of  the  greater  fimplicity  and  per- 
spicuity of  the  reafonings  made  ufe  of  in  it  than  of  thofe  which  are  employed 
in  the  firft  method.  For,  in  the  faid  fecond  method  there  is  no  obfeurity  what- 
foever  that  attends  our  ideas  and  reafonings  in  any  part  -of  it ; but  we,  firft, 
difeover,  (by  a few  eafy  trials  fuggefted  by  the  conditions  of  the  Problem,) 
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that  the  value  of  x which  we  are  Peeking,  or  which  is  equal  to  the  line  C H in 
fig.  2,  mufl  be  fomewhat  greater  than  0.6  x a,  and  then,  by  gradual  ap- 
proaches to  it’s  more  accurate  value,  we  find  if,  firft,  to  be  nearly  equal  to,  hue 
fomewhat  greater  than  0 63  x a,  and,  fecondly,  to  be  fomewhat  greater  than 
0.632,95  x a,  and,  lailly,  to  be  very  nearly  equal  to  0.632,993  15  X a;  and 
afterwards,  by  clear  and  plain  reafonings  on  the  courfe  of  the  increafe  of  the 
compound  quantity  of  ten  terms  which  forms  the  left-hand  fide  of  the  laid  long 
equation,  while  x increafes  from  0.632,993,15  x a to  1.03  x a,  (contained 
in  art.  53,  54,  55,  56,  and  57,)  we  difeover  that  the  faid  long  equation  mult 
have  alfo  another  root  that  is  greater  than  0.632,993,15  x a,  and  which  mud 
alfo  be  greater  than  0.7177  x a,  but  lefs  than  1.03  x <*}  and,  laftly,  by  the 
application  of  Mr.  Raphlon’s  method  of  approximation,  we  find  the  faid  greater 
root  to  be  very  nearly  = 0.791,626,8  x a.  And  in  all  thefe  reafonings  and 
precedes,  though  they  are  attended  with  a great  deal  of  labour  and  calculation, 
there  is  no  fobtlety  or  ambiguity  whatfoever  : but  in  the  former  method  of  rc- 
folving  the  faid  long  equation,  by  reducing  it  by  a divifion  to  a quadratick 
equation,  there  is  a fort  of  myfterious  obfeurity  that  runs  through  it,  and  which 
I am  afraid  I have  not  been  able  in  irely  to  remove,  notwithflanding  the  en- 
deavours I have  ufed  to  do  fo  in  fome  of  the  foregoing  articles  ; at  lealt  I mud 
confcfs  I feel  a cloud  of  that  fort  dill  hanging  upon  my  own  mind.  And 
therefore,  as  Clearnefs  and  Perfpicuity  of  Conception  form,  in  my  opinion, 
the  great  merit  and  beauty  of  the  Mathematical  Sciences,  I am  forced  to  give 
a preference  to  the  fecond  method  of  refolving  the  faid  long  equation  above 
the  former  method  of  refolving  it.  It  is,  however,  often  expedient,  in  folving 
Problems  of  difficulty,  to  have  recourfe  to  methods  of  different  kinds,  obfeure 
ones  as  well  as  clear  ones,  to  enable  us  to  difeover  the  value  of  the  quantity  we 
are  Peeking.  But  clear  methods  alone  can  be  judly  confidered  as  fcientfick. 


A Recapitulation  cf  the  Procejfes  of  the  foregoing  Refolulion  of  the  final  Equation 
16,950  a9.v  + 12,4353'x*  — 1,304a’*’  — 9,i62aV  — 8,7483’*’  — 4,762a4** 
— 1,848a'*’  — '5QiaV  — 90a**  — 9*‘°  = 12,625a10,  (rejulting  from  the 
foregoing  Algebraick  Irrvefiigation  of  Mr.  Glenie's  Problem,)  by  the  Selond  Method, 
or  that  which  proceeds  direSUy  to  determine  the  Value  of  x in  tie  faid  Equation 
itfelf,  without  previoufly  reducing  it  to  an  Equation  of  a lower  Order  by  a Divifion. 


Art.  71.  As  I have  declared  in  the  foregoing  article  that  I prefer  the  fecond, 
or  direft,  method  of  refolving  the  long  equation  16,950a9*  + 12,4353V  — 
1,3043V  — 9,162a9*4  — 8,748a5*’  — 4,762a4*9  — 1,848a’*’  — ^oiaV  — . 
poa*9  — 9*‘°  = 12,625a10,.  (refulting  from  the  algebraick  inveltigation  of 
Mr.  Glenie’s  Problem,)  to  the  other  method  of  refolving  it,  which  is  grounded 
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on  a reduction  of  it  to  a qnadrarick  equation  by  a divifion  of  if  by  a long  com- 
pound quantity  confiding  of  nine  terms  ■,  and,  as  the  precedes  ufed  in  this  fc- 
cond,  or  preferable,  method  of  refolution  are  many  and  tedious,  and  intermixed 
with  the  long  numbers  refulting  from  the  feveral  arithmetical  computations 
employed  in  it,  it  will,  I conceive,  be  agreeable  to  the  reader,  that,  before  I 
conclude  this  difeourfe,  1 fliould  recapitulate  and  fet  down  the  feveral  precedes 
of  this  refolution  in  a fliort  and  fummary  manner,  and  fo  as  to  exhibit  them 
all,  as  much  as  poflible,  in  one  view.  This  may  be  done  in  the  manner  fol- 
lowing : 

This  independent  refolution  of  the  foregoing  long  equation  of  the  10th 
power  is  begun  in  art.  45,  page  367  ; and  the  fird  dep  taken  in  it  towards 
difeovering  the  length  of  the  line  C H in  fig.  2,  (which  is  here  denoted  by  *,) 
is  to  fuppofe  it  to  be  equal  to  a,  or  D F,  the  given  altitude  of  the  triangle 
ABC,  and  to  try  whether  the  value  of  the  film  of  the  cubes  of  the  two  fides 
of  the  faid  triangle,  which  refults  from  fuch  a fuppofition  will  be  greater,  or 
will  be  lefs,  than  240’,  or  three  times  the  cube  of  the  given  bafe  BC  ; and  the 
refult  is,  that  the  fum  of  the  cubes  of  the  two  fides  of  the  faid  triangle  refult- 
ing from  this  fuppofition  will  be  = 34.030  x 4*,  which  is  greater  than  2 ya’, 
or  3BC.  Therefore  a mud  be  greater  than  C H. 

We  then  fuppofed,  in  the  fecond  place,  (in  art.  46,  page  368,)  that  C H, 

or  x,  was  equal  to  ; and  we  tried  what  would  be  the  value  of  the  fum  of 

the  cubes  of  the  two  fides  of  the  required  triangle  ABC  upon  this  fuppofition. 
And  we  found  that  the  value  of  the  faid  fum  upon  this  fuppofition  would  be  only 
20.914  &c  x o’ ; which  is  lefs  than  244%  or  3BC’.  And  thence  we  concluded 

that  or  0.5  x 4,  would  be  lefs  than  C H,  or  that  C H would  be  greater 

than  0.5  x a. 

We  then,  in  the  3d  place,  fuppofed  x to  be  equal  to  x a,  or  0.6  X o, 

and  tried  what  would  be  the  value  of  the  fum  of  the  cubes  of  the  two  fides  of 
the  faid  triangle  refulting  from  this  fuppofition:  and  we  found  it  to  be  23.196 
&c  x <t5 ; which  is  but  little  lefs  than  244’.  And  hence  we  concluded  that 
0.6  x a would  be  but  little  lefs  than  the  true  value  of  C H,  or  *,  and  would 
therefore  be  a proper  quantity  to  be  made  the  bafis  of  a further  approach  to  the 
true  value  of  C H,  or  x,  in  the  foregoing  long  equation,  by  the  rules  of  Mr. 
Raphfon’s  excellent  method  of  refolving  equations  by  approximation. 

We  then,  in  the  4th  place,  (in  art.  47,  pages  369,  370,  and  371,)  fubfti- 
tuted  the  binomial  quantity  0.6  x a + z inftead  of  x in  the  terms  of  the  faid 
long  equation,  and  found  the  new  equation  refulting  from  fuch  fubflitution, 
(after  omitting  all  the  terms  of  it  that  involved  any  higher  powers  of  2 than  it’s 
ftmple  power,  or  z itfelf,}  to  be  13,926.997,032,96  x 4 "z  — 410.531,704, 
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358,4.  x a'*;  by  refolving  which  we  found  z to  be  = ** °' 1 ■' ‘7°'t*-’5 *8,<-  * “ , 

’ 1 6 13,916.997,031,960* 

or  0.029  x a i and  confequently  *,  or  0.6  x a + z,  to  be  — 0.629  X fl»  ori 
nearly  0.63  x a. 

We  then,  in  the  5th  place,  (in  art.  48,  page  372,)  fubftituted  0.63  x a in- 
ftead of  * in  the  compound  quantity  16,950a**  -f-  i2,435aV  — 1,304a7*'  — 
9, 1 62  a6*4  — 8,7484’*'  — 4,762a4**  — 1,848a'*7  — 501a'**  — 90 ax*  — 9*'0, 
which  forms  the  firft,  or  left-hand,  fide  of  the  foregoing  equation  of  the  10th 
order,  that  we  might  thereby  difcover  whether  the  value  of  the  faid  compound 
quantity  refultingfrom  fuch  fubftitution  would  be  greater,  or  lefs,  than  12,6254’°, 
or  the  abfolutc  term  of  the  faid  equation  : and  we  found  that  the  faid  refult  was 
= 12,591.587,735,258,5  x a'°,  which  is  fomewhat  lefs  than  the  faid  abfolutc 
term  t2,625«’°.  And  thence  we  concluded  that  0.63  x a muft  be  fomewhat 
lefs  than  the  true  value  of  * in  the  faid  equation. 


Wc  then,  in  the  6th  place,  (in  art.  49,  pages  373,  374,  375,  and  376,) 
fuppofed  * to  be  equal  to  the  binomial  quantity  0.63  x a + Z,  and  fubfti- 
tuted  the  faid  binomial  quantity  inftead  of  * in  the  terms  of  the  foregoing  long 
equation,  omitting  all  thofe  members  of  the  feveral  powers  of  the  faid  bino- 
mial quantity  which  involved  in  them  any  higher  powers  of  z than  the  fimple 
power,  orzitfelf;  and  we  found  the  new  equation  refultingfrom  fuch  fubfti- 
tution  to  be  11,187.583,882,281,8  x 4*z  = 33-037,133,728,3  x 4’®;  by 

refolving  which  equation  we  found  z to  be  (=  - /l*  = 

= °-002,9S  x And  hcncc  h followed  that  *» 01 

0.63  x a -f-  z,  muft  be  = 0.63  x a + 0.002,95  x a — 0.632,95  x 4 ; 
which  is  a pretty  near  value  of.*,  the  four  firft  figures  of  it,  to  wit,  0.6329, 
being  exaft. 


We  then,  in  the  7th  place,  (in  art.  50,  pages  376  and  377,)  fubftituted 
0.632,95  x 4 inftead  of  * in  the  terms  of  the  compound  quantity  16,950a’* 
4-  12,4354V  — 1,304a7*1  — 9,162  a’*4  — 8,748a'*'  — 4,762a4*®  — 

1 ,848a'*7  — 5014V  — 904**  — 9*’°,  which  forms  the  firft,  or  left-hand,  fide 
of  die  foregoing  equation  of  the  ioth  order,  that  we  might  thereby  difcover 
whether  the  value  of  the  faid  compound  quantity  refulting  from  fuch  fubftitution 
would  be  greater,  or  would  be  lets,  than  12,6254'°,  or  the  abfolute  term  of  the 
faid  equation:  and  we  found  that  the  faid  refult  was  = 12,624.530,037,788 
X a‘° ; which  differs  by  left  than  a'c,  or  :a'°,  from  the  faid  abfolute  term  12,625a'0. 
And  we  thence  concluded  that  0.632,95  x a would  be  fomewhat,  though  but 
very  little,  left  than  the  true  value  of  * in  the  faid  equation. 

And  we  theo,  in  the  8th  and  laft  place,  (in  art.  51,  pages  377,  378,  379, 
and  380,)  fuppofed  * to  be  equal  tq  the  binomial  quantity  0.632,95  x a + z, 
and  fubftituted  the  laid  binomial  quantity  inftead  of  * in  the  terms  of  the  fore- 
going long  equation,  omitting  all  thofe  members  of  the  powers  of  the  faid  bi- 
nomial 
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normal  quantity  which  involved  in  them  any  higher  powers  of  z than  its  fimple 
power,  or  z itlelf;  and  we  found  the  new  equation  arifmg  from  fuch  fubditu- 
tion  to  be  10,890.998, 177,9644V  — 0.469,962,21 2 a'° ; by  refolving  which 

equation  we  found  2 to  be  (=  — z~~ . x a)  = 0.000,042,1  s x a. 

And  hence  it  followed  that  *,  or  0.632,95  X a + z,  mud  be  (=  0.632,95 
X<  + 0.000,043,15  X 4)  = 0.632,993,15  X a ; which  is  a very  near  value 
of  x,  the  feven  firll  figures  of  it,  to  wit,  0.632,993,1,  being  exaft.  And,  if 
we  were  to  carry  this  procefs  of  approximation  to  the  true  value  of  x one  fiep 
further,  it  would  give  us  the  faid  value  exacl  to  about  fifteen  figures. 

We  then  (in  art.  52,  pages  380,  and  381,)  derived  from  this  value,  0.632, 
993> 1 5 X <*,  of  the  line  *,  or  C H,  the  correfpondkig  values  of  vVa  + xx 

and  V $aa  4-  4 ax  4-  xx,  or  of  the  Tides  AC  and  AB  of  the  triangle  ABC,, 
which  we  were  required  to  deferibe ; and  found  them  to  be  equal  to  a X 
\/i.400,68o,327,946,922,5  and  a x v/7.932,652, 927, 946,922, 5 refpcClivcly, 
or  to  1.183,503,41  X and  2.816,496,569  x a refpedUvely  ; the  cubes  of 
which  are  1.657,709,893  x o’  and  22.342,289,740  x o’.  And  thefe  cubes, 
being  added  together,  were  found  to  be  equal  to  23.999,999,633  X 4’;  which 
is  very  nearly  equal  to  244’,  or  3BC’,  agreeably  to  the  conditions  of  the  Pro- 
blem. And  we  thence  concluded  that  1.183,503,41  X a and  2.816,496,569  X a 
were  very  nearly  equal  to  the  true  values  of  the  lides  AC  and  AB  of  the  tri- 
angle ABC,  which  we  were  required  to  deferibe.  0^  e.  d. 

And  thus  the  Problem  that  had  been  propofed  before  in  art.  20,  page  345, 
was  compleatly  folved  without  the  help  of  Mr.  Glenie’s  Conftruition,  anil 
without  reducing  the  equation  of  the  10th  order  refulting  from  the  algebraick 
invelligation  of  the  faid  Problem,  to  an  equation  of  a lower  order. 

Art.  72.  We  then  proceeded  to  make  fome  further  obfervations  upon  the  long 
equation  16,9504**  4-  12,4354'**  — > 1,3044V  - — 9,1620V  — 8,7484’*'  — 
4,7624***  — 1,8484’*’  — 5014’*'  — 904*’  — 9*'0  = 12,6254'°,  which  we 
had  before  refolved,  and  of  which  we  had  found  the  quantity  0.632,993,15 
Sec  x 4 to  be  a root.  And  we  (hewed  that  this  equation  mud  have  alfo  an- 
other root  that  would  be  greater  than  the  former,  and  greater  alfo  than  0.7177 

X a,  but  lefs  than  a + ~ X 4,  or  1.03  X 4.  This  is  (hewn  by  juft  rea- 

fonings  on  the  neceffary  increafe  of  the  compound  quantity  16,9504**  -f- 
12,4354***  — 1,3044’*’  — 9,1624V  — 8,7484V  — 4,7624V  — 1,8484V 
— 50 1 4V  — 904**  — 9*'°  from  nothing  to  a certain  magnitude,  and  the  fub- 
fequent  decreale  of  it  from  that  magnitude  to  nothing,  while  * increafcs  from 
o to  t.03  x 4,  which  is  it’s  magnitude  when ' the  fum  of  the  eight  terms 
1,3044’*’,  9,1624V,  8,7484V,  4,7624V,  1,8484’*’,  5014V,  904**,  and  9*'° 
of  the  faid  compound  quantity,  (which  are  marked  with  the  fign — , or  are 
fubtradled  from  the  two  firft  terms  16,9504**  and  12,435a***,  of  the  faid 
Vol.  IV.  3 G compound 
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compound  quantity,)  is  become  equal  to  the  fum  of  the  faid  two  firft  terms 
16,950a9*  and  1 2,4354V,  from  which  they  are  fubt rafted.  And  it  is  further 
fliewn  that  the  greateft  magnitude  to  which  the  faid  compound  quantity  will 
have  attained  during  the  faid  increafe  of  * from  o to  1.03  x a,  is  that  which 
it  has  when  the  turn  of  the  infinitely  finall  increments  of  the  eight  terms 
1,3044V,  9,1620V,  8,7480V,  4,7620V,  1,8480V,  50.10V,  90 «,v9,  and  9*10 
is  become  equal  to  the  fum  of  the  contemporary  infinitely  fmall  increments  of 
the  two  terms  16,9500''*  and  12,4350***  ; at  which  time  * is,  nearly,  equal  to 
0.7177  X o,  and  confeqnently  the  faid  compound  quantity  is  equal  to 
(13,120.743,316,248  X o'",  or,  nearly,)  13,1214’°.  Thefe  things  are  fliewn 
in  art.  53,  54,  55,  and  56,  pages  381,  382,  383,  384,  385,  and  386.  And 
from  thefe  articles  it  follows,  that,  while  the  faid  compound  quantity  decreafes 
from  1 3, 1 2 io’3  (which  i%  greater  than  12,6250’°,  or  the  abfolute  term  of  the 
foregoing  long  equation,)  too,  or  the  quantity  * increafes  from  0.7177  x o to 
1.03  x o,  the  faid  compound  quantity  muft  become  a fccond  time  equal  to 
12,625a10,  or  the  abfolute  term  of  the  foregoing  equation  ; and  it  follows  like- 
wife  that  the  value  of  * at  that  time  muft  be  greater  than  0.7177  x o,  but 
lefs  than  1.03  x o;  that  is,  in  other  words,  the  equation  16,9504”*  4- 
12,4354V  — 1,3044V  — 9,1624V  — 8,7484V  — 4,7624V  — 1,8484V 
— 5014V  — 904*9  — 9*’°  ~ 12,6254’°  muft  have  a fccond  root  befidesthat 
already  found,  or,  0.632,993,1 5 &c  x 4,  and  that  the  faid  fecond  root  muft 
be  greater  than  0.7177  X «,  but  lefs  than  1.03  x 4.  And  we  then  proceeded 
to  inveftigate  the  magnitude  of  the  faid  fecond  root  in  the  following  manner  : 

<•  Art.  73.  By  reafoning  on  the  comparative  magnitudes  of  the  increments  of 
the  binomial  quantity  16,950a9*  4-  12,4354V  and  the  oftinomia!  quantity 
1,3044V  + 9,1624V  + 8,7484V  -f  4,7624V  4-  1,8484V  4-  5014**'  4- 
904*’  4-  9*’°  before  and  after  * has  attained  the  magnitude  of  0.7177  x a , 
(which  is  it’s  value  when  the  faid  increments  are  equal  to  each  other,)  we  dif- 
covercd,  that,  when  the  compound  quantity  i6,95o<.9*  4-  1 2,4354V  — 
1,3044V  — 9,1624V  — 8,7484V  — 4,7624V  — 1,8484V  — 5014V  — 
90a*9  — 9*'°,  after  having  been  equal  to  13, 121a10  when  * was  equal  to 
0.7177  x 4,  has  decreafed  to  12,6254’®,  which  was  it’s  magnitude  when  * was 
equal  to  0.632,993,15  &c  x 4,  or  has  undergone  a decrement  equal  to  it’s  in- 
crement during  the  increafe  of  * from  0632,993,15  &c  x a to  0.7177  x 4, 
the  increment  of  * during  the  time  of  the  faid  decreafe  of  the  faid  compound 
quantity  will  be  lefs  than  the  former  increment  of  * during  the  increafe  of  the 
faid  compound  quantity  from  12,6254’°  to  13,1214'°.  But  that  former  incre- 
ment of  * was  from  0.632,993,15  &c  x a,  to  0.7177  x a,  and  confequently 
was  equal  to  the  excefs  of  0.7177  x 4 above  0.632,993,15  &c  x 4,  or  (nearly) 
above  0.6330  x a,  that  is,  to  0.0847  x 4.  Therefore  the  increment  or  * 
during  the  time  of  the  decreafe  of  the  laid  compound  quantity  from  13,1214’° 
to  12,6254’°  will  be  lefs  than  0.0847  X *5  and  confequently  the  magnitude  of 
* at  the  time  that  the  faid  compound  quantity  becomes  a fecond  time  equal  to 
12,6254'°  will  be  lefs  than  0.7177  x a 4-  0.0847  X a>  or  than  0.8024  x a, 
or  (ncglcfting  the  two  laft  figures,)  than  0.80  x a ; or,  in  other  words,  the 

greater 
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greater  root  of  the  equation  16,9500**  4-  12,4350V—  1,3040V  — 9,1620V 

— 8,7480V  — 4,7620V  — 1,8480V  — 5010**'  — 900**  — 9*'°  r= 
12,6250**  will  be  lefs  than  0.80  X 0.  We  therefore  conjectured  that  it  would 
be  nearly  equal  to  0.79  x 0. 

And,  fecondly,  when  we  had  thus  pitched  upon  0.79  x 0 for  our  firft  con- 
jectural value  of  the  greater  root  of  the  faid  equation,  we  tried  the  truth,  or 
juftnefs,  of  our  conjecture,  by  fubftituting  0.79  x 0 inftead  of  * in  the  terms 
of  the  compound  quantity  16,9500**+  12,4350V  — 1,3040V  — 9,1620V 

— 8,7480V  — 4,7620V  — 1,8480V  — 5010V  — 900**  — 9*'°,  which 
forms  the  firft,  or  left-hand,  fide  of  the  faid  equation,  in  order  to  fee  how  near 
the  value  of  the  faid  compound  quantity  would  approach  to  12,6250“,  or  t,ie 
abfolute  terra  of  the  faid  equation,  and  to  difcover  whether  it  would  be  greater 
than  the  faid  abfolute  term,  or  lefs  than  it.  And  we  found  that  the  value  of 
the  faid  compound  quantity  refulting  from  this  fubflitution  was  12,647.728, 
648,483  X 0*° ; which  is  a little  greater  than  12,6250'°,  or  the  abfolute  term 
of  the  faid  equation.  And  hence,  as  it  had  been  before  fiiewn,  that  while  * 
increafes  from  0.7177  X 0 to  1.03  x 0,  the  faid  compound  quantity  decreafes 
continually  from  13,1210*°  to  o,  wc  concluded  that  0.79  x 0 would  be  lome- 
what  lefs  than  the  true  value  of  the  greater  root  of  the  faid  equation.  This 
fubftitution  was  made  in  art.  58,  pages  387  and  388. 


We  therefore,  in  the  3d  place,  (in  art.  59,  pages  388,  389,  390,  and  391,) 
fuppofed  x to  be  equal  to  the  binomial  quantity  0.79  x 0 + 2,  and  fubflj- 
tuted  the  faid  binomial  quantity  inftead  of  * in  the  terms  of  the  equation 
16,9500**  + 12+350*** — 1,3040V  — 9,1620V  — 8,7480V  — 4,762  0V 
— 1,8480V  — 5010V  — 900**  — 9*“  = 12,6250'°,  omitting  all  thofe 
members  of  the  feveral  powers  of  the  binomial  quantity  0.79  x 0 + z which 
involved  any  higher  powers  of  z than  it’s  fimple  power,  or  z itfelf ; and  wc 
found  the  new  equation  refulting  from  fuch  fubftitution  to  be  15,289  547, 
896,5640**  zz  22.728,648,483  0'°;  whence  it  followed  that  z was  z: 


x a>  or  °-ooi>*8  * *•  Thercfore  *» or  °-7 9 x 0 + z, 

will  be  (=  0.79  x 0 + 0.001,48  x 0)  = 0.791,48  x 0,  or  the  greater 
root  of  the  foregoing  equation  will  be  nearly  equal  to  0.791,48  x a.  h,e.  i. 


We  then,  in  the  4th  place,  (in  art.  60,  pages  391,  and  392,)  fubftituted 
0.791,48  x 0 inftead  of  * in  the  compound  quantity  16,9500’*  + 12,4350V 

— 1,3040V  — 9,1620V — 8,7480V  — 4,7620V  — 1 ,8480V  — 5010V 

— 900**  — 9*'°,  in  order  to  difcover  whether  the  value  of  the  faid  compound 
quantity  refill  ting  from  fuch  fubftitution  would  be  greater,  or  would  be  lefs, 
than  12,6250'°,  or  the  abfolute  term  of  the  foregoing  equation,  and  confequently 
whether  0.791,48  x 0 was  lefs,  or  was  greater,  than  the  true  value  of  the  greater 
root  of  the  faid  equation  : and  we  found  that  the  value  of  the  faid  compound 
quantity  refulting  from  that  fubftitution  was  12,627.074,387,143  x 0“;  which 
is  greater  than  12,6250'*,  or  the  abfolute  term  of  the  foregoing  equation,  but 
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exceeds  it  by  only  the  (mail  quantity  2.074,387,143  x a'”,  or  the  6086th  part 
of  12,625a10.  And  we  thence  concluded  that  0.791,48  x a muft  be  fome- 
what,  though  a very  little,  lefs  than  the  tiue  value  of  *,  or  the  greater  root  of 
the  foregoing  equation. 

We  then,  in  the  jth  place,  (in  art.  61,  pages  393,  394,  and  395,)  fuppofed 
x to  be  equal  to  the  binomial  quantity  0.791,48  x a + z,  and  fubftituted 
the  faid  binomial  quantity,  inftead  of  x,  in  the  terms  of  the  equation  16,9500** 
+ 12,4350V  — 1,3040V  — 9,1620V—  8,7480V  — 4,7620V—  1,8480V 
— 5010V  — 90 ox*  — 9*'°  = i3,6i5o10,  omitting  all  thofe  members  of  the 
feveral  powers  of  the  binomial  quantity  0.791,48  X o -f  z which  involved  in 
them  any  higher  powers  of  2 than  it’s  fimple  power,  or  z itfelf ; and  we  found 
that  the  new  equation  refulting  from  fuch  fubflitution  was  14,122.028,479,212 
X o'z  = 2.074,387,143  x o'*  i whence  it  followed  that  z waa  (= 

*.°<4'-S  'uj  * ")  = 0.000,146,8  x a.  Therefore*,  or  0.791,48  x o + 2, 

will  be  (=  0.791,48  X a + 0.000,146,8  X a)  = 0.791,626,8  x a;  that 
is,  the  greater  root  of  the  foregoing  equation  will  be  very  nearly  equal  to 
0.791,626,8  x a.  9;  e.  1. 

And  this  value  of  the  faid  greater  root  of  the  foregoing  equation  is,  pro- 
bably, exa£t  in  the  firft  fix  figures  0.791,626,  and,  perhaps,  alfo  in  the  laft 
figure  8.  And  if  we  were  to  carry  this  procefs  of  approximation  to  the  true 
value  of  this  greater  root  of  the  faid  equation  one  flep  further,  by  fuppofing  x to 
be  equal  to  the  binomial  quantity  0.791,626,8  x a + z,  and  fubftituting  the 
faid  binomial  quantity  inftead  of  * in  the  terms  of  the  faid  equation,  it  would 
give  us  the  faid  value  exatft  to  about  thirteen  figures. 

Thefe  inveftigations  of  the  values  of  the  two  roots  of  the  foregoing  long 
equation  of  the  10th  order  feem  to  be  excellent  illuftrations  of  tlie  utility  of 
Mr.  Raphfon's  method  of  refolving  equations  of  high  orders  by  approximation. 

N.  B.  The  foregoing  Problem  of  Mr.  Glenic  had  been  propofed  in  The 
Ladies’  Diary  for  the  year  1 794,  page  48,  in  the  words  following  : 

In  lbe  Palace  of  one  of  the  Per  ft  ah  Kings,  it  is  faid  there  was  a triangular  area, 
fucb,  that  the  cubes  on  two  of  the  ftdes  were,  together,  equal  to  thrice  the  cube  on  the 
third  fide , ( which  was  200  feet  in  length,)  and  that  the  area  itfelf  contained  10,000 
fuperficial  feet.  Suppofing  ibis  to  have  been  really  the  cafe,  it  is  required  to  conjiruB 
the  triangle  by  common,  or  plane.  Geometry. 

And  in  the  Ladies’  Diary  for  the  year  1 795,  there  were  publilhed  Mr.  Glenie’s 
own  Conftru&ion  of  this  Problem,  (which  has  been  given  above  in  art.  1, 
page  335,)  and  two  other  Conftruftions  of  it  by  other  perfons. 


End  of  the  Examination  and  Invejligation  of  Air.  Glen  is’;  Problem. 
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IMPORTANT  PROPOSITION 


CONCERHINC 

I 

The  Afymptotick  Areas  of  an  Equilateral  Hyperbola; 


FROM  WHICH  IT  FOLLOWS, 

That  they  are  Logarithms,  or  Meafures,  of  the  Ratios  of  the  Ordinates 
that  bound  them. 


Demonjl  rated  by  the  late  Dr.  WILLIAM  RIDL1NGTON,  L.  L.  D.  formerly 
Fellow  of  Trinity-Hall  in  the  Univerftty  of  Cambridge,  and  Profeffor  of  Civil  Law 
in  the  fame  Univerftty . 


Digitized  by  Google 


Digitized  by  Google 


( 4*5  ) 


O F T.H  E 

ASYMPTOTICK  AREAS  OF  AN  HYPERBOLA. 


A PROPOSITION. 

LET  DMEJ/ji  be  the  curve  of  an  Equilateral  Hyperbola,  of  which  C is 
the  center,  and  CAPB*»S  is  an  afymptote.  And  let  CA,  CB,  C«, 
and  CS  be  four  portions  of  the  faid  afymptote,  of  which  the  two  latter,  C»  and 
CS,  are  to  each  other  in  the  fame  proportion  as  the  two  former,  C A and  C B. 
And  from  the  points  A,  B,  *,  and  6,  let  the  four  right  lines  AD,  BE,  *3, 
and  f i be  drawn  at  right  angles  to  the  faid  afymptote  C A B a S,  and  produced 
till  they  meet  the  curve  of  the  hyperbola  in  the  points  D,  E,  3,  and  t.  Then 
will  the  mixtilinear,  or  afymptotick,  area  «JiS,  intercepted  between  the  two 
latter  ordinates  a 3 and  6 1,  be  equal  to  the  mixtilinear,  or  afymptotick,  area 
AD  E B,  intercepted  between  the  two  former  ordinates  AD  and  BE. 
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OF  THE  ASVMPTOTIOK  AREAS  OF  AN  HYPERBOLA. 


DEMONSTRATION. 


Let  the  ordinates  xi  and  ti  be  produced  on  the  other  fide  of  the  afymptote 
C AaS  to  the  points  d and  e,  which  are  at  fuch  diftances  that  ad  (hall  be  to  the 
ordinate  aJ,  and  te  to  the  ordinate  Sr,  in  the  (arne  proportion  as  Ca  is  to  CA. 
Then  will  the  points  d and  e be  fituated  in  another  equilateral  hyperbola  hav- 
ing the  fame  center  C,  and  the  fame  afymptote  C A* 6,  as  the  former  hyperbola, 
but  with  a tranfverfe  axis  that  will  be  greater  than  the  tranfverfe  axis  of  the 
former  hyperbola  in  the  proportion  of  C a to  CA.  Let  dme  be  the  curve  of 
this  fecond  hyperbola. 

Let  P be  any  point  in  the  afymptote  CAaS,  fituated  between  the  points  A 
and  B,  and  let  PM  be  an  ordinate  drawn  from  the  point  P,  and  meeting  the 
curve  of  the  firft  hyperbola  in  M.  And  from  the  points  M and  E draw  the 
right  line's  M L and  EN  parallel  to  the  afymptote  C A a t,  and  meeting  the  or- 
dinate AD  in  the  points  L and  N. 

Then,  in  the  firft  place,  fince,  by  the  conftru&ion,  ad  is  to  a.}  as  Ca  is  to 
CA ; and,  by  the  nature  of  an  hyperbola,  AD  is  to  a J as  Ca  is  to  C A ; it 
follows  that  ad  will  be  to  ai  in  the  fame  proportion  as  A D is  to  a).  And 
confequently  ad  will  be  equal  to  A D. 

In  the  line  ad  let  dl  be  taken  equal  to  DL-,  and  from  the  point  / let  the 
right  line  In  be  drawn  parallel  to  the  afymptote  CAafi,  and  meeting  the  curve 
dm e of  the  fccond  hyperbola  in  m.  And  from  the  point  e in  the  hyperbolick 
curve  dme  draw  the  right  line  tn  parallel  to  the  afymptote  CA«S,  and  meeting 
the  right  line  ad  in  n.  And  from  the  point  m in  the  faid  curve  draw  the 
right  line  man  at  right  angles  to  the  afymptote  CAaC,  and  meeting  the  faid 
alymptote  in  the  point  w and  the  curve  of  the  firft  hyperbola  in  the  point  /a. 

Then,  fince,  by  the  hypothefis,  CA  is  to  C B as  C * is  to  C 6,  it  follows, 
ftrmutando,  that  CA  will  be  to  C a as  C B is  to  C S,  and,  invertendo,  that  Ca 
will  be  to  C A as  C 6 is  to  C B.  Bur,  by  the  nature  of  the  hyperbola,  C 6 is 
to  C B as  BE  is  to  Si.  Therefore  BE  will  be  to  Sr  asC*  is  to  C A.  But, 
by  the  conftrudlion,  et  is  to  6 1 as  Ca  is  to  C A.  Therefore  e S will  be  to  6i 
as  B E is  to  t i.  And  confequently  e £ will  be  equal  to  B E. 

But  »*  is  equal  to  et,  becaufe  it  is  the  oppofite  fide  of  a parallelogram; 
and,  for  the  fame  reafon,  A N will  be  equal  to  B E.  Therefore  n a will  be 
equal  to  AN. 

But  it  has  been  (hewn  that  ai  is  equal  to  AD. 

Therefore  the  excefs  of  a d above  na  will  be  equal  to  the  excefs  of  AD 
above  AN  ; that  is,  dn  will  be  equal  to  DN  ; and  confequently  the  two 
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mixtilinear  figures  dne  and  DNE  will  have  the  equal  lines  </ar  and  DN  for 
their  bales. 

Further,  fince  C a is  to  C £ as  CA  is  to  C B,  and,  confcquently,  inver/ende , 
C£  is  to  C a as  CB  is  to  C A,  it  follows,  dividend 0,  that  C 6 - Ca  will  be 
to  C a as  C B — C A is  to  C A,  that  is,  * £ will  be  to  C a as  A B is  to  C A. 
Therefore,  permutando,  * £ will  be  to  A B as  C * is  to  C A. 

But  ne  is  equal  to  «£,  and  N E is  equal  to  A B. 

Therefore  ne  will  be  to  N E as  C«  is  to  C A ; that  is,  the  greatefl  ordi- 
nate of  the  mixtilinear  figurc'^rrr  will  be  to  the  greateft  ordinate  of  the  mixti- 
linear figure  D N E as  Ca  is  to  C A. 

Further,  the  ordinate  Im  of  the  mixtilinear  figure  dne  corrcfponding  to  the 
abfcifs  dl  of  the  bafe  dn  of  the  (aid  figure,  will  be  to  the  ordinate  L M of  the 
mixtilinear  figure  DNE  correfponding  to  the  abfcifs  D L of  the  bafe  D N of 
the  faid  figure,  (which  abfcifs  is  equal  to  the  abfcifs  dl  of  the  other  figure,)  in 
the  fame  proportion  of  C a to  C A.  For,  fince  the  point  m is  fuuated  in  the 
fecond  hyperbola,  of  which  all  the  ordinates  to  the  afymptote  C A « £ are  greater 
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than  thole  of  the  firft  hyperbola  in  the  fame  proportion  of  C * to  C A,  we 
fliall  have  w*-  to  as  Ci  to  C A.  But  m*  is  equal  to  /*,  being  the  op- 
polite  fide  of  the  parallelogram  In m.  Therefore  la  will  be  to  *•/*  as  Ca  is 
to  C A.  But  la  is  ~ ad  — dl  = AD-DL  = A L ■,  and  A L is  equal 
to  1*  M,  becaufe  it  is  the  oppofite  fide  of  the  parallelogram  ALMP.  There- 
fore P M will  be  equal  to  /*,  and  confequently  will  be  to  wf*  asCa  is  to  C A. 
Bur,  by  the  nature  of  the  hyperbola,  C *•  is  to  CP  as  PM  is  to  wp.  There- 
fore C w is  to  CP  as  Ca  is  to  C A,  Therefore,  permutando,  Cw  is  to  C*  as 
CP  to  C A ; and,  dividendo,  Cir  — C a is  to  C a as  C P — CA  istoCA; 
that  is,  * ir  is  to  C * as  A P is  to  C A ; and  confequently,  permutando,  a r is 
to  A P as  C a is  to  C A.  But  Im  is  equal  to  aw,  as  being  the  oppofite  fide 
of  the  parallelogram  Im  »a;  and  LM  is  equal  to  A P,  as  being  the  oppofite 
fide  of  the  parallelogram  ALMP.  Therefore  Im  will  be  to  LM  as  Ca  is 
to  C A. 

And  the  lame  thing  might  be  (hewn  of  eveiy  other  ordinate  in  the  figure 
d tie  and  the  correfponding  ordinate,  or  ordinate  belonging  to  an  equal  abfcifs 
of  the  bafe,  in  the  figure  DN  E. 

Therefore  the  whole  area  of  the  mixtilinear  figure  due  will  be  to  the  whole 
area  of  the  mixtilinear  figure  D N E in  the  fame  proportion  of  C a to  C A. 

Further,  becaufe  the  fide  e t of  the  reflangular  parallelogram  nate  is  equal 
to  the  fide  B E of  the  redangular  parallelogram  AN  EB,  it  follows  that  the 
former  parallelogram  will  be  to  the  latter  as  the  fide  a£  of  the  former  is  to  the 
fide  A B of  the  latter.  But  a 6 is  = CS  — C a,  and  ABis=CB  — CA. 
Therefore  the  parallelogram  n»te  is  to  the  parallelogram  ANEBasCC  — C* 
is  to  C B — C A.  But  C6  — C*  : CB  — CA  ::C«  : CA.  Therefore 
the  parallelogram  naSe  will  be  to  the  parallelogram  ANEB  as  Ca  is 
to  C A. 

Therefore  the  mixtilinear  area  dne  is  to  the  mixtilinear  area  DN  E as  C« 
is  to  C A,  and  the  parallelogram  »« te  is  to  the  parallelogram  A N E B in  the 
fame  proportion  of  C * to  C A.  Confequently,  by  El.  5,  12,  the  fum  of  the 
mixtilinear  area  dne  and  parallelogram  will  be  to  the  fum  of  the  mixti- 

linear area  DNE  and  the  parallelogram  ANEB  in  the  fame  proportion  of 
C*  to  C.A  ; that  is,  the  whole  figure,  or  afymptotick  area,  date,  of  the  fecond 
hyperbola,  will  be  to  the  whole  figure,  or  afymptotick  area,  DABE,  of  the 
firft  hyperbola,  in  the  fame  proportion  of  C*  to  C A. 

But  the  faid  afymptotick  area  date  of  the  fecond  hyperbola  will  alfo  be  to 
the  afymptotick  area  iafii  of  the  firft  hyperbola  in  the  fame  proportion  of  C* 
to  C A,  becaufe  thefe  two  areas  have  the  line  * 6 for  their  common  bafe,  and 
all  the  ordinates  da,  m%,  et,  of  the  former  area  are,  by  the  conflruilion, 
greater  than  the  correfponding  ordinates  a 3,  » j»,  Si,  of  the  latter  area  in  the 
laid  proportion  of  C a to  C A. 

Therefore 
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Therefore  the  faid  afymptotick  area  date  of  the  fecond  hyperbola  will  be 
greater  than  each  of  the  two  afymptotick  areas  D A B E and  i * 6 1 of  the  firft 
hyperbola  in  the  fame  proportion  of  C*  to  C A.  Therefore,  by  El.  5,  8,  thofe 
two  afymptotick  areas  of  the  firft  hyperbola  rauft  be  equal  to  each  other. 

q.  E.  D. 


another,  and  their  ordinates  be  at  the  fame  time  in  the  reciprocal  of  that  given 
ratio,  the  areas  of  the  two  curves  will  be  equal.  And  this  Propofition  is  itfclf 
but  a particular  cafe  of  a dill  more  general  Propofition." 

Dr.  Ridlington  was  one  of  the  mod  learned  and  acute  mathematicians  I ever 
was  acquainted  with  ; I mean,  with  refpeft  to  pure,  or  abftraft,  Mathematicks. 
For  he  never  would  meddle  with  rational  mechanicks,  or  phyfical  aftronomy, 
or  the  refiftance  of  fluids,  or  the  like  fubjedb,  on  account  of  the  fubtleties  and 
difficulties  arifing  from  the  idea  of  force.  He  died  at  Nice  in  July,  1770,  at 
about  the  age  of  54  years.  He  never  publifhed  any  thing  upon  the  Mathema- 
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ticks,  though  he  would  have  been  capable  of  explaining  many  parts  of  them, 
and  particularly  the  Doctrine  of  Fluxions  and  the  Quadrature  of  Curvilinear 
Figures,  with  great  dcarnefs  and  elegance. 

January  1 2,  1 797.  F.  MASERES. 


This  Proportion  is  demonftrated  in  a different  manner,  and  without  the  in- 
tervention of  a fecond  Hyperbola,  in  my  Elements  of  Plane  Trigonometry, 
art.  186,  1S7,  and  188,  pages  211,  212,  213,  214,  215,  and  2 16  j and  fome 
ufeful  conclufions  relating  to  Logarithms  are  deduced  from  it  in  the  following 
articles,  189,  190,  191,  192,  and  193,  pages  216,  217,  218,  219,  and  220, 
of  the  fame  book.  The  firft  Demonftration  of  it  was  given  by  Gregory  Saint 
Vincent,  in  the  year  1647.  As  thi*  Propofition  contains  the  very  foundation  of 
the  connexion  that  fubfifls  between  thefe  Hyperbolick  Areas  and  Logarithms, 
1 have  fometimes  been  furprifed  to  find  that  it  is  wholly  omitted  in  fevcral  re- 
fpedtable  treatifes  on  the  Conick  Sections. 
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TWO  PROBLEMS 

CONCERNING 

The  Variations  of  the  Ratio , or  Proportion,  of  the  Trinomial  Quantity 
aa  + 2nx  + xx  to  the  Trinomial  Quantity  aa  — ax  + xx. 
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TWO  PROBLEMS 

Concerning  the  Variations  of  the  Ratio,  or  Proportion,  of  the  Trinomial  Quantity 
aa  + 2 ax  + xx  to  the  T rintmial  Quantity  aa  — ax  -t-  xx,  upon  a Suppcfttion 
that  a denotes  a Lane  of  a given  Magnitude,  and  that  x denotes  a variable  Line 
that  increafes  continually  from  nothing  ad  infinitum. 


PROBLEM  I. 

Art.  i.  X EjT  a be  a line  of  any  given  magnitude  ; and  let  x be  another  line 
I j that  increafes  continually  from  nothing  to  greater  and  greater 
magnitudes  without  limit.  It  is  required  to  determine  whether  the  ratio,  or 
proportion,  of  the  trinomial  quantity  aa  + 2 ax  -p  xx  to  the  trinomial  quantity 
aa  — ax  + xx  will  likewife  increafe  at  the  fame  time,  without  limit,  or  fo  as 
to  become  greater  than  any  ratio  of  majority  how  great  foever,  or  whether  it 
will  only  increafe  to  fome  certain  ratio  of  majority,  and  will  afterwards  decreafe. 


Obfcrvations  preparatory  to  the  Solution  of  this  \Jl  Problem. 


Art.  2.  Before  we  enter  on  the  folution  of  this  Problem,  it  will  be  neceflary 
to  premile  the  following  obfervations. 


O BSERVAT  ION  I. 


The  trinomial  quantity  aa  -p  2<*.v  -f  xx  is  always  a poflible  quantity,  what- 
ever be  the  magnitude  of  the  variable  line  x. 

For,  whatever  be  the  magnitude  of  the  variable  line  x,  it  is  evidently  always 
pollible  to  add  its  fquare,  xx,  and  the  reftangle,  i ax,  contained  under  it  and 
twice  the  given  line  a,  to  aa,  or  the  fquare  of  the  given  line  a.  And  the  futn 
■of  thefe  three  quantities  is  the  trinomial  quantity  aa  + lax  -p  xx ; which  there- 
fore is  always  pollible.  n,  e.  d* 

OBSER- 
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OBSERVATION  II. 


The  fecond  trinomial  quantity  aa  — ax  + xx  is  likewife  always  a poflible 
quantity,  whatever  be  the  magnitude  of  x. 

For,  in  the  ift  place,  when  x is  lefs  than  the  given  line  a,  ax  will  be  lefs 
than  aa,  and,  a fortiori,  w ill  be  lefs  than  aa  + xx,  and  confequently  may  be 
fubtraited  from  aa  4-  xx ; by  which  fubtraflion  we  lhall  obtain  the  quantity 
aa  + xx  — ax,  or  aa  — ax  + xx.  Therefore  the  laid  quantity  aa  — ax  + xx 
will,  in  this  cafe,  be  a poflible  quantity. 

2dly,  When  x is  equal  to  a,  ax  will  be  equal  to  aa,  and  confequently  will 
be  Ids  than  aa  + xx,  and  therefore  may  be  fubtrafled  from  it;  by  which  fub- 
traclion  we  (hall  obtain  the  quantity  aa  -f-  xx  — ax,  or  aa  — ax  + xx.  There- 
fote,  when  x is  equal  to  a,  as  well  as  when  x is  lefs  than  a,  the  trinomial  quan- 
tity aa  — ax  + xx  will  be  a poflible  quantity. 

And,  3<dly,  when  x is  greater  than  a,  xx  will  be  greater  than  ax;  and  con- 
fequcmlv,  a fortiori,  xx  -+-  aa  will  be  greater  than  ax.  Therefore  ax  may  be 
fubtr.  dlcd  from  xx  + aa ; by  which  fubtraft  ion  we  lhall  obtain  the  trinomial 
quantity  xx  + aa  — ax,  or  aa  — ax  + xx.  1 herefore  in  this  cafe,  as  well  as 
when  x was  lefs  than  the  given  line  a or  equal  to  it,  the  faid  trinomial  quantity 
aa  — ax  -f  xx  will  be  a poflible  quantity.  Therefore,  whatever  be  the  mag- 
nitude of  the  variable  line  x,  the  uinomial  quantity  aa  — ax  + xx  will  always 
be  poflible.  q.  e.  d. 


OBSERVATION  III. 


The  firft  trinomial  quantity  aa  + lax  + xx  wiH  always  be  greater  than  the 
fecond  trinomial  quantity  aa  — ax  + xx,  and  their  difference  will  be  equal  to 
jjfljr.  So  that,  when  x is  of  any  magnitude,  how  fmall,'  or  how  great,  foever, 
the  ratio  of  the  trinomial  quantity  aa  ■+•  2<jx  + xx  to  the  trinomial  quantity 
aa  — ax  + xx  will  always  be  a ratio  of  majority. 


OBSERVATION  IV. 


Bur,  though  the  ratio  if  the  firft  .trinomial  quantity,  aa  4-  lax  + xx,  to  the 
fecond  trinonrial  quantity,  aa  — ax  - f-  xx,  is  always  a ratio  of  majority,  yet, 
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■when  x is  very  finall  in  companion  of  the  given  line  a,  it  will  he  a very  fmaU 
ratio  of  majority,  that  will  differ  very  little  from  a ratio  of  equality.  For, 
when  x is  almod  equal  to  nothing,  or  o,  the  ratio  of  aa  4-  iax  4-  xx  to 
aa  — ax  + xx  will  differ  very  little  from  the  ratio  of  aa  + ia  X O + o x o 
to  aa  — a x o 4-  o x o,  or  of  aa  4-0  4-  o to  aa  — o 4-  o,  or  of  aa  to  aa, 
which  is  a ratio  of  equality.  And  x may  he  taken  of  fo  fmall  a magnitude  in 
comparifon  of  a that  the  ratio  of  the  trinomial  quantity  aa  4-  2 ax  4"  ##  to 
aa  — ax  4-  xx  (hall  come  as  near  as  we  pleafe  to  the  ratio  of  aa  to  aa,  or  a 
ratio  of  equality. 

From  thefe  obfervations  it  appears  that  the  ratio  of  the  trinomial  quantity 
aa  4-  zax  4-  xx  to  the  trinomial  quantity,  aa  — ax  4-  xx  will  always  be  a ratio 
of  majority,  and  that  it  will  begin  to  increafe  from  a ratio  of  equality,  as  it's 
lowed  limit,  and  will  fucceflively  become  equal  to  different  finite  ratios  of  ma- 
jority, as  x increafes  from  o to  different  finite  magnitudes.  And  the  bufinefs  of 
the  prefent  Problem  is  to  determine  whether  it  will  increafe  ad  infinitum,  or  fo 
as  to  become  greater  than  any  finite  ratio  of  majority,  how  great  foever,  while  x 
increafes  from  o ad  infinitum,  or  whether  there  is  fome  finite  ratio  of  majority 
than  which  it  can  never  become  greater. 


SOLUTION. 


Art.  3.  Now,  in  order  to  determine  this  queftion,  we  mud  obferve  that,  when 
x is  much  greater  than  a,  as,  for  example,  a million  times  as  great,  lax  will 
be  very  much  greater  than  aa,  and  xx  very  much  greater  than  2 ax,  and  even 
than  tax  4-  aa,  fo  that  aa  and  ax  and  a ax  may  be  confidered  as  almod  equal 
to  o in  comparifon  of  xx.  Therefore  in  this  cafe  the  ratio  of  xx  4-  zax  4-  aa 
to  xx  — ax  4-  aa  will  be  very  nearly  equal  to  the  ratio  of  **  4-  o 4-  o to 
xx  — o 4-  o,  or  of  xx  to  xx,'  that  is,  to  a ratio  of  equality.  And  .v  may  be 
taken  of  fo  great  a magnitude  in  comparifon  of  a,  that  the  ratio  of  xx  4-  2 ax 
4-  aa  to  xx  — ax  4-  ua,  or  of  aa  4-  zax  4-  xx  to  aa  — ax  4-  xx,  fhall  come 
as  near  as  we  pleafe  to  the  ratio  of  xx  to  xx,  or  to  a ratio  of  equality.  There- 
fore, while  the  variable  line  x increafes  from  o ad  infinitum,  the  variable  ratio  of 
the  trinomial  quantity  aa  + 2 ax  4-  xx  to  the  trinomial  quantity  aa  — ax  + xx 
will  not  increafe  continually  ad  infinitum,  or  fo  as  to  become  greater  than  any 
finite  ratio,  how  great  foever,  but  will,  fird,  increafe  from  a ratio  of  equality,  as 
it’s  lowed  limit,  (or  that  to  which  it  is  equal  when  x is  infinitely  fmall,  or 
equal  to  o,)  to  fome  finite  ratio  of  majority,  than  which  it  can  never  be  greater, 
and  will  then  decreafe  from  the  faid  finite  ratio  of  majority,  while  x increafes 
further,  and  will  gradually  approach  to  a ratio  of  equality,  and  may  be  made  to 
come  as  near  as  we  pleafe  to  Inch  ratio,  by  tncrcafing  the  magnitude  of  the  faid 
variable  line  .v  j which  ratio  of  equality  will  thcictoie  be  it’s  highed  limit,  as 
well  as  it’s  lowed  limit.  4.  a.  1. 

Vol.  IV.  3 1 PROBLEM 
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PROBLEM  II. 


Art.  4.  To  find  the  magnitude  of  the  variable  line  *,  when  the  ratio  of  the 
trinomial  quantity  aa  + 3 ax  •+•  xx  to  the  trinomial  quantity  aa  — ax  + xx  is 
the  greateft  poffible. 


Obfervations  preparatory  to  the  Solution  of  tbit  ind  Problem. 


To  folve  this  Problem  it  will  be  neceflary  to  premife  the  following  obfer- 
vations. 


OBSERVATION  I. 


If  there  be  two  quantities  of  the  fame  kind,  A and  B,  whereof  the  firft,  A, 
is  either  equal  to,  or  greater  than,  the  fccond,  B ; and  there  be  two  other 
quantities,  C and  D,  of  the  fame  kind  as  the  two  former,  that  are  to  each 
other  in  the  fame  proportion  as  A to  B ; the  fum  of  the  firft  and  third  quan- 
tities will  be  to  the  fum  of  the  fecond  and  fourth  quantities  in  the  fame  pro- 
portion as  the  firft  quantity  is  to  the  fccond  ; that  is,  A + C will  be  to 
B -f  D as  A is  to  B. 

This  is  demonftratcd  in  the  12th  propoGtion  of  the  5th  book  of  Euclid’s 
Elements. 


OBSERVATION  II. 


If  the  proportion  of  C to  D be  not  reftrained  to  be  the  fame  as  that  of  A 
to  B,  but  be  either  the  fame,  or  any  other  proportion  whatfoever,  and  D be  lefs 
than  B,  and  be  fubtrafted  from  it,  and  C be  added  to  A j the  ratio  of  A + C 

to  B — D will  be  greater  than  the  ratio  of  A to  B. 

For  the  ratio  of  A + C to  B is  evidently  a greater  ratio  of  majority  than  the 
Tatio  of  A alone  to  B ; and  the  ratio  of  A + C to  B — D is  greater  than  the 

ratio  of  A + C to  B.  Therefore,  a fortiori , the  ratio  of  A + C to  B — D 

mult  be  greater  than  the  ratio  of  A to  B.  q.  e.  p. 
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OBSERVATION  III. 


If  C be  greater  than  D,  and  in  a greater  proportion  than  A is  greater  than  B, 
than  A s to^B  ^ W''*  t0  t*ie  ^um  ® ant*  D in  a greater  proportion 

For,  if  the  proportion  of  C to  D be  greater  than  that  of  A to  B,  the  pro- 
portion or  fonte  quantity  iefs  than  C to  D will  be  equal  to  the  proportion  of  A 
. Lct  ™at  quantity  be  C - r.  Then  will  A be  to  B as  C — f is  to  D. 
Therefore,  (by  Obfervation  ift.)  A + C - r will  be  to  B + D as  A is  to  B. 

ut  the  proportion  of  A + C to  B + D is  greater  than  the  proportion  of 
A 1 C c to  B + D.  Therefore  the  proportion  of  A + C to  B 4-  D will 
dc  greater  than  the  proportion  of  A to  B.  e.  d. 


OBSERVATION  IV. 


If  C be  greater  than  D,  but  in  a lefs  proportion  than  A is  greater  than  B, 
the  fum  of  A and  C will  be  to  the  fum  of  B and  D in  a lefs  proportion  than 
that  of  A to  B. 

For,  if  the  proportion  of  C to  D be  lefs  than  the  proportion  of  A to  B,  the 
proportion  of  tome  quantity  greater  than  C to  D will  be  equal  to  the  proportion 
of  A to  B.  Lct  that  quantity  be  C + <■.  Then  will  A be  to  B as  C 4-  c is 
to  D.  Therefore  (by  Obfervation  ifL)  A + C + c will  be  to  B + D as  A 
is  to  B.  But  the  proportion  of  A + C to  B + D is  lefs  than  the  proportion 
of  A + C + r to  B + D.  Therefore  the  proportion  of  A + C to  B + D 
will  be  lefs  than  the  proportion  of  A to  B.  q.  e.  b. 


SOLUTION. 


Art.  5.  Thefe  Obfervations  being  premifed,  we  mull,  in  the  next  place, 
examine  the  variations  of  the  two  trinomial  quantities  aa  + 2 ax  4.  ,v*  and 
aa  — ax  + xx,  and  of  the  proportion  of  the  former  of  them  to  the  latter, 
while  x increafes  continually  from  o ad  infinitum. 
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Let  us  therefore  fuppofe  that  x increafes  from  0 ad  infinitum  by  the  continual 
addition  of  fome  very  (mall  increment,  as,  for  inftance,  of  a line  that  (hall  be 
only  the  ten-thoufand  millionth  part  of  the  given  line  a ; which  increment  we 
will  denote  by  ,V,  or  the  letter  x with  a point  placed  over  it;  Then  it  is  evi- 
dent, that,  while*  increafes  from  any  patticular  value  of  it  to  x 4-  X,  or  it’s 
next  greater  value,  the  rcttangle  ax  will  increafe  from  ax  to  a X x 4-  x or 
ax  -f  ax,  and  xx,  or  the  fquare  of  x,  will  increafe  from  xx  to  * 4-  Ay,  or  to 
a'.v  4-  2 .v.v  XX,  or  (neglecting  xx  on  account  of  it's  extream  fmallnefs  in 
comparifon  of  i.v.v,)  to  .v.v  4-  2xX.  Therefore  the  trinomial  quantity  aa  + 

2 ax  + xx  will  at  the  fame  time  increafe  to  the  quinquinomial  quantity  aa  4-  2 ax 
4-  i ax  4-  xx  4-  zxx,  or  to  aa  4-  lax  4-  xx  4-  lax  4*  3** ; and  the  trinomial 
quantity  aa  — ax  4-  xx  will,  at  the  fame  time,  become  equal  to  the  quinqui- 
nomial quantity  aa  — ax  — <j.v  4-  **  + ixx,  or  aa  — ax  4-  xx  — ax  4-  2 v.v. 
But  this  change  in  the  magnitude  of  this  latter  quantity  will  not  always  be  an 
increafe  of  it,  but  will  lbmetimcs  be  a diminution  of  it.  For,  while  x is  lefs 

than  — , 2xx  will  be  lefs  than  ax,  and  confequemly  aa  — ax  + xx  — ax  4- 

zxx  will  be  lefs  than  aa  — ax  + xx : bur,  when  x is  greater  than  zxx  will 

be  greater  than  ax,  and  confcqticntly  aa  — ax  4-  xx  — ax  4-  2 v.v  will  be 
greater  than  aa  — ax  4-  xx. 

Therefore,  if,  when  * is  lefs  than  we  denote  the  trinomial  quantity  aa  + 

zax  4-  xx  by  A,  and,  it’s  increment,  iax  4-  2X.V  by  C,  and  the  trinomial 
quantity  aa  — ax  4-  xx  by  B,  and  the  binomial  quantity  ax  — 2xx  by  D, 
the  quinquinomial  quantity  aa  4-  2 ax  4-  xx  4-  2 ax  4-  2x.V  will  be  equal  to 

A 4*  C,  and  the  quinquinomial  quantity  aa  — ax  4-  xx  — ax  4-  2x*  will  be 

equal  to  (aa  — ax  + xx  — fax  — 2xx,  or  to)  B — D.  But  (by  Obfervation 
ad,)  the  proportion  of  A + C to  B — Dis  greater  than  the  proportion  of 
A to  B.  Therefore  the  proportion  of  the  quinquinomial  quantity  aa  4-  2 ax  4- 

xx  4-  2«x  4-  2xx  to  the  quinquinomial  quantity  aa  — ax  4-  xx  — ax  4-  2.v* 
will  be  greater  than  the  proportion  of  the  trinomial  quantity  aa  F 2<»x  4-  xx 
to  the  trinomial  quantity  aa  — ax  4-  xx ; and  confequently,  while  x increafes 

from  o to  the  proportion  of  the  trinomial  quantity  aa  4-  2 ax  4-  xx  to  the 

trinomial  quantity  aa  — <ix  4-  xx  will  continually  increafe.  q.  e.  i. 

Art.  6.  When  x is  greater  than  -j-,  zxx  will  be  greater  than  ax,  and  confe- 
quently the  quinquinomial  quantity  aa  — ax  4-  xx  — ax  4-  Jxx  will  be  greater 
than  the  trinomial  quantity  aa  — ax  + xx.  Therefore  while  x increafes  from 

2 
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ad  infinitum.,  the  trinomial  quantity  aa  — ax  -f  xx  will  continually  increafc,  and 

it’s  increment  will  be  2xx  — ax.  This  increment  we  muft:  now  compare  with 
the  contemporary  increment  of  the  greater  trinomial  quantity  aa  + 2 ax  -f-  xx, 

to  wit,  the  increment  tax  + ixx,  in  order  to  difeover  whether  the  ratio  of  the 
greater  trinomial  quantity  aa  ■+■  lax  + a*  to  the  letter  trinomial  quantity 
aa  — ax  + xx  will  increafe  at  the  fame  time,  or  will  decreafe,  or  will,  firft, 

increafe  till  x is  become  equal  to  fome  quantity  greater  than  ~,  and  then  de- 
creafe. This  inquiry  may  be  tr.ade  in  the  manner  following. 


Art.  7.  The  quantity  2 ax  4-  zxx,  (which  is  the  increment  of  the  trinomial 

quantity  aa  + 2 ax  -j-  xx,)  is  to  the  quantity  2*.v  — ax  (which  is  the  contem- 
porary increment  of  the  trinomial  quantity  aa  — ax  + xx,)  in  the  fame  pro- 
portion as  la  + zx  to  zx  — a.  We  muft  therefore  inquire,  whether  this  pro- 
portion is  greater,  or  lefs,  than  the  proportion  of  thofc  two  trinomial  quantities 

themfelves  at  the  inftant  that  * is  equal  to  -~,  an]  begins  to  increafe  from 
that  magnitude  to  a magnitude  greater  than  -j*. 

Now,  when  x is  equal  to  — , 2 ax  will  be  (:=  2 a x — aa,  and  xx  will 


be  ~ — ; and  confequently  aa  + 2ax  + xx  will  be  (=  aa  + aa  4.  — 
4 4 


ax  -f-  xx  will  be  (—  — 


aa  2aa  , aa  . qaa  • 

=z  iaa  -J z:  — + — ) = — , and  aa 

4 4 4 4 

-ff.+  ff-  = ff_+_ff.=!fi  + fl)  - iff.  Therefore  at  this  inftant  of 

2 4 2 4 4 4 4 

time  the  proportion  of  the  trinomial  quantity  aa  + 2 ax  + xx  to  the  trinomial 

quantity  aa  — ax  + xx  will  be  that  of  — to  — , or  that  of  3 to  1. 

4 4 


And  at  this  time  2<j  ■+■  2x  will  be  (=  2a  + 2 x — — 2a  -f-  a)  — 3 a, 
and  lx  — a will  be  (=2  x a — a — a)  =0.  And  confequently  the 

proportion  of  the  increment,  2 ax  + arx,  of  the  greater  trinomial  quantity 
aa  + lax  + xx,  to  the  contemporary  increment,  ixx  — ax,  of  the  letter  trino- 
mial quantity  aa  — ax  + xx,  at  the  inftant  that  x is  equal  to  will  be  that 
of  3a  to  o,  or  an  infinitely  great  ratio  of  majority,  and  therefore  will  be  infi- 
nitely greater  than  the  ratio  of  3 to  1,  or  of  ~ to  ^ , or  of  the  trinomial 

quantity  aa  + 3 ax  + xx  to  the  trinomial  quantity  aa  — ax  + xx.  q,  e.  i. 

Art.  8. 
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Art.  8.  Since,  when  x is  equal  to  —,  the  proportion  of  rax  + 2xx  to  rxx 

— ax  is  infinitely  greater  than  the  proportion  of  aa  + a ax  + xx  to  aa  — ax  + 

xx,  it  follows  that,  when  x is  a little  greater  than  the  former  proportion  will 

be  very  much  greater  than  the  latter.  Therefore,  if,  when  x is  equal  to,  or  a 

little  greater  than,  we  put  A for  aa  + lax  + xx,  and  C for  it’s  increment 

2 ax  + rxx,  and  B for  aa  — ax  + xx,  and  D for  it’s  increment  ixx  — ax, 
the  proportion  of  C to  D will  be  much  greater  than  the  proportion  of  A to  B. 
Therefore  (by  Obfervaiion  3d,)  the  proportion  of  A + C to  B + D will  be 
greater  than  the  proportion  of  A to  B j that  is,  the  proportion  of  the  quinqui- 

nomial  quantity  aa  -f  rax  + xx  + 2<7*  + 2xx  to  the  quinquinomial  quantity 

aa  — ax  + xx  — ax  + 2.v.v  will  be  greater  than  the  proportion  of  the  trino- 
mial quantity  aa  + 2 ax  -f  xx  to  the  trinomial  quantity  aa  — ax  -f-  xx,  or, 
in  other  w ords,  the  proportion  of  the  former  of  thefe  trinomial  quantities  to  the 
latter  will  increafe.  Q.  e.  i. 

Art.  9.  And  this  increafe  of  the  proportion  of  the  trinomial  quantity  aa  4. 
2 ax  -f-  xx  to  the  trinomial  quantity  aa  — ax  + xx  will  continue  as  long  as  the 

proportion  of  the  two  increments,  2ax  + ixx  and  2.v*  — ax,  of  the  faid  two 
trinomial  quantities,  continues  to  be  greater  than  the  proportion  of  the  faid  two 
trinomial  quantities  themfelvcs.  And  therefore,  if  the  proportion  of  the  faid 
increments  were  to  continue  greater  than  the  proportion  of  the  faid  trinomial 

quantities  themfelves  during  the  whole  increafe  of  x from  ad  infinitum , the 

proportion  of  thefe  two  trinomial  quantities  would  continually  increafe  from 

the  ratio  of  3 to  1,  (to  which  it  is  equal,  when  x is  equal  to-^-,)  to  greater 

and  greater  ratios  of  majority  during  the  whole  increafe  of  x from  — ad  infinitum, 
without  ever  decreafing. 

But  it  has  been  (hewn  above,  in  art.  3,  that  the  proportion  of  thefe  two 
trinomial  quantities  will  not  increafe  continually  in  that  manner  while  x in- 
creafes  ad  infinitum,  but  will  increafe  only  to  fome  certain  ratio  of  majority, 
(which  it  can  never  exceed,)  and  will  then  dccreafe  from  that  ratio  of  majority 
till  it  approaches  as  near  as  we  pleafe  to  a ratio  of  equality.  There  will  there- 
fore be  a point  of  time,  during  the  increafe  of  the  variable  line  x from  ~ ad  in- 


finitum, at  which  the  ratio  of  the  two  increments  2<jx  + ixx  and  a.r.r  — ax,  or 
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to  be  to  ix  — a as  aa  4.  2 ax  4 xx  is  to  aa  — ax  + xx,  and  will  endeavour 
to  find  the  value  of  x refulting  from  this  fuppofition. 

Art.  10.  Now,  if  2a  + 2*  is  to  xx' — a in  the  fame  proportion  as  aa  4 2 ax 
4-  xx  is  to  aa  — ax  4 xx,  we  (hall  have  xa  + xx  x aa  — ax  4 xx  — xx  — a 

X aa  -+■  2 ax  4-  xx.  But  2a  + 2x  x aa  — ax  4 xx  is  (=  2a’  — iaax  4 

xaxx  4"  iaax  — 2 axx  4-  xx1)  — 2 a1  4-  2ar* ; and  xx  — a x aa  4-  xax  + 
is  ( — 2 aax  4-  +axx  4-  xx * — a1  — 2 aax  — axx)  — $axx  4-  2x*  — a’. 

Therefore  2a’  4-  2x*  will  be  = 3 axx  4-  2x*  — a’,  and  (adding  a’  to  both 

fides,)  3a1  4-  ax’  will  be  — 3a.v.t  4-  2.1*,  and  (fubtrafting  xx*  from  both 
fides,)  3a1  will  be  = $axx,  and  (dividing  both  fides  by  3a)  aa  will  be  =:  xx. 
Therefore  x will  be  = a. 

Therefore,  when  the  ratio  of  the  greater  trinomial  quantity  aa  4-  2 ax  4-  xx 
to  the  lefler  trinomial  quantity  aa  — ax  4-  xx  is  the  greatefl:  pofTible,  the  vari- 
able line  x will  be  equal  to  the  given  line  a.  q,.  e.  i. 

Coroll.  1.  The  greatcrt  poflible  proportion  of  the  trinomial  quantity  aa  4 
2 ax  4-  xx  to  the  trinomial  quantity  aa  — ax  4-  xx  is  that  of  4 to  1. 

For,  when  x is  equal  to  a,  the  trinomial  quantity  aa  4 xax  4 xx  is  ( = 
aa  4-  2aa  4-  aa)  =:  4aa,  and  the  trinomial  quantity  aa  — ax  4-  xx  is  ( = 
aa  — aa  4-  aa)  = aa;  and  4aa  is  to  aa  as  4 is  to  1. 

Coroll.  2.  When  x increafcs  from  a to  any  greater  magnitude,  the  propor- 
tion of  the  trinomial  quantity  aa  4-  2 ax  4-  xx  to  the  trinomial  quantity  aa  — 
ax  4 xx  will  decreafe  from  the  ratio  of  ^aa  to  aa,  or  of  4 to  1,  to  fome  lefler 
ratio  of  majority. 

When  x is  of  any  magnitude  greater  than  a,  let  the  difference  of  it’s  faid 
magnitude  from  a be  denoted  by  the  letter  d,  fo  that  .v  (hall  be  equal  to  a 4-  d. 
Then  we  (hall  liave  the  trinomial  quantity  aa  + 2 ax  4-  xx  (=  aa  4-  2a  x 

a 4-  d 4-  a 4 d)‘  — aa  4 2aa  4 2 ad  4 aa  4 2 ad  4 dd)  ~ 4 aa  4 4a^ 
4 1 id,  and  the  trinomial  quantity  aa  — ax  + xx  aa  — a x a 4 d 4 

a 4 d\  — aa  — aa  — ad  4 aa  4 2 ad  4 dd)  — aa  4 ad  4 dd.  So  that 
the  increment  received  by  the  trinomial  quantity  aa  4 zax  4 xx,  while  x in- 
creafes  from  a to  a 4 d,  will  be  4 ad  4-  dd  j and  the  increment  received  by 
the  trinomial  quantity  aa  — ax  4 xx  in  the  fame  time  will  be  aj  4 dd  But 
the  ratio  of  the  increment  4 ad  4 dd  to  the  increment  ad  4 dd  is  a lefs  ratio 
of  majority  than  the  ratio  of  4 ad  4 4 dd  to  ad  4 dd,  or  than  that  of  4 to  1, 
or  of  4aa  to  aa,  or  of  the  value  of  the  trinomial  quantity  aa  4 2 ax  4 xx  to 
the  value  of  the  trinomial  quantity  aa  — lax  4 xx,  when  x is  equal  to  a. 
Therefore,  (by  Obfervation  4th,)  the  ratio  of  the  whole  quantity  4aa  4 $ad 
4 dd  to  the  whole  quantity  aa  4 ad  4 dd  will  be  lefs  than  the  ratio  of  40a 
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to  aa  ; that  is,  the  ratio  of  the  value  of  the  trinomial  quantity  aa  4 zox  4 xx 
to  the  value  of  the  trinomial  quantity  aa  — ax  4-  x.v,  when  x is  equal  to 
a + J,  will  be  lefs  than  the  ratio  of  the  value  of  the  former  trinomial  quantity 
to  the  value  of  the  latter,  when  x is  equal  to  a j or  the  ratio  of  the  former  tri- 
nomial quantity  to  the  latter  will  have  decreafed  from  the  ratio  of  4 aa  to  aa, 
or  of  4 to  1,  to  the  ratio  of  4<sn  4-  a,ad  4 dd  to  aa  4-  ad  + dJ,  (which  is 
lefs  than  the  ratio  of  4/sa  + 4 ad  4-  4 dd  to  aa  + ad  + dd,  or  of  4 to  1,)  while 
x has  inci  cafed  from  a to  a 4-  d.  q.  e.  d. 

Coroll.  3.  It  follows  from  this  alternate  incrcafe  of  the  ratio  of  aa  4-  iax 
4-  xx  to  aa  — ax  4-  xx  from  a ratio  of  equality,  or  an  infinitely  fmall  ratio 
of  majority,  to  the  ratio  of  4 to  1,  while  * increales  from  o to  a,  and  decreafe 
of  it  from  the  ratio  of  4 to  1 to  a ratio  of  equality,  while  x incrcafes  further 
from  a ad  infra  turn,  that,  if  the  ratio  of  aa  4-  2 ax  4 xx  to  aa  ~ ax  4-  xx  be 

of  any  magnitude  lefs  than  the  ratio  of  4 to  1,  or  if  the  fraftion  + * ax  + ;rT 

J ° aa  — ax  + xx 

be  equal  to  any  quantity  lefs  than  or  4,  there  will  be  two  values  of  x,  the 
one  lefs  than  a,  and  the  other  greater  than  a,  that  will  make  the  fraftion 
w - ’*1  CC1U1*  t0  1*1C  Pr0P0fec*  quantify.  Thus,  for  example,  if  it  be 
propofed  to  make  the  fraftion  ^ " equal  to  2,  fuch  an  equation  will 

be  pofiible,  and  will  have  two  roots,  of  which  the  one  will  be  lefs,  and  the 
other  will  be  greater  than  a.  Thefe  roots  will  be  a x 2 — s/3  and  a x 
For,  if  we  fuppofe  the  fraftion  ™ *.*  t0  be  — 2,  we  (hill 

have  aa  + 2 ax  4 xx  =2  x aa  — ax  4 xx  = 2 aa  — 2 ax  4 2xx.  There- 
fore (adding  zox  to  both  fides,)  we  (hall  have  aa  4-  4 ax  4 xx  zz  2 aa  4-  ixx, 
and  (fubtrafting  aa  4 xx  from  both  fides,)  we  (hall  have  44*  zz  aa  4.  xx, 
and  (fubtrafting  xx  from  both  fides,)  4 ax  — xx  zz  aa,  and  (fubtrafting  both 
fides  from  4 aa,)  4 aa  — 4 ax  4-  **  = $aa.  Therefore  2 a — x will  be  zz 
v' fj aa  zz  1 x /j,  and  2<j  will  be  = x 4-  a x •/ 3 , and  x will  be  = 2 a — 
a x ^3,  or  a x 2 — ✓ 3.  And  x — 2a  will  likewife  be  = ^[Jaa  = 
a x •/  3,  and  confequently  x will  be  = a x </  3 4-  2a,  or  a x (2  4 y/  3. 
Therefore  either  <»  x 2 — 1/3,  or  n x *~+  'S  3,  being  fubfiituted  inficad  of 
x in  the  fraftion  ‘a  + ***  + will  make  the  faid  fraction  equal  to  2.  And 

aa  “ ax  t xx  * 

this  will  appear  upon  trial.  For,  if  we  fuppofe  x to  be  =:  a x 2 — v/3, 
we  thall  have  ax  (=  aa  y 2 — y/ 3)  = 2 aa  — aa  x V 3 , and  2 ax  zz  4 aa 
— laa  x 1/3,  and  xx  (=  aa  x 4 — 4 X V 3 4-  3 = aa  X 7 — 4 X ^3) 
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= l*a  — 4**  X \/ 3.  Therefore  + 20*  + xx  will  be  (=  aa  + 4 aa  — 
zaa  x S3  + -jaa  — 4 aa  X V3)  — 12 aa  — 6aa  x V 3 j and  aa  — ax  + xx 

uil]  be  (=  aa  — zaa  — aa  X /j  + 7at>  — 4 aa  x S3  — aa  — zaa  4- 
aa  x S3  + laa  40a  x a/ 3)  = 6aa  — %aa  x S' 3 > and  confequently 


M + 2tfr  + *4? 


aa 

- ax  -Y  xx 

And,  if  we 

2 

+ S3)  = 

aa 

X 4 + 4 : 

Therefore  aa 

A,aa  X S3  = 

- 

aa  x v 3 

aa 

4-  2 ax  4"  ^ 

aa 

— ax  + xx 

Sept.  24, 

will  be  = l2tM  - x ^ 
baa  — $aa  x ^3 


= 2. 


Q.  E,  D. 


laa  + ^ X v^3>  snd  2ox  — ^aa  4-  t.(icl  x v^3,  and  (i 


baa  + $aa  x ^3 


E.  D* 


N.  B.  The  foregoing  examination  of  the  Variations  of  the  Ratio,  or  Propor- 
tion, of  aa  + 2 ax  + xx  to  aa  — ax  + xx  while  jr  increafes  from  o ad  infini- 
tum, was  fuggefted  to  me  by  the  Rev.  Mr.  John  Hellins,  in  confequence  of  an 
anfwer  given  to  a queftion  that  had  been  propofed  by  him  in  the  Ladies’  Diary 
for  the  year  1794,  in  the  words  following. 


XIII.  Quefticn  981,  by  the  Rev.  Mr.  John  Hellins. 


It  is  propofed  to  find  the  correct  value  of  z from  the  equation  z ~ — L- jl 

(where  * and  z begin  together,)  in  feries,  which  (hall  converge  when  * it 
greater  than  1 ; and  to  perform  the  whole  by  means  of  feries. 

Two  anfwers  were  given  to  this  queftion  in  the  Diary  for  the  year  1795,  one 
by  Mr.  Hellins  himfelf,  and  the  other  by  another  perfon  under  the  fignature  of 

slmicus.  It  is  in  the  latter  anfwer  that  the  variable  quantity  fa  + 2ax  + ** 

* J oa  — ax  + xx9 

which  gave  rife  to  the  examination  contained  in  the  proceeding  pages,  was 
Vo l,  1 V.  3 K b 1 made 
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made  ufe  of.  I,  however,  had  not  feen  it  there,  and  bad  no  knowledge  of  it 
till  it  was  mentioned  to  me  by  Mr.  Hellins.  The  Queflion  propofcd  by 
Mr.  Hellins  is  not  a mere  idle  fpcculation  to  try  the  acutenefs  and  fagacity  of 
Mathematicians,  but  occurred,  as  he  informed  me,  in  the  Solution  of  a curi- 
ous and  ufeful  Problem  in  Phyfical  Aftronomy.  And  the  foregoing  examina- 
tion of  the  Variations  of  the  Proportion  of  aa  -f  zax  + xx  to  aa  — ax  + xx 
has  alfo  this  further  ufe  in  it,  that  it  feems  very  well  fitted  to  illuftrate  the  prin- 
ciples of  the  curious,  and  often-times  fubtle  and  difficult,  doctrine  of  finding 
the  maxtmums  of  variable  quantities. 


OUVR AGES 
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E S S A I S 

POUR 

LES  CONIQUES. 


DEFINITION  I. 


OUAND  plufieurs  lignes  droites  concourent  au  memo  point,  ou  font  toures 
parallelcs  entre  elles : routes  ces  lignes  font  dites  de  meme  ordre,  ou  de  n; line 
ordotmcmce ; ct  la  multitude  de  ces  lignes,  eft  dite  ordre  de  lignes,  ou  ordin- 
nance  de  lignes. 


DEFINITION  IT. 


Par  le  mot  de  Sell  ion  de  c6ne,  nous  entendons  la  circonference  du  cercle, 
l’ellipfe,  1’hyperbole,  la  parabole  et  Tangle  • redliligne  : d’autant  qu’un  cone 
coupe  parallelement  & fa  bafe,  ou  par  fon  fommet,  ou  dcs  trois  autres  fens  qui 
engendrent  l’ellipfe,  l’hyperbolc  et  la  parabole,  donne  dans  fa  fupcrficie,  ou  la 
circonference  d’un  cercle,  ou  un  angle -j-,  ou  l’ellipfe,  ou  I’byperbolc,  ou  la 
parabole. 


DEFINITION  III. 


Par  le  mot  de  droite  mis  feul,  nous  entendons  la  ligne  droite. 

* Peut-ctre  dcTroit-oa  lire.  It  trungtf.  + Prat  ctre,  un  triangle. 

LEM  ME 
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L E M M E I. 


Si  dans  le  plan  M S (Fig.  1 .)  du  point  M partem  les  deux  droites  MK,  MV, 
et  du  point  S par  tent  Us  deux  droites  S K,  S V ; quo  K foil  le  contours  des  droites 
MK,  SK;  V le  contours  des  droites  MV,  S V ; A le  contours  des  droites  M A, 
S A j fj.  le  contours  des  droites  MV,  S K ; et  que  par  deux  des  quatre  points  A, 
K,  p,  V qui  ne  foient  point  en  mime  droire  avec  les  points  M,  S,  comrne  par  les 
points  K,  V,  pajfie  la  circonference  d'un  cercle  coupant  les  droites  MV,  MP,  S V, 
SK  aux  points  O,  P,  Q__,  N : je  dis  que  les'  droites  MS,  NO,  P Q_,  Jont  de 
mime  ordre. 


L E M M E II. 

Si  par  la  mime  droite  pajfent  plufieurs  plans,  qui  foient  coupes  par  un  autre  plan, 
routes  les  lignes  des  fcitions  de  ces  plans  font  de  mime  ordre  avec  la  droite  par  laquelle 
pajfent  lejdits  plans . 


Ces  deux  Lemmes  pofes  et  quelques  faciles  confequences  d’iceux,  nous  de- 
montrcrons  que  les  memes  chofcs  etant  pofees,  qu’au  premier  Lemme,  fi  par 
les  points  K,  V pafTe  une  fedtion  quelconque  de  cone  qui  coupe  les  droites 
MK,  MV,  SK,  SV  aux  points  P,  O,  N,  Qj  les  droites  MS,  NO,  PQ, 
feront  de  meme  ordre.  Cela  fera  un  troifieme  Lemme. 

Enfuite  de  ces  trois  Lemmes  et  de  quelques  confequences  d’iceux,  nous  don- 
nerons  des  elements  coniques  complets  : favoir,  toutes  les  proprietes  des  diamc- 
tres  et  cotes  droits,  des  tangentes,  &c.,  la  refticuiion  du  c6ne  prefque  fur  toutes 
les  donnees,  la  defeription  des  fedtions  de  cone  par  points,  &c. 

Quoi  faifant,  nous  enonfons  les  proprietes  que  nous  en  touchons  d'une  ma- 
niere  plus  univerfelle  qu'a  l’ordinaire.  Par  exemple,  cellc-ci  : ft  dans  le  plan 
M S Q_,  dans  la  fedtion  de  cone,  PKV,  font  menees  les  droites  AK,  AV 

atteignantes 
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attcignarites  la  fcdion  aux  points  P,  K,  Q^,  V ; et  que  de  deux  de  ces  quatre 
points  qui  ne  font  point  en  meme  droite  avec  le  point  A,  comme  par  les  points 

K,  V,  et  par  deux  points  N,  O pris  dans  le  bord  de  la  fcdion,  foient  menees 
quatre  droites  K N,  KO,  VN,  V O coupantes  les  droites  A V,  A P aux  points 

L,  M,  T,  S : je  dis  que  la  raifon  compofee  des  raifons  de  la  droite  PM  a la 
droite  MA,  et  de  la  droite  AS  4 la  droite  SQ^,  eft  la  m5me  que  la  raifon 
compofee  des  raifons  de  la  droite  PL  a la  droite  LA,  et  de  la  droite  AT  a la 
droite  T 

Nous  dimontrerons  aulfi  (Fig.  i.)  que  s'il  y a trois  droites  D E,  DG,  D H 
que  les  droites  AP,  AR  coupent  aux  points  F,  G,  H,  C,  y,  B;  et  que  dans 
la  droite  DC  foit  determine  le  point  E:  la  raifon  compofee  des  raifons  du 
redangle  E F en  F G au  redangle  de  EC  en  C y,  et  de  la  droite  Ayala 
droite  A G,  eft  la  meme  que  la  compofee  des  raifons  du  rcdangle  de  E F en 
E H au  redanglc  de  E C en  C B,  et  de  la  droite  A B a la  droite  A H ; et  elle 
eft  aufli  la  meme  que  la  raifon  du  redangle  des  droites  F E,  F D,  au  redangle 
des  droites  C E,  CD.  Partant  fi  par  les  points  E,  D pafle  une  fcdion  de 
cSne  qui  coupe  les  droites  AH,  AB  aux  points  P,  K,  R,  ¥ : la  raifon  com- 
pofee des  raifons  du  redangle  des  droites  E F,  F C,  au  redangle  des  droites 
EC,  C y,  et  de  la  droite  y A a la  droite  A G,  fera  la  meme  que  la  compofee 
des  raifons  du  redangle  des  droites  FK,  F P,  au  redangle  des  droites  CR, 
Ct,  ct  du  redangle  des  droites  AR,  At,  au  redangle  des  droites  A K,  A P. 

Nous  demontrerons  aufli  (Fig.  3.)  que  fi 
quatre  droites  A C,  A F,  EH,  EL  s’entre- 
coupent  aux  points  N,  P,  M;  O,  et  qu’une 
fedion  de  Cone  coupe  lefdites  droites  aux 
points  C,  B,  F,  D,  H,  G,  L,  K : la  raifon 
compofee  des  raifons  du  rcdangle  de  M C en 
M B,  au  redangle  des  droites  P F,  P D,  ec 
du  redangle  des  droites  AD,  A F,  au  red- 
angle de6  droites  A B,  AC,  eft  la  meme 
que  la  raifon  compofee  des  raifons  du  red- 
angle des  droites  M L,  M K,  au  redangle  des 
droites  P H,  P G,  et  du  redangle  des  droites 
EH,  EG,  au  redanglc  des  droites  E K, 

EL. 

Nous  demontrerons  aufli  (Fig.  r.)  la  propriety  fuivante,  dont  le  premier  in- 
venteur  eft  M.  Defargues,  Lyonnois,  un  des  grands  Efprits  de  ce  temps,  et 
des  plus  verfes  aux  Matlicmadques,  et  entre  autres  aux  Coniques,  dont  les 
ferits  fur  cette  matiere,  quoiqu’en  petit  nombre,  en  ont  donne  un  ample  16- 
moignage  a ceux  qui  auront  voulu  en  recevoir  Tintelligencc.  Je  veux  bien 
avouer  que  je  dois  le  pen  que  j’ai  trouve  fur  cette  matiere  a fes  Merits,  et  que 
j’ai  tache  d’imitcr,  autant  qu'il  m’a  ete  poflible,  fa  methode  fur  ce  fujet  qu’il  a 
traitd  fans  fe  fervir  du  triangle  par  l’axe,  en  traitant  generalement  de  toutes  les 
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fedtions  de  cone.  Li  propriete  merveillcufc  dont  eft  queftion  eft  telle  : Si  dans 
le  plan  MSQ_il  y a une  fection  dc  cone  PQV,  dans  le  bord  tie  laquelle 
ayant  pris  les  quatre  points  K,  N,  O,  V,  foient  tnenees  les  droites  KN,  KO, 
VN,  VO,  de  forte  que  par  un  mcme  des  quatre  points  ne  paflent  que  deux 
droites,  et  qu’u/ie  autre  droite  coupe,  tant  le  bord  de  la  fedtion  aux  points  R, 
que  les  droites  KN,  KO,  VN,  VO  aux  points  X,  Y,  Z,  d;  je  dis  que 
comme  le  redlangle  des  droites  ZR,  Zf  eft  au  re&angle  des  droites  Y R, 
y t,  ainfi  le  redtangle  des  droites  J R,  3 V eft  au  rectangle  des  droites  KR,Xf, 

Nous  demontrerons  auffi  (Fig.  2.)  que  fi  dans 
le  plan  de  l’hyperbole  ou  de  1'ellipfe,  ou  du  cercle 
AGTE,  dont  le  centre  eft  C,  on  menc  la  droite 
AB  touchantc  au  point  A la  fedtion,  et  qu’ayant 
mene  le  diametre  AT,  on  prenne  la  droite  AB, 
dont  le  quarre  foit  egal  au  quart  du  redtangle  de 
la  figure  *,  et  qu’on  mene  C B ; alors  quelque 
droite  qu’on  mene,  comme  D E,  parallele  a la 
droite  A B,  coupante  la  fedtion  en  E et  les  droites 
A C,  C B aux  points  D,  F:  ft  la  fedtion  AG  E eft 
une  ellipfe  ou  un  cercle,  la  fomme  des  quarres  des 
droites  D E,  D F fera  egale  au  quarre  de  la  droite  A B j et  dans  l’hyperbole,  la 
difference  des  memes  quarres  des  droites  D E,  DF,  fera  egale  au  quarre  de  la 
droite  A B. 

Nous  deduirons  auffi  quelqucs  problemes ; par  exemple,  d 'un  point  donnf 
metier  une  droite  touebante  une  fcllion  de  cone  donnee. 

T’rouver  deux  diametres  conjugues  en  angle  dome. 

Trouver  deux  diametres  en  angle  donnf  et  en  rai/in  donnfe. 

Nous  avons  plufieurs  autres  problemes  et  theordmes,  et  plufieurs  confequences 
des  prdeedents  ; mais  la  defiance  que  j’ai  de  mon  pen  d’cxperience  et  de  capa- 
cite,  ne  me  permet  pas  d’en  avancer  davantage  avant  qu’il  ait  paffe  A 1’examen 
des  habiles  gens  qui  voudront  nous  obliger  d’en  prendre  la  peine : apres  quoi 
fi  l’on  juge  que  la  chofe  merite  d’etre  continuee,  nous  effaierons  de  la  poufTor 
jufqu’ou  Dieu  nous  donnera  la  force  de  la  conduire. 

•Par  le  tiftangU  de  la  figure,  l'Autcur  entend  le  produit  d’ua  diametre  par  Ion  parametrr. 
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A MONSEIGNEUR  LE  CHANCEL1ER*. 

MONSEIGNEUR, 

S'  le  Public  ref  oil  quelque  ulilili  dt  /'invention  que  j’ai  trouvie  pour  faire  toutes 
fortes  de  Rifles  d'  AritbmStique,  par  me  maniere  aujfi  notevel/e  que  commode , //  en 
aura  plus  <f  obligation  a voire  Grandeur  qua  mes  petits  efforts,  puifque  je  ne  faurois 
me  vanter  que  de  f avoir  cortfne,  et  qu’elle  doit  abfohiment  fa  naiffance  h I'bonneur  de 
vos  commandements.  Les  longueur  set  les  difficult  is  des  moycns  ordinaires  dont  on  fe 
fert  m'ayant  fait  petifer  a quelque  fecours  plus  prompt  et  plus  facile  pour  me  fculager 
dans  les  grands  calculs  ok  j'ai  ili  occupi  depuis  quelques  amiss  en  plufieurs  affaires  qui 
dependent  des  emplois  dont  il  vous  a pin  bonorer  mon  pere  pour  le  fervice  de  Sa  Majefli 
en  la  haute  Normandie  ; f employai  ct  cette  recherche  toute  la  connoiffcmce  que  mon  in- 
clination et  le  travail  de  mes  premieres  itudes  m'ont  fait  acquirir  dans  les  Matbima- 
tiques  ; et,  apr'es  une  profonde  meditation,  je  reconnus  que  ce  fecours  n'itoit  pas  impof. 
fible  a trouver.  Les  lumteres  de  la  Gesmtlrie,  de  la  Pbyftque , et  de  la  Micbanique 
m’en  fourmrent  le  deffein,  et  m'affurerent  que  l' ufage  en  feroit  infaillible,  fi  quelque 
Ouvrier  pouvoit  former  I'inftrument  dont  j'avois  imagine  le  models.  Mais  ce  fut  en 
ce  point  que  je  rencontrai  des  obftacles  aujfi  grands  que  ceux  que  je  voulois  eviter,  et 
auxquels  je  cbercbois  un  remede.  N’ ay  ant  pas  I'indujhie  de  manier  le  metal  et  le 
marteau  comme  la  plume  et  le  compas  ; et  les  Artifans  ayant  plus  de  connoiffance  de  la 
pratique  de  leur  Art  que  des  Jcicnces  fur  lefqueUes  il  efi  fonde : je  me  vis  riduit  ct 
quitter  toute  mon  entreprife,  dont  il  ne  me  revenoit  que  beaucoup  de  fatigues,  fans  au- 
cun  bon  faeces.  Mais,  Monfeigneur,  votre  Grandeur  ayant foutenu  mon  courage,  qui 
fe  laiffoit  oiler,  et  m'ayant  fat  la  grace  de  parler  du  ftmple  crayon,  que  mes  amis  vous 
avoient  prifenti,  en  des  termes  qui  me  le  firent  voir  tout  autre  qiPil  ne  m’avcit  pane 
auparavant : avec  les  ncuvelles  forces  que  vos  louanges  me  donnirent,  je  fis  de  nou- 
veaux  efforts  j et  fufpendant  tout  autre  exercict,  je  ne  fongeai  plus  qu’a  la  conjlruclion  de 
cette  petite  Machine,  que  j’ai  ofe,  Monfeigneur,  vous  prefenter,  apres  t avoir  mije  en 
e.’at  de  faire,  avec  e lie  feule  et  fans  aucun  travail  d efprit,  les  operations  de  toutes  les 
parties  de  l’  Aritbm clique,  felon  que  je  me  I'etois  propoji. 

Cefl  done  a vous,  Monfeigneur,  que  je  devois  ce  petit  effai,  puifque  c'efl  vous  qui 
me  r avez  fait  faire ; et  c’efl  de  vous  aufft  que  fen  attends  une  glorieufe  proteF  :on. 
hes  inventions  qui  ne  font  pas  comtues,  out  toujour s plus  de  cenfeurs  que  d'  approbatcurs : 

* Pierre  Scguier. 
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on  blame  ceitx  qui  Its  out  trcuvies,  farce  qu'on  rien  a fas  une  far/aite  intelligence  j et 
far  un  injujle  prcjuge,  la  dijjitultc  que  l' on  s'imagine  aux  cbojes  extraordin  tires,  fait 
qu'au  lieu  de  lei  confidbrer  four  les  efiimer,  on  Its  accufe  d'impojfililite,  afii  de  les 
rejctter  enfiite  ccmme  imfertinentes.  D’ailleurs,  Monfeigneur,  je  m’ attends  bien  que 
farit.i  taut  de  defies  qui  ent  fenetre  jujques  dans  Its  derniers  Jecrets  des  Ma’hema- 
tiqtes , il  f curi  a s’en  trouver  qui  d'abord  ejliment  mon  aflion  tiaiiraire,  vii  qu’en  la 
jeuneffe  (it  je  fnis,  et  avec  ft  feu  de  forces,  j'ai  oje  tenter  une  route  nouvelle  dans  un 
champ  tout  bfrtjfc  d’cpincs,  et  fans  avoir  de  guide  pour  m'y  frayer  le  cbemin.  Mats 
je  veux  bien  quits  m'aecu/cnt,  et  mime  qtt'ils  me  cendamnent,  s’ils  peuvent  juftifer  que 
je  ti’ai  fas  tenu  exablement  ce  que  j'avois  fromis  ; et  je  ne  leur  demande  que  la  fa'.eur 
d' examiner  ce  que  j’ai  fait , et  non  pis  celle  de  I’approuver  fans  le  conncitre.  rluffi, 
Monfeigneur,  je  puis  dire  a voire  Grandeur,  que  j'ai  dija  la  fatisfaBion  de  voir  mon 
petit  Ouvrage,  non  jeulcmcnt  autorife  de  F approbation  de  que/ques-uns  des  principaux 
en  cette  vert:  able  Science,  qui,  far  une  preference  toute  particuliere,  a F avail  age  de 
ne  rien  enfeigner  quelle  ne  demontre , mail  encore  benori  de  leur  ejlime  et  de  leur  re~ 
commandaticn : el  que  mime  celtti  d’entre  eux,  de  qui  la  plupart  des  autres  admirent 
toys  les  jours  et  recueiilent  les  prtdnBions,  ne  Fa  pas  juge  indigne  de  Je  donntr  la 
peine,  an  milieu  de  fes  grendes  occupations,  cF en  enfeigner,  et  la  difpefition,  et  I’ufage 
a ceux  qui  auront  quelque  defir  de  s'en  fervir,  Ce  font  Id  veritablemcnt,  Alcnfeigneur, 
de  grandes  rccompenfes  do  temps  que  j'ai  employe  ct  de  la  depenfe  que  j'ai  faite  pour 
mettre  la  clofe  en  fetal  tit  je  veus  I’ai  prijentee.  Mass  permettez-moi  de  flatter  ma 
vanite  jufqu’au  point  de  dire,  qu'elles  ne  me  fatisferoient  pas  entieremenr,  fi  je  rien 
avois  repu  une  beaucoup  plus  importante  et  plus  dibcieufe  de  voire  Grandeur.  En 
effet,  Monfeigneur,  quand je  me  reprefente  que  cette  mime  bouebe,  qui  prononce  tons  les 
jours  des  oracles  fur  le  Trone  de  la  Jnflice,  a daigne  donner  des  eloges  au  coup  tteffai 
d’un  bomme  de  vingt  ans  -,  que  vous  Favez  juge  digne  d'etre  plus  (tune  fois  le fujet  dt 
voire  entretien,  et  de  le  voir  place  dans  votre  Cabinet  parmi  tanl  S autres  ebefes  raret 
et  precieufes  dont  il  eft  rempls : je  fuis  con.ble  de  gloire , et  je  ne  trouve  point  de  paroles 
pour  faire  parottre  ma  reconnoiffance  d votre  Grandeur,  et  ma  joie  d tout  le  monde. 

Dans  cette  impuiffance,  ou  1’exces  de  votre  lonti  m’a  mis,  je  me  contenterai  de  la 
severer  par  mon  filence:  el  toute  la  famille  dent  je  forte  le  ncm  etanl  interefsee  auffi- 
bien  que  moi,  par  ce  bienfait  et  par  plufieurs  autres,  a faire  tous  les  jours  des  veeux  pour 
votre  projpente,  nous  les  ferons  d’un  eaur  ft  ardent,  et  ft  continuels,  que  perfonne  ne 
pourra  fe  vanter  d'etre  plus  attache  que  nous  a votre  fervice,  ni  de  porter  plus  veri- 
tablement  que  moi  la  qualite,  Monfeigneur,  de  votre,  &c. 

PASCAL. 
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AVIS 

NeceJJairc  a tout  ceux  qui  auronl  curiojitc  dc  voir  la  Machine 
Arithmetiquc , et  dc  s' en  fervir. 


AMI  I.edteur : cet  avertiflement  fervira  pour  te  faire  favoir  que  j’expofe  an 
J V Public  une  petite  Machine  tie  mon  invention,  par  le  moyen  de  laquelle 
feule  tu  pourras,  fans  peine  quelconque,  faire  toutes  les  operations  de  l’Arith- 
metique,  et  te  foulager  du  travail  qui  t’a  fouventes  fois  fatigue  1’efprit,  lorfque 
tu  as  opcrd  par  le  jeton  ou  par  la  plume : je  puis,  fans  prefomption,  efperer 
qu'elle  ne  te  deplaira  pas,  apres  que  M.  Ie  Chancelier  l’a  honoree  de  fon  erfime, 
et  que  dans  Paris,  ceux  qui  font  le  mienx  verfes  aux  Matlicmatiques,  ne  l’ont 
pas  jugcc  indigne  de  leur  approbation.  Neanmoins,  pour  ne  pas  parotire  negli- 
gent a lui  faire  acqucrir  aufli  la  tienne,  j’ai  cru  etre  oblige  de  t’eclaircir  fur 
toutes  lcs  difficult^'  que  j’ai  eftimccs  capables  de  choquer  ton  fens,  lorfque  tu 
prendras  la  peine  de  la  confiderer. 

Je  ne  doute  pas  qu’apres  I’avoir  vue,  il  ne  tombc  d’abord  dans  ta  penfee  que 
je  devois  avoir  cxplique  par  ecrit,  et  fa  conftrudlion,  et  fon  ufage  ; et  que,  pour 
rendre  ce  difcours  intelligible,  j’etois  meme  oblige,  fuivant  la  methode  des 
Geomctres,  de  reprefenter  par  figures  les  dimenfions,  la  difpofition,  et  le  rapport 
de  toutes  les  pieces,  et  comment  chacune  doit  etre  placce  pour  compofer  I’in- 
ftrument,  et  mettre  fon  mouvement  en  fa  perfedtion.  Mais  tu  ne  dois  pas 
croire  qu’apres  n’avoir  epargne,  ni  le  temps,  ni  la  peine,  ni  la  depenfe  pour  la 
mettre  en  ctat  de  t’etre  utile,  j’eufle  neglige  d’employer  ce  qui  etoit  neceflaire 
pour  te  contenter  fur  cc  point,  qui  fcmbloit  manquer  a fon  accomplifiement,  li 
je  n’avois  die  empechd  de  le  faire  par  une  confederation  fi  puiflante,  que  j’efpere 
mcme  qu’elle  te  forcera  dc  m’cxcufer.  Oui,  j’efpere  que  tu  approuveras  que  je 
me  fois  abllenu  de  ce  difcours,  fi  tu  prends  la  peine  de  faire  reflexion  d’une 
part  fur  la  facilite  qu’il  y a d’expliquer  de  bouche,  et  d’entendre  par  une  brieve 
conference,  la  conltrudlion  et  l’ufa^e  de  cette  Machine ; et  d’autre  part  fur 
l’cmbarras  et  la  difficulte  qu’il  y cut  eu  d’cxprimer  par  ecrit  lcs  mcfures,  les 
formes,  les  proportions,  les  fituations,  et  le  furplus  des  proprietes  de  tant  de 
pieces  differentes.  Alors  tu  jugeras  que  cette  dodtrine  ell  du  nombre  de  cclles 
qui  ne  peuvent  etre  enfeignees  que  de  vive  voix  ; et  qu'un  difcours  par  ecrit  en 
cette  matiere  feroit  autant  et  plus  inutile  et  cmbarrafTant,  que  celui  qu’on  em- 
ploieroit  a la  defcription  de  toutes  les  parties  d’une  montre,  dont  toutefois  l’ex- 
plication  eft  fi  facile,  quand  elle  eft  faite  bouche  I bouche ; et  qu’appnrem- 
ment  un  tel  difcours  ne  pourroit  produire  d’autre  eftet  qu’un  infaillible  ddgout 
en  1'efprit  de  plufieurs,  leur  faifant  concevoir  mille  difficultes  ou  il  n’y  en  a 
point  du  tout. 

3 L 2 Maintenant, 
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Maintenant,  chcr  Lrfteur,  j’eftimc  qu’il  eft  neceflaire  de  t’avertir  que  je  pre- 
vois  deux  chofes  capables  de  former  quelques  nuages  en  ton  efprit.  Je  fail 
qu’il  y a nombre  de  perfonnrs  qtii  font  proieffion  de  trouver  a redire  par-tout, 
et  q I’entrc  ceux-!a  ii  pourra  s’en  trouver  qui  te  diront  que  cetre  Machine  pou- 
voit etre  moins  compofee  ; c’eft  la  la  premiere  vapeur  que  j’eftime  neceflaire 
de  diftlper.  Cette  proportion  ne  pent  t’enc  faite  que  par  certains  efprits  qui  ont 
veritabiement  quelque  connoifl'ancc  de  la  Mechanique  ou  de  la  Geometric, 
mais  qui,  pour  ne  les  favoir  joindre  l’une  a l'autre,  et  toutes  deux  enfemble  a 
la  Phyfiquc,  fe  ftattent  ou  fe  trompent  dans  leurs  conceptions  imaginaires,  et  fe 
perfuadcnt  poflibks  beaucoup  de  chofes  qui  ne  le  font  pas,  pour  ne  pofledcr 
qu’une  theorie  imparfaite  dcs  chofes  cn  general,  laquelle  n’eft  pas  fuffifante  de 
leur  faire  prevoir  en  particulier  les  inconvenients  qui  arrivent,  ou  de  la  part  de 
la  matiere,  ou  des  places  que  doivcnt  occuper  les  pieces  d’une  machine  dont 
ks  inouvements  font  diflcients,  afin  qu’ils  foient  libres  et  qu’ils  ne  puiflent 
s’empecher,  les  tins  les  autres.  Lots  done  que  ces  Savants  imparfaits  te  fouti- 
endront  que  cette  Machine  pouvoit  etre  moins  compofee,  je  te  conjure  de  leur 
faire  la  reponfe  que  je  leur  ferois  moi-me.ne,  s’ils  me  faifoient  une  telle  propo- 
rtion, ct  de  les  aflurer  de  ma  part  que  je  leur  ferai  voir,  quand  il  leur  plaira, 
plufieurs  autres  modeles,  et  m£me  un  inftrument  entier  et  parfait,  beaucoup 
moins  compofe,  dont  je  me  fuis  pnbliquement  fervi  pendant  fix  mois  entiers  ; 
et  ainfi  que  je  n’ignore  pas  que  la  Machine  ne  peut  etre  moins  compofee,  et 
particulierement  A j’culfe  voulu  inftituer  le  monvement  de  l’operation  par  la  face 
am£neure,  ce  qui  ne  pouvoit  etre  qu’avec  une  incommodite  ennuyeufc  et  in- 
fupportable,  au  lieu  que  maintenant  il  fe  fait  par  la  face  fuperieure  avec  toute 
k commodite  qu’on  fauroit  fouliaiter,  et  meme  avec  plaifir  : tu  kur  diras  auffi 
que,  mon  deflein  n’ayant  jamais  vik  qu’a  reduire  en  mouvement  regie  toutes  ks 
operations  de  PArithmetique,  je  me  fuis  en  nkme-temps  perfuade  que  mon 
dellcin  ne  kufliroit  qu’a  ma  propre  confufion,  fi  ce  mouvement  nktoit  Ample, 
facile,  commode  et  prompt  a l’execution,  et  que  la  Machine  ne  fur  durable, 
fblide,  et  meme  capable  de  fouffrir  fans  alteration  la  fatigue  du  tranfport ; et 
enfin  que  s’tls  avoient  autant  medite  que  mot  fur  cette  matiere,  et  pafle  par  tout 
)es  chemins  que  j’ai  fuivis  pour  venir  a mon  but,  l’cxperience  kurauroit  fait 
voir  qu'un  inftrument  moins  compofe  ne  pouvoit  avoir  toutes  ces  conditions  que 
j’ai  heureufement  donnees  a cette  petite  Machine. 

Car  pour  la  fimplicite  du  mouvement  des  operations,  j’ai  fait  en  forte  qu’en- 
cofe  que  les  operations  de  l’Arithmetique  foient  en  quelque  fafon  oppofees 
I'une  a l’autre,  corarac  1’addition  a la  foull raftion,  et  la  multiplication  a la  divi- 
fion,  neanmoins  elks  fe  pratiquent  toutes  fur  cette  Machine  par  un  fcul  et 
unique  mouvement. 

Pour  la  facility  de  ce  akme  mouvement  des  operations,  elle  eft  toute  ap- 
-parenre,  en  ce  qu’il  eft  auffi  facile  de  faire  niouvoir  mille  et  dix  milk  roues 
toutes  a la  fois,  fi  elks  y etoient,  quoique  toutes  aclievent  leur  mouvement  tres- 
parfait,  que  d’en  faire  mouvoir  une  fade,  (je  ne  fais  fi  apres  le  principe  fur 
iequel  j’ai  fonde  cette  facilite,  il  en  refte  un  autre  dans  la  Nature.)  Que  fi  tu 
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ireux,  outre  la  facilite  du  mouvement  de  l’operation,  favoir  quelle  eft  la  facilite 
de  l'opcration  mane,  c’eft-k-dire,  la  facilite  qu’il  y a en  l’operation  par  cette 
Machine,  tu  Je  peux,  fi  tu  prends  la  peine  de  la  comparer  avec  les  methodcs 
d’operer  par  le  jcton  et  par  la  plume.  Tu  fais  comme  en  operant  par  lejeton, 
le  Calculateur  (fur-tout  lorfqu’il  manque  d’habitude,)  eft  fouvent  oblige,  de 
peur  de  tombcr  en  erreur,  de  faire  une  longue  fuite  et  exteniion  de  jetons,  et 
comme  la  ncceffite  le  comraint  apres  d’abreger  et  de  relever  ceux  qui  fe  trou- 
vent  inutilcmcnt  etendus;  en  quoi  tu  vois  deux  peines  inutiles,  avec  la  pcrte  de 
deux  temps.  Cette  Machine  facilite  et  retranche  en  fes  operations  tout  ce  fuper- 
flu  j le  plus  ignorant  y trouve  autant  d’avantage  que  le  plus  exp6rimcntej  l’in- 
ftrument  Atpplee  au  defaut  de  I’ignorance  oo  du  peu  d’habitude  \ et  par  des 
mouvemcnts  necelTaires,  il  fait  lut  feul,  fans  mime  I’intention  de  cclui  qui  s’eu 
fert,  tous  les  abreges  poflibles  & la  Nature,  toutes  les  fois  que  les  nombies  s’y 
trouvcnt  ditpofcs.  Tu  fais  de  mime  comme  en  operant  par  la  plume,  on  eft  i 
tout  moment  oblige  de  retenir,  ou  d’cmpntnter  les  no  nbres  neccffaires,  et  com- 
bien  d’erreurs  fe  gliflent  dans  ces  retentions  et  emprunts,  a moins  d’une  tres- 
longuc  habitude,  et  en  outre  d’une  attention  profondc  et  qui  fatigue  l’efprit  en 
peu  de  temps.  Cette  Machine  ddlivre  celui  qui  opere  par  die,  de  cette  vexa- 
tion ; il  fuffit  qu’ii  ait  lejugement;  diet  le  releve  du  defaut  de  la  memoirc,  et 
fans  rien  retenir,  ni  emprunter,  elle  fait  d’elle  memc  ce  qu’il  defire,  fans  memc 
qu’il  y penfe.  11  y a cent  autres  facilites  que  1’ulage  fait  voir,  dont  le  difeours 
pourroit  £tre  ennuyeux. 

Quant  a la  commodite  de  ce  mouvement,  il  fuffit  de  dire  qu’il  eft  infenfible, 
allant  de  gauche  a droite,  et  imitant  notre  methodc  vulgaire  d’ccrirc,  fors  qu’il 
precede  circulaircment. 

Et  enfin  quant  a fa  promptitude,  elle  paroit  de  meme,  en  la  comparant  avee 
celle  des  autres  deux  methodes  du  jeton  et  de  la  plume  ; et  fi  tu  veux  encore 
une  plus  parfaite  explication  dc  fa  vitefle,  je  te  dirai  qu’elle  eft  parcille  1 l’ega- 
litc  de  la  main  de  cclui  qui  opere  : cette  promptitude  eft  fondee,  non  feulement 
fur  la  facilite  des  mouvements  qui  ne  font  aucune  refiftancc,  mais  encore  fur 
la  petitelTe  des  roues  que  Ton  meut  a la  main,  qui  fait  que  le  chemin  etant  plus 
court,  le  moteur  pent  le  parcourir  en  moins  de  temps;  d’ou  il  arrive  encore 
cette  commodity,  que  par  ce  moyen,  la  Machine  fe  trouvant  reduite  en  plus 
petit  volume,  elle  en  eft  plus  maniable  et  portative. 

Et  quant  i la  duree  et  foliditd  de  l’inftrument,  la  feulc  duretd  du  metal  dont 
il  eft  comp'off,  pourroit  en  donner  a quelque  autre  ia  certitude : mais  d’y 
prendre  une  alfurance  entiere,  et  la  donner  aux  autres,  je  n’ai  p£»  le  faire 
qu’apres  en  avoir  fait  l’experience,  par  le  tranfport  de  l’inftrument  durant  plus 
de  deux  cents  cinquante  lieues  de  chcmin,  fans  aucune  alteration. 

Ainii,  cher  Ledleur,  je  te  conjure  encore  une  fois  de  ne  point  prendre  pour 
imperfedtion  que  cette  Machine  foit  compofee  de  tant  de  pidees,  piuique  fans 
cette  compofition,  je  ne  pouvois  lui  donner  toutes  les  conditions  ci-dcvart  de- 
duites,  qui  toutefois  lui  dtoient  toutes  ndceffaircs ; en  quoi  tu  pourras  rcm.tr. 
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quer  tine  efpcce  dc  paradoxe,  que,  pour  rendre  le  mouvement  dc  1’operation 
plus  funple,  il  a fallu  que  la  Machine  ait  etc  conftruite  d’un  mouvement  plus 
com  pole. 

La  feconde  caufe  que  je  prevois  capable  de  tc  donner  de  l’ombrage,  ce  font, 
cher  Lecteur,  les  mauvaifes  copies  de  ccite  Machine  qui  pourroient  etre  pro- 
duites  par  la  prefomption  des  Aitifans  : en  ces  occalions,  je  tc  conjure  d’y  por- 
ter foigneufement  l’efprit  de  diftinftion,  te  garder  de  la  furprife,  diftinguer  cn- 
tre  la  copie  et  la  copie,  et  ne  pas  juger  des  veritables  oiiginaux,  par  les  pro- 
duiflions  imparfaites  dc  1’ignorance  et  de  la  temferite  des  Ouvriers  : plus  ils  font 
excellents  en  ltur  Art,  plus  il  eft  a craindre  que  la  vanite  ne  les  enleve  par  la 
perfuafion,  qu’ils  fe  donnent  trop  let  e emerit,  d'etre  capables  d’entreprendre  et 
d’executer  d'eux-memes  des  ouvragei  nouveaux,  defquels  ils  ignorent,  et  les 
principcs,  et  les  regies  j puis,  emvres  de  cette  faulfe  perfuafion,  ils  travaillent 
en  taconnant,  e'eft-a-dire,  fans  melures  certaines  et  fans  proportions  reglees  par 
art : d’oft  il  arrive  qu’apres  bcaucoup  de  temps  et  de  travail,  ou  ils  ne  produi- 
lent  rien  qui  revienne  a cc  qu'ils  ont  entrepris;  ou,  au  plus,  ils  font  parottre 
un  petit  monftre  auquel  manquent  les  principaux  membres,  les  autres  elant  in- 
formes et  fans  aucune  proportion  : ces  imperfeftions  le  rendant  ridicule,  ne  man- 
quent jamais  d’attirer  le  mepris  de  tous  ceux  qui  le  voient,  defquels  la  plOpart 
rejettent,  fans  raifon,  la  faute  fur  ctlui  qui,  le  premier,  a eu  la  penfee  d’une 
telle  invention  ; au  lieu  de  s’en  eclaircir  avee  lui,  et  puis  blamer  la  prefomption 
de  ces  Artifans,  qui,  par  une  faulle  hardieffe  d’ofer  entreprendre  plus  que  leurs 
fembhbles,  produifent  ces  inutiles  avortons.  Il  importc  au  Public  de  leur  faire 
connoitre  leur  foiblefTe,  et  leur  apprendre  que,  pour  les  nouvelles  inventions,  il 
faut  neceflairement  que  I'Art  foit  aide  par  la  theorie,  julqu’a  ce  que  l’ufagc  ait 
rendu  les  regies  de  la  thdoric  fi  communes,  qu’il  les  ait  enfin  reduites  en  art,  et 
que  le  continuel  exercice  ait  donne  aux  Artifans  l’habitude  de  fuivre  et  prati- 
quer  ces  tegles  avec  affurance.  Et  tout  ainfi  qu'il  n’etoit  pas  en  mon  pouvoir, 
avec  route  la  theorie  imaginable,  d’executer  moi  feul  mon  propre  delfein,  fans 
l’aide  d’un  Ouvricr  qui  polled  at  parfaitement  la  pratique  du  tour,  de  la  lime,  et 
du  marteau,  pour  reduire  les  pieces  de  la  Machine  dans  les  mefures  et  propor- 
tions que  par  les  regies  de  la  theorie  je  lui  preferivois:  il  eft  de  mfrne  ablotu- 
ment  impoffible  a tous  les  fimples  Artifans,  fi  habiles  qu’ils  foient  en  leur  Art, 
de  mettre  en  perftdHon  une  pi6ce  nouvelle  qui  confifte,  comme  celle-ci,  en 
mouvements  compliques,  fans  l’aide  d’une  perfonne  qui,  par  les  regies  de  la 
theorie,  lui  donne  les  mefures  et  les  proportions  de  toutes  les  pieces  dont  elle 
doit  eire  compofee. 

Cher  Lecftcur,  j’ai  fujet  particulier  de  te  donner  ce  dernier  avis,  apres  avoir 
vfl  de  mes  yeux  une  faufle  execution  de  ma  penfee,  faite  par  un  Ouvricr  de  la 
ville  de  Rouen,  Horloger  dc  profeflion,  lequel,  fur  le  fimple  r£cit  qui  lui  fut 
fait  de  mon  premier  tnodele,  que  j’avois  fait  quelques  mois  auparavanr,  eut  alfez 
de  hardielfe  pour  en  entreprendie  un  autre,  et,  qui  plus  eft,  par  une  autre 
elpece  de  mouvement  j mais,  comme  le  bon  homme  n’a  autre  talent  que  celui 
de  manier  adroitement  fes  outils,  et  qu’il  ne  fait  pas  fculcment  ft  la  Geometric 
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Ct  la  Mcchaniqoe  font  au  monde  : auffi  (quoiqu’il  foit  tres-habile  en  fon  Art,  et 
memo  trcs-induftrieux  en  plufieurs  chofcs  qui  n’en  font  point)  ne  fit-il  qu’une 
piece  inutile,  propre  veritaOSement,  polie  ec  tres-bien  lirnee  par  le  dehors,  mais 
tellcment  imparfaile  au-dedans,  qu'elle  n’eft  d’aucun  ufage.  Toutefois  a caufe 
ft ulement  de  fa  nouveaute,  elle  ne  fut  pas  fans  eftime  parmi  ceux  qtii  n’y  con- 
noiflent  l ien,  et,  nonobftant  tous  les  defauis  eflcnticls  que  1’epreuvc  y fit  recon- 
noitre, ne  laifla  pas  de  irouver  place  dans  le  Cabinet  d’un  Curieux  de  la  meme 
Viile,  rempli  de  plufieurs  auttes  pieces  rares  ct  ingenieufes.  L’afpeft  de  cc 
petit  avorton  me  deplut  au  dernier  point,  et  refroidit  tellement  I’ardeur  avec 
laquelle  jc  faifois  alors  travailler  a I’accompliffement  de  mon  niodele,  qu  a I’in- 
ftant  meme  je  donnai  conge  it  tons  mes  Ouvriers,  refolu  de  quitter  enticement 
mon  entreprile,  par  la  jufte  apprehenfion  queje  conqus  qu’une  pareille  hardielfe 
ne  piit  it  plufieurs  autres,  et  que  les  fauffes  copies  qu’ils  pouvoient  produirc 
dc  cctte  nouvelle  penfee,  n’en  ruinallent  l’cftime  des  la  naifiance,  avec  1’utilite 
que  le  Public  pouvoit  en  recevoir.  Mais  quelque  temps  apres,,  M.  le  Chance- 
lier  ayant  daigne  honorer  de  fa  vue  mon  premier  module,  et  donner  le  temoi- 
gnage  de  I’eftnne  qu'il  faifoit  de  xette  invention,  me  fit  commandement  de  la 
mettre  en  fa  perfection;  et,,pour  diffiper  la  crainta  qui  m’avoit  retenu  quelque 
temps,  il  Ini  plut  de  retrancher  le  ntal  des  fa  racine,  ct  d’empecher  le  conrs 
qu’il  pouvoit  prendre  au  prejudice  de  ma  reputation  et  au  defavantage  du  Pub- 
lic, par  la  grace  qu’il  me  fit  de  m’accorder  un  Privilege,  qui  n’eft  pas  ordinaire, 
et  qui  etouffe  avanr  leur  naiflance  tous  ccs  avortons  illcgitimes  qui  pourroient 
£tre  engendres  d’ailleurs  que  de  la  legitime  et  neceflaire  alliance  de  la  Theorie 
avee  l’Art. 

Au  refte,  -ft  quelquefois  tu  as  excrce  ton  efprit  a 1’invcntion  des  Machines,  je 
n’aurai  pas  grande  peine  a te  perfuader  que  la  forme  de  l’inftrument,  en  I’etat 
oil  il  eft  a prefent,  n’eft  pas  le  premier  effet  de  (’imagination  que  j'ai  eue  fur  ce 
fujet : j’avois  commence  1’exccution  de  mon  projet  par  tine  marche  tres-diffe- 
rente  de  celle-ci,  ct  en  fa  matiere,  et  en  fa  forme,  laquelle  (bien  qu’en  etat  de 
fatisfairc  a plufieurs)  ne  me  donna  pas  pourtant  la  fatisfadion  entiere,  ce  qui  fit 
qu’en  la  corrigeant  peu  a peu,  j’en  fis  infenfiblement  une  feconde,  en  laquelle,’ 
rencontrant  encore  des  inconvenients  queje  ne  pus  fouffrir,  pour  y apporter  le 
remedc  j’en  compofai  une  troifiCme,  qui  va  par  rellbris,  et  qui  eft  tres-fimplc 
en  fa  conftrudion.  C’eft  celle  de  laquelle,  comme  j’ai  deja  dit,  jc  me  fuis  fervi 
plufieurs  fois,  au  vu  et  lu  d’une  infinite  de  perfonnes,  et  qui  eft  encore  en  dcat 
de  fervir  autant  que  jamais.  Cependant  en  la  perfedionnant  toujours,  jc  trouvai. 
des  raifons  de  la  changer;  et  enfin  reconnoiflant  dans  toutes,  ou  de  la  difficult^ 
d’agir,  ou  de  la  rudefle  aux  mouvements,  ou  de  la  difpofition  a fe  corrompre 
trop  facilemcnt  par  le  temps  ou  par  le  tranfport,  j’ai  pris  la  patience  de  faire 
jufqu’a  plus  de  cinquante  modeles,  tous  differents,  les  uns  de  bois,  les  autres 
d’ivoirc  et  d’ebene,  el  les  autres  de  cuivre,  avant  que  d’etre  venu  a l’accomplif- 
fement  de  la  Machine  que  maintenantje  fais  paroitre,  laquelle,  bien  que  com* 
pofee  de  tant  de  petites  pieces  differentes,  comme  tu  pourras  voir,  eft  toutefois 
tellement  folide,  qu’apres  1’experiencc  dont  j’ai  parle  ci-devant,  j’ofe  te  donner 
affu  ranee  que  tous  les  efforts  qu’elle  pourroit  recevoir  en  la  tranlportant  fi  loin 
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que  tu  voudras,  ne  fauroient  la  corrompre,  ni  lui  faire  fouffrir  la  moindre  al- 
teration. 

Enfin,  cher  Le&eur,  maintenant  que  j’eftime  l’avoir  mife  en  etat  d’etre  vue» 
ct  que  metric  tu  peux,  fi  tu  en  as  la  curiofitc,  la  voir  et  t’en  fervir,  je  te  pric 
d’agieer  la  liberte  que  je  prends  d’efp£rer  que  la  feule  penfee  a trouver  unc 
troilieme  methode  pour  fairc  toutes  les  operations  arithmetiques,  totalement 
nouvelle,  et  qui  n’a  ricn  de  commun  avec  les  deux  methodcs  vulgaires  de  la 
plume  et  du  jeton,  recevra  de  toi  quclque  eltime ; et  qu’en  approuvant  le  deflcin 
que  j’ai  eu  de  te  plaire  en  te  foulageant,  tu  me  fauras  gre  du  foin  quej’ai  pris 
pour  faire  que  toute's  les  operations  qui,  par  les  precedentes  methodes,  font 
penibles,  compofecs,  longues  et  peu  ccrtaines,  deviennent  faciles,  fimples, 
promptes  et  allurees. 


LETTRE  DE  PASCAL 

i 

A 

LA  REINE  CHRISTINE, 

En  lui  envoy  ant  la  Machine  Arithm'etique. 


MADAME, 

SI  j’avois  autant  de  fame  que  de  zele,  j’irois  moi-mcme  prefenter  & Votre 
Majeft6  un  Ouvrage  de  plulieurs  annees,  que  j’ofc  lui  offrir  de  fi  loin;  et 
je  ne  fouffrirois  pas  que  d'autres  mains  guc  les  miennes  euifent  l’honneur  de  le 
porter  aux  pieds  de  la  plus  grande  Princefle  du  monde.  Cet  Ouvrage,  Ma- 
dame, eft  une  Machine  pour  faire  les  regies  d’Aruhroeiique  fans  plume  et  fans 
jetons.  Votre  Majefte  n’ignore  pas  la  peine  et  le  temps  que  coutent  les  pro. 
duftions  nouvelles,  fut-tout  lorfque  les  inventeurs  veuient  les  porter  eux-memes 
a la  derniere  perfedion : e’eft  pourquoi  il  feroit  inutile  de  dire  combien  il  y a 
que  je  travaille  a celie-ci ; et  je  ne  pourrois  mieux  I’expriraer  qu’en  difant,  que 
je  m’y  fuis  attache  avec  autant  d’ardeur,  que  fi  j’euffe  pr6vu  qu’elle  devoit  pa- 
roltre  un  jour  devaat  une  perfonne  fi  augufte.  Mais,  Madame,  ft  cet  honneur 
n’a  pas  etc  le  veritable  motif  de  mon  travail,  il  en  fera  du  moins  la  recom- 
penfe;  et  je  m’eftimerai  trop  heureux,  fi,  a la  fuite  de  tant  de  veilles,  il  pent 
donner  a Votre  Majefte  une  fati&fadion  de  quelques  moments.  Je  n’importune- 
rai  pas  non  plus  Votre  Majefte  du  particular  de  ce  qui  compofe  cette  Machine : 
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fi  elle  en  a quelque  curiofite,  cllc  pourra  fc  contcnter  dans  un  Difcours  * que 
j’ai  adreflS  a M.  de  Bourdelot'  -}- ; j’y  ai  touche  en  pen  de  mots  tome  l’hiftoire 
de  Cet  Ouvrage,  l’objet  de  fon  invention,  I’occafion  de  fa  recherche,  l'utilite  de 
fes  reflorts,  les  difficulty  de  fon  execution,  les  degres  de  fon  progres,  le  fucces 
de  fon  accompliflement  et  les  regies  de  fon  ufage.  Je  dirai  done  feulement  ici 
le  fujet  qdi  me  pone  a l’offrir  a Votre  Majefle,  ce  que  je  con  fid  ere  comme  le 
couronnement  et  le  dernier  bonheur  de  fon  aventure.  Je  fais,  Madame,  que  je 
pourrai  etre  fufpect  d’avoir  recherche  de  la  gloire,  en  ie  prefentant  a Votre  Ma- 
jefte,  puifqu’il  ne  fauroit  pafler  que  pour  extraordinaire,  quand  on  verra  qu’il 
s'adrefle  a elle  ; et  qu’au  lieu  qu’il  ne  devroit  lui  Sire  offert  que  par  la  confid£- 
ration  de  fon  excellence,  on  jugera  qu’il  eft  excellent,  par  cette  feule  raifon 
qu’i!  lui  eft  offert.  Ce  n’eft  pas  n6anmoins  cette  efpcrance  qui  m’a  infpire  un 
tel  deflein.  II  eft  trop  grand,  Madame,  pour  avoir  d’autre  objet  que  Votre 
Majeftd  m<?me.  Ce  qui  m’y  a veritablement  porte,  eft  l’union  qui  fe  trouve 
en  fa  Perfonne  facrce,  de  deux  chofes  qui  me  comblent  egalement  d'admiration 
ct  de  refpefl,  qui  font  l’autorite  fouveraine  et  la  fcience  folide.  Car  j’ai  line 
veneration  tome  particuliere  pour  ceux  qui  font  eleves  au  fupreme  degre,  ou  de 
puilfance,  ou  de  cohnoiflances.  Les  derniers  peuvent,  fi  je  ne  me  trompe, 
aufli-bien  que  les  premiers,  pafl'er  pour  des  Souverains.  Les  mcmes  degr£$  fe 
rencontrent  entre  les  Genies  qu'entre  les  conditions : ct  le  pouvoir  des  Rois  fur 
leurs  Sujets  n’eft,  ce  me  femble,  qu’une  image  du  pouvoir  des  efprits  fur  les 
efprirs  qui  leur  font  inftJricurs,  fur  lefquels  ils  exercent  le  droit  de  perfuader ; ce 
qui  eft  parmi  eux  ce  que  le  droit  de  commander  eft  dans  le  gouvernement  po- 
litique. Ce  fecond  empire  me  parolt  m£me  d’un  ordre  d’autant  plus  elev6, 
que  les  efprits  font  d’lin  ordre  plus  elevc  que  les  corps ; ct  d’autant  plus  equita- 
ble, qu’il  ne  pent  etre  departi  et  conferve  que  par  le  merite,  au  lieu  que  l’au- 
tre  pent  l’etre  par  la  naiflance  ou  par  la  fortune.  II  faut  done  avouer  que 
chacun  de  ces  empires  eft  grand  en  foi ; mais,  Madame,  que  Votre  Majcfte 
me  permette  de  Ie  dire,  elle  n’v  eft  pas  bleflee ; I’un  fans  l’autre  me  parole  de- 
feftueux.  Quelque  puift'ant  que  foit  un  Monarque,  il  manque  quelque  chofe  a 
fa  gloire,  s’il  n'a  la  preeminence  de  l’efprit ; ct  quelque  cclairc  que  foit  un 
Sujet,  fa  condition  eft  toujours  rabaiflee  par  fa  dependance.  Les  homines  qui 
defirent  naturellement  ce  qui  eft  le  plus  parfait,  avoient  jufqti’ici  continuelle- 
ment  alpire  a rencontrcr  cc  Souverain  par  excellence.  Tous  les  Rois  et  tous 
les  Savants  cn  ctoient  autant  d’ebauches,  qui  ne  rcmpUflbient  qti’i  demi  leur 
attente ; ce  chef-d'ccuvre  etoit  referve  a notre  fiecle.  Et  afin  que  cette  grande 
merveille  pariit  accompagnee  de  tous  les  fujets  poftibles  d’etonnement,  le  degre 
ou  les  hotnmes  n’avoient  pu  attcindre,  eft  rempli  par  unc  jeune  Heine,  dans 
laquellc  fe  lencontrent  eniemble  l’avantage  de  1’expirience  avec  la  tendrclfe  de 
Page  ; le  loifir  de  l’etudc  avec  l’occupation  d’une  royale  naiflance  ; et  Imminence 
dc  la  fcience  avec  la  foiblefle  du  lexe.  C’tft  Votre  Majcfte,  Madame,  qui 

* Cc  l>ifcours  parolt  etre  cclui  dc  la  page  1 2 ci-dcflus,  avec  quel  ques  additions  qu'on  n*a  pu  rctrouver. 

f Ml  deem  de  la  Reine  Chrlltine. 
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fournii  a l’Univers  cec  unique  exemple  qui  lui  manquoit  ; c’cft  c!le  en  qui  lx 
puifTance  eft  difpenfee  par  les  lumieres  de  la  fcience,  et  la  fcience  rdev6e  par 
l’eclat  de  I’autoriti.  C'tft  cette  union  fi  mcrveilleufe,  qui  fait  quc  comme  Vo- 
tre  Majefte  ne  voit  rien  qui  foit  au-deflus  de  fa  puifiance,  die  ne  voit  rien  aufli' 
qui  foit  au-dcfliis  de  fon  cfprit;  et  qu’elle  fera  Pad  mi  ration  de  tons  les  fiedcs. 
Regnez  done,  incomparable  Princelle,  d’une  manierc  toutc  nouveile ; quc  vo- 
tre  genie  vous  aflujettifle  tout  cc  qui  n’eft  pas  foumis  a vos  arnica:  regnez  par 
le  droit  de  la  naiftancc,  par  line  longue  fuite  d’ann£rs,  fur  taut  de  iiiomphantes 
Provinces;  mais  regnez  101  jours  par  la  force  de  votre  meritc  fur  toute  l’eten- 
duc  de  la  terre.  Pour  moi,  n’eiant  pas  ne  fous  lc  premier  de  vos  Empires,  je 
veux  quc  tout  le  monde  fache  quc  je  fais  gloire  de  vivi  e fous  le  fecond  ; et  e’eft. 
pour  le  temoigner,  quej’ofe  lever  les  yeux  jufqu’a  ma  Reine,  cn  lui  donnant 
cette  premiere  preuve  de  ma  dependance.  Voiia,  Madame,  ce  qui  me  porte 
a faire  a Votre  Majefte  ce  preftnr,  quoiqu’indignc  d’clle.  Ma  foiblefle  n’a  pas 
arrete  mon  ambition.  Je  me  fuis  figure,  qu’encorc  que  le  feul  nom  de  Votre 
Majefte  femble  eloigner  d’elle  tout  ce  qui  lui  eft  difpeoportionne,  die  ne  re- 
jette  pas  ncanmoiits  tout  ce  qui  lui  eft  tnfcrieur  •,  autrcmeni  fa  grandeur  feroit 
Ians  hommages,  et  fa  gloire  fans  doges.  Elle  fe  contente  de  rccevoir  un  grand 
effort  d’cfprit,  fans  exiger  qu’tl  foit  l’cffort  d’un  efprit  grand  comrnc  le  fien. 
C’eft  par  cette  condefccndance  qu’elle  daigne  entrer  en  communication  avec  lc 
refte  des  horames  : et  toutes  ces  conlidcrations  jointes,  me  font  lui  proicfter 
avec  toute  la  foumiffion  done  Pun  dcs  plus  grands  admirateurs  de  fes  hcroVques 
qualites  eft  capable,  que  je  ne  fouliaite  rien  asec  tant  d’ardeur  que  de  pouvoir 
etre  adopte,  Madame,  dc  Votre  Majefte,  pour  fon  ties  humble,  tres-oWiflant 
et  tres*fidele  ferviteur, 

BLAISE  PASCAL, 
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PRIVILEGE  DU  ROI, 

POUR 

LA  MACHINE  A R I T H M E T I Q U E. 


T O U I S,  par  la  grace  de  Dicu,  Roi  de  France  et  de  Navarre,  &c. ; Salur. 

— ' Notre  tres-cher  ct  bien-ame  le  Sicur  Pascal  nous  a fait  remontrcr,  qu’a 
l’imication  du  Sieur  Pafcal,  fon  pere,  notre  Confeiller  en  nos  Confeils,  et  Pre- 
fident  en  notre  Gourdes  Aides  d’Auvergne,  il  auroit  eu,  des  fes  plus  jeunes 
annees,  une  inclination  particuliere  aux  Sciences  Mathf  matiques,  dans  lelquelles, 
par  fes  etudes  et  fes  obfervations,  il  a invente  plufieurs  chofes,  et  particuliere- 
ment  une  Machine  par  le  moyen  de  laquelle  on  pent  faire  toutes  fortes  de  fup- 
putations,  additions,  foudradions,  multiplications,  divifions,  et  toutes  les  autres 
regies  arithmeiiques,  tant  en  nombres  entiers  que  rompus,  fans  fc  fervir  de 
plume,  ni  jetons,  par  une  methode  beaucoup  plus  Ample,  plus  facile  a apprendre, 
plus  prompte  a I’execution,  et  moins  penible  a l'efprit  que  les  autres  fa<jons  de 
calculer  qui  ont  6tc  en  ufage  jufqu’a  prefent ; et  qui,  outre  ces  avantages,  a 
celui  d’etre  hors  de  tout  danger  d’erreur,  qui  ell  la  condition  la  plus  importante 
de  toutes  dans  les  calculs.  De  laquelle  Machine  il  auroit  fait  plus  de  cinquante 
modcles,  tous  diflercnts,  les  uns  compofes  de  verges  ou  lamines  droites,  d’au- 
tres de  courbes,  d’autres  avec  des  chaines,  les  uns  avec  des  rouages  concen- 
triques,  d’autres  avec  des  excentriqucs,  les  uns  ruouvants  en  ligne  droitc,  d’autres 
ciiculairement,  les  uns  en  cones,  d’autres  en  cylindrcs,  et  d’autres  tous  diffe- 
rents  de  ceux-la,  foit  pour  la  matiere,  foie  pour  la  figure,  foit  pour  le  mouve- 
ment  : de  toutes  lefquelles  manieres  difterentes,  l’invention  principale  et  le 
motivement  elfentiel  conliftent  en  ce  que  cliaque  roue  ou  verge  d’un  ordre 
faifant  un  motivement  de  dix  figures  arithmetiques,  fait  mouvoir  la  prochainc 
d’une  figure  feulement.  Apres  tous  lefqnels  eflais,  auxquels  il  a employe  beau- 
coup  de  temps  ct  de  frais,  il  leroit  enfin  arrive  a la  conllruflion  d’un  modele 
achevc  qui  a etc  recon nu  infuilliblc,  par  les  plus  defies  Mathematiciens  de  ce 
temps,  qui  l’ont  univerfellement  honore  de  leur  approbation,  et  ellime  tres-utile 
an  Public.  Mais  d'autant  que  ledit  inllrument  pent  etre  aifement  contrefait  par 
des  Ouvriers,  et  qu’il  ell  neanmoins  impofiiblc  qu’ils  parviennent  h l’executer 
dans  la  jullclle  ct  perfection  nccellaire  pour  s’en  lervir  utilement,  s'lls  n’y  font 
conduits  exprellcment  par  ledit  Pafcal,  ou  par  une  perfonne  qui  art 'une  entiare 
> 3 M 2 intelligence 
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intelligence  de  I ’art  i tice  tie  fon  mouvement,  il  feroit  a craindre  que  s’il  etoit 
permis  a tomes  fortes  de  perfonnes  de  tenter  d’en  conftruire  de  femblables,  ks 
tkfauts  qui  s’y  rcncontreroient  infailliblement  par  la  fante  des  Ouvrkrs,  ne  ren- 
dilfent  cette  invention  aulTi  inutile  qu’elle  doit  ctre  profitable  etant  bien  executee. 
C’eft  pourquoi  il  defireroit  qu’il  nous  plut  faire  defenfes  a tous  Anifans  et  au- 
tres  perfonnes,  de  faire  on  faire  faire  I edit  inftrumenc  fans  fon  confentement, 
nous  fuppliant  a cette  fin  de  lui  accorder  nos  Lettres  fur  ce  necefl'aires ; et  parce 
que  ledit  inftrument  eft  a prefent  a tin  prix  cxceflif,  qui  le  rend,  par  fa  cherte, 
cotnnie  inutile  au  Public,  et  qu’il  efpere  le  reduire  a moindre  prix  et  tel  qu’il 
puifie  avoir  cours,  cc  qu’il  pretend  faire  par  l’invemion  d’un  mouvement  plus 
fimplc  et  qut  opera  neanmoins  le  inc.ne  effet,  ii  la  recherche  duquel  il  travaille 
continuellemcnt,  et  en  y ftylant  pen  I peu  les  Ouvriers  encore  peu  habitues, 
lefquellcs  chofes  dependent  d’un  temps  qui  ne  peut  e.re  limite. 

A ces  caufes,  defirant  grad  tier  et  favorablement  trailer  ledit  Pafcal,  fils,  en 
cunlideration  de  fa  capactte  en  plufieurs  Sciences,  et  fur-tout  aux  Matlufma- 
tiques,  et  pour  1’exciter  d’en  communiqner  de  plus  en  plus  les  fruits  a nos  Su- 
jeis,  et  ayant  egard  au  notable  foulagement  que  cette  Machine  doit  apporter  1 
ceux  qui  one  de  grands  calculs  a faire,  et  £ raifon  de  I’excellence  de  cette  in- 
vention, nous  avons  permis  et  permettons  par  ces  prefentes  fignees  de  notre 
main,  audit  Sicur  Pafcal,  fils,  et  a ceux  qui  auront  droit  de  lui,  des-i-preleot 
et  a toujours,  de  faire  conftruire  ou  fabriquer  par  tels  Ouvriers,  de  telle  matiere 
ct  en  telle  forme  qu’il  avifera  bon  et  re,  en  tous  les  licux  de  notre  o bet  fiance, 
ledit  inftrument  par  lui  invente,  pour  compter,  calculer,  faire  toutes  additions, 
fouft rait ions,  multiplications,  divifions  et  autres  regies  d’arithmetique,  fans 
plume,  nijetons;  et  faifons  tres-exprefles  defenfes  a toutes  perfonnes,  Artifans 
et  autre;,  de  quclque  qualite  et  condition  qu’ils  foient,  d’en  faire,  ni  faire  faire, 
vendre,  ni  debiter  dans  aucun  lieu  de  notre  ubeiflance,  fans  le  confentement 
dudit  Sieur  Pafcal,  fils,  ou  de  ceux  qui  auront  droit  de  lui,  fous  pretexte  d’aug- 
mentation,  changemcnt  de  manure,  forme  ou  figure,  ou  diverfes  manieres  de 
s’tn  fervir,  foit  qu’ils  fuffent  compotes  de  roues  cxcetm  iques  ou  concenttiques, 
oil  paralleles,  de  veiges  ou  batons  et  autres  chofes,  ou  que  les  roues  fe  meuvent 
feulcment  d’une  part  ou  de  toutes  deux,  ni  pour  quelque  deguif'ement  que  cc 
puifie  etre,  me  ne  a tous  etrangers,  tanc  Marchands,  que  d’autres  profefiions, 
d’en  expofer,  ni  vendre  en  ce  Royatmic,  quoiqu’ils  euffent  ete  fails  hors  d’ice- 
lui  ; le  tout  Ik  peine  de  trois  milk  livres  d’amende,  payables  fans  deport  par 
cliactm  des  contrevcnant;,  et  applicable;,  un  tiers  a nous,  un  tiers  a l’HblelDieu 
de  Paris,  et  I’autre  tiers  audit  Sieur  Pafcal,  ou  a ceux  qui  auront  fon  droit  ; de 
confifcation  des  inftruments  contrefaits,  et  de  tons  depens,  dommages  et  in- 
terew.  Enjoignons  4 cet  effet  a tous  Ouvriers  qui  conftruiront  ou  fabriquerone 
lefdits  inftruments  en  vertu  des  prifentes,  d’y  faire  appofer  par  ledit  Sieur  Paf- 
cal, ou  par  ceux  qui  auront  fon  droit,  telle  comre-marque  qu’ils  auront  choifie, 
pour  temoigner  qu’ils  auront  vifite  lefdits  inftruments,  et  qu’ils  les  auront  re- 
connus  fans  defaut.  Voulons  que  tous  ceux  oil  ces  formalites  nc  feronc  pas 
gardees,  foiSnt  confifques,  et  que  ceux  qui  ks  auront  fails  ou  qui  cn  feronc 
• trouv£s 
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trouves  faifis,  foient  fujets  aux  peines  ct  amendcs  fufdites ; a quoi  ils  feront 
contraints  en  vertu  des  prefentes,  ou  de  copies  d’icclles  duemcnt  collationnees 
par  l’un  de  nos  ames  et  feaux  Confeillers-Secretaires,  auxquelles  foi  fera  ajoutee 
comme  a 1’original : du  contenn  duquel  nous  vous  mandons  que  vous  le  fafliez 
jouir  et  ufer  plei'nement  et  paifiblement,  et  ceux  auxquels  il  pourra  tranfporter 
fon  droit,  fans  fouffrir  qu’il  lcur  foit  donne  aucun  empechement.  Mandons  au 
premier  noire  Huidier  ou  Sergent  fur  cc  requis,  de  faire,  pour  l’execution  des 
prefentes,  tous  les  Exploits  neceflaires,  fans  demandcr  autre  permiflion.  Car 
tel  eft  notre  plaifir : nonobftant  tous  Edits,  Ordonnances,  Diclarations,  Arrets, 
Rdglements,  Privileges,  Statuts  et  confirmation  d’iceux,  Clameur  de  Haro, 
Charte  Normande,  et  autrcs  Lettres  a ce  contraires,  auxquelles  et  aux  deroga- 
tivcs  y contenues,  nous  d£iogeons  par  ccs  prefentes.  Donn6  a Compiegne,  le 
vingt  deuxieme  jour  de  Mai,  l'an  de  grace  mil,  fix  cent,  quarante-neuf,  et  de 
notre  regnc  le  feptieme. 

Signt,  LOUIS. 

Et  f'us  bus,  la  Reine  Regents,  fa  Mere,  pr<?fente. 

Par  le  Roi,  Pheltpeaux,  graiit. 

L’original  en  parchemin  fcellc  du  grand  Sceau  de  cire  jaunc. 


D ESC  R IP- 


Digitized  by  Google 


45* 


machine  arithmeti  o_u  e. 


DESCRIPTION 

i : ’ ' ' • 

; D E 


TA  AN  S la  Figure  i,  NOPR  eft  line  plaque  de  cuivre  qui  forme  la  furface 
fuperieure  de  la  Machine.  On  voil  a la  partic  inferieure  de  cette  plaque 
une  rangee  N O de  ccicles  Q_,  Q_,  Q^,  See.,  tous  mobiles,  amour  de  leuis 
centres  Qj  !e  premier  a la  drone  a dnuzc  dents;  !c  fecond  en  allant  de  droite 
a gauche  en  a vmgt;  et  tous  les  autres  en  ont  dix.  Lcs  pieces  qu’on  appenjoit 
cn  S,  S,  S,  &c,  et  qui  s’avancent  fur  lcs  dilques  des  cercles  mobiles  Q_,  Q^,  Q^, 
he.,  font  des  ciochios  on  artels,  qu’on  appellc  potences.  Ces  etochios  font  fixes 
et  immobiles  j ils  ne  potent  point  fur  les  cercles  qui  peuvent  fe  mouvoir  libre- 
ment  foils  leurs  pointes  ; ils  ne  fervent  qu'l  aricter  un  fly  let,  qu’on  appelle  Ji- 
refieur,  qu’on  tient  a la  main,  et  dont  on  place  la  pointe  emre  les  denis  des 
cercl  s mobiles  Q^,  Q_,  Q,  he.,  pour  les  faire  tout  tier  dans  la  direflitm  6,  5, 
4,  3,  &c,  quand  on  fe  lert  de  la  Machine. 

I • 

* Ceite  excellentc  Dcfcription  eft  tir£c  du  premier  Volume  de  1’ Encyclopedic.  La  Machine  dont 
i!  s’aj'it  riant  aujautd’luii  ptu  coiiouc,  et  millcmcnt  rn  ufage,  lc  feul  muyen  d’rn  donner  une  id6e 
(uffilamc  au  Lcde-ur,  cloit  de  la  dccrirc  ; les  laifoiu  que  Pal  cal  a allrguccs  ci -Urdus  pour  fedifpenfer 
lui-n.eme  dc  cy  Uavail,  o'ont  plus  lie  u. 
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On  voit  (Fig.  2.)  la  Machine  entiere.  On  a decouvert  la  roue  d<s  deniers, 
pour  faire  voir  reflet  de  ceue  roue  fur  les  autres.  11  en  eft  dfi  mcme  pour  i’eflcc 
de  toute  autre  roue.  . <j  . , i : ' 

F>1-  3- 


II  eft  evident,  par  le  nombre  dcs  dents  des  cercles  mobiles  Q_,  Q^,  Q_,  &c, 
que  le  premier  a droite  marque  les  deniers;  !c  fecond  en  allant  de  droite  a 
gauche,  les  fous  ; le  troifieme,  les  unites  de  livres ; le  quatricme,  lesdixaines; 
le  cinquiime,  les  centaines  ; le  fixiemc,  les  mille  ; le  feptieme,  les  dixaines  de 
mille;  le  huitieme,  les  centaines  de  mille  : et  quoiqu'il  n’y  en  ait  que  huit,  on 
auroit  pu,  en  agrandiflant  la  Machine,  poulfer  plus  loin  le  nombre  de  fes 
cercles. 

La  ligne  Y Z eft  une  rangee  de  irons,  a travers  lefquels  on  apperqoit  des 
chiflres.  Les  chiflres  appeifus  ici  font  436,809  I.  15  s.  lod. ; mais  on  verra  par 
la  fuile  qu’on  peut  en  faire  paroitre  d’autres  1 dilcrction  par  les  mcmes  ouvtr- 
tures. 

La  bande  P,  R,  eft  mobile  de  bas  en  haitt ; on  peur,  en  la  prenint  par  fes 
extremity  P,  R,  la  faire  defeendte  fur  la  rangee  des  ouveriures  436,809!.  15s. 
xod.  qu’elle  couvriroit : mais  alors  on  appercevroit  une  autre  rangee  parallele 
de  chiflres  a travers  des  trous  places  dire&ement  au-deflus  des  premiers. 

La  mcme  bande  P,  R porie  de  petites  roues  gravecs  de  pluficurs  chiflres, 
toutes  avec  une  aiguille  au  centre,  a laquelle  la  petite  roue  fert  de  cadran  : 
chacunc  de  ccs  roues  porte  autant  de  chiflres  que  ks  cercles  mobiles  Q_,  Q.,  Qj 
&c,  auxqutls  clles  correlpondent  pcrpendicuiairemcnt.  Ainfi  Vi  pone  Uouze 
chiflres,  ou  plutot  a douze  divilions  ; V 2 en  a vingt ; V 3 en  a dix  ; V4  drx, 
et  ainfi  de  fuite. 
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ABCD  (Fig.  3.)  eft  une  coupe  verticale  de  la  Machine.  tQjz  reprefenre 
un  des  cercles  mobiles  Q_de  la  Fig.  1 j ce  cercle  entraine  par  fon  axe  Qj  la 
roue  Si  chevilles  4,  5.  Les  chevillcs  de  la  roue  4,  5 font  mouvoir  la  roue  b,  7, 
la  roue  8,  9,  et  la  roue  10,  11,  qui  font  toutes  fixees  fur-un  meme  axe. 
Les  chevilles  de  la  roue  io,  II,  engrenent  dans  la  roue  12,  13,  et  la  font  mou- 
voir,  et  avec  elle  le  barillet  14,  15. 

Sur  le  barillet  14,  15  font  tracees  l’une  audeffus  de  l’autre,  deux  rangees  de 
chiffres  de  la  manicre  qu’on  va  dire.  Si  1’on  fuppofe  que  ce  barillet  foil  celui 
de  la  tranche  des  deniers,  foicnt  traces  les  deux  rangees  : 

o,  11,  io,  9,  8,  7,  6,  5,  4,  3,  2,  1, 

11,  o,  i,  2,  3,  4,  5,  6,  7,  8,  9,  10. 

Si  le  barillet  14,  13,  eft  celui  de  la  tranche  des  fous,  foient  tracees  les  deux 
rangees : 

o,  19,  18,  17,  16,  13,  14,  13,  12,  ii,  to, 


Si  le  barillet  14,  15,  eft  celui  de  la  tranche  des  unites  de  livres,  foient  tracees 
les  deux  rangees : 

o,  9,  8,  7,  6,  5,  4,  3,  2,  1. 

9,  o,  1,  2,  3,  4,  3,  6,  7,  8. 

11  eft  evident,  i°,  que  e’eft  de  la  rangee  inferieure  des  chiffres  traces  fur  les 
barillets,  que  quelques-uns  paroilfcnt  a travers  les  ouvertures  de  la  ligne  Y Z 
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(Fig.  i.)  et  que  ceux  qui  paroltroient  a travers  lcs  ouvcrtures  couvertes  dc  la 
bande  mobile  P,  R,  font  de  la  rangee  fuperieure. 

2°.  Qu’en  tournant  (Fig.  i.)  le  cercle  mobile  Q,  on  arretera  fous  une  des 
ouvertures  dc  la  ligne  Y Z,  tel  chiflre  que  l’on  voudra ; et,  que  1c  chiflre  rc- 
tranchd  de  1 1 fur  le  bardlet  des  deniers,  donnera  celui  qui  lut  corrcfpond  dans 
la  rangee  fupdrieure  des  deniers  ; retranche  de  19  fur  le  bardlet  des  fous,  il  don- 
nera celui  qui  lui  correfpond  dans  la  rangee  fuperieure  des  fous ; retranche  de 
9 fur  le  bardlet  des  unites  de  livres,  il  donnera  celui  qui  lui  correfpond  dans  la 
rangee  fuperieure  des  unites  de  livres,  et  ainfi  de  fuite. 

30.  Que  parcillement  celui  de  la  bande  fuperienre  du  bardlet  des  deniers 
retranche  de  1 1,  donnera  celui  qui  lui  correfpond  dans  la  rangee  inferieure,  &c. 

La  piece  ab  c d efghikl,  qu’on  entrevoit  (memc  Figure  3.),  eft  cede  qu’on 
appelle fautoir.  Il  eft  important  de  bien  en  confiderer  la  figure,  la  pofition  et 
lejeu;  car  fans  une  connoiflimce  tres-exafle  de  ces  trois  chol'es,  il  ne  faut  pas 
efperer  d’avoir  une  idee  precife  de  la  Machine.  Audi  avons-nous  repete  cette 
piece  en  quatre  figures  diflerentes.  abcdefgbikl  (Fig.  3.)  eft  1c  fautoir, 
commc  nous  venons  d’en  avertir  : 12345678  xyT  zu  l’eft  aufii  (Fig.  4.)  ; 
ct  123456789  l’eft  encore  (Fig.  6.)  Voycz  egalemcnt  la  Fig.  5. 


Le  fautoir  (Fig.  3.)  a deux  anneaux  ou  portions  de  douilles,  dans  lefquelles 
pafie  la  portion  fk  et  gl  de  Paxe  de  la  roue  it  chevilles  8,  9 ; il  eft  mobile  fur 
cette  partie  d’axe.  Le  fautoir  (Fig.  4.),  a une  concavite  ou  partie  echancree 
3,  4,  5 ; un  coude  p,  pratique  pour  laifler  palfer  lcs  chevilles  attachees  a la 
roue  8,  9 ; deux  anneaux  dont  on  voit  un  en  €,  l’autte  eft  couvert  par  une 
portion  de  la  roue  6,  7 ; en  2,  une  cfpece  de  coulifle  dans  laquellc  le  cliquct 
1,  2,  eft  fufpendu  par  le  tenon  2,  et  prefle  par  un  reflort  entre  lcs  chevilles  dc 
la  roue  8,  9.  Ce  reffort  eft  reprefente  par  zu ; en  appuyant  fur  le  talon  du 
cliquer,  d poufi’e  fon  extremite  t entre  lcs  chevilles  de  la  roue  8,  9. 

Vol.  IV.  3 N Fig.  5. 
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On  3 reprefente  (Fig-  5.)  le  fautoir  avcc  tous  fes  developpements,  pour  en 
faire  mieux  fentir  la  figure  et  le  jcu.  Comparez  cette  figure,  Iettre  a lettre, 
avec  la  figure  4. 

Ce  qui  precede  bien  entendu,  nous  pouvons  pafler  au  jeu  de  la  Machine. 
Soir  (Fig.  3.)  le  cercle  mobile  1Q.2,  mu  dans  la  direction  iQj!  : la  rone  ^ 
chevilles  4,  5,  fera  muc,  er  la  roue  a chevillcs  6,  7 ; et  (Fig.  6.)  la  roue  VII I, 
IX,  car  e’eft  la  meme  que  la  roue  8,  9 de  la  Fig.  3.  Cette  roue  VIII,  IX  fera 
mue  dans  la  direction  VIII,  Vrl II,  IX,  IX.  La  premiere  de  fes  deux  chevilles 
r,  s,  entrera  dans  l’echancrure  du  fautoir  ; le  fautoir  continuera  d'etre  cleve,  a 
l’aide  de  la  feconde  chevillc  s.  Dans  ce  mouvement,  l’extrcmitc  nducliquet 
fera  entraineej  et  fe  trouvant  a la  hauteur  de  l’cntre-deux  de  deux  chevilles 
immediat.ement  fup6rieur  a celui  ou  elle  etoit,  elle  y fera  poulfee  par  le  reflort. 
Mais  la  Machine  eft  conftruite  de  maniere  que  ce  premier  echappement  n’eft 
pas  plutot  fait,  qu’il  s’en  fait  un  autre,  celui  de  la  feconde  cheville  1,  de  defTous 
la  pattie  3,  4 du  fautoir:  ce  fecond  echappement  lailfe  le  fautoir  abandonne  a 
lui-metne  : le  poids  de  fa  partie  4367  fait  agir  l’extremite  1 du  cliquet  contre 
la  chevillc  de  la  roue  6,  7,  fur  laquellc  elle  vient  de  s’appuycr  par  le  premier 
echappement ; fait  tourner  la  roue  8,  9 dans  le  fens  8,  8,  9,  9,  et  par  confe- 
quent  aulfi  dans  le  meme  fens  la  roue  10,  11,  it,  et  la  roue  12,  13,  13,  en 
fens  contraire,  ou  dans  la  direction  13,  13,  12  ; et  dans  le  meme  fens  que  la 
roue  12,  13,  13,  lc  bardlet  14,  15.  Mais  telle  eft  encore  la  conftruflion  de  la 
Machine,  que  quand  par  le  fecond  echappement,  celui  de  la  cheville  s de  def- 
Ibus  la  partie  3,  4 du  fautoir,  ce  fautoir  fe  trouve  abandonne  a lui-meme,  il 
ne  pent  defeendre  et  entrainer  la  roue  8,  9 que  d’une  certaine  quantite  deter- 
minee.  Quand  il  eft  defeendu  de  cette  quantite,  la  partie  T (Fig.  4.)  de  la 
coulifl'e  rencontre  l’etochio  R,  qui  l’arrete. 
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Maintenant  (I.)  fi  l’on  fuppofe,  i°.  que  la  roue  VIII,  IX  a douze  chcvilles, 
la  roue  X,  XI  autant,  et  la  roue  XII,  XIII  autanc  encore;  a°.  que  la  roue 
8,  9 a vingt  chcvilles,  la  roue  10,  11  vingr,  et  la  roue  11,  13  autant;  30.  que 
1’extremite  T clu  fautoir  (Fig.  4.)  rencontre  I’etochio  R precifement  quand  la 
roue  8,  9 (Fig.  6.)  a tourne  d’une  vingtieme  partie,  il  s’enfuivra.  evidemment 
que  lc  bardlet  XIV,  XV  fera  un  tour  fur  lui-meme,  tandis  que  le  bardlet  14, 
13  ne  tournera  fur  lui-mcmc  que  de  fa  vingtieme  panic. 

(II.)  Si  Ton  fuppofe,  i°.  que  la  roue  VIII,  IX  a vingt  chcvilles,  la  roue  X, 
XI  autant,  et  la  roue  XII,  XIII  autant ; 2°.  que  la  roue  S,  9 ait  dix  chevilles, 
la  roue  10,  11  autant,  et  la  roue  12,  13  autant;  30.  que  l’extremite  T du 
fautoir  ne  foit  arretee  (Fig.  3.)  par  l’eiochio  R,  tjue  quand  la  roue  8,  9 (Fig.  6.) 
a tourne  d’une  dixieme  partie,  il  s’enfuivra  evidemment  .que  le  bardlet  XrV, 
XV  fera  un  tour  entier  fur  lui-mcme,  tandis  que  le  bardlet  14,  13  ne  tournera 
fur  liii-meme,  que  de  fa  dixieme  partie.  * a 

(III.)  Si  Ton  fuppofe,  i°.  que  la  roue  VIII,  IX  ait  dix  chevilles,  la  roue  X, 
XI  autant,  et  la  roue  XII,  XIII  autant ; 2°.  que  la  roue  8,  9 ait  pareillement 
dix  chevilles,  la  roue  10,  11  autant,  et  la  roue  XII,  XIII  autant  atifli ; 30.  que 
l’extremite  T du  fautoir  (Fig.  4.)  ne  foit  arretee  par  l’etochio  R,  que  quand  la 
roue  8,  9 (Fig.  6.)  aura  tourne  d’un  dixieme,  il  s’enfuivra  evidemment  que 
le  bardlet  XIV,  XV  fera  un  tour  entier  fur  lui-menre,  tandis  que  le  bardlet  14, 
13  ne  tournera  fur  lui-mcme  que  d’un  dixieme. 

On  peut  done,  en  general,  etablir  tel  rapport  qu’on  voudra  entre  un  tour 
entier  du  bardlet  XIV,  XV,  ct  la  partie  dont  le  bardlet  14,  15  tournera  dans 
le  memc  temps. 

Done  fi  Ton  6crit  furle  bardlet  XIV,  XV  les  deux  rangees  de  nombre  fui- 
vantes,  1’une  au-deilus  dc  l’autre,  coniine  on  le  voit : 

o,  11,  10,  9,  8,  7,  6,  3,  4,  3,  2,  1, 

.»«,  °,  ,1,  2.  3,  4,  5»  6,  7,  8,  9,  to. 

ct  fur  le  bardlet  14,  13,  les  deux  rangees  fuivantes,  comme  on  les  voit, 

o,  19,  18,  1 7,  16,  15,  J4,  13,  ;I2,  11,  AO, 

19,  o,  1,  2,  s,  4,  5,  6,  7,  8,  9. 

9*  '7»  5>  4,  3*  2,  h 

.10,  II,  12,  *3,  14,  15,  1 6,  17,  18. 

et  que  les  zeros  des  deux  rangees  infericures  dcs  bardlets  correfpondent  cxadlc- 
ment  aux  intervalles  A,  B,  il  eft  clair  qu’au  bout  d’une  revolution  du  bardlet 
XIV,  XV,  le  z£ro  correfpondra  encore  it  l’intervalle  B;  nuis  que  ce  fera  le 
chiffrc  1 du  bardlet  14,  13,  qui  correfpondra  dans  le  mtme  temps  a l’inter- 
valle  A. 
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Done  fi  l’on  ecrit  fur  le  barillec  XIV,  XV,  les  deux  rangees  fuivantes, 
comme  on  les  voit. 


0,  19, 

18, 

>7, 

j6,  15,  ?4,  13,  la,  ii,  10, 

19,  0, 

«, 

*» 

3»  4>  5>  6,  7»  9* 

9>  S, 

7. 

6, 

5>  4.  3»  2»  »> 

10,  11, 

>2. 

•3. 

14,  15,  16,  17,  18. 

et  fur  le  barillec  14,  15,  les  deux  rangees  fuivantes,  comme  on  les  voit, 

°»  9*  8j  7,  6,  j,  4,  3,  2,  1, 

9.  °»  «>  3>  4>  5>  7.  8> 

et  que  les  zeros  dcs  deux  rangees  inferieurcs  des  bardlets  corrcfpondcnt  en 
ineme-temps  aux  intervallcs' A,  B,  il  eft  clair  que  dans  ce  cas,  dc  mt me  que 
dans  le  premier,  lorfquc  le  zero  du  barillec  XIV,  XV  correfpondra,  apres 
avoir  fait  un  tour,  a l’intervallc  B,  lc  barillec  14,  15  prefentera  a l’ouvcrture 
ou  efpace  A le  chiffre  1. 

11  en  fera  toujours  ainfi,  quelles  que  foient  les  rangees  de  chiffres  que  l’on 
trace  fur  le  barillec  XIV,  XV,  et  fur  le  bardlet  14,  15.  Dans  le  premier  cas, 
le  barillec  XIV,  XV  tourricra  fur  lui-meme,  et  prefentera  les  douze  cara&cres 
a l’intcrvalle  B,  quand  le  barillec  14,  15  n’ayant  tourne  que  d’un  vinglieme, 
prefentera  a 1’intervallc  A le  chiffre  1.  Dans  le  fecond  cas,  le  bardlet  14,  15 
tournera  fur  lui-meme,  et  prcTcntera  fes  vingt  caradteres  a l’ouverture  ou  inter- 
valle  B,  pendant  que  lc  bardlet  14,  15  n’ayant  courne  que  d’un  dixiemc,  pri- 
fentera  a l’ouverture  ou  intervalle  A le  chiffre  1.  Dans  le  troifieme  cas,  le 
bardlet  XIV,  XV  tournera  fur  lui-meme,  et  aura  prefenti  fes  dix  caradleres  £ 
1’ouverture  B,  quand  le  bardlet  14,  15  n’ayant  touriie  que  d’un  dixieme,  pre- 
fentera a I’ouverture  ou  intervalle  A le  chiffre  1. 

Mais  au  lieu  de  faire  toutes  ces  fuppoficions  fur  deux  bardlets,  je  peux  les 
faire  fur  un  grand  nombre  de  bardlets,  tous  affemblds  les  uns  avee  les  autres, 
comme  on  voit  ceux  dc  la  Fig.  6.  Rien  n’cmpeche  de  fuppofer  a cote  du 
barillec  14,  15  un  autre  bardlet  place  par  rapport  a lui,  comme  il  eft  place  par 
rapport  au  barillec  XIV,  XV,  avec  les  mimes  roues,  un  fautoir  et  tout  lc  refte 
de  l'aUemblage  : rien  n’empeche  que  je  ne  puiffe  fuppofer  douze  chevdles  a la 
roue  VIII,  IX,  et  les  deux  rangees  o,  11,  10,  9,  &c. 

11,  o,  1,  a,  &c. 

tracies  fur  le  barillec  XIV,  XV ; vingt  chevilles  a la  roue  8,  9,  et  les  deux 
rangees  o,  19,  18,  17,  16,  &c. 

19,  o,  1,  2,  3,  &c. 

tracees  fur  le  barillec  14,  15;  dix  chevilles  ala  premiere,  pareille  J la  roue 
8,  9,  et  les  deux  rangees  o,  9,  8,  7,  6,  &c.  fur  le  troifieme  barillec  ■,  dix 
9»  »»  2>  3>  &c. 

chevilles 
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chevilles  & l^fcconde,  pareille  de  8,  9,  et  les  deux  rangees  o,  9,  8,  7,  6,  &c. 

fur  Ic  quatrieme  barillet;  'dix  9,  o,  1,  2,  3,  & c. 

chevilles  a la  troifiiime,  pareille  de  8,  9,  et  lesdeux  rangees  o,  9,  8,  7,  6,  &c‘ 

fur  le  cinquiemc  barillet,  9,  o,  1,  2,  3,  &c* 

et  ainli  de  fuite. 

Rien  n’cnipecbe  non  plus  de  fuppofer  que  tandis  que  le  premier  barillet 
prefentera  fes  douze  chiffres  a fan  ouverturc,  le  fecond  ne  prefentera  plus  que 
lc  chiffre  1 a la  fienne ; que  tandis  que  le  fecond  barillet  prefentera  fes  vingt 
chiffres  d fon  ouverturc  ou  intervalle,  le  troifieme  ne  prefentera  que  le  chiffre  1 ; 
que  tandis  que  lc  troifieme  bardlet  prefentera  fes  dix  caratftcres  a fon  ouverturc, 
lc  quatrieme  n’y  prefentera  que  le  chiffre  1 ; que  tandis  que  le  quatrieme  ba- 
rillet prefentera  fes  dix  caraderes  a f m ouverture,  le  cinquiemc  ne  prefentera  a 
la  lienne  que  le  chiffre  1,  et  ainfi  de  fuite, 

D’ou  il  s’enfuivra,  i°.  qu’il  n’y  aura  aucun  nombre  qu’on  ne  puiffe  ecrire 
avec  ces  bardlets;  car  apres  les  deux  echappements,  chaque  equipage  de  barillet 
demeure  ifole,  eft  independant  de  celui  qui  Ic  precede  du  tote  de  la  droite, 
pent  totirner  fur  lui-meme  tant  qu’on  voudra  dans  la  direction  VIII,  VIII,  IX, 
IX,  et  par  confeqnent  offrira  fan  ouverture  celui  des  chiffres  de  fa  rangee  in- 
ferieure  qu’on  jugera  a propos:  mais  les  intcrvalles  A,  B font  aux  cylindres 
nuds  XIV,  XV,  14,  15,  ce  que  leur  font  les  ouverturcs  dc  la  ligne  Y,  Z, 
(Fig.  1.)  quand  ils  font  couverts  de  la  plaque  N O R P. 

20.  Que  le  premier  barillet  marquera  des  deniers,  lc  fecond  des  fous,  le 
troifieme  dcs  unites  dc  livres,  le  quatrieme  des  dixaincs,  le  cinquiemc  des  cen- 
taines,  &c. 

30.  Qu’il  faut  tin  tour  du.  premier  barillet  pour  un  vingtidme  du  fecond  ; un 
tour  du  fecond  pour  un  dixieme  du  troifieme;  un  tour  du  troifieme  pour  un 
dixiemc  du  quatrieme;  ct  que  par  confeqnent  les  bardlets  fui vent  entre  leurs 
mouvements  la  proporiion  qui  regne  entre  les  chiffres  de  l’Arithmetique,  quand 
ils  expriment  des  nombres ; que  la  proportion  des  chiffres  eft  toujours  gardee 
dans  les  mouvements  des  bardlets,  quelle  que  foil  la  quantite  dc  tours  qu’on 
faffe  faire  au  premier,  ou  au  fecond,  ou  au  troifieme,  et  que  par  confeqnent  de 
meme  qu’on  lait  les  operations  de  rAritbmeiique  avec  des  chiffres,  on  peut  les 
faire  avec  les  bardlets  et  les  rangees  dc  chiffres  qu’ils  ont. 

4'.  Que  pour  cct  effet,  il  faut  commencer  par  mettre  tous  les  bardlets  de 
maniere  que  les  zeros  de  leur  rangee  inferieure  correfpondcnt  en  meme-temps 
aux  ouvertures  de  la  bande  Y,  Z et  de  la  plaque  N O R P ; car  fi  tandis  que 
le  premier  barillet,  par  exemple,  prefente  o a fon  ouverturc,  le  fecond  prefente 
4 a la  fienne,  il  eft  a prefumer  que  le  premier  barillet  a fait  deja  quatre  tours  ; 
ce  qui  n’eft  pas  vrai. 

50.  Qu’il  eft  affez  indifferent  de  faire  tourner  les  bardlets  dans  la  dire&ion 
VIII,  VIII,  IX ; que  ce  mouvement  ne  derange  rien  a l’effet  de  la  Machine; 
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mais  qu’il  ne  faut  pas  qu’ils  aicnt  la  liberte  de  ritrograder  j et  c’eft  aufli  la  fonc* 
lion  du  cliquet  fupcricur  C dc  la  leur  6tcr. 

11  pcrmet,  coraroe  on  voit,  aux  roues  de  tourner  dans  le  fens  VIII,  VIII,  IX  ; 
mais  )l  les  empSche  dc  tourner  dans  le  fens  coniraire. 

6°.  Que  ks  roues  nc  pouvant  tourner  que  dans  la  direftion  VIII,  VIII,  IX, 
c’eft  de  la  ligne  ou  ran  gee  de  chiffres  inferieure  des  bardlets,  qu'il  faut  fe  fervir 
pour  ccrire  un  nombre  ; par  confcquent  pour  (aire  l’addition  ; par  confequcnt 
encore  pour  faire  la  multiplication  ; ct  que  comnre  ks  chiffres  des  rangees  (ont 
dans  un  ordre  renverfe,  la  fouftra&ion  doit  fe  faire  1‘ous  la  range®  fupe.  ieure,  et 
par  confequcnt  atifft  la  divifion. 

Tons  ces  corollaires  s’cclairciront  davantage  par  l’ufage  de  la  Machine,  et  la 
manierc  de  faire  les  operations. 

Mais  avant  que  de  paffer  aux  ope  cat  ions,  nous  ferons  obferver  encore  une  fois 
que  chaquc  roue  6,  7 (Fig.  6.)  a fa  corrcfpondante  4,  5 (Fig.  2.)  et  chaquc 
roue  4,  5 fon  cercle  mobile  Qj  que  chaque  roue  8,  9,  a fon  cliquet  fupcricur 
et  fon  cliquet  inferieur  ; que  ces  deuce  cliquets  ont  une  de  leurs  functions  com- 
mune ; c’eft  d’empecher  ks  roues  VI II,  IX,  8,  9,  See.,  de  retrograder  j enfin 
-que  le  talon  1,  pratique  an  cliquet  inferieur,  lui  eft  ellentiel. 


USAGE  DE  LA  MACHINE  ARITHMETIQUE  POUR 
L’ ADDITION. 


COMMENCEZ  par  couvrir  de  la  bande  P,  R la  rangee  fuperieure  d’ouver- 
tures,  en  4orte  que  cette  bande  foit  dans  l’etat  ou  vous  la  \oyez  (Fig.  1.) j 
mettez  enfuite  tourcs  les  roues  de  la  bande  inferieure  ou  rangee  a zero ; et 
foient  les  fo mines  a ajouter,  69  7 8 

584  l5  6 

342  12  9 

Prenez  le  condutfteur;  portez  fa  pointe  dans  la  huitieme  denture  du  cercle  Q^, 
1c  plus  a la  droite;  faites  tourner  ce  cercle  jufqu’a  ce  que  l’arrdt  ou  la  potence 
S vous  empeche  d’avancer. 

PafTez  a la  roue  des  fous  ou  au  cercle  Q_,  qui  fuit  immediate  ment  celui  fur 
lequel  vous  avez  opere,  en  allant  dc  la  droite  a la  gauche ; portez  la  pointe 
do  condufteur  dans  la  feptieme  denture,  a compter  depuis  la  potence  \ faites 
tourner  ce  cercle  jufqu’a  ce  que  la  potence  S vous  arrlte ; paffez  aux  livres, 
aux  dixaines,  et  faites  la  meme  operation  fur  leurs  cercles  Q;_ 

En  vous  y prenant  ainfi,  votre  premiere  fomme  fera  evidemraent  ecrite: 
operez  fur  la  feconde  prccilement  comme  Vbus  avez  fait  fur  la  premiere,  fans 

t vous 
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Tons  embarraffer  des  chiffres  qui  fe  prefentcnt  aux  ouvertures  ; puis  fur  la 
troifieinc.  Apres  votre  troilieme  operation,  rcroarquez  les  chiffres  qui  paroltront 
aux  ouvertures  de  la  ligne  Y Z:  i!s  marqueront  la  fomme  totale  de  vos  trois 
fommes  particil-.s. 

DEMONSTRATION. 

II  efl  evident  qtse  li  vous  faites  tourner  le  cercle  Q^des  deniers  de  huit  parties, 
vous  aurcz  8 a rouverture  correfpondante  a ce  cercle:  il  eft  encore  evident 
que  ft  vous  faites  tourner  le  metric  cercle  de  fix  autres  parties,  comme  il  eft 
divife  en  douze,  e’eft  la  mime  chofc  que  fi  vous  l’aviez  fait  tourner  de  douzc 
parties,  plus  2:  mais  cn  le  faifant  tourner  de  douze,  vous  auricz  remis  it  zero 
le  barillct  des  deniers  correfpondant  a cc  cercle  de  deniers,  puilqu'il  cut  fait  un 
tour  exaft  fur  lui-nieme : il  n’a  pu  faire  un  tour  fur  lui-mcme,  que  le  lecond 
barillet,  ou  celui  des  fous,  n’ait  tourni  d’un  vingtieme  j et  par  confequcnt  mis 
1c  chiffre  i a I’ouverture  des  fous.  Le  chiffre  des  deniers  n’a  pu  refter  a o;  car 
ce  n’eft  pas  feulement  de  douze  parties  que  vous  I’avez  fait  tourner,  mais  de 
douze  parties,  plus  deux.  Vous  avez  done  fait  en  fus  comme  li  le  barillct  des 
deniers  etant  a zero,  et  celui  des  fous  a i,  vous  eufiiez  fait  tourner  le  cercle  Q_ 
des  deniers  dc  deux  dentures ; mais  en  faifant  tourner  le  cercle  Q__des  deniers  de 
deux  dentures,  on  met  le  barillet  des  deniers  a 2,  oil  ce  barillet  prefente  2 a 
fon  ouverture.  Done  lc  barillet  des  deniers  offrira  2 a fon  ouverture,  et  celui 
des  fous  1 : mais  8 deniers  et  6 deniers  font  14  deniers,  ou  un  fou,  plus  2 de- 
niers ; ce  qu’il  falloit  en  effet  ajouter,  et  ce  que  la  Machine  a domic.  La  de- 
monftration  lera  la  me  me  pour  tout  le  rede  dc  {’operation. 


EXEMPLE  DE  S0USTRACTION. 

Commenccz  par  baiffer  la  bande  P,  R fur  la  ligne  Y Z d’ouvertures  infe- 
rieures  ; ecrivez  la  plus  grande  fomme  fur  les  ouvertures  de  la  ligne  fupericure, 
comme  nous  1’avons  preferit  pour  l’addition,  par  le  moyen  du  condurfteurj. 
faites  ('addition  de  la  fomme  a fouftrairc,  ou  de  la  plus  petite  avec  la  plus 
grande,  comme  nous  l’avons  preferit  a l’exemple  de  l’addition  ; ccttc  addition 
laite,  la  fouftraCl ion  le  fera  auffi.  Les  chiffres  qui  paroitront  aux  ouvertures, 
marqueront  la  difference  des  deux  fortunes,  ou  l’exces  de  la  grande  fur  la  petite ; 
ce  que  Ton  cherchoit. 

£.  s.  d. 

Soit  9121  9 2 

Dont  il  faut  fouftrairc  — 8989  16  11 

Si  vous  executez  ce  que  nous  a vons  preferit,  1 Ja 

vous  trouverez  aux  ouvertures  J ’ ^ 

DEMO  N- 
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DEMONSTRATION. 

Quand  j’ccris  lc  nombrc  9121 1.  9 s.  2d.:  pour  faire  paroltre  2 a I’ouverture 
dcs  deniers,  jc  fuis  oblige  de  faire  paflcr  avec  le  diretfteur  onzc  dentures  du 
ccrcle  Q_dcs  dcnicrs  ; car  il  y a a la  ran  tee  fuperieure  du  barillet  des  deniers 
onze  termes  depuis  o jufqu’a  2 : ft  ii  ce  2 j’ajoute  encore  1 1,  je  tomberai  fur  33, 
car  il  faut  encore  que  je  lalfe  faire  onze  dentures  au  cercle  Qj  or  comptant  1 1, 
depuis  2,  on  tombe  fur  3.  La  demonftratton  eft  la  meme  pour  lc  refte.  Mais 
remarquez  que  le  barillet  des  deniers  n’a  pu  tourncr  de  22,  fans  que  le  barillet 
des  fous  n’ait  tourne  d\m  vingtieme  ou  de  douze  deniers. . Et  comme  a la 
ran  gee  d’en-haut  les  cliifFrcs  vont  en  r^trogradant  dans  le  fens  que  les  bardlets 
tournent,  a chaquc  tour  du  barillet  des  deniers,  les  chiffres  du  barillet  des  fous 
diminuent  d’une  unite  : e’eft-a-dire,  que  l'emprunt  que  Ton  fait  pour  un  barillet 
eft  acquitte  fur  l’autre,-ou  que  la  fouftradlion  s’exccute  comme  a l’ordinaire. 


EXEMPLE  DE  MULTIPLICATION. 

Revenez  aux  ouvercures  inferieures ; faites  remonter  la  bande  P,  R fur  les 
ouvertures  fupericurcs  ; mettez  toutes  les  roues  a z6ro,  par  le  moyen  du  conduc- 
teur,  comme  nous  avons  dit  plus  haul.  Ou  le  multiplicateur  n’a  qu’un  caradtere, 
ou  il  cn  a plufieurs  ; s’il  n'a  qu’un  caraftere,  on  ecrit,  comme  pour  I’addjtion, 
autant  de  fois  lc  multiplicande  qti’il  y a d’unites  dans  ce  chitfre  du  multiplica- 
teur: ainfi  la  fomme  de  1245).  dtant  a multiplier  par  3,  j’ecris  oii*pofe  trois 
fois  cette  fomme  a 1’aide  de  mes  roues  et  des  ccrcles  Q_;  apres  la  derniere  fois, 
il  paroit  aux  ouvertures  3735  1.,  qui  eft  en  effet  le  produit  de  1243  1.  par  3. 

Si  le  multiplicateur  a plufieurs  carafteres,  il  faut  multiplier  tous  les  chiffres 
du  multiplicande  par  chacun  de  ceux  du  multiplicateur,  les  ecrire  de  la  meme 
manicre  que  pour  l’addition  ; mais  il  faut  obferver  au  fecond  multiplicateur  de 
prendre  pour  premiere  roue  celle  des  dixaines. 

La  multiplication  n’etant  qu’une  efpece  d’addition,  et  cette  regie  fe  faifant 
evidemment  ici  par  voic  d’addition,  l’operation  n’a  pas  befoin  de  demonftration. 


EXEMPLE 
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EXEMPLE  DE  DIVISION. 

POUR  faire  !a  divifion,  il  faut  fc  fervir  des  ouvertures  fupcrieures  : faites  done 
defeendre  la  bande  P,  R l'ur  les  inferieufes ; meuez  a zero  routes  les  roues 
fixees  fur  cctte  bande,  et  qu’on  appelle  roues  de  quotient-,  faites  paroitre  aux  ou- 
vertures votre  nombre  a divifer,  et  operez  comme  nous  allons  dire.  Soit  la 
fomme  dc  65  a divifer  par  cinq  ; vous  dites,  en  fix,  cinq  y eft,  et  vous  ferez 
tourner  votre  roue  cotnmc  fi  vous  vouliez  additionner  j et  61  cela  fait,  les 
chiffres  des  roues  fupcrieures  allant  toujours  en  retrogradant,  il  eft  Evident  qu’il 
ne  paroitra  plus  que  t a l’ouverture  oil  il  paroiftoit  6 ; car  dans  o,  9,  8,  7,  6, 
5,  4,  3,  2,  1 ; 1 eft  le  cinquicme  terme  apies  6. 

Mais  le  divifeur  5 n’eft  plus  dans  1 ; marquez  done  1 fur  la  roue  des  quo- 
tiens,  qui  repond  a l’ouverture  des  dixaines : pafflz  enfuite  a l’ouverture  des 
unites,  btcz-cn  5 autant  de  fois  qu’il  fera  poffible,  en  ajoutant  5 au  caradere 
qui  parole  a travers  cette  ouverture,  jufqu’a  ce  qu’il  vienne  a cette  ouveriure,  ou 
zero,  ou  un  nombre  plus  petit  que  j,  et  qu'il  n’y  ait  que  des  zeros  aux  ouver- 
turcs  qui  precedent : a chaque  addition,  faites  pafler  i’aiguille  de  la  roue  des 
quotiens  qui  eft  au-dclTous  de  l’ouverture  des  unites,  du  chiffre  1 fur  le 
chifFrc  2,  fur  le  chiffre  3,  en  un  mot  fur  un  chiffre  qui  ait  autant  d’unites  que 
vous  ferez  de  fouftradions : ici  apres  avoir  ote  trois  fois  5 du  chiffre  qui  pa- 
roiffoit  a l’ouverture  des  unites,  il  eft  venu  zero;  done  5 eft  treize  fois  en  63. 

Il  faut  obferver  qu’en  otant  ici  une  fois  5 du  chiffre  qui  parole  aux  unites,  il 
vient  tout  de  fuite  o a cette  ouverture ; mais  que  pour  cela  l’operation  n’eft  pas 
achcvee,  parce  qu’il  reftc  une  unite  a l’ouverture  des  dixaines,  qui  fait  avec  le 
zero  qui  fuir,  10,  qu’il  faut  epuifer  ; or  il  eft  Evident  que  5 6t6  deux  fois  de  10, 
il  ne  reftcra  plus  rien  ; e’eft  a-dire,  que  pour  exhauftion  totale,  ou  que  pour 
avoir  zero  a tomes  les  ouvertures,  il  faut  encore  fouftraire  5 deux  fois. 

II  ne  faut  pas  oublier  que  la  fotiftradion  fe  fait  exadement  comme  l’addition, 
et  que  la  feule  difference  qu’il  y ait,  e’eft  que  1’une  fe  fait  fur  les  nombres  d’en- 
bas,  et  l’autre  fur  les  nombres  d’en-haut. 

Mais,  fi  le  divifeur  a pluficurs  caraderes,  void  comment  on  operera.  Soit 
9989  a divifer  par  124,  on  btera  1 de  9,  chiffre  qui  parolt  a l’ouverture  des 
mille;  2 du  chiffre  qui  paroit  a l’ouverture  des  centaines;  4 du  chiffre  qui 
paroitra  a l’ouverture  des  dixaines ; et  l’on  mettra  l’aiguille  des  ccrcles  de  quo- 
tient, qui  tepond  a l’ouverture  des  dixaines,  fur  le  chiffre  1.  Si  le  divifeur  124 
peut  s’oter  encore  une  fois  de  ce  qui  paroitra,  apres  la  premiere  fouftradion, 
aux  ouvertures  des  mille,  dcs  centaines  et  des  dixaines,  on  l’otera,  et  on  tour- 
nera  l’aiguille  du  meme  cercle  dc  quotient  fur  2,  et  on  continuera  jufqu’a  l’ex- 
hauftion  la  plus  complete  qu’il  fera  poffible  : pour  cet  effet,  il  faudra  reiterer 
ici  la  fouftradion  huit  fois  fur  les  trois  memes  ouvertures  ; l’aiguille  du  cercle  du 
quotient  qui  repond  aux  dixaines,  fera  done  fur  8,  et  il  ne  fe  trouvera  plus  aux 
ouvertures  que  69,  qui  ne  peut  plus  fc  divifer  par  124;  on  mettra  done  i’aiguille 
du  ccrclc  de  quotient,  qui  repond  a Pouverture  des  unites,  fur  9 ; ce  qui  tnar- 
quera  que  124  6te  80  fois  de  9989,  il  refte  enfuite  69. 

Y’oi.  IV.  3 O MANIERE 
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MANIERE  DE  REDUIRE  LES  L1VRES  EN  SOUS,  ET  LES 
SOUS  EN  DENIERS. 

REDUIRE  les  livres  en  fous,  c'eft  multiplier  par  20  les  livres  donnees;  et 
r6duire  les  fous  en  denier:,  c’eft  multiplier  par  12.  Voyez  Mcltiplication. 

Convertir  les  fous  en  livres  et  les  deniers  en  fous,  c’eft  divifer  dans  le  pre- 
mier cas  par  20,  et  dans  le  fecond  par  12.  Voyez  Division. 

Convertir  les  deniers  en  livres,  c’eft  divifer  par  240.  Voyez  Division. 


IL  parut  en  1725  une  autre  Machine  Aritbmetique  d’une  competition  plus 
Ample  que  celle  de  M.  Pafcal,  et  que  celles  qu’on  avoir  deja  feites  i limita- 
tion i elle  eft  de  M.  de  I’Epine  ; et  l’Academie  des  Sciences  a juge  qu’elle  con- 
tenoit  plufieurs  chofes  nouvelles  et  ingenieufement  penfees.  On  la  trouvera  dans 
le  Recueil  des  Machines  approurfes  par  cette  Academic  ; on  y en  verra  encore 
une  autre  de  M.  de  Boitiflcndeau,  dont  l’Academie  fait  auffi  l’cloge.  Le  prirr- 
cipe  de  ces  Machines  une  fois  connu,  il  y a peu  de  merite  a les  varier mais 
il  falloit  trouver  ce  principe  ; il  falloit  s’appercevoir  que,  fi  l’on  fait  tourner  ver- 
ticalement  de  droite  a gauche  un  barillet  charge  de  deux  fuites  de  nombres 
placees  l’une  au-deifus  de  l’autre  en  cette  forte,  o,  9,  8,  7,  6,  &c. 

9»  o,  1,  2,  3,  &c. 

l’addition  fe  faifoit  fur  la  rangee  fupericure,  et  la  fouftraftion  fur  l’inferieure> 
precifement  de  la  me  me  maniere. 


Fm  de  k Deferiflien  de  la  Machine  drithmetique  de  Mcnfuur  Blaife  Pafcal. 
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L E T T R E 

Be  MM.  PASCAL  et  ROBERVAL  i M.  FERMAT,  fur  un  Princifc 
dc  Geojlatlquc , mis  en  av  ant  far  ce  dernier ®. 


MONSIEUR, 

LE  principc  que  vous  dcmandez  pour  la  Geoftatique  eft,  que  fi  deux  poids 
egaux  font  jointspar  une  ligne  droite  ferme  et  dc  foi  fans  poids,  et  qu’erant 
ainfi  difpofes,  ils  puiflent  defcendre  librement,  ils  ne  repoferont  jamais,  jufqu’a 
ce  que  !e  milieu  de  la  ligne  (qui  eft  le  centre  de  pefanteur  des  anciens)  s’uniffe 
au  centre  commun  des  chofes  pefentes.  Ce  principe,  (lequel  nous  avons  con- 
fidere  il  y a long-temps,  ainfi  qu’il  vous  a ete  mandc,)  paroit  d’abord  fort 
plaufible  : mais,  quand  il  eft  queltion  de  principe,  vous  fuvez  quelles  conditions 
lui  font  requifes  pour  etre  reju  ; defquelles  conditions,  au  principe  dont  il  s’agit, 
la  principale  manque  ; favoir,  que  nous  ignorons  quelle  eft  la  caufc  radicalc  qui 
fait  que  les  corps  pefants  dependent,  et  quelle  eft  1’origine  de  leur  pefanteur. 

Ce  qui  n’etant  point  en  notre  connoilTance  (comme  il  faut  librement  avoucr,  et 
cn  ceci,  et  quafi  en  routes  les  autres  chofes  phyfiques)  il  eft  evident  qu’il  nous 
eft  impoffible  dc  determiner  ce  qui  arriveroic  au  centre,  ou  les  chofes  pefantes 
afpirent,  ni  aux  autres  iieux  hors  la  furface  de  1a  terre  ; fur  laquelle,  parce  que 
nous  y habitons,  nous  avons  quelques  experiences  affez  conftantes,  defquelles 
nous  tirons  ces  principes  en  vertu  defquels  nous  raifonnons  en  la  Mechanique. 

La  diverfite  des  opinions  touchant  Porigine  de  la  pefanteur  des  corps,  def-  Diverics  opi- 
quelles  aucune  n’a  ete  jufqu’ici,  ni  demontree,  ni  convaincue  dc  faiifl'ete  par  n|on5 fur  1'ori- 
dcmenftiation,  eft  un  ample  temoignage  de  Pignorancc  humaine  en  ce  point.  {j^teor  des"" 

La  commune  opinion  eft,  que  la  pefanteur  eft  une  qualite  qui  refide  dans  le  cort’s' 
corps  meme  qui  tombe.  D’autres  font  d’avis  que  la  defeente  des  corps  precede 
de  l’attrattion  d’un  autre  corps  qui  attire  celui  qui  defeend,  comme  le  globe 
de  la  terre  paroit  attircr  une  pierre  qui  tombe.  Ilya  une  troifieme  opinion 
qui  n’eft  pas  hors  de  vraifemblance  ; que  e’eft  une  attraftion  niutuelle  entre  les 
corps,  cauffe  par  un  defir  naturcl  que  ces  corps  ont  de  s’unir  enfemble,  comme 
il  eft  evident  au  fer  et  a Paimant,  lefquels  font  tels,  que,  fi  Paimant  eft  arrete, 
le  fer,  ne  Petant  pas,  ira  le  trouver ; et,  fi  le  fer  eft  arrete,  Paimant  ira  vers  lui ; 


* Tirt'e  du  lUcueil  dcs  CF.uvrcs  dc  Fermat. 
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et,  fi  tons  deux  font  fibres,  ils  s’approchcront  reciproquemcnt  l’un  de  l’autre  ; 
en  forte  toutefois  que  le  plus  fort  dcs  deux  fera  le  mows  de  chemin  *. 

Or  de  ces  trois  caufes  poflibles  de  la  pefantcur  ou  des  centres  des  corps,  les 
conlequences  font  fort  difterentes,  puticuUerement  de  la  premiere  et  des  deux 
autrts;  corame  nous  ferons  voir  en  les  examinant. 

ConftqwncM  Car,  fi  la  premiere  ell  vraie,  le  fens  commun  nous  dicle  qu’en  quelque  lieu 
dels prsasicre  nVJe  f0jt  un  corps  pefant,  pres  ou  loin  du  centre  de  la  terre,  il  pefera  toujouFs 
o;  imun.  egalcment,  ayant  toujours  en  foi  la  meme  qualitc  qui  le  fait  pefer,  et  cn  meme 
degre.  Le  fens  commun  nous  didle  aufli  (pofec  cette  meme  opinion  premiere) 
qu’alcrs  un  corps  repofera  au  centre  commun  dcs  cliofes  pefames,  quand  les 
parties  du  corps  qui  feront  de  part  et  d’autre  du  meme  centre,  feront  d egale 
pefantcur,  pour  contrepefer  l’une  a l’aurre,  fans  confidcrec  fi  dies  font  peu  ou 
egalcment  ou  incgalemenr,  cloignees  du  centre  commun. 

Si  cctte  premiere  eft  veritable,  nous  ne  voyons  point  que  le  prin- 
cipe  qt  c vous  demandez  pour  la  Geoftatique  puiii'e  fubfifter.  Car 
foient  (Fig.  i.)  deux  poids  egaux  A,  B joints  enfcmble  par  la 
ligne  droite  ferme  ct  de  foi  fans  poids  A B ; foit  C le  point  du  mi- 
lieu de  la  meme  ligne  A B ; et  foient  D,  E,  deux  autres  points 
tcls  quels  dans  ladite  ligne  entre  les  poids  A et  B.  Vous  demandez 
qu’on  vous  accorde  que  les  poids  A,  B tombant  librement  avec 
lei.r  ligne,  ne  repoferont  point  jufqu’a  ce  que  le  point  du  milieu  C 
s’unifle  au  centre  commun  des  chofes  pefantes.  Suivant  cette  pre- 
miere opinion,  nous  accordons  que,  fi  le  point  C eft  uni  au  centre 
dcs  cliofes  pefantes,  lc  compofe  des  poids  A,  B dcmcurcra  immobile  vcritable- 
ment.  M.tis  il  nous  femble  aufli  que,  ft  le  point  D ou  E convient  avec  le  m£me 
centre  commun  des  chofes  pefantes,  combien  que  l’un  des  poids  en  foit  plus 
proche  que  l’autre,  ils  contrcpeferont  encore  et  demeureront  en  £quilibre  : 
puifque  (pour  nous  fervir  de  vos  propres  termes)  ces  deux  poids  font  egaux, 
et  ont  tons  deux  meme  inclination  de  s’unir  au  meme  centre  commun  des 
chofes  pefantes,  et  l’un  n’a  aucun  avantage  fur  1‘autrc  pour  le  deplacer  de  fon 
lieu.  Et  il  ne  fert  de  ricn  d’alleguer  le  centre  de  pefanteur  du  corps  AB,  le- 
quel  centre,  felon  les  Anciens,  eft  au  milieu  C;  car  il  n’a  pas  ete  demontre 
que  le  point  C foit  le  centre  de  pefanteur  du  compofe  A B,  finon  lorfquc  la 
defeente  des  corps  fe  fait  naturelkment  par  des  lignes  parallcles,  ce  qui  eft  con- 
Du  centre  de tre  vos  fuppofitions  et  les  notres,  et  contre  la  verit£  : et  m£me  nous  ne  voyons 
pefanteur  pas  qu’aucun  corps,  hormis  la  fphere,  ait  On  centre  de  pefanteur,  pofec  la  de- 
d'un  corps.  finition  de  ce  centre  felon  Pappus  et  les  autres  Auteurs  ; et  quand  il  y en  auroic 
un  en  chaque  corps,  il  ne  paroit  pas  (et  n’a  jamais  ete  demontre)  que  ce  feroit 
ce  point  la  par  lequel  le  corps  s’uniroic  au  centre  des  chofes  pefantes:  meme 
cela,  pour  ks  raifons  prec£dentes,  repugne  a notre  commune  connoiflance  en 
piufieurs  figures,  comme  en  la  feconde  des  deux  figures  fuivantes..  En  tout  cas, 
nous  ne  voyons  point  que  ce  centre  de  pefanteur  des  Ancieus  doive  £tre  conft- 
dcre  autre  part  qu’aux  poids  qui  font  pendus  ou  lbutenus  hors  du  li?u  auqueL 
ils  afpirent. 

* Cette  troifieme  opinion  eft  cellc  du  Chevalier  Ifaac  Newton  ct  de  la  plupart  dea  Philofopbea  duf 
temps  prefent,  1757.  F.  M. 
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Quant  n la  comparaifon  qui  vous  a ete  faite  d’un  levier  horizontal,  lequel 
itant  prcfle  horizontalcmcnt  aux  deux  bouts  par  deux  force*  ou  puiflances 
igales,  demeure  en  l’ctat  qu’il  eft  : elle  vous  femble  entierement  pareillc  au  le- 
vier precedent  A B (puifque  vous  voulez  1’appeller  ainfi)  d’autant  que  ces  poids 
ne  prefi'ent  le  levier  que  par  la  force  ou  puiflance 
qu’ils  ont  de  fe  porter  vers  leur  centre  coinmun. 

Comme  fi  lc  levier  horizontal  eft  A B (Fig.  a.) 
ct  les  forces  ou  puiflances  dgales  A ct  B preflant 
horizontalement  le  levier  pour  fe  porter  a un  cer- 
tain point  common  C,  auquel  elles  afpirent,  et 
lequel  eft  pofe  Egalement  ou  incgalement  entre  les  memes  puiflances  clans  la 
ligne  A B : ces  forces  preflant  egalement  le  levier,  fe  refifteront  l’une  a l’autre, 
felon  notre  fens  ; encore  me  me  que  Tune  comme  A,  fCit  plus  proche  que  l'autrc 
du  point  common  auquel  routes  deux  afpirent.  .Et  quand  le  levier  ne  feroit  pas 
horizontal,  mais  en  telle  autre  pofltion  que  l’on  voudra,  etant  confidere  de  foi 
fans  poids,  et  toutes  les  autres  chofes  cotnine  auparavant,  le  nieme  effe:  s’en- 
fuivra,  felon  noire  jugement. 

Nous  ajouterons  ici  ce  que  nous  penfons,  fuivant  cette  premiere  opinion,  de 
deux  poids  qui  feroient  inegaux,  joints  comme  deflus  a tine  ligne  droite  ferine 
et  de  foi  fans  poids. 


Soient  done  (Fig.  3.)  deux  poids  inegaux  A et  B,  defqucls  A 
foil  le  moindre  ; et  foit  A B la  ligne  ferme  qui  les  joint,  dans  la- 
quelle  le  point  C foit  le  centre  de  pefanteur  du  compofc  des  corps 
A,  B,  felon  les  Anciens  : ce  point  C ne  fera  pas  au  milieu  de  la 
ligne  A B.  Si  done  on  met  le  compofe  des  poids  A,  B,  de  forte 
que  le  point  C convicnne  au  centre  common  des  chofes  pefantes, 
nous  ne  pouvons  croire  que  ce  compofe  detreurera  en  cet  etat,  lc 
poids  A etant  entierement  d’unc  part  du  centre  des  chofes  pe- 
fantes, et  le  poids  B entierement  dc  l’autre  part.  Mais  il  nous 
femble  que  le  plus  grand  poids  B doit  s'approcherdu  nieme  centre 
des  chofes  pefantes,  jufqu’a  ce  qu'une  partie  dudit  poids  B foit  au- 
dell  dudit  centre  vers  A comme.  la  partie  D,  en  forte  que  cette 
partie  D avec  tout  le  poids  A etant  d’une  nieme  part,  foit  de 
metne  pefanteur  que  la  partie  E reliant  de  1’autre  part. 


Si  la  feconde  opinion  touchant  la  caufe  de  la  de- 
feente  des  poids  eft  veritable,  void  les  confequences 
qu’on  peut  en  tirer,  felon  notre  jugement. 

Soit  (Fig.  4.)  lc  corps  attirant  ADX  E fpherique 
duquel  le  centre  foit  H ; et  que  la  vertu  d’attraftion 
foit  egalement  epandue  par  toutes  les  parties  du  meme 
corps,  en  forte  que  chacune  felon  fa  puiflance,  tire  a 
foi  le  corps  attire,  ainfi  que  fuppofent  les  Auteurs  de 
cette  opinion. 

Sur  cette  pofltion,  lc  fens  commun  nous  difte  que 
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lcs  diftances  et  autrcs  conditions  etant  pareilles,  les  parties  egalcs  du  corps  atti- 
rani  attireront  egalemcnt,  et  les  inegalcs,  incgalement. 

Sait  done  lc  corps  attire  L confidere,  premierement,  hors  le  corps  attirant 
cn  A ; foit  menee  la  ligne  droite  AH,  1 laquelle  foit  un  plan  perpendiculairc 
EHD,  coupant  le  corps  ADXE  en  deux  parties  egalcs,  et  partant  d’egale 
vertu.  Soicnt  aufii  dans  la  ligne  A H pris  tant  dc  points  que  l’on  voudra, 
comme  K,  I,  par  lefqueis  foient  menes  des  plans  F I C,  G K B paralleles  au 
plan  EHD,  coupant  le  corps  attirant  ADXE  en  parties  inegales,  et  partant 
d’in£gale  vertu.  Alors  lc  corps  L,  etant  en  A,  fera  attire  vers  H par  la  vertu 
entiere  de  tout  le  corps  ADXE;  et  le  chemin  etant  libre,  il  viendra  en  K, 
ou  etant,  il  fera  attire  vers  H par  la  plus  grande  et  forte  partie  B D X E G,  et 
contretire  vers  A par  la  plus  petite  et  plus  foible  partie  BAG.  Il  en  fera  de 
meme  quand  il  fera  parvenu  en  I,  ou  il  fera  moins  attire  que  quand  il  etoir  cn 
K ou  en  A ; toutefois  il  fera  tOujours  contraint  de  s’approcher  du  centre  H, 
tant  qu’il  y foit  venu ; mais  la  partie  qui  attire  diminuant  toujours,  et  celle  qui 
contretire  s’augmentant  toujours,  il  fera  continuellcment  attire  avee  moins  de 
vertu,  jufqu’a  ce  qu’etant  arrive  en  H,  il  fera  egalcment  attire  de  toutes  parts, 
et  denieurera  en  cet  etat.  , 

Si  cette  propofition  eft  vraie,  il  eft  facile  de  voir  que  le  corps  L pefera  d'au- 
tant  moins,  qu’il  fera  plus  prochc  du  centre  H ; mais  cette  diminution  ne  fera 
pas  en  la  raifon  des  lignes  HA,  H K,  H 1,,  ce  que  vous  connoitrez  en  le  confi- 
derant  fans  autre  explication. 

Conictjumces  Si  la  troifieme  opinion  dc'la  defeente  des  corps  eft  veritable,  les  conclufions 
deja  troifieme  qUe  Ton  pent  en  tirer  font  les  mcmes,  ou  fort  approchant  de  celles  que  nous 
opiBioa.  avons  tirces  de  la  feconde  opinion. 

Puis  done  que  de  ces  trois  caufes  poflibles  de  la  pefanteur  nous  ne  favons 
quelle  eft  la  vraie,  et  que  meme  nous  ne  fortunes  pas  afliires  que  ce  foit  l’unc 
d’ellcs,  pouvant  fe  fairc  que  la  vraie  caufe  foit  compofee  des  deux  autres,  ou 
que  e’en  foit  une  toute  autre,  de  laquelle  on  tireroit  des  confluences  toutes  dif- 
ferences, il  nous  femble  que  nous  ne  pouvons  pofer  d’autres  principes  .pour 
raiionner  en  cette  matiere,  que  ceux  defquels  l’experience,  afliftee  d’un  bon 
jugement,  nous  a rendus  certains. 

Ce  qu’il  fant  Pour  ces  confiderations,  dans  nos  conferences  de  Mcchanique,  nous  appel-  • 

entendre  par  Ions  des  poids  egaux  ou  inSgaux,  ceux  qui  ont  egale  ou  incgile  puiffance  de  fe 
fads  <i p01ter  vers  le  centre  comtiiun  des  chofes  pefantes  ; et  nous  entendons  un  meme 
ou  inrgaux.  corpS  avojr  un  meme  poids,  quand  il  a toujours  cette  meme  puiflance : que  fi 
cette  puiflance  augmentc  ou  diminue,  alors,  quoique  ce  foit  le  meme  corps, 
nous  ne  le  con(id6rons  plus  comme  le  meme  poids.  Or  que  cela  arrive  ou  non 
aux  corps  qui  s’eloignent  ou  s’approchent  du  centre  common  des  chofes  pe- 
fantes, e’eft  chofe  que  nous  defirerions  bien  de  favoir  : mais  ne  trouvant  rien 
qui  nous  fatisfaffe  fur  ce  fujet,  nous  laiflons  cette  queftion  indecife,  raifonnant 
feulement  fur  ce  que  les  Ancicns  et  nous  avons  pu  dccouvrir  dc  vrai  jufqu’a 
maintenant. 
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Voiftt  ce  que  nous  avions  a vous  dire  pour  le  prefent  touchant  votre  prineipe 
de  la  Geoftatique  : laifiant  a part  bcaucoup  d’autres  domes,  pour  eviter  la  pro- 
lixite  du  dilcours. 

Quant  a la  nouvelle  proportion  des  angles  que  vous  mettez  en  avant  ; afin  dc 
la  dcmontrer,  vous  fuppofez  deux  principes,  defquels  le  premier  eft  vrai  : mais 
le  iecond  eft  fi  eloigne  d’etre  vrai,  qu’il  y a des  cas  ou  il  arrive  lout  lc  con* 
traire  de  ce  que  vous  demandez  qu’on  vous  accorde  pour  vrai. 

Le  premier  eft'  tel.  Soit  (Fig.  5.)  A le  centre 
common  des  chofes  pefantes ; 1’appui  du  levier,  N ; 
du  centre  A intervalle  A N,  foit  decritc  unc  portion 
de  circonference  telle  quelle  C N B,  pourvu  que  l’arc 
C N foit  6gal  a l’arc  N B ; et  foit  confidence  la  cir- 
conference CNB,  comme  unc  balance  ou  un  levier 
de  foi  fans  poids,  qui  fe  remue  librement  I 1’entour  de  l’appui  N ; foient  aufli 
des  poids  egaux  pofes  en  C et  B.  Vous  fuppofez  que  ces  poids  feront  equilibrc 
ctant  balances  fur  le  point  N.  Et  il  feinble  que  ta- 
citement  vous  fuppofez  encore  l’equilibrc  quand  les 
b .as  du  levier  N C et  N B feroient  des  lignes  droites 
(Fig.  6.),  pourvu  que  les  extr£mites  C et  B foient 
egalcment  eloignees  du  centre  A,  et  les  lignes  N C 
et  N B,  foutendantes,  ou  cordes,  en  effer  ou  en  puif- 
fance,  d’arcs  egaux  N C,  N B. 

Toutes  ces  chofes  font  vraies  en  general ; mais  nous  nc  les  croyons  telles  que 
pour  les  avoir  demontrees  par  des  principes  qui  nous  font  plus  clairs  et  plus 
conn  us. 

Toutefois  en  particulier  il  y a une  diftinfVron  a faire,  laquelle  eft  de  grande 
confideration ; favoir,  que  quand  les  arcs  N C et 
N B font  chacun  moindres  qu’un  quart  de  circon- 
ference, le  levier  CNB,  chargf  des  poids  C et  B, 
pefe  fur  l’appui  N,  poufiant  vers  le  centre  A pour 
s’en  approcher.  Mais  quand  les  arcs  C N,  N B font 
chacun  un  quart  de  circonference  (Fig.  7.),  le  le- 
vier CNB,  charge  des  poids  C,  B,  ne  pefe  nulle- 
ment  fur  l’appui  N,  d’autant  que  les  poids  font 
diamctralement  oppofes ; et  pariant  le  levier  de- 
meurera  de  meme  fans  appui  qu’avec  un  appui. 

Finalement  quand  les  arcs  egaux  N C,  N B font 
chacun  plus  grands  qu’un  quart  de  circonference 
(Fig.  8.),  le  levier  CNB,  charge  des  poids  egaux 
C,  B,  pefe  fur  l’appui  N poufiant  vers  P,  pour 
t’eloigner  du  centre  A. 

Cette  diftineftion  etant  vraie  comme  elle  eft,  vo- 
tre fecond  principe  ne  peut  fubfifter ; ce  qui  paroitra  affez  par  I’cxamen  d’iceluL 
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Votrc  fecond  principc  eft  tel.  Soient  A le  centre  commun  dcs  chofes  pe- 
fantes  ; la  balance  ou  le  levier,  EFBCD  (Fig.  9.), 
dont  l’appui  eft  B.  Soic  pofe  tin  poids  comme  B,  tout 
entier  au  point  B pefant  dc  route  fa  puiflance  fur  1’ap- 
pui  B.  On  bien  loit  divifif  le  poids  B en  parties  fgaks 
E,  F,  B,  C,  D.  lefqucllcs  foient  pofees  fur  le  levier 
aux  points  E,  F,  B,  C,  D,  &ant  les  arcs  E F,  F B, 
BC,  CD  cgaux,  et  tout  I’arc  EFBCD  d£crit  alen- 
tour  du  centre  A.  Vous'  fuppofez  que  le  poids  B mis  tout  entier  au  point  B, 
pefera  de  meme  fur  l’appui  B,  qu’etant  pofe,  par  parties  egales,  aux  points  K, 
F,  B,  C,  D.  Ccla  eft  tellement  eloigne  du  vrai,  que  quclquefois  le  poids  B, 
pint!  pofe  par  parties  fur  lc  levier,  ne  pefera  plus  du  tout  lur  l’appui  B,  quel- 
iquefois  au  lieu  de  pefer  fur  l’appui  B pour  tirer  le  levier  vers  A,  il  pefera  tout 
au  contraire  fur  le  mdtne  appui  B,  pour  eloigner  lc  levier  dc  A.  Et  toutefois 
etant  ramafle  tout  entier  au  point  B,  il  pefera  toujours  dc  toute  fa  force  fur 
1’appui  B,  pour  emporter  lc  levier  vers  A.  Et  gencralcment  etant  divife  et 
6tendu,  it  pefera  toujours  moins  fur  l’appui,  qu’etant  ramafle  au  point  B.  Et 
vous  fuppolez  qu’enticr  ct  divife,  il  pefe  toujours  de  meme. 

Toutes  ces  chofes  font  demontrees  enfuite  de  nos  principes,  et  nous  vous  en 
expliquerons  les  principaux  cas,  que  vous  connoltrez  veritables  Ians  aucune 
demonftration. 

Soit  derechcf  A (Fig.  10.)  lc  centre  commun  des  chofes  pefantes,  alentour 
duquel  foit  decrit  le  levier  C B D qui  foit  de  foi 
fans  poids,  prolonge  tant  que  de  befoin  : et  foit  B le 
point  de  l'appui,  auquel  fi  un  poids  eft  pofe,  nous 
demeurons  d’accord  avec  vous  qu’il  pefera  de  toute 
fa  puiflance  fur  l’appui  B,  lequel  appui,  s’il  n’eft 
aflez  fort,  rompra,  et  le  poids  s’en  ira  avec  fon  lc- 
vier  jufqu’au  centre  A.  Maintcnant  foit  divife  le 
poids,  premicremcnt,  en  deux  parties  egales : et 
ayant  pris  les  arcs  B C et  CD  chacun  d’un  quart  de  circonference,  afin  que 
tout  I’arc  C B D foit  une  demi-circonference,  foit  pofec  une  moitie  du  poids 
en  D,  1’autre  en  C ; alors  ces  deux  poids  C et  D pefant  vers  A,  nc  feront 
point  d’autre  eftet  fur  le  levier  CBD,  finon  qu’ils  lc  prefleront  egalement  par 
les  deux  extremites  C et  D pour  le  comber.  Suppofant  done  qu’il  eft  aflez 
roide  pour  ne  pas  plier,  ils  demeureront  fur  le  levier  de  meme  que  s’ils  etoient 
attaches  aux  bouts  du  diametre  D A C,  fans  qu’il  foit  befoin  de  l’appui  B,  fur 
lequel  le  levier  charge  de  ces  deux  poids  ne  fait  aucun  effort : et  quand  cet  ap- 
pui fera  ote,  le  tout  demeurera  de  meme  qu’avcc  l’appui : ce  qui  eft  aflez  clair. 


t'l'jr.  to. 


Que  fi  le  poids  eft  divife  en  plus  de  deux  parties  dgales,  et  qu’etant  ecendu 
fur  des  portions  egales  du  levier,  deux  d’icelies  parries  fe  rencontrent  aux 
points  C,  D,  et  les  autres  dans  l’efpace  C B D,  alors  celles  qui  feront  en  C et  D 
ne  chargcront  point  l'appui  B.  Quant  aux  auties,  elles  le  chargeront,  mais 
d'autant  moins,  que  plus  elles  approchetont  des  points  C,  D,  auxquels  Bait  U 
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charge.  Ainfi  il  s'en  faudra  beau  coup  que  tomes  enfettible  etendues,  chargent 
autant  l’appui  quc  lorfqu'ciles  font  ramaflecs  en  B : elles  ne  pcfent  done  pas  de 
rai-rne, 

Davantagc  foienr  pris  les  arcs  egaux  BC  et  BD  (Fig.  xx.)  chacun  plus 
grand  qu’im  quart  de  circonference,  et  foit  imaginee 
la  ligne  droite  C D ; puis  etant  divife  le  poids  en 
deux  parties  egales  feulcment,  foient  attachees  1’untf 
cn  C,  et  I'autrc  en  D : alors  il  eft  clair  que  le  le- 
vier  charge  des  poids  C,  D,  pefera  fur  l’appui  B s 
mais  ce  fera  tout  au  contraire,  que  fi  les  deux  poids 
dtoient  ramaffes  en  B : car  fi  l’appui  n’eft  pas  affez 
fort,  il  rompra,  et  les  poids  emportant  le  levier,  que 
nous  fuppofons  etre  de  foi  fans  poids,  ne  cefleront 
de  fc  mouvoir  tant  que  la  ligne  droite  C D foit  venue 
au  point  A,  le  levier  etant  monte  en  panic  au-deflus  de  B vers  P,  au  lieu  de 
e’abaifler  vers  A,  comme  il  arriveroit  ft  les  poids,  etant  ramaffes  en  B,  avoient 
rompu  l’appui.  Voyez  quelle  difference  ! 

Enfin  foit  le  levier  comme  auparavant,  auquel  foient  des  quarts  de  circonfer- 
ence BC,  BD,  (Fig.  12.);  et  de  part  et 
d’autre  du  point  C,  foient  pris  des  arcs  egaux 
C G,  C E,  chacun  moindre  qu’un  quart.  De 
mcme  de  part  et  d’autre  du  point  D foient  pris 
les  arcs  egaux  entre  eux  et  avix  precedents 
DH,  DF,  tous  commenfurablcs  au  quart. 

Soit  aulli  divife  tout  I’arc  EBF  en  tant  de 
panics  egales  que  Ton  voudra,  en  fone  que  les 
points  E,  C,  G,  B,  H,  D,  F foient  du  nombre 
de  ceux  qui  font  la  diviffon  ; et  foit  divife  le 
poids  en  autant  de  panics  egales  quc  l’arc 
EBF,  lefquelles  parties  de  poids  foient  pofees 
fur  les  parties  de  la  divifion  du  levier.  Alors 
les  poids  qui  fe  trouveront  pofes  fur  les  arcs 
E C et  F D,  dbchargeront  autant  1'appui  B,  qu’il  etoit  charge  par  ceux  des 
arcs  CG,  DH:  partant  tous  ceux  qui  fe  rone,  "fur  les  arcs  EG  et  FH  ne 
chargeront  point  l’appui  B,  lcqucl,  par  cc  moyen,  ne  fera  charge  que  par  ceux 
qui  feront  fur  l’arc  GBH  ; et  ii  entre  B G et  BH  il  n’y  a aucun  poids  (ce  qui 
arrive™  quand  les  arcs  B G et  B H ne  feront  chacun  qu’une  panic  de  la  fufdite 
divifion  du  levier)  alors  l’appui  B fera  enticrement  decharge.  Voyez  done  com- 
bien  il  y a de  difference  entre  les  poids  ramaffes  en  B,  et  ctcndus  par  parties 
fur  le  levier  EBF ; voyez  auffi  qu’un  meme  poids,  divife  par  parties  et  ctendu 
fur  le  levier,  yfefe  d'autant  nioins  fur  1’appui  B,  que  plus  grande  eft  la  portion 
qu’il  occupe  de  la  circonference  dccrite  alentour  du  point  A,  centre  common 
des  chofts  pefantes, 

Cette  derniere  confederation  pourroit  bien  etre  caufe  qu’un  mcme  corps  pefe- 
roit  moins,  plus  proche  que  plus  eloignb  du  centre  common  des  chofes  pe- 

Voi.  IV.  3 F fantes: 
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fantes : inais  la  proportion  de  ces  pcfanteurs  ne  feroit  nullement  pareillc  if  celle 
dis  diftances,  ct  feroit  peut-etre  tres-difficile  a examiner. 


Maintenant,  pour  vcnir  I votrc  d^monftration  : foit  le  levier  GI  R (Fig.  13.) 
duqucl  l’appui  foit  I,  et  que  les  extremites  G,  R et  I’appui  I foient  dgale- 
ment  eloignes  de  A,  centre  common  des  chofes  pefantes,  alentour  duqucl  foit 
imaginee  la  portion  de  circonfcrence  G I R ; foit  fait  que  comme  l’arc  G I eft  a 
l’arc  I R,  ainfi  le  poids  R foit  au  poids  G.  Vous  dites  que  le  levier  charge 
des  poids  G,  R,  demcurera  en  Equilibre  fur  fon  appui  I.  Quant  a la  de- 
monftration,  vous  fuppofez  qu’elle  eft  facile  en  confequence  de  vos  deux 
principes  precedents.  Et  de  fait,  fi  ces  principes  ctoient  vrais,  il  ne  refteroit 
aucune  difficulte,  ct  la  chofc  pourroit  fe  conclure  ainfi.  Soit  faitc  la  pre- 
paration fuivant  la  methode  d’Archiihede,  en  forte  que  les  arcs  RQ,  RM 
foient  egaux,  tant  entre  eux  qu’a  l’arc  I G ; et  les  arcs  G B,  G M egaux, 
tant  entre  eux  qu’it  l’arc  I R.  Et  foit  Itendu  le  poids  R £galement  depuis 
Qjufqu’en  M,  et  Ic  poids  G aufli  6galement  depuis  M jufqu’en  B ; ainfi  les 
deux  poids  G,  R feront  egalement  6tendus  fur  tout  l’arc  BG1MR  Q^,  lequel 
arc  fera  quelquefois  moindre  que  la  circonference  entiere,  quelquefois  egal  a 
icelle,  et  quelquefois  plus  grand.  Et  d’autant  que  les  portions  1 B,  I Q_font 
fgales,  le  levier  B G I R Q_demeurera  en  equilibre,  par  le  premier  principc,  fur 
l’appui  I.  Mais  le  poids  G ctendu  depuis  B jufqu’en  M,  pefe  dc  m£me  qu’e- 
tant  ramafle  au  point  G,  par  le  fecond  principe : et  par  le  memc  principe,  le 
poids  R pefe  de  m£me  6tant  ctendu  depuis  M jufqu’en  Q_,  qu’etant  ramafle  au 
point  R.  Partant  puifque  ces  deux  poids  f’tant  lamafles  en  G et  en  R,  pefent 
de  mSme  fur  le  levier  qn’etant  etendus,  et  qu’etant  dtendus  ils  font  equilibre  fur 
lc  levier;  ils  feront  encore  Equilibre  etant  ramafles  en  G et  en  R. 

En  cette  demonftration,  tout  cc  qui  eft  fonde  fur  le  fecond  principe,  re9oit 
les  memes  dilficiiltcs  que  le  principe  meme  : et  partant  la  conclufion  ne  s’enfuit 
point  que  les  poids  G,  R faflent  equilibre  fur  le  levier  G I R. 

Nous  pourrions  nous  contenter  de  cc  que  delTus,  croyant  que  vous  ferez  fatif- 
fait : mats  nous  vous  prions  de  coufiderer  encore  deux  inftances,  dont  la  pre- 
miere eft  telle. 

Au 
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Au  levier  G I R ( Fi g.  74  ) foil  Tangle  G I R Ftg  

droit,  et  partant  Tare  G1R  tine  demi-circonfcrence 
dccrite  amour  de  A,  centre  comrnun  des  chcfes  pc-  \ 

fames.  Si  Ton  pr.fc  Tare  G I,  moindre  que  Tare  I R,  \ 

par  cxemple,  que  G I foit  le  tiers  de  I R,  et  le  \ \ 

poids  R de  20  litres;  il  faudroit  done  cn  G 60  li-  \ 

vref,  felon  vous,  pour  faire  equilibre  fur  le  levier  A \ / 

G I R appuye  au  point  I ; et  toutefois  fi  vous  mettez  ' ••A  / 

des  poids  egaux  en  G et  cn  R,  ils  feront  diametr.ilc-  Ajt 

ment  cppofiis,  et  partant  par  le  ptincipe  de  la  Geo-  ./ 

flatique  au  cas  dudit  principe,  accorde  par  vous  et  - 

par  nous,  lefdits  poids  egaux  feront  encore  equilibre, 

comme  s’ils  pefoient  fur  les  extremites  du  diametre  G R vers  le  centre  A : et 
quantl  il  y a unefois  equilibre,  pour  peu  que  Ton  augmente  ou  diminuc  i’un 
des  poids,  i equilibre  fe  perd.  Voycz  comme  cela  peut  s’accorder  avec  votre 
pofiuon. 

La  feconde  inflance  eft  telle.  Soil  A (Fig.  15.)  le 
centre  common  des  chofes  pefantes,  alentour  duquel  " "■ 

foit  la  circonference  G I R,  Tappui  du  levier  I,  et  les  j \ ’*\ 

bras  IG,  I R,  dcfquels  G 1 foit  le  moindre;  et  foit  6 r.  A \ 

prolongce  la  ligne  droite  1 A tant  quelle  rencontre  la  FS'‘  ,5'  i \ \ \ \ 
circonference  en  B.  Partant,  felon  vous,  il  faudra  en  J \ \ 

G un  plus  grand  poids  qu’en  R.  Et,  fi  on  prend  Tare  ; \ \ -R 

I C plus  grand  qtie  I R,  mettant  en  C le  meine  i \ \ / 

poids  qui  etoit  en  R,  il  faudra  en  G un  plus  grand  \ )c 

poids  qu’auparavant,  pour  faire  Tequilibre.  De  meme  I \ S 

prenant  Tare  ID  encore  plus  grand  que  I C,  et  fai-  

Pint  ID  etre  le  bras  du  levier,  et  mettant  cn  D le 

rr.eme  poids qui  etoit  en  C,  il  faudra  encore  augmenter  le  poids  G.  Ainfi 
p us  le  bras  du  levier  qui  eft  en  la  circonference  I RB  aboutira  pres  du  point  B, 

nefe  , s™  r™  P ’ P‘US  J Cn  G u»  g™d  P°.ds  pour  com re- 

peler.  Et  felon  le  fens  comrnun  par  le  raifonnement  ordinaire,  le  bras  du  le- 
vier eiant  la  ligne  droite  I B chargee  comme  de!Tus,  il  faudroit  cn  G le  plus 
grand  poids.  Et  toutefois  alors  le  poids  qui  feroit  cn  B,  pefant  vers  A,  feroit 
tout  fon  effort  fur  la  roidetir  du  bras  BI,  et  le  moindre  poids  qui  feroit  en  G 

balance^  1 1 M = “ P^"'  pCU  quC  ,C  Pol<is  ft1"  fera  cn  G fefie 

balance,  le  bras  IB  avee  fon  poids  vers  D (ce  qui  eft  facile  a demontrer)  alors, 

encore  que  tant  G que  B fortent  hors  la  circonference,  on  conclura  quelquc 
cholc  dc  choquani  de  votre  pofiuon.  M ^ 

Enfin,  Monficnr,  parce  que  1’expericnce  dc  ce  que  dcfllis  nc  pent  fe  faire  par 
, hommes,  des  poius  a 1 egard  de  leur  centre  naturel ; fi  vous  voulez  prendre 
la  peine  de  la  faire  alentotir  U'un  centre  artificial,  fuppofons  pour  levier  tin  petit 
cerclc  arnhciel,  au  lieu  du  grand  cercle  naturel,  ct  des  puiliances  qui  agiffent 
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ou  afpirent  vers  le  centre  du  petit  cercle,  au  lieu  des  poids  qui  tendent  vers  le 

centre  du  grand : vous  trouverez  que  l’experience  eft  du  tout  conforme  a cc 
raifonnement. 

Si  vous  avez  agreablc  de  continuer  nos  communications  fur  ce  fujet  ou  fur 
celui  de  la  Geometric,  en  laquelle  nous  favons  que  vous  excellez  entre  tous 

ceux  de  ce  temps,  nous  tacherons  a vous  donner  contentcment : et  ce  que  nous 

vous  propoferons  ne  fera  point  par  forme  de  queftions ; car  nous  cn  enverrons 
les  demonftrations  cn  mcme-temps,  pour  cn  avoir  votre  jugement.  Vous  nous 
obligcrcz  aufli  de  nous  faire  part  de  vos  penfees.  Nous  fommes.  See. 

A Paris,  le  16  AotU  1636. 


I’oytz  la  Rcporfe  h cetle  Lettre  dans  les  CEuvres  de  Fermat , avec  le  refte  de  la 
mime  difeuj/ion  entre  Robcrval  et  Fermat.  Pages  121,  123,  &c  - - 157. 
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ACADEMIC  PARISIENSI*. 


H M C vobis,  dodiflimi  et  celcberrimi  viri,  aut  dono,  aut  reddo  : veftra  enitTt 
cfle  fateor  qua:  non,  nifi  inter  vos  educatus,  mea  feciflcm  ; propria  autem 
agnofeo  quse  adeo  prxcellentibus  Gcometiis  indigna  video.  Vobis  cnim  nonnifi 
magna  ac  egregia  demonftrata  placent.  Paucis  verb  genium  audax  inventionis, 
paucioribus  (ut  rcor)  genium  elegans  demonftrationis,  pauciffimis  utrumque. 
Silerem  itaque,  nihil  vobis  congruum  habens,  nifi  ea  benignitas  qua:  me  a juni- 
oribus  annis  in  erudito  Lyceo  fuftinuir,  hxc  oblata  qualiacunque  lint,  exciperct. 

Horum  Opufculorum  primum,  magna  ex  parte  agit  de  ambitibus,  feu  peri- 
pheriis  numerorum  quadratorum,  cuborum,  quadrato-quadratorum,  et  in  quo- 
cunque  gradu  conftitutorutn  j et  ideb  de  numericarum  polejlatum  ambitibus  in- 
feribitur. 

Secundum  circa  numeros  aliorum  mukiplices  verlatur,  et  ut  ex  foli  additione 
charaderum  numericorum  agnofeantur,  methodum  tradit. 

Deinccps  autem,  fi  juvat  Deus,  prodibunt  et  alii  tradatus  quos  omnino  para- 
tos  babemus,  et  quorum  fequuntur  tituli : 

De  numeris  magico-magicis ; feu  methodus  ordinandi  numeros  omnes  in  qua- 
drato  numero  contentos,  ita  ut  non  folutn  quadratus  totus  fit  magicus;  fed,  quod 
difRcilius  fane  eft,  ut  ablatis  fingulis  ambitibus  reliquum  femper  magicum  rema- 
neat,  ldque  omnibus  modis  poflibilibus,  nullo  omiti’o. 

Prcmctus  Apollonius  Gallus  ; id  eft  tadioncs  circulates,  non  foliim  quales  vete- 
ribus  notx,  et  a Victi  repertx,  fed  et  adeo  ulterius  promotx  ut  vix  cundem 
patiantur  titulum. 

* On  doit  entendre  par  le  mot  Academic,  la  fociete  des  Savants  qui  s'aflembloient  dans  ce  temps- 
L\  librement  lea  uns  chcz  lea  aut  res,  cl  non  pas  1’ Academic  des  Sciences,  qui  ne  fut  fondee  qu’en 

1666. 

. IT tftiones 


Digitized  by  Google 


CELEBEATt  I M/E  MATIIfc'EOS  ACADEMIC  PAIUSIESS!. 


478 

TaUicnes  fpb<eric,r,  pari  amplitudine  dilatx,  quippc  ca.icm  methodo  tiadatx. 
Urrarumque  autem  melhodus,  Angola  earum  problemata  per  plana  rtfolvens,  ex 
Itngulari  conicarum  fedionum  proprieiare  oritur,  qua:  aliis  multis  difficilliiiiis 
problematibus  fuccurrit ; et  vix  unicam  adimplct  paginam. 

•TaMaies  etid.n  conic* : ubi  ex  quinque  pundis  ct  quinque  rcCcis  datis,  quin- 
que  quibuflibet,  &c. 

Jjoci Joiidi,  cuai  omnibus  cafibus  et  omni  ex  parte  abfolutiffimi. 

Loci  plani:  non  folum  illi  quos  a veteribus  tempos  abripuit,  nec  folum  illi  qnos 
bis  reftitutis  peril lollris  Itujus  xvi  Geometra  fubjunxit,  fed  et  alii  hue  ufque  non 
noti,  mrofque  complcdentes,  et  miilto  latius  exuberances,  methodo,  ut  conji- 
cere  eft,  omninb  nova,  quippc  nova  prsftantc,  via  tamcn  longo  breviori. 

Ccnicorum  opus  ccmpUtum,  et  conica  Apollonii  et  alia  innumera  unica  fere 
propofitione  ampledens  j quod  quidem  nondutn  fex-decimum  tetatis  annum 
afl'ccutus  excogitavi,  et  deindc  in  ordinem  congefli. 

TcrJpeEiivjo  mebedus,  qua  nec  inter  inventas,  nec  inter  inventu  poflfibiler,  ulla 
compendiofior  efl’c  videtur  ; quippc  qux  punda  ichnographix  per  duantin  fo- 
lununodo  redarum  interfedionem  prxilct,  quo  fane  nihil  brevius  clfc  poteft. 

Noviftima  autem  ac  penitus  intentatx  materia:  tradatio,  fcilicct  de  compofi- 
tieve  akx  in  ludis  ipfi fuljtflis,  quod  gallico  noftro  idiomate  dicitur  (faire  Us  partis 
tits  jeux ) : ubi  anceps  fortuna  xquitatc  rationis  ita  reprimitur  ut  utrique  luforum 
quod  jure  competit  exade  Temper  affignctur.  Quod  quidem  eo  fortius  ratioci- 
nando  quxrenduin,  quo  minfis  tentando  inveftigari  poffit : ambigui  enim  fortis 
eventus  fortuitx  contingcntix  potius  quam  naturaii  neceffitati  mcrito  tribuuntur. 
Idco  res  hadenus  erravit  incerta;  nunc  autem  qux  experimento  rebellis  fuerat, 
rationis  dominium  efiugere  non  potuit : cam  quippe  tanta  fecuritate  in  artem 
per  Geometriam  reduximus,  ut  certiludinis  ejus  particeps  fada,  jam  audader 
prodcat ; ct  fic  Matlufeos  demonftrationes  cuin  ale®  incertitudine  jungendo,  et 
qux  contraria  videntur  conciliando,  ab  utrique  nominationem  fuam  accipicns 
itupendum  hunc  titulum  jure  fibi  arrogat : ale*  Gemctria. 

Non  de  Gnomonid  loquor,  nec  de  innumeris  mijceilantis,  qux  fails  in  promptu 
liabeo  ; verurn  nec  parata,  nec  parari  digna. 

De  vacuo  quoque  fubticeo,  quippe  brevi  typis  mandandum,  et  non  folum 
vobis  (ut  ifta)  fed  et  cundis  proditurum  : non  tamen  fine  nutu  veftro,  quern 
fi  mercaiur,  nihil  metuendum : quod  equidem  aliquando  alias  expertus  fum, 
maxima  in  inftrumento  illo  arithmetico  quod  timtdus  inveneram,  et  vobis  hor- 
tantibus  exponens,  agnovi  approbationis  vcftrx  pondus. 

Illi  font  Geometrix  noftra  maturi  fiudus : felices  et  immanc  lucrum  faduri, 
ft  hos  impertiendo  quoldam  ex  veftris  reportemus. 

B.  PASCAL. 

Datum  Pttrijiis,  1654. 

PRE- 
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MONSIEUR, 

T ’IMPATIENCE  me  prend  aufli-bien  qu’a  vous;  et  quoiqueje  fois  encore 
■L'  au  lit,  je  ne  puis  m’empecher  de  vous  dire  que  je  retjus  hier  au  foir,  de  la 
part  de  M.  de  Carcavi,  votre  Lettre  fur  les  partis,  que  j’admire  fi  fort,  que  jc 
ne  puis  vous  le  dire.  Je  n’ai  pas  le  loifir  de  m’etendre  ; mais  en  un  mot  vous 
avez  trouve  les  deux  partis  des  des  ct  des  parties  dans  la  parfaite  juftefle  : j’en 
fuis  tout  fatisfait ; car  jc  ne  doute  plus  maintenant  que  je  ne  fois  dans  la  verite, 
aprcs  la  rencontre  admirable  ou  je  me  trouve  avec  vous.  J’admire  bicn  davan- 
tage  la  mcthodc  des  parties  que  celle  des  des  : j’avois  vu  plulieurs  perfonnes 
trouver  celle  des  des,  comme  M.  le  Chevalier  dc  Mere,  (qui  eft  celui  qui  m’a 
propofe  ces  queftions,)  ct  aulfi  M.  de  Roberval ; mais  M.  de  Mere  n’avoit  ja- 
mais pu  trouver  la  jufte  valeur  des  parties,  ni  de  biais  pour  y arriver  : de  forte 
queje  me  trouvois  feul  qui  eufle  connu  cette  proportion.  Votre  mfrhode  eft 
tres-sure,  et  e’eft  la  premiere  qui  m’eft  venue  a la  penfee  dans  cette  recherche. 
Mais,  parce  que  la  peine  descombinaifons  eft  exce  (five,  j’en  ai  trouve  un  abrege, 
et  proprement  une  autre  methode  bien  plus  courte  et  plus  nette,  queje  voudrois 
pouvoir  vous  dire  ici  en  peu  de  mots:  carje  voudrois  deformais  vous  ouvrir 
mon  cccur,  s’il  fe  pouvoit ; tant  j’ai  de  joie  de  voir  notre  rencontre.  Je  vois 
bien  que  la  verity  eft  la  mcme  a Touloufe  et  & Paris.  Voici  a peu  pres  comme 
je  fais  pour  favoir  la  valeur  de  chacune  des  parties,  quand  deux  joueurs  jouenr, 
par  cxemple,  en  trois  parties,  ct  chacun  a mis  32  piftoles  au  jeu. 

Pofons  que  le  premier  en  ait  deux  et  l’autre  une : ils  jouent  maintenant  une 
partie  dont  le  fort  eft  tel,  que  fi  le  premier  la  gagne,  il  gagne  tout  l’argent  qui 
eft  au  jeu,  favoir,  64  piftoles : ft  l’autre  la  gagne,  ils' font  deux  parties  a deux 
parties ; et  par  confequent  s’ils  veulent  fe  feparer,  il  faut  qu’ils  retirent  chacun 
leur  mife,  (avoir,  chacun  32  piftoles.  Confiderez  done,  Monfieur,  que,  fi  le 
premier  gagne,  il  lui  appartient  64 ; s’il  perd,  il  lui  appartient  32.  Done  s’ils 
ne  veulent  point  hafarder  cette  partie,  et  fe  feparer  fans  la  jouer,  le  premier  doit 
dire:  “ je  fuis  sur  d’avoir  32  piftoles;  car  la  pertc  trime  me  les  donne  : mais 

* Tirce  du  Recueil  des  CEurres  dc  Fermat.  Il  paroit  quo  cette  Lettre  avoit  etc  priced ee  par 
d'autres  fur  la  meme  matierc  ; mais  jc  n’ai  pu  les  rccouvrer. 
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po'jr  les  32  autres,  peut-etreje  les  aurai,  peut-etre  vous  les  aurcz ; le  hafard 
eft  egal ; partageons  done  ces  32  piftolcs  par  la  moitie,  et  donnez-moi  outre  cela 
mes  32  qui  me  font  sCires.”  11  aura  done  48  piftolcs,  et  l’autre  16. 

Pofons  maintenant  que  le  premier  ait  deux  parties,  l’autre  point,  et  qu'ils 
commcncent  a jouer  tine  partie  : le  fort  de  cette  partie  eft  tel,  que  ft  le  premier 
la  gagne,  il  tire  tout  1’argent,  64  piftoles  ; fi  l’autre  la  gagne,  les  voila  re venus 
au  cas  precedent,  auquel  le  premier  aura  deux  parties  et  1’autrc  unc.  Or  nous 
avons  deja  montre  qu’en  ce  cas  il  appartient  ii  cclui  qui  a les  deux  patties,  48 
piftoles  ; done  s'ils  veulent  ne  point  jouer  cette  partie,  il  doit  dire  ainfi : “ fi  je  la 
gagne,  je  gagnerai  tout,  qui  eft  64 ; fi  je  la  perds,  il  m’appartiendra  lygitime- 
ment  48,  Done  donnez-moi  les  48  qui  me  font  certaines,  au  cas  meme  que  je 
perdc,  et  partageons  les  16  autres  par  la  moiti£,  puifqu’il  y a autant  de  hafard 
que  vous  les  gagniez  commc  moi.”  Ainfi  il  aura  48  et  8,  qui  font  56  piftoles. 

Pofons  enfin  que  le  premier  n’ait  qu’une  partie  et  l’autre  point.  Vous  voyez, 
Monfieur,  que  s’ils  commcncent  une  partie  nouvellc,  le  fort  en  eft  tel,  que  fi 
le  premier  la  gagne,  il  aura  deux  parties  a point,  et  partant,  par  le  cas  prece- 
dent, il  lui  appartient  56  ; s’il  la  perd,  ils  font  partie  a partie,  done  il  lui  ap- 
partient 32  piftoles.  Done  il  doit  dire  : “ fi  vous  voulez  ne  pas  la  jouer,  don- 
nez-moi 32  piftoles  qui  me  font  stores,  et  partageons  le  refte  de  56  par  la  moi- 
tie; de  56  otez  32,  refte  24;  panagez  done  24  par  la  moitie,  prenez  en  12  et 
moi  12,  qui,  avec  32,  font  44.” 

Or  par  ce  moyen  vous  voyez  par  les  fimples  fouftradions,  que  pour  la  pre- 
miere partie  il  appartient  fur  l’argent  de  l’autre  12  piftolcs,  pour  la  feconde 
autres  12,  ct  pour  la  derniere  8. 

Or  pour  ne  plus  faire  de  myftere,  puifque  vous  voyez  aufti-bicn  tout  a de- 
couvert,  et  que  je  n’en  faifois  que  pour  voir  fi  je  ne  me  trompois  pas,  la  valeur 
(j’entends  la  valeur  fur  l'argent  de  I'autre  feulement)  de  la  derniere  partie  de  2 
eft  double  de  la  partie  de  3 ; et  quadruple  de  la  derniere  partie  de  4 ; et  oftu* 
pie  de  la  derniere  partie  de  5,  &c. 

Mais  la  proportion  des  premieres  parties  n’eft  pas  fi  aifee  it  trouver:  elle  eft 
done  ainfi,  car  je  ne  veux  rien  deguifer ; et  voici  le  problemc  dont  je  faifois  tant 
de  cas,  comme  en  effet  il  me  plait  fort. 

Etant  donne  tel  nombre  de  forties  qu'en  voudra , trouver  la  valeur  de  la  premiere? 

Suit  le  nombre  des  parties  donne,  par-exemple,  8 : prenez  les  huit  premiers 
nombres  pairs  et  les  huit  premiers  nombres  impairs,  favoir  : 

2,  4,’ 6,  8,  10,  12,  14,  16. 

'«  T>  3>  5.  7>  9>  *'»  *3»  >5* 

Multiplicz  les  nombres  pairs  en  cette  forte  : le  premier  par  le  fecond,  le  pro- 
duit  par  le  troifieme,  le  produit  par  le  quatrieme,  le  produit  par  le  cinquieme, 
£cc.  Multiplicz  les  nombres  impairs  de  la  meme  forte:  le  premier  par  le  fecond, 
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le  produit  par  1c  troifiemc,  &c. : le  dernier  produit  des  pairs  eft  le  denomina- 
tes, et  le  dernier  produit  dcs  impairs  eft  le  numerates  de  la  fra&ion  qui  ex- 
prime la  valeur  de  la  premiere  partie  de  8 ; c’eft-a-dire,  quc  fi  on  joue  chacun 
le  nombre  des  piftoles  exprime  par  le  produit  des  pairs,  il  en  apparticndra  fur 
l’argcnt  de  l’autre  le  nombre  exprime  par  le  produit  des  impairs. 

Ce  qui  fe  demontre,  mais  avec  bcaucoup  de  peine,  par  les  combinaifons, 
telles  que  vous  les  avez  imaginccs  : je  n’ai  pu  le  demontrer  par  cctte  autre  voic 
que  je  viens  de  vous  dire,  mais  feuleinent  par  celle  dcs  combinailons  ; et  void 
les  propofit  ions  qui  y menent,  qui  font  proprement  des  propefi  ions  arithme- 
tiques  touchant  les  combinaifons,  dont  j’ai  d’alfcz  belles  proprietes. 

Si  d’un  nombre  quelconque  de  lettres,  par  cxemplc,  de  huit,  A,  B,  C,  D, 
E,  F,  G,  H,  vous  prenez  routes  les  combinaifons  pofliblcs  de  quatre  lettres, 
et  enfuite  routes  les  combinaifons  poftibles  de  cinq  lettres,  et  puis  de  fix,  de  fept 
et  de  huit,  &c. ; et  qu’ainfi  vous  preniez  toutes  les  combinaifons  poflibles  de- 
puis  la  multitude,  qui  eft  la  rnoitie  de  la  toute,  jufqu’au  tout : je  dis  que  ft 
vous  joignez  enfemble  la  rnoitie  de  la  combinaifon  de  quatre  avec  chacune  des 
combinaifons  fuperieures,  la  fomme  fera  le  nombre  tantieme  de  la  progreftion 
quaternaire,  a commencer  par  le  binaire,  qui  eft  la  rnoitie  de  la  multitude.  Par 
exemple,  et  je  vous  le  dirai  en  latin,  car  le  franpois  n'y  vaut  rien. 

Si  quotlibtt  Utterarum,  verbi  gratia,  0R0,  A,  B,  C,  D,  E,  F,  G,  H,  fimantur 
crimes  combinations  quaternarii,  quinquenarii  *,  jfenarii,  &c.  ufque  ad  oUonar  'tum  ; 
dice,  ft  jungas  dimidium  combmationis  quaternarii,  nempe  35  C dimidium  70)  cum 
omnibus  combinationibus  quinquenarii,  nempe  36,  plus  omnibus  combinationibus  Jenarii, 
nempe  28,  plus  cmnibus  combinationibus  feptenarii,  nempe  8,  plus  omnibus  combinatio- 
nibus oRonarii,  nempe  1 , faflum  ejfe  quantum  numerum  progrtjfmnis  quaternarii  cujus 
crigo  eft  2 : dico  quartum  numerum,  quia  4 oRonarii  dimidium  eft. 

Sunt  enim  numeri  progreftionis  quaternarii  quibus  crigo  eft  2,  ifti : z,  8,  32,  128, 
312,  fs’r.  quorum  2 primus  eft,  8 fecundus,  32  terlius,  et  128  quartus,  cui  128 
squantur  + 35,  dimidium  combmationis  4 Utterarum,  + 56  combmationis  5 littera- 
rum,  + 28  combinationis  6 Utterarum,  -j-  8 combmationis  7 Utterarum,  + 1 com- 
binations 8 Utterarum. 

Voila  la  premiere  propofition,  qui  eft  purement  arithmetique. 

L’autre  regarde  la  doftrine  des  partis,  et  eft  telle.  II  faut  dire  auparavant : 
Si  on  a une  partie  de  5,  par  exemple,  et  qu’ainfi  il  en  manque  quatre,  le  jeu 
fera  infailliblement  decide  en  8,  qui  eft  double  de  4 : la  valeur  de  la  premiere 
partie  de  5 fur  l'argent  de  l’autre,  eft  la  fraction  qui  a pour  numerates  la 
rnoitie  de  la  combinaifon  de  4 fur  8 (je  prends  4,  parcc  qu’il  eft  egal  au  notn- 
bre  des  parties  qui  manquent,  et  8,  parce  qu’il  eft  double  de  4,)  et  pour  deno- 
minates ce  meme  numerates,  plus  toutes  les  combinaifons  fuperieures. 

Ainfi  ft  j’ai  une  partie  de  5,  il  m’apparticnt  fur  l’argent  de  mon  joucur 
e’eft-a-dire,  que,  s'il  a mis  128  piftoles,  j’en  prends  35,  et  lui  laifle  le  refte  93. 

* Putius  (juinar’n. 
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Or  cette  fraction  eft  la  meme  que  celle-la  laqitelle  eft  faite  par  la  mul- 
tiplication tics  pairs  pour  le  denominateur,  et  de  la  multiplication  des  impairs 
pour  le  numerateur. 

Vous  verrez  bien  fans  doute  tout  cela,  fi  vous  vous  cn  donnez  tant  foit  pen 
la  peine.  C’cfl  pourquoi  jc  trouve  inutile  de  vous  en  entrccenir  davantage  : je 
vous  envoie  neanmoins  une  de  tries  vieilles  Tables.  Je  n’ai  pas  le  loifir  de  la 
copier,  je  la  referai  ; vous  y verrez  comme  toujours  la  valeur  de  la  premiere 
partie  eft  egale  a celle  de  la  fcconde,  ce  qui  fe  trouve  aifement  par  les  combi- 
naifons. 

Vous  verrez  de  mime  que  les  nombres  de  la  premiere  ligne  augmentent 
toujours. 

Ceux  de  la  fcconde,  de  meme. 

Ccux  de  la  troifieme,  de  meme. 

Mais  enfuite  ceux  de  la  quatriemc  diminuent. 

Ccux  dc  la  cinquietnc,  See. 

Ce  qui  eft  etrange. 

Je  n’ai  pas  le  temps  de  vous  envoycr  la  demonftration  d’une  difficulte  qui 
e- on  noil  fort  M.  de  Mere  : car  il  a tres-bon  efprit,  mais  il-n’eft  pas  Geometre; 
e’eft,  comme  vous  favez,  un  grand  defaut ; ct  meme  il  ne  comprcnd  pas 
qu’unc  ligne  mathematique  foit  divifible  a 1’infini,  et  croit  fort  bien  entendre 
qu’elic  eft  compol'ee  dc  points  cn  nombre  fini ; et  jamais  je  n’ai  pu  Ten  tirer:  fi 
vous  pouviez  le  faire,  on  le  rendroit  parfait.  Il  me  difoit  done  qu’il  avoir 
trouve  faufietc  dans  les  nombres  par  cette  ration. 

Si  on  entreprend  de  faire  un  6 avec  un  dc,  il  y a avantage  de  l’entreprcndre 
cn  4,  comme  de  6,7 ( a 625. 

Si  on  entreprend  de  faire  fonnez  avec  deux  des,  il  y a defavantage  de  l’en- 
treprendre  en  74. 

Et  neanmoins  24  eft  a 36,  qui  eft  le  nombre  des  faces  de  deux  des,  comme 
4 a 6,  qui  eft  le  nombre  des  faces  d’un  di. 

Voik  quel  etoit  fon  grand  fcandale,  qui  lui  faifoit  dire  haurement  que  les 
proportions  n’etoient  pas  conftantes,  et  que  I’Arithmetique  fe  dementoit.  Mats 
vous  en  verrez  bien  aifement  la  raifon,  par  les  principes  ou  vous  eres. 

Je  mettrai  par  ordre  tout  ce  que  j’en  ai  fait,  quand  j’aurai  acheve  des  Traites 
Gcom6triques  ou  je  travaiile  il  y a deja  quelquc  temps. 

J’en  ai  fait  aufli  d’arithrnetiques,  fur  le  fujet  defquels  je  vous  fupplie  de  tue 
mander  voire  avis  fur  cette  demonftration. 

Je  pofe  le  Lemme  que  tout  le  monde  fijait,  que  la  fomme  de  tant  de  nombres 
qu’on  voudra  de  la  progreffion  continuee  depuis  l’uniie,  comme  1,  2,  3,  4, 
etant  prife  deux  fois,  eft  egale  au  dernier  4,  multiplie  par  le  prochainement  pkis 
grand  5,  e’eft-a  dire,  que  la  fomme  des  nombres  comenus  dans  A,  etant  prife 
deux  fois,  eft  egale  au  produit  de  A par  A + 1. 

Maintenant 
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Maintenant  je  vicns  a ma  propofuion. 

Duorum  quorumlibtl  eubcrum  proximorum  differentia , unitale  dempid,  fextupla  ejl 
omnium  numerorum  in  mincris  radice  contentorum. 

Sint  dux  radices  R,  S,  unitate  dfferentes  : dico  R'  — S’  — 1 aquari  Jumna 
numercrum  in  S contentorum, /exies  fumptx.  Etenim  S vccetur  A ; ergo  R eft  A + 1. 
Jgitur  cubus  radicis  R , feu  A + J,  eft  A3  + 3 A*  -f-  3 A + i* ; cuius  verb  S, 
feu  A,  eft  A’ ; et  borum  differentia  eft  3 A*  3 A + 1 id  eft,  R*  — S’.  Igitur  ft 
auferatur  unitas,  3 A’  -J-  3 A . equatur  R*  — S3  — 1.  tied  duplum  Jumma  nume- 
rorum in  h,/en  S,  contentorum  xquatur,  ex  Lemmate,  A in  A + 1 , hoc  eft  A1  + A. 
Igitur  fextuplnm  Jumma  numerorum  in  A contentorum  xquatur  3 A*  + 3 A.  Sed 
3 A*  4-  3 A .equatur  R’  — S’  — 1.  Jgitur  R’  — S’  — 1 .equatur  Jextuplo  jumma 
numerorum  in  A Jett  S contentorum.  §>uod  era t demenftrandum. 

On  nc  m’a  pas  fait  de  difficult!*  lit-delTus ; mais  on  m’a  dit  qu’on  ne  m’en 
faifoit  pas,  par  cette  ralfon  que  tout  lc  rnomie  eft  accoutume  aujour-d’hui  a 
cette  method e : et  moi  je  pretends  que  fans  me  faire  grace,  on  doit  admettre 
cette  dcmonftrauon  conuue  d’tin  genre  excellent.  J’cn  attends  neanmoins  votre 
avis  avec  toute  loumiffion  : tout-  ce  que  j'ai  demontre  en  arithmetique,  eft  de 
cette  nature.  Void  encore  deux  diflkulics. 

J'ai  demontre  une  propofition  plane,  cn  me  fervant  du  cube  d'une  ligne, 
compare  au  cube  d’une  autre.  Je  pretends  que  cela  eft  punement  geometrique, 
et  dans  la  feverite  la  plus  grande. 

De  meme  j’ai  refolu  ce  problcme : De  quatre  plans , quatre  points  et  quatre 
fpberes,  quatre  quelconques  etant  domecs,  trouver  une  Jpbere  qui,  touchant  les  Jpberes 
dennees,  paffe  par  les  points  donnbes,  et  laiffe  fur  les  plans  des  portions  de  fpberes  ca- 
pable! eCangtes  domes  : et  celui-ci  : De  trois  cercles , trots  points,  treis  Hgnes,  trois 
quelconques  etant  domes,  trouver  tin  cercle  qui,  touebant  les  cercles  et  les  points,  laiffe 
fur  la  ligne  un  arc  capable  if  angle  dome. 

J’ai  refolu  * ces  problemcs  plcinemcnr,  n’employant  dans  la  conftruftion  que 
des  cercles  et  des  lignes  droices.  Mais  dans  la  demonftration,  je  me  fers  des 
lieux  folidcs,  de  paraboles  ou  hyperboles.  Je  pretends  neanmoins  qu’attendu 
que  la  conftruftion  eft  plane,  ma  folution  eft  plane,  et  doit  paftcr  pour  telle. 

C’cft  bien  mal  reconnoitre  1’honneur  que  vous  me  faites  de  fouffrir  rrcs  cntie- 
tiens,  que  de  vous  importuner  ft  long-temps  : je  ne  penle  jamais  vous  dire  que 
deux  mots,  et  ft  je  ne  vous  dis  pas  ce  que  j’ai  le  plus  fur  le  cocur,  qui  eft,  que, 
plus  ie  vous  connois,  plus  je  vous  admire  et  vous  honore ; et  que  (i  vousvoyiez 
a quel  point  cela  eft,  vous  donnericz  une  place  dans  votre  amitie  a cclui  qui 
eft,  Monficur,  votre,  &c. 

PASCAL. 

Le  29  Jui/let  1654. 

• II  y a apparcncc  que  toutet  ces  reelicrclies  font  pcrducs. 
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MONSIEUR, 

JE  nc  pus  vous  ouvrir  mi  penfee  entierc  touchant  les  partis  de  plufieurs 
joucurs,  par  I’ordinaire  pafle  ; et  mcme  j’ai  quelque  repugnance  a le  faire, 
dc  peur  qu’en  ceci  cette  admirable  convenance  qui  etoit  entre  nous,  et  qui 
m'etoit  fi  chere,  ne  commence  a fe  dementir  j carje  crains  que  nous  ne  foyons 
de  differents  avis  fur  ce  fujet.  Je  veux  vous  ouvrir  toutes  mes  raifons;  et  vous 
me  ferez  la  grace  dc  me  red  re  tier,  fi  j’erre,  ou  de  m’affermir,  fi  j’ai  bien  ren- 
contre. Je  vous  le  demandc  tout  dc  bon  et  fincerement ; carje  ne  me  tiendrai 
pour  certain  que  quand  vous  fercz  de  raon  cote. 

Quand  il  n’y  a que  deux  joueurs,  votre  methode,  qui  precede  par  les  com- 
binaifons,  ell  tres-fure.  Mais  quand  il  y en  a trois,  je  crois  avoir  d^monftra- 
tion  qu’eile  eft  mal  jufte,  fi  ce  n’eft  que  vous  y procidiez  de  quelqu’autre  ma- 
niere  que  je  n’entends  pas-  Mais  la  methode  que  je  vous  ai  ouverte,  el  dont  je 
me  fers  par-tout,  eft  commune  a toutes  les  conditions  imaginables  de  toutes 
fortes  de  partis,  au  lieu  que  cellc  des  combinaifons  (dont  je  ne  me  fers  qu’aux 
rencontres  particulieres  oil  elle  eft  plus  courte  que  la  generate)  n’eft  bonne  qu’en 
ces  feules  occafions,  et  non  pas  aux  autres. 

Je  fuis  fur  que  je  me  donnerai  4 entendre } mais  il  me  faudra  un  pcu  de  dif- 
cours,  et  a vous  un  peu  de  patience. 

Voici  comment  vous  procedez,  quand  il  y a deux  joueurs.  Si  deux  joueurs 
jouant  en  plufieurs  parties,  fe  trouvent  en  cet  etat  qu’il  manque  deux  parties- 
au  premier  et  trois  au  fccond,  pour  trouver  le  parti  il  feut  (dites-vous)  voir  en 
combien  de  parties  le  jeu  fera  decide  abfolument. 

11  eft  aife  de  fupputer  que  ce  fera  en  quatre  parties  d’ou  vous  concluez  qu’il 
faut  voir  combien  quatre  parties  fe  combinent  entre  deux  joueurs,  et  voir  com- 
bien il  y a de  combinaifons  pour  faire  gagner  le  premier,  et  combien  pour  le 
fccond,  et  partager  l’argent  fuivant  cette  proportion.  J’euffe  eu  peine  a en- 
tendre ce  difcours-li,  fije  ne  l’eufle  ffu  de  moi-raemc  auparavant ; aufli  vous- 


* Tir£e  du  Recucil  dcs  (Euvrei  dc  Fcmut. 
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l’aviez  cci  it  dans  ccttc  penfec.  Done  pour  voir  combien  quatre  parlies  fc  com- 
binent  emre  deux  joueurs,  il  faut  imagincr  qu’ils  jouent  avee  un  dc  a deux 
faces  (puifqu’ils  ne  font  que  deux  joueurs)  commc  a croix  ct  pile,  ct  qu’iis 
iettent  quaere  dc  ecs  ties  (parce  qu’ils  jouent  en  quatre  parties,)  et  maintenant 
■'  faut  voir  combien  ccs  dcs  peuvent  avoir  d’affiettes  differentes  : cela  eft  aile  a 
fupputer ; its  peuvent  cn  avoir  16,  qui  eft  le  fecond  degre  dc  4,  e’eft-a-dire,  !c 
quarre ; car  figurons-nous  qu’une  des  faces  eft  marquee  A,  favorable  au  pre- 
mier joueur,  et  l'autre  B,  favorable  au  fecond;  done  ccs  quatre  dcs  peuvent 
s’affcoir  fur  une  dc  ccs  16  afliettes,  a a a a ....  b b b b. 

Et  parce  qu’il  manque  deux  parties  au  premier  joueur,  toutes  les 
faces  qui  ont  deux  A le  font  gagner;  done  il  en  a 1 1 pour  lui : ct 
parce  qu’il  manque  trois  parties  au  fecond,  toutes  les  faces  o&  il  y 
a trois  B peuvent  le  faire  gagner ; done  il  y cn  a 5 ; done  il  faut 
qu’ils  partagent  la  fomme,  commc  n a 5. 

Voilk  votre  methode  quand  il  y a deux  joueurs.  Sur  quoi  vous 
dites  que,  s’il  y cn  a davantage,  il  ne  fera  pas  difficile  de  faire  les 
partis  par  la  meme  methode. 

Sur  cela,  Monfieur,  j’ai  a vous  dire  que  ce  parti  pour  deux 
joueurs,  fonde  fur  les  com binai Tons,  eft  tres-jufte  et  tres-bon  ; niais 
que,  s’ll  y a plus  de  deux  joueurs,  il  ne  fera  pas  toujours  jufte  : et  je 
vous  dirai  la  raifon  de  cette  difference. 

Je  communiquai  votre  methode  a nos  Mefficurs;  fur  quoi  M.  de 
Robcrval  me  fit  cette  objedion. 

Que  e’eft  a tort  que  l’on  prend  l’art  de  faire  le  parti,  fur  la  fup- 
pofttion  qu’on  joue  en  quatre  parties : vu  que,  quand  il  manque 
deux  parties  a i’un  et  trois  k l’autre,  il  n’eft  pas  de  neceffite  que 
I’on  joue  quatre  parties,  pouvant  arriver  qu’on  n’en  jouera  que 
deux  ou  trois,  ou,  k la  veritc,  pcut-£tre  quatre  ; et  ainfi  qu’il  ne  voyoit  pas 
pourquoi  on  pretendoit  de  faire  le  parti  jufte  fur  une  condition  feime,  qu’on 
jouera  quatre  parties  : vu  que  la  condition  naturclle  du  jeu  eft  qu’on  ne  jouera 
plus  des  que  l’un  des  joueurs  aura  gagne  ; et  qu’au  morns,  fi  cela  n’etoic  faux, 
cela  n’etoit  pas  demontre.  De  forte  qu’il  avoit  quelquc  foupqon  que  nous 
avions  fait  un  paralogifine. 

Je  lui  ripondis  que  je  ne  me  fondois  pas  tant  fur  cette  methode  des  combinai- 
fons,  laquelle  veritabkment  n’eft  pas  en  fon  lieu  en  cette  occafion,  commc  fur 
mon  autre  methode  univerfelle,  a qui  ricn  n’echappe,  et  qui  porte  fa  demon- 
ftration  avec  foi,  qui  trouve  le  meme  parti  precilemcnt  que  celle  des  combi- 
naifons ; et  de  plus  je  lui  demontrai  la  veritc  du  parti  entre  deux  joueurs  par  les 
combinaifons  en  cette  forte. 

N’eft-il  pas  vrai  que  ft  deux  joueun,  fe  trouvant  en  cet  etat  de  l’liypothife 
qu’il  manque  2 parties  a I’un  et  3 a l’autre,  convicnnent  maintenant  de  gre  a 
gre  qu’on  joue  quatre  parties  completes,  e’eft-a-dire,  qu’on  jette  les  quatre  dcs 
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a deux  faces  tout  a la  fois : n’eft-il  pas  vrai,  dis-je,  que,  s’ils  ont  d£libere  de 
joucr  Ics  quatre  parties,  )e  parti  doit  etre  tel  que  nous  avons  die,  fuivant  la  mul- 
titude ties  afliettes  favorables  a chacun  ? 

11  en  demeura  d’accord,  et  cela,  cn  effet,  eft  demonftratif;  mais  il  nioit  que 
la  meme  chofe  fubfiftat,  cn  ne  s’aftrtignant  pas  a jouer  les  quatre  parlies.  Je 
lui  dis  done  ainli : 

N'eft-il  pas  clair,  que  les  memes  joueurs,  n’etant  pas  aftreints  a jouer  quatre 
parties,  mais  voulant  quitter  le  jeu  des  que  l’un  auroit  atteint  fon  notnbre,  peu- 
vent,  fans  dommage,  ni  avantage,  s’aftreindre  a jouer  les  quatre  parties  entieres, 
et  que  cette  convention  ne  change  en  aucune  maniere  leur  condition  ? Car  ft 
le  premier  gagne  les  2 premieres  panics  de  4,  et  qu’ainG  il  ait  gagne,  refufe- 
ra-t-il  de  jouer  encore  deux  patties,  vii  que,  s’il  les  gagne,  il  n’a  pas  mictix 
gagne  ; et  s’d  les  perd,  il  n’a  pas  moins  gagne ; car  ces  2 que  I’autre  a gagnees, 
ne  lui  fuffifent  pas,  puifqu’il  lui  cn  faut  3 ; et  ainfi  il  n’y  a pas  a I fez  do  quatre 
parties  pour  faire  qu’ils  puiflent  tous  deux  atteindre  le  nombre  qui  leur  man- 
que ? 

Certainement  il  eft  aife  de  confklerer  qu’il  eft  abfolument  egal  et  indifferent  a 
l’un  et  a 1’autre  de  jouer  en  la  condition  naturelle  a leur  jeu,  qui  eft  de  finir  dcs^ 
qu’on  aura  fon  compte,  ou  de  jouer  les  quatre  patties  entieres ; done  puifque 
ces  deux  conditions  font  egalcs  et  indifferentes,  le  parti  doit  etre  tout  p.areil  en 
l’une  et  en  l’autrc.  Or  il  eft  jufle  qtiand  ils  font  obliges  de  jouer  quatre  parties 
comme  jc  l’ai  montre  ; done  il  eft  jufte  aufli  en  1’autre  cas. 

Voila  comment  je  le  demontrai : et,  ft  votis  y prenez  garde,  cette  demonftra- 
tion  eft  fondee  fur  l’egalite  des  deux  conditions,  vraie  el  feinte,  a 1’cgard  de  deux 
joueurs,  ct  qu’en  l’une  et  en  l’autre  un  tnerae  gagnera  toujours  ; et  ft  l’un  gagne 
ou  perd  cn  l’une,  il  gagnera  ou  perdra  en  l’autre,  ct  jamais  deux  n’auront  leur 
compte. 

Suivons  la  meme  pointe  pour  trois  joueurs,  ct  pofons  qu’il  manque  une  parrie 
au  premier,  qu’il  en  manque  deux  au  fecond  et  deux  au  troifieme.  Pour  faire 
le  parti  fuivant  la  meme  methode  des  combinaifons  *,  il  faut  chercher  d’abord' 
en  combien  de  parties  le  jeu  fera  decide,  comme  nous  avons  fait  qtiand  il  y 
avoit  deux  joueurs  : ce  fera.  en  3.  Car  ils  ne  fauroient  jouer  trois  parties  fans  que 
la  decifion  foit  arrivee  neceffairement. 

11  faut  voir  maintenant  combien  trois  parties  fe  combinent  en  trois  joueurs 
combien  il  y en  ade  favorables  a l’un,  combien  a l’autre,  et  combien  au  dernier; 
et,  fuivant  cette  proportion,  diftribuer  1’argent,  de  meme  qu’on  a fait  cn  l’hy- 
pothefe  de  deux  joueurs. 

Pour  voir  combien  il  y a de  combinaifons  en  tout,  cela  eft  aife  ; e’eft  Ioj 
troifieme  puiffance  de  trois ; e’eft-a-dire,  fon  cube  27. 

* Pafcal  emploie  d*une  maniere  defeat  ueufc  la  methode  dc$  combioaifons  pour  trois  Joueurs,  com« 
me  on  le  verra  par  la  Keponfc  de  Fermat. 
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Car  fi  on  jette  trois  des  a la  fois  (puifqu'il  faut  jouer  trois 
parties)  qui  aicm  chacun  trois  faces,  puifqu’il  y a trois  joueurs, 
l’une  marquee  A favorable  au  premier,  l'aurre  B pour  le  fe- 
cond, l’autre  C pour  le  troifieme  ; il  eft  rnanifefte  que  ces  trois 
des  jeties  enfemble,  peuvent  s’afleoir -fur  27  alliettes  diffe- 
rentes,  favoir  : 

Or  il  nc  manque  qu’une  partie  au  premier ; done  toutes  les 
afliettes  ou  il  y a un  A font  pour  lui ; done  il  y cn  a 19. 

Il  manque  deux  parties  au  fecond;  done  toutes  les  afliettes 
ou  il  y a deux  B font  pour  lui ; done  il  y en  a 7. 

Il  manque  deux  parties  au  troifieme ; done  toutes  les  af- 
fiettes  oil  il  y a deux  C font  pour  lui ; done  il  y cn  a 7. 

Si  de-la  on  conduoit  qu’il  faudroit  donner  a chacun  fui- 
vant  la  proportion  de  19,  7,  7,  on  fe  tromperoit  trop  grof- 
fierement,  et  je  n’ai  garde  de  croirc  que  vous  le  fafliez  ainfi  : 
car  il  y a quelques  faces  favorables  au  premier  et  au  fecond 
tout  enfembie,  comme  ABB;  car  le  premier  y trouve  un  A, 
qu’il  lui  faut,  et  le  fecond  deux  B B,  qui  lui  manquent ; 
ainfi  ACC  eft  pour  le  premier  et  le  troifieme. 

Done  il  ne  faut  pas  compter  ces  faces  qui  font  communes 
a deux,  comme  valant  la  fomme  entiere  a chacun,  mais  feule- 
ment  la  moitie. 

Car  s'il  arrivoit  1’afliette  ACC,  le  premier  et  le  troifieme 
auroient  meme  droit  a la  fomme,  ayant  chacun  leur  compte  ; 
done  ils  partageroient  l’argent  par  la  moitie  : mais  s’il  arrive 
l’aflictte  ABB,  le  premier  gagne  fcul ; il  faut  done  faire  la 
fupputation  ainfi. 

II  y a treize  afliettes  qui  donnent  I’entier  au  premier,  et  fix 
qui  lui  donnent  la  moitie,  et  huit  qui  ne  lui  valent  rien. 

Done  fi  la  fomme  entiere  eft  une  piftole  : 

Il  y a treize  faces  qui  lui  valent  chacune  1 piftole. 

Il  y a fix  faces  qui  lui  valent  chacune  piftole. 

Et  huit  qui  ne  valent  rien. 

Done,  en  cas  de  parti,  il  faut  multiplier, 

13  par  une  piftole,  qui  font  - 13 

6 par  une  demi,  qui  font  - 3 

8 par  zero,  qui  font  - - o 


fomme  27 


fomme  16. 


Et 


Digitized  by  Google 


A 


F E R M A t. 


4*; 


Et  divifer  la  fomme  ties  valcur3  16,  par  la  fomme  dcs  afliettcs  27,  qui  fait  la 
fraction  qui  eft-  cc  qui  appartient  au  premier  cn  cas  de  parti;  (avoir,  16 
piftoles  dc  27. 

JLe  parti  du  fecond  et  du  troifidme  joueur  fe  trouvera  de  meric. 


II  y a 4 alTiettcs,  qui  lui  valent  1 piftole : multipliez  - - 4 

II  y a 3 aflieties,  qui  lui  valent  -J  piftole  : multipliez  - - l^. 

Et  20  afiiettes,  qui  ne  lui  valent  lien  - - - - o 


fomme  27  fomme  5!-. 


Done  il  appartient  au  fecond  joueur  3 piftoles  et  f fur  27  et  autant  au  troi- 
fieme, et  ces  trois  fommes  5^,  et  16  ecant  jointes,  font  les  27. 

Voila,  ce  me  femble,  de  quelle  maniere  il  faudroit  faire  Its  partis  par  les 
cotnbinaifons  fuivant  votre  methode,  li  ce  n*eft  que  vous  ayez  queiqu’autre 
chofe  fur  ce  fujer  que  je  ne  p)is  fa  voir.  Mais,  ft  jc  ne  me  trompe,  ce  parti  eft 
mal  jufte. 

La  raifon  en  eft  qu’on  fuppofe  tine  chofe  faufle,  qui  eft  qu’on  jone  en  trois 
parties  infailliblement,  au  lieu  que  la  condition  naturelle  de  ce  jtu-lit  eft  qu’on  ne 
joue  que  jufqu’a  ce  qu’un  des  joueurs  ait  atteint  le  nombre  dc  patties  qui  lui 
roanque,  auquel  cas  le  jeu  ceffe. 

Ce  n’eft  pas  qu’il  nc  puiffe  arriver  qu’on  joue  trois  parties ; mais  il  peut  ar- 
river  aufti  qu’on  n’en  jouera  qu’une  ou  deux,  et  rien  de  ncceflite. 

Mais  d’oii  vient,  dira-t-on,  qu’il  n’eft  pas  permis  dc  faire  en  cette  rencontre, 
la  meme  fuppofuion  feinte  que  quand  il  y avoit  deux  joueurs  ? En  void  la 
raifon. 

Dans  la  condition  veritable  de  ces  trois  joueurs,  il  n’y  en  a qu’un  qui  peut 
gagner  : car  la  condition  eft  que  des  qu’on  a gngne,  1c  jeu  cdl’c  ; mais,  en  la 
condition  feinte,  deux  peuvent  attcindre  le  nombre  de  leurs  parties  ; favoir,  ft 
le  premier  en  gagne  une  qui  lui  manque,  et  un  dcs  aurres,  deux  qui  lui  rr.an- 
quent;  car  its  n’auront  joue  que  trois  parties:  au  lieu  que  quand  il  n’y  avoit  que 
deux  joueurs,  la  condition  feinte  et  la  veritable  convcnoient  pour  l’avantage 
des  joueurs  en  tour,  et  e’eft  ce  qui  met  l’cxtreme  difference  entre  la  condition 
feinte  et  la  veritable. 

Que  ft  les  joueurs  fe  trouvant  cn  l’etat  de  l’hvpotbefe,  e’eft-a  dire,  s'il  man- 
que une  partie  au  premier,  deux  au  fecond,  ct  deux  au  troifieme,  vculent  main- 
tenant,  de  gre  il  gre,  cc  convienncnt  de  cette  condition,  qu’on  jouera  trois 
parties  completes,  et  que  ceux  qui  auront  atteint  le  nombre  qui  leur  manque, 
prendront  la  fomme  entiere  (s’i.s  fe  trouvent  feuls  qui  l’aient  atteint)  ou  s’il  le 
trouve  que  deux  l’aient  atteint,  qn'ils  la  partageront  cgalcmeni : cn  cc  cas  le  parti 
doit  fe  faire  comme  je  viens  de  le  donner,  qie  le  premier  ait  16,  le  fecond  5-}, 
le  troifieme  5f  de  27  pittoles ; et  cela  parte  fa  demonftration  de  foi-meme,  en 
fuppofant  cette  condition  ainfi. 

Mais  s’ils  jouent  (implement  a condition,  non  pas  qu’on  joue  neceflairemcnt 
trois  parties,  mais  feulemem  jufqu’a  ce  que  I’un  d’entre  tux  ait  atteint  les  par- 
ties, ct  qu’alors  Je  jeu  cede,  fans  donner  moycn  a un  autre  d’y  arriver,  alors  il 
appartient  au  premier  17  piftoles,  au  fecond  5,  au  troifieme  j,  de  27. 
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F.t  ccla  fe  trouve  par  raa  mcthode  generale,  qui  determine  an  (ft  qn'en  U 
condition  prfcedente  il  en  faut  t6  au  premier,  au  fecond,  et  5f  au  troi- 
ft^mc,  fans  fc  fervir  des  combinaifons ; car  ellc  va  par-tout  feulc  et  fans  ob- 
Ilacle. 


Voila,  Monfieur,  mes  penfees  fiir.ee  fujet,  fur  lequcl  jc  n’ai  d’autre  avantage 
fur  votts  qtte  celui  d’y  avoir  beaucoup  plus  medite.  Mais  e’eft  pen  de  chofc  1 
votre  e'gard,  puifque  vos  premieres  vues  font  plus  penctrames  que  la  longueur 
de  mes  efforts. 

Je  ne  laillc  pas  de  vous  ouvrir  mes  raifons  pour  en  attendre  le  jugement  de 
vous.  Je  crois  vous  avoir  fait  connottre  par-la  que  la  mfthode  des  combinai- 
fons eft  bonne  entre  deux  jotteurs  par  accident,  comme  elle  1‘eft  auffi  quelque-. 
fois  entre  trois  joueurs,  comme  quand  il  manque  une  partie  a 1’un,  une  I 
l’autre  et  deux  & l’autre  ; parcc  qu’en  ce  cas  le  nombre  des  parties  dans  lefquel- 
les  le jeu .fera  achev<5,  nc  fufEt  pas  pour  cn  faire  gagner  deux;  mais  elle  n’eft 
pas  generale,  et  n’eft  gdnfralement  bonne  qu’en  cas  feulement  qu’on  foit  aftreint 
a jouer  un  certain  nombre  de  parties  exaftement.  De  forte  que  comme  vous 
n’aviez  pas  ma  methode,  quand  vous  m’avez  propofe  le  parti  de  plufteurs 
joueurs,  mais  feulement  cellc  des  combinaifons,  je  crains  que  nous  foyons  de 
fentiments  different!  fur  ce  fujet.  Je  vous  fupplie  de  me  mander  de  quelle 
forte  vous  procedez  a la  recherche  de  ce  parti.  Je  recevrai  votre  r£ponfc  avec 
refpcft  et  avec  joie,  quand  meme  votre  fentiment  me  feroit  contrairc. 

Je  fuis,  &c. 

PASCAL. 

Du  24  Aoiit  1654. 


PREMIERE  LETTRE  DE  FERMAT  A PASCAL  * 

MONSIEUR, 

NO  S coups  fourres  continuent  toujours ; et  je  fuis  auffi-bicn  que  vous  dans 
l’admiration  de  quoi  nos  penfees  s’ajuftcnt  fi  exadlcment,  qu’il  femble 
qu’elles  aient  pris  une  meme  route  et  fait  un  meme  chemin  : vos  derniers 
T railes  du  Triangle  Arilbmitique  et  de  Jon  application,  en  font  une  preuve  au- 
thentique ; et  ft  nion  calcul  ne  me  trompe,  votrejonzieme  confluence  couroic 
la  pofte  de  Paris  a Touloufe,  pendant  que  ma  propofition  des  nombres  figures, 
qui  en  effet  eft  la  meme,  alloil  de  Touloufe  a Paris.  Je  n’ai  garde  de  faillir, 
tandis  que  je  rencontrerai  de  cette  forte;  et  je  fuis  perliiadc  que  le  vrai  moycn 
pour  s’empechcr  de  faillir,  eft  celui  de  concourir  avec  vous.  Mais  ft  j’en  difois 
davantage,  la  chofe  tiendroit  du  compliment,  et  nous  avons  banni  cet  ennemi 
des  converfations  donees  et  aifees. 

* Cette  Lettre,  qui  n’avoit  pas  encore  etc  imprinter,  parolt  repondre  a unc  Lettre  de  Pafcal,  que 
nous  Barons  point.  Nous  donnoni,  fuivant  l’ordrc  chronologique,  ce  qui  nous  rcflc  de  cette  cor- 
rtfpor.  dance. 

Cs 


Digitized  by  Google 


PREMIER  E LETTRE  BE  FERMAT  A rASCAL.  491 

Ce  fcroit  maintenant  I mon  tour  a volts  debiter  quelqu'une  de  mcs  inven- 
tions numcriques  ; mais  la  fin  du  Parlement  augtncnte  mes  occupations,  et 
j’ufe  efperer  de  votre  bonte  que  vous  m’accordercz  un  repit  jufte  et  quaii  nccef- 
fairc,  Cepcndant  je  lepondrai  a votre  queftion  des  trois  joueurs  qui  jouent  cn 
deux  parties.  Lorfque  1c  premier  en  a une,  et  que  les  autres  n'en  ont  pas  une, 
votre’ premiere  folution  eft  la  vraie,  et  la  divifion  de  l’argent  doit  fe  faire  en 
dix-fept,  cinq  et  cinq,  de  quoi  la  railbn  eft  manifeftc  et  fc  prend  toujours  du 
memc  principe,  les  combinaifons  failant  voir  d'abord  que  le  premier  a pour  lot 
dix-fept  hafards  egaux,  lorfque  chacun  des  autres  n'en  a que  cinq. 

Au  refte,  il  n’eft  rien  a l'avenir  que  je  ne  vous  communique  avec  route  fran- 
chifc.  Songcz  cepcndant,  ft  vous  1c  trouvez  a propos,  a cette  propofition. 

Les  puifi'ances  quarrecs  de  z,  augmentees  de  l’unite,  font  toujours  des  nom- 
bres  premiers  *. 

Le  quarre  de  2,  augmente  de  l’unite,  fait  5,  qui  eft  nombre  premier. 

Le  quarre  du  quarre  fait  16,  qui  augmente  de  l'unite,  fait  17,  nombre  pre- 
mier. 

Le  quarre  de  16  fait  256,  qui  augmente  de  l’unite,  fait  257,  nombre  pre- 
mier. 

Le  quarre  de  256  fait  65536,  qui  augmente  de  l’unite,  fait  65537,  nombtc 
premier  ; et  ainfi  a 1’infini. 

C’eft  une  piopriete  de  la  verite  de  laquellcjc  vous  reponds.  La  demon- 
ftration  en  eft  tres-mal-nifee,  et  je  vous  avoue  que  je  n’ai  pu  encore  la  trouver 
pleinement ; je  ne  vous  la  propoferois  pas  pour  la  cliercher,  fi  j’en  6tois  venu  a 
bout. 

Cette  propofition  fert  a 1’invention  des  nombres  qui  font  a letirs  parties  ali - 
quotes  en  raifon  don  nee,  fur  quoi  j’ai  fait  des  decouvcrtes  confiderablcs.  Not:.'- 
en  parlerons  une  autre  fois. 

Je  fuis,  Monfieur,  votre,  kc. 

F E R M A T. 

A Ttultuft,  le  it)  Ao.lt  1654. 


SECONDE  LETTRE  DE  FERMAT  A PASCAL, 

En  repenfe  a celle  dc  la  faje  4S5  -j-. 

MONSIEUR, 

■p^’APPREHENDEZ  pas  que  nntTC  convcnance  fe  dementc  ; vous  l’avez 
confirmee  vous-meme  en  penfant  la  detruire,  et  il  me  lemblc  qu’cit  repon- 
dant  a M.  de  Roberval  pour  vous,  vous  avez  aufii  repond u pour  moi.  Jc 

* Cette  propofition  n’eft  par  vrstic  gcncralement.  M.  Euler  a remarque  ( Ancient  M.  at.  de  f Acad, 
de  Piirr&eurg,  Tom.  IT.  arm.  1 731  et  1 733,  fag.  104.)  que  la  trentc-deuxieme  puiffance  de  1,  aug- 
ments: ae  l'unite,  e'eft-a-dire,  4,191,967,197,  cit  divifiblc  par  641. 
f Imprimec  pour  la  fecondc  fuis. 
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prcnds  l’excmple  des  trois  joueurs,  au  premier  defquels  il  manque  une  partie,  et 
d cliacun  des  deux  autres  deux,  qui  eft  le  cas  que  vous  m’oppofez.  Je  n’y 
tronve  quedix-fept  combinaifons  pour  le  premier,  et  cinq  pour  cliacun  des  deux 
autres;  car  quand  vous  ditcs  que  la  combinaifon  AC  C eft  bonne  pour  le  pre- 
mier et  pour  le  troifieme,  il  femblc  que  vous  ne  vous  fouveniez  plus  que  tout  ce 
qui  fe  fait  apres  que  l'un  des  joueurs  a gagn£,  ne  fert  plus  dc  rien.  Or  cette 
combinaifon  ayant  fait  gagner  le  premier  des  la  premiere  panic,  qu’importe  que 
le  troifieme  en  gagnc  deux  enfuite,  puifque,  quand  il  en  gagneroit  trente,  touc 
cela  feroit  fuperflu  ? Ce  qui  vient  de  ce  que,  coramc  vous  avez  tres-bien  re- 
marque,  cette  fidlion  d'etcndre  le  jeu  a un  certain  nombre  de  parties,  ne  fere 
qu’a  faciliter  la  r£gle,  et  (fuivant  mon  fentiment)  a rendre  tous  lea  hafards 
egaux,  ou  bien,  plus  intelligiblemcnt,  a reduire  totites  les  fractions  a une  meme 
denomination.  Et  afin  que  vous  n’en  doutiez  plus,  fi,  an  lieu  de  trois  parties, 
vous  6tendez,  au  cas  propofe,  la  feinte  jufqu’a  quatre,  il  y aura  non-feulement 
vingt-fept  combinaifons,  mais  quatre-vingt-une,  et  il  faudra  voir  combien  de 
combina Tons  feront  gagner  au  premier  une  panic,  plutoc  que  deux  a chacun  des 
autres,  et  combien  feront  gagner  a chacun  des  deux  autres  deux  parties  plutot 
qu’une  au  premier.  Vous  trouverez  que  les  combinaifons  pour  1c  gain  du  pre- 
mier, feront  51,  et  celles  de  chacun  des  autres  deux  15  ; ce  qui  revient  a la 
meme  raifon.  Que  ft  vous  prenez  cinq  parties,  ou  tel  autre  nombre  qu’il  vous 
plait  a,  vous  trouverez  toujours  trois  nombres  en  proportion  de  17,  5,  5.  Ec 
ainfi  j’ai  droit  de  dire  que  la  combinaifon  ACC  n’eft  que  pour  le  premier  et 
non  pour  le  troifieme,  et  que  CCA  n’eft  que  pour  le  troifieme  ct  non  pour  le 
premier,  et  que  partant  ma  r£gle  des  combinaifons  eft  la  meme  en  trois  joueurs 
qu’en  deux,  ct  g6neralement  en  tous  nombres. 

Vous  aviez  deja  pu  voir  par  ma  precedente,  que  je  n’hefitois  point  a la  folu- 
tion  veritable  de  la  queftion  des  trois  joueurs  dont  je  vous  avois  envoy£  les  trois 
nombres  decififs  17,  5,  5.  Mais  parce  que  M.  Roberval  fera  peut-ctre  bien 
aife  de  voir  une  folution  fans  rien  fein  Jre,  et  qu’elie  pent  quelqucfois  produire 
des  abreges  en  beaucoup  dc  cas,  la  voici  en  l’exemple  propofe. 

Le  premier  peut  gagner,  ou  en  une  feulc  partie,  ou  en  deux,  ou  en  trois. 

S’il  gagne  en  une  leule  partie,  il  faut  qu’avec  un  dc  qui  a trois  faces,  il  ren- 
contre la  favorable  du  premier  coup.  Un  feu!  de  produit  trois  lufrrds ; ce 
joueur  a done  pour  lui  des  hafards,  lorfqu’on  ne  joue  qu’une  partie. 

Si  on  en  joue  deux,  il  peut  gagner  de  deux  lajons,  ou  lorfquc  le  fecond 
joueur  gagne  la  premiere  et  lui  la  feconde,  ou  lorfque  Ic  troifieme  gagnc  la  pre- 
miere et  lui  la  feconde.  Or  deux  des  produifent  neuf  hafards:  ce  joueur  a 
done  pour  lui  £ des  hafards  lorfqu’on  joue  deux  parties. 

Si  on  en  joue  trois,  il  ne  peut  gagner  que  de  deux  fafins,  ou  lorfquc  lc 
fecond  gagne  la  premiere,  le  troifieme  la  feconde  et  lui  la  troifieme ; ou  lorf- 
que le  troifieme  gagne  la  premiere,  le  fecond  la  feconde,  et  lui  la  troifieme. 
Car  fi  le  fecond  ou  le  troifieme  joueur  gagnoit  les  deux  premieres,  il  gagneroit 
I;  jeu,  et  non  pas  le  premier  joueur.  Or  trois  des  one  47  hafards;  done  ce 
premier  joueur  a -,*r  de  hafards  lorfqu’on  joue  trois  parties. 

La  fomme  dcs  hafards,  qui  font  gagner  ce  premier  joueur,  eft  par  confe- 
quent  },  -J,  ct  -~j  ■,  ce  qui  lait  en  tout  Jj, 

Et 
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Et  la  regie  eft  bonne  ct  gencralc  en  tons  les  cas ; de  forte  que  fans  recourir  i 
la  feinte,  les  combinaifons  veritables  en  chaque  nornbre  dcs  parties  portent  leur 
folution,  et  font  voir  ce  que  j’ai  dit  au  commencement,  que  l’extenfion  a un 
certain  nombre  de  parties,  n’eft  autre  chofe  que  la  redudtion  de  diverfes  fraiftions 
a one  tneme  denomination.  Voila  en  peu  de  mots  tout  le  myftere,  qui  nous 
remettra  fans  doute  en  bonne  intelligence,  puifquc  nous  ne  cherchons  l’un  et 
l’autrc  que  la  raifon  et  la  veritc. 

J’efpere  vous  envoyer  a la  S.  Martin  un  Abrege  de  tout  ce  que  j’ai  invente 
de  confiderable  aux  nombres.  Vous  me  permettrez  d’etre  concis,  et  de  me 
faire  entendre  feulement  a un  lioinmc  qui  comprcnd  tout  a demi-mot. 

Ce  que  vous  y trouverez  de  plus  important,  regarde  la  propofuion  que  tout 
nombre  eft  compofe  d’un,  de  deux,  ou  de  trois  triangles;  d’un,  de  deux,  de 
trois  ou  de  quatre  quarres  ; d’un,  de  deux,  de  trois,  de  quatre  ou  de  cinq  pen- 
tagones ; d’un,  de  deux,  de  trois,  de  quatre,  de  cinq  ou  de  fix  hexagones,  et  a 
1’intini.  Pour  y parvenir,  il  faut  demontrer  que  tout  nombre  premier  qui  fur- 
pafle  de  l’unite  un  multiple  de  quatre,  eft  compofe  de  deux  quarts,  comme  5, 
*3>  *7*  29.  37.  &c- 

Etant  donnd  un  nombre  premier  de  cettc  nature,  comme  53,  trouver  par 
regie  generate  les  deux  quarres  qui  le  compofent. 

Tout  nombre  premier  qui  furpafle  de  l’unite  un  multiple  de  3,  eft  compofe 
d’un  quarre  et  du  triple  d’un  autre  quarre,  comme  7,  13,  19,  31,  37,  &c. 

Tout  nombre  premier  qui  furpaife  d’un  ou  de  trois  un  multiple  de  huit,  eft 
compofe  d’un  quarre  et  du  double  d’un  autre  quarre,  comme  11,  17,  19,  41, 
43.  &c- 

11  n’y  a aucun  triangle  en  nombres  duquel  l’aire  foil  egale  a un  nombre 
quarr£. 

Cela  fera  foivi  de  l’invention  de  beaucoup  de  propofitions  que  Bachet  avoue 
avoir  ignorces,  et  qui  manquent  dans  le  Diophantc. 

Jc  (uis  pcrfuad£  que  des  que  vous  aurez  connu  ma  fa^on  de  demontrer  en 
cettc  nature  de  propefitions,  elle  vous  parolira  belle,  et  vous  donnera  lieu  de 
laire  beaucoup  de  nouvclles  decouvcrtes ; car  il  faut,  comme  vous  favez,  que 
multi  ptrtranjtam  ut  augtatur  Jcientia. 

S’ll  me  rciie  du  temps,  nous  parlerons  enfuite  des  nombres  magiques,  ct  je 
rappellerai  mes  vicillcs  efpeces  fur  ce  fujet. 

* Je  fuis,  de  tout  mon  cceur,  Monfteur,  votre,  &c. 


Ce  i 5 Septemhre. 


FERMAT. 


Je  fouhaite  la  fame  de  M.  tje  Carcavi  comme  la  mienne,  et  fuis  tout  a lui. 

Je  vous  £cris  de  la  campagne,  et  e’eft  ce  qui  retardeta  par  aveniure  mes 
reponfes  pendant  ces  vacations. 


TROI- 
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MONSIEUR, 

Cl  j’entreprends  de  faire  un  point  avcc  un  feul  de  en  huit  coups ; fi  nous 
convenons,  apres  que  I’argent  eft  dans  ie  jeu,  que  je  ne  jouerai  pas  le  pre- 
mier coup  : il  faut,  par  mon  principe,  que  je  tire  du  jeu  un  fixieme  du  total 
pour  ctre  definterefie,  a raifon  dudit  premier  coup.  Que  fi  encore  nous  convc- 
nons  apres  ccla  que  je  nc  jouerai  pas  ic  fecond  coup,  je  dois,  pour  mon  indem- 
nite, tirer  le  fixieme  du  reftant,  qui  eft  ■—  du  total.  Et  fi  apres  cela  nous  con- 
venons que  je  nc  jouerai  pas  le  troifieme  coup,  je  dois,  pour  mon  indemnite, 
tirer  le  fixieme  du  reftant,  qui  eft  ~ du  total.  Et  fi  apres  ccla  nous  conve- 
nons  encore  que  je  ne  jouerai  pas  le  quatrieme  coup,  je  dois  tirer  le  fixieme  du 
reftant,  qui  eft  du  total.  Et  je  conviens  avcc  vous,  que  e'eft  la  valeur  du 

quatrieme  coup,  fuppole  qu’on  ait  deja  traite  des  precedents.  Mais  vous  me 
.propdfez  dans  I’exemplo  dernier  de  votre  Lettre  (je  mets  vos  propres  termes,) 
que  fi  j’entreprends  de  trouver  le  fix  en  huit  coups,  et  que  j’en  aic  joue  rrois  fans 
le  rencontrer ; fi  mon  joueur  me  propofe  de  ne  point  jotter  mon  quatrieme  coup, 
et  qu’il  vcuille  me  dcfintcrcftcr  a caufe  que  je  pourrois  le  rencontrer;  il  m’ap- 

partiendra  de  la  fomme  entiete  de  nos  mifes  j ce  qui  pourtant  n’eft  pas 

vrni,  fuivant  mon  principe.  Car,  en  ce  cas,  les  trois  premiers  coups  n’ayant 
rien  acquis  a celui  qui  tient  le  de,  la  fomme  totale  reftant  dans  le  jeu,  celui 
qui  tient  le  de  et  qui  convient  de  ne  pas  jotter  fon  quatrieme  coup,  doit  prendre 
pour  fon  indemnite  un  fixieme  du  total ; et  s’il  avoit  joue  quatre  coups  fans 
trouver  le  point  cherchc,  tt  qu’on  convtnt  qu’il  ne  joueroit  pas  le  cinquieme,  il 
auroit  de  meme  pour  fon  indemnite  un  fixieme  du  total  j car  la  fomme  entiere 
reftant  dans  le  jeu,  il  ne  fuit  pas  feulement  du  principe,  mais  il  eft  meme  du 
fens  nature!,  que  chaque  coup  doit  donner  un  egal  avantage.  Je  vous  prie  done 
que  je  fache  fi  nous  fommes  conformes  au  principe,  ainfi  que  je  crois,  ou  fi 
nous  differons  feulement  en  l’application. 

Je  fuis,  de  tout  mon  cceur,  &c. 

FERMAT. 

* Imprimcc  pour  la  premiere  fois.  Cette  Lettre  ell  fans  date  dans  la  copie  que  j’en  ai ; clle  pa- 
roll  repondre  a uuc  Lettre  de  Pafca!,  que  jc  n'ai  pu  rccouvrcr. 


TROI- 
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En  reponje  a cel/c  de  la  page  49 1 . 


MONSIEUR, 


‘\7’OTRE  derniere  Lettre  rn’a  parfaitement  fatisfait ; j’admire  votrc  mdthode 
* pour  lcs  partis,  d'atuant  mieux  queje  I’cntends  fort  bien  ; clle  eft  entiere- 
ment  votre,  et  n’a  rien  dc  commun  avec  la  mienne,  et  arrive  au  meme  but 


facilement.  Voila  notre  intelligence  retablie.  Mais,  Monfieur,  fi  j’ai  concouru 
avec  vous  en  ctla,  clierchez  ailleurs  qui  vous  fuive  dans  vos  inventions  numeri- 
ques,  dont  vous  m’avez  fait  la  grace  dc  m’envoyer  les  enonciations  : pour  moi 
jc  vous  confefle  que  cela  me  pafle  de  bien  loin  : je  ne  fuis  capable  que  de  les 
admirer,  et  vous  fuppiic  tres-humblement  d’occuper  votre  premier  loifir  a les 
achever.  Tous  nos  Meflieurs  les  virent  Samedi  dernier,  et  les  eilimerent  dc 
tout  leur  cceur : on  ne  petit  pas  aifement  fupporter  l’attentc  de  chofcs  ft  belles 
et  fi  fouhaitables ; penfez-y  done,  s’tl  vous  plait,  et  affurez-vous  que  je  fuis, 
&c. 


PASCAL. 

Paris,  27  Oflobre  1654. 


LETTRE  DE  M.  FERMAT  A M.  DE  CARCAVI. 

MONSIEUR, 

J’AI  ete  ravi  d’avoir  eu  des  fentiments  conformes  H ceux  de  M.  Pafcal ; car 
j’eftime  infiniment  fon  genie,  et  je  le  crois  ires- capable  de  venir  a bout  dc 
tout  ce  qn’il  entreprendra.  L ’auiiiie  qu’il  m’ofTre  m’eft  fi  chore  et  fi  confiderable, 
queje  crois  ne  point  devoir  faire  difficult^  d’en  faire  quelque  ufage  en  I’imprel- 
fion  de  mes  Traites.  Si  cela  ne  vous  choquoit  point,  vous  pourriez  tous  deux 
procurer  cette  impreflion,  de  laquelle  je  confens  que  vous  loyez  les  maitres  ; 
vous  pourriez  eclaircir,  ou  augmentcr  ce  qui  femhle  trop  concis,  et  me  de- 
charger d’un  foin  que  mes  occupations  m’empechent  de  prendre  : je  defire  memc 
que  cet  Out  rage  paroifie  Ians  mon  nom,  vous  remettant,  a cela  pres,  le  choix 
de  tomes  les  defignations  qui  pourront  marquer  le  nom  de  l’Auteur  que  vous 
qualifierez  votre  ami.  Voici  le  biais  que  j’ai  imagine  pour  la  fcconde  Partie, 
qui  contiendra  mes  inventions  pour  les  nombres  : e’eft  uh  travail  qui  n’eft  encoic 
qu’une  idee,  et  que  je  n’aurois  pas  le  loifir  de  coucher  au  lung  fur  le  papier ; 
mais  j’enverrai  fuccintcment  it  M.  Pa'cal  tous  mes  principes  et  mes  premieres 
demonflrations,  de  quoi  je  vous  reponds  a l’avance  qu  il  tirera  des  chofcs  non- 
fculcment  nouvelles  et  jufqu’ici  inconnues,  mais  encore  furpienantes.  Si  vous 
joignez  votre  travail  avec  le  fien,  tout  pourra  fuccedcr  et  s’achever  dans  peu  dc 

temps. 
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temps,  et  cependant  on  pourra  mettre  au  jour  la  premiere  Partie  que  vous  avez 
cn  votre  pouvoir.  Si  M.  l’afcal  goute  mon  ouvcrture,  (qui  eft  principalcment 
fondee  fur  la  grande  tftime  que  je  fais  de  fon  genie,  de  fon  fjvoir  et  de  fon 
efprit ;)  je  commencerai  d’abord  a vous  faire  part  de  mes  inventions  numeric] tier. 

Adieu,  je  fuis,  Monfieur,  &c. 

F E,R  M A T. 

A Touleu/e,  ce  9 Acut  1659. 


QUATRIEME  LETTRE  DE  FERMAT  A PASCAL. 

MONSIEUR, 

DES  que  j’ai  fu  que  nous  fommes  plus  proches  l’un  de  1’autrc  que  nous 
n’eiions  auparavant,  je  n’ai  pu  refifter  a un  dtllein  d’atnitie  dont  j’ai  prie 
M.  de  Carcavi  d’etre  le  mcdiatcur  : en  un  mot  je  pretends  vous  embrailer,  et 
converter  quelques  jours  avec  vous  ; mais  parce  que  ma  fame  n’cfl  glares  plus 
forte  que  la  vo.re,  j’ofe  efperer  qu’en  cctte  confidcration  vous  me  ferez  la  grace 
tie  la  moitie  du  chemin,  et  que  vous  m’obligerez  de  me  marquer  un  lieu  entre 
Clermont  et  Touloufe,  oil  je  ne  manquerai  pas  de  me  rendre  vers  la  fin  de 
Septcmbre  ou  le  commencement  d’O&obre.  Si  vous  ne  prenez  pas  ce  parti, 
vous  courrez  hafard  de  me  voif  chcz  vous,  et  d’y  avoir  deux  malades  en 
meme-temps.  J'attends  de  vos  nouvelles  avec  impatience,  et  fuis  de  tout  mon 
coeur,  tout  a vous, 

FERMAT. 

A ’Touloufe,  le  25  JiiiUet  1660. 


LETTRE  DE  PASCAL  A FERMAT, 

En  reponfe  a la  preccdcr.te. 

MONSIEUR, 

VOUS  etes  le  plus  galant  homme  du  monde,  et  jc  fuis  aflurtfment  un  de 
ceux  qui  fais  le  mieux  reconnoitre  ccs  qualites  la  et  les  admiier  infiniment, 
fur-tout  quand  elles  font  jointes  aux  talents  qui  fe  trouvent  fingulieremcnt  en 
vous : tout  cela  m’obligc  a vous  temoigner  de  ma  main  ma  rcconnoiflance  pour 
l’offrc  que  vous  me  faites,  quclque  peine  que  j’aic  encore  d’ecrire  et  de  lire  moi- 
m£me  : mais  1’honneur  que  vous  me  faites  m’eft  ft  clier,  que  je  ne  puis  trop 
me  hater  d’y  repondre.  Je  vous  dirai  done,  Monfieur,  que  ft  j’etois  en  (ante, 
je  l'erois  vole  i Touloufe,  et  que  je  n’aurois  pas  fouflert  qu’un  homme  comme 
vous  eut  fait  un  pas  pour  un  homme  comme  moi.  Je  vous  dirai  atiffi  que, 

quoique 
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quoique  vous  foyez  celui  de  route  1’Europe  que  je  tiens  pour  !e  plus  grand 
Geometre,  ce  ne  feroit  pas  cette  qualite  la  qui  m’auroit  attire  ; mais  queje  me 
figure  tant  d’elpric  et  d’honr.eicte  en  votre  converfation,  que  c'eft  pour  cela 
que  je  vous  rechercherois.  Car  pour  vous  parler  franchement  de  la  Geometric, 
je  la  trouve  le  plus  haut  exercice  de  1’efprit ; mais  en  meme-temps  jc  la  connois 
pour  li  inutile,  que  je  fais  pen  de  difference  cntre  un  hommc  qui  n’ell  que 
Geometre  et  un  habile  Aitifan.  Aul.fi  jc  l'apptlle  lc  plus  beau  metier  du  raonde; 
mais  enfin  ce  n’cft  qu’un  metier;  et  j’ai  die  fouvent  qu’elle  eft  bonne  pour 
faire  Peflai,  mais  non  pas  I'emploi,  de  notre  force  : de  forte  queje  ne  ferois  pas 
deux  pas  pour  la  Geometric,  et  je  m’aflure  que  vous  etes  fort  de  mon  humour. 
Mais  il  y a maintenant  ceci  de  plus  en  moi,  que  je  fuis  dans  dcs  etudes  fi 
eloignecs  de  cet  efprit-lk,  qu’a  peine  me  fouviens-je  qu’il  y en  ait.  Je  m’y 
etois  mis  il  y a un  an  ou  deux,  par  unc  raifon  tout-a-faic  lingulierc,  a laquclle 
ayant  facisfait,  je  fuis  au  liafard  de  ne  jamais  plus  y penfer : outre  que  rna  fame 
n’eft  pas  encore  aflez  forte ; car  jc  fuis  fi  foible,  queje  ne  puis  marcher  fans 
baton,  ni  me  tenir  a cheval.  Jc  ne  puis  mime  faire  que  3 ou  4 lieues  au  plus 
cn  carroffe ; c’eft  ainfi  que  je  fuis  venu  de  Paris  ici  en  vingt-deux  jours.  Les 
Medecins  nr’ordonnent  les  eaux  de  Bourbon  pour  le  mois  de  Scptembro,  et  je 
fuis  engage,  autant  queje  puis  l’etre  depuis  deux  mois,  d’aller  de-Ik  en  Poitou 
par  eau  jufqti’k  Saumur,  pour  demeurer  jufqu'k  Noel  avec  M.  le  Due  de  Ro- 
annes,  Gouverneur  de  Poitou,  qui  a pour  moi  des  fentiments  que  je  ne  vaux 
pas.  Mais  commeje  paficrai  par  Orleans  en  allant  a Saumur  par  la  riviere,  fi 
ma  fante  ne  me  permet  pas  de  paffer  outre,  j’irai  de  la  a Paris.  Voili,  Mon- 
fieur,  tout  l’itat  de  ma  vie  prefente,  dont  je  fuis  oblige  de  vous  rendre  compte, 
pour  vous  aflurer  de  1’impolTibilitc  ou  je  fuis  de  tecevoir  l’honneur  que  vous 
daignez  m’offrir,  et  que  jc  fouhaite  de  tout  mon  cceur  de  pouvoir  un  jour  re- 
connoitre, ou  en  vous,  ou  en  Mellieurs  vos  enfants,  auxqucls  je  fuis  tout  de- 
voue,  ayant  une  veneration  pariiculiere  pour  ceux  qui  portent  le  nom  du  pre- 
mier hommc  du  monde. 

Je  fuis,  &c. 

Di  BitnaJJis,  le  10  Aout  1660.  PASCAL 


LETTRE  DE  M.  FERMAT  AM.***. 

MONSIEUR  MON  CHER  MAITRF, 

JE  fuis  embarraffe  en  affaires  non-geometriques  j je  vous  envoie  pourtant  un 
petit  Ecrit  que  le  P.  Lalouvere  m’a  fait  porter  ce  matin.  J’ai  re?u  leTraitc 
de  M.  Pafcal  depuis  deux  jours,  ct  n’ai  pu  m’appliquer  encore  ferieufement  a le 
fire  1 j’en  ai  pourtant  conpu  unc  grande  opinion,  auffi-bien  que  de  tout  ce  qui 
part  de  cet  illuftre. 

Je  fuis  tout  a vous, 

A Teultufe,  ct  16  Fevrier  1639.  FERMAT. 

VfU  IV.  3 S ' PO  RIS- 
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PORI  S M A T A DUO: 

» t « 

AOTORE  PETRO  FERMAT*. 


POR1SMA  PRIMUM. 


T/AflS  pcfttione  dual  us  reflis  ABE,  YBC  (Fig.  1,  2,  3,)  fefe  in  punflo  F 
Jccantibus : da  I is  chum  punfiis  A et  D in  redid  ABE:  gu^runtur  duo  pundia, 
exempli  grati.i,  O rt  N,  a qutbus  ft  ad  qusilibet  redt*  YBC  pundium,  ut  H,  rcBa 
O H N inflediatur,  rediam  A B D in  fundi  is  I et  V fee  an  s,  rediangulum  fub  A 1 in 
D V a-ijitetur /patio  date,  videlicet,  rediangulo Jub  ABwBD? 

Ira  procedit  Porifmatica  Euclidis  conftrudtio,  ct  generaliffimam  problemaiis 
folutionem  reprsfentabit. 

Sumatur  punftum  quodvis  O ; jungatur  refta  A O fecans  reflam  Y B C in 
pun&o  P 5 a punfto  O ducatur  retfta  O Q^ipfi  A B D parallela,  ct  re£lac  YBC 
occurrens  in  Qj  ducatur  etiam  infinita  PNM  cidem  A B D parallela ; et 
junfta  QJ)  fccet  reftam  P N M in  punfto  N.  Aio  duo  pun&a  P ct  N ad. 

* On  a Irmrp4,  parmi  lei  papiers  de  Pafcal,  oca  deux  Porifmea  et  le  Probltme  fuivant,  errits  dc  la 
main  de  Fermat : on  emit  que  le  Lefleui  lei  TOT*  ki  arec  d'auUat  plua  dc  plaifir,  qn'ik  n'avcHcot 
pa>  encore  etc  iroprimes. 

.VI  knjkre 


A tr  T‘0  R * PETRO  FERMAT.’ 


499 


implere  propofitum  ; fumpto  quippc  ubilibet  in  reda  Y B C punfto  H,  et  dudis 
redis  OH,  N H,  reds  ABD  occurrentibus  in  pundis  1 et  V,  rcdangulum 
l'ub  A I in  D V,  .in  quibuflibct  omnino  cafibus  (ires  tamum  triplex  figura  rc- 
prsefentat)  rctlangulo  A B in  B D ajquale  erit. 

• •:  <»  r 1 .i  t.  ■'  • :•  - 

PORISMA  SECUNDUM. 


Da  to  tirculo  A B D C (Fig.  4,  5,)  cujits  diameter  A C,  centrum  M ; qumruntur 
duo  f unit  a,  ui  E el  N,  a quibus  fi  ad  quodvit  eircumferenti a punttum,  ut  D,  inflelta- 
tur  redo  E D N diametrum  in  pun  Hie  et  H fecans , Jumma  quadratorum  Q^D  et 

D H,  ad  triangulum  Q^D  H,  babeat  rationem  datam,  idemque  in  qudlibet  inflexion! 
generalitir  et  perpetub  conlingat  ? 

A ccntro  M excitetur  ad  diametrum  perpendicularis  MBi  fiat  ratio  data 
eadem  quae  quadiupla  reds  B U ad  redam  UMj  1 pundo  U excitetur  U E 
ad  diametrum  perpendicularis,  et  ipfi  U B squalis ; fumpta  redA  M O ipfi 
M U aequali,  fiat  O N tequalis  et  parallela  reds  U E : dico  punda  qusfita  efle 
punda  E et  N.  Sumpto  quippc  quovis  in  circumferentia  pundo  ut  D,  et  junc- 
tis  ED,  UD,  redis,  diametrum  in  pundis  Q_et  H fecantibus,  fumma  qun- 
dratorum  QJD  ct  D H ad  triangulum  QDH  erir,  in  quocumque  cafu,  in  ra- 
tione  dai3,  hoc  eft  in  ratior.e  quadruple  B U ad  redam  U M, 

Non  folum  proponitur  inquirenda  iftius  Porifmatis  demonflratio,  fed  videant 
etiam  fubtiliores  Matbematici  an  duo  alia  punda  prater  E et  N poflint  proble- 
mati  piopofito  fatisfacere,  et  utrum  folutiones  qosftionis,  ficut  in  primo  Porif- 
mate,  fuppetant  infinira.  Si  nihil  rtfpondcant,  Geometric  in  hac  parte  laboranti 
ocn  dedigoabimur  opitulari.  t , 

• it 

• • ■>  f 1.  *> 

3 S 2 SOLUTIO 


Digitized  by  Google 


roo 


SOLOTIO  PROBLEMATIS  DE  FAlCAL, 


SOLUTIO  PROBLEMATIS 

A DOMINO  PASCAL  PROPOSITI. 

EODEM  AUTORE  FERMAT. 

PROPOSU1T  Dominus  Pascal  hoc  Problcma : Data  trianguli  angulo  ad 
verlicem,  el  raiione  quam  babet  ferftndituhan  ad  differentiam  laterum  : invenirt 
Jfccitm  trianguli  ? 


Exponatur  refta  qu**is  data  AC  (Fig.  6,  7,)  fuper  quam  portio  circuli 
A I F C capax  angult  dan  dcfcribatur.  Eo  quseftionem  dcduximus  ut,  data  bafi 
AC,  angulo  venicis  A I C,  et  ratione  quam  habet  perpendiculum  ad  different 
tiam  laterum,  quaratur  triangukitn. 

Ponaiur  jam  Lclum  dfc,  et  trianguliim  quaslkum  effe  A I C ; demittatur  per- 
pcndiculum I B i et  divifo  arm  A 1 F C bifariam  in  F,  jungantur  A F,  FC ; et 
junfti  IF,  demittamur  in  refta'  A I,  1C,  perpendiculares  CO,  FK;  deindtl 
centro  F,  intei  vallu  A F,  del'cribatur  circulus  AHGEC,  cui  reft*  Cl,  IF 
continual*  occunant  in  pnnftis  G,  H,  E;  denique  jungatur  GA.  Angulus 
A F C ad  centrum  duplus  eft  anguli  A G C ad  circumfercntiam  ; fed  angulus 
A I C squalor  angulo  AFC  in  eadem  portione  ; igitur  angulus  A 1 C duplus 
eft  anguli  A G C.  Sed  angulus  A I C squatur  duobus  angulis  A G C,  I A G ; 
igitur  anguli  IGA,  I A G ft  nt  *qualcs,  ideoque  reft*  I A,  I G.  Sed,  cum  ^ 
centro  F in  reftam  G C cadat  perpendicularis  F K,  *quales  funt  G K,  K C ; 
idedque  K I eft  dimidia  differentia  inter  reftas  C I,  I G,  hoc  eft,  inter  reftas  C !, 
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I A.  Data  eft  autem  ratio  perpendiculars  1 B ad  diffcrentiam  latcrum  Cl,  1 A; 
ergo  datur  ratio  B I ad  IK;  et  fingulis  in  reftatn  A C duftis,  data  eft  ratio 
reftanguli  fub  A C in  B I ad  reftangulum  fub  AC  in  IK.  Sed  reftangulum 
fub  AC  in  B I aequatur  reftangulo  (ub  A I in  CO;  eft  enim  titrumque  du- 
plum  trianguli  A 1 C : ergo  ratio  reftanguli  fub  A I in  C O ad  reftangulum  fub 
AC  in  I K data  eft.  Datur  autem  ex  hypothefi  angulus  A I C,  et  refill s eft  C O I 
ex  conftrudtione  ; ergo  datur  fpecie  triangulum  CO!.  Ratio  igitur  C O ad 
C I data  eft,  ideoque  reftanguli  fub  A l in  C O ad  reftangulum  fub  A I in  I C 
ratio  datur.  Sed  probavimus  rationem  reftanguli  fub  A I in  C O ad  rcctangu- 
lum  fub  A C in  I K dari ; ergo  datur  ratio  reftanguli  A I C ad  reftangulum  (ub 
A C in  I K.  Jam  in  triangulo  A F C,  datur  angulus  A F C ex  hypothefi  ; ergo 
angulus  FAC  datur  ; cui  xqualis  C I F idcirco  dabitur  ; eft  autem  rcftus  angu- 
lus F K I ; ergd  triangulum  F I K datur  fpccie ; ideoque  reft*  K I ad  I F ratio 
data  eft;  ideoque  reftanguli  AC  in  I K ad  reftangulum  fub  AC  in  IF  datur 
ratio.  Probatum  eft  autem  dari  rationem  reftanguli  A I in  I C ad  reftangulum 
AC  in  IK  ; ergo  datur  ratio  redtanguli  A I in  IC  ad  reftangulum  AC  in  1 F. 
Eft  autem  reftangulum  C I G tcquale  reftangulo  CIA,  quia  rcdtae  I G,  I A 
funt  aequales,  et  reftangulo  C I G xquatur  reftangulum  HIE:  ergu  ratio  reft- 
anguli  H IE  ad  reflangulum  fub  AC  in  IF  data  eft.  Sit  data  raiio  E D ad 
A C : cum  igitur  A C fit  data,  dabitur  E D,  qua:  ponatur  reft*  H E in  direc- 
tum, ut  in  figura  6 ; reftangulum  igitur  H I E ad  reftangulum  AC  in  I F eft 
in  ratione  data  E D ad  A C.  Sed  ut  D E ad  AC  ita  D E in  1 F ad  A C in  I F; 
igiiiir  ut  reftangulum  HIE  eft  ad  reftangulum  ad  AC  in  1 F,  ita  reftangulum 
DE  in  1 F ad  reftangulum  AC  in  I F;  reftangulum  igitur  D E in  l F xquatur 
reftangulo  HIE-  Probatum  eft  triangulum  AFC  dari  fpecie;  fed  datur  balls 
A C magnitudine  ; ergo  datur  A F,  ideoque  dupla  iplius  JE  H datur.  ^Equali- 
bus  reftangulis  D E in  I F et  H I E addatur  reftangulum  fub  D E in  I H ; 
fiet  reftangulum  fub  D E in  F H equate  reftangulo  D 1 H ; datur  autem  reft- 
angulum fub  D E in  F H,  quia  utraque  reftarum  D F.,  F H datur  j datur 
igitur  reftangulum  D 1 H et  ad  datam  magninidineru  D li  applicatur  deficienj 
figura  quadrat!  ; ergo  refta  I H datur,  ideoque  rcliqua  I F.  Datur  autem 
punftum  F pofitione ; ergo  datur  et  punftum  I,  et  totum  triangulum  A I C. 
Non  eft  difiicilis  ab  analyfi  ad  fynthefin  regrellus. 

Sed  ut  omne  dubiutn  tollatur,  probatur  facillimc  triangulum  quxfitum  e!fe 
fimile  invento  A I C in  fcpiimi  figura  (triangulum  autem  A I C ex  utravis 
parte  punfti  F verticem  habere  poteft,  in  squall  a punfto  F mrinque  diftantia  ; 
erit  enim  idem  fpecie  et  magnitudine,  et  politic  variable.)  Si  emm  triangulum 
quxfitum  non  eft  fimile  invento,  manente  ea  iem  bafi,  ejus  vertex  vel  ibit  inter 
punfta  F et  I,  vel  inter  punfti  1 et  A.  (Ex  utrivis  parte  nihil  mtcreft  ; nam 
de  parte  FC  idem  fecund  tun  triangulum  A I C pari  demonftraiione  concludit.) 
Sit  primum,  vertex  inter  A et  I,  et  triangulum  qusefitum  ponatur,  fi  fieri  poteft, 
fimile  triangulo  A M C.  Jungatur  F N et  demittatur  pcrpcndicularis  F P ; 
erit  ratio  perpendiculi  M N ad  MP  data  ex  hypothefi,  ideoque  xqualis  ra- 
tioni  IB  ad  IK,  quam  probavimus  data;  aequalem  : quod  eft  abfurdutn ; cum 
enim  in  triangulo  FMP  angulus  ad  M xquatur  angulo  ad  1,  triangulo  IFK 
erunt  fimilia  triangula  FIK,  FMP;  fed  FM  eft  major  FI;  ergo  M P eft 
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major  IK  ; eft  autem  M N minor  I B ; non  igitur  cadem  poteft  efle  ratio  M N 
ad  M P qua:  I B ad  1 K.  Si  pun&um  M fit  inter  I et  F,  probabitur  augcri 
perpendiculum  et  niinui  difterentiam  laterum,  fdque  eadcin  argumentatione. 
Idtdque  varians  proportionem  fi  punctual  M lit  in  portionc  FC,  utemur  fccundo 
ttiangulo  A I C,  et  eric  cadem  demonftraiio;  ut  inutile  (it  diutius  in  his  cafibus 
immorari.  Conftai  igitur  triangulum  quariitutn  invento  A I C efte  limilc,  et 
patet  propcftto  cflc  fatislaitum. 

Proponitur,  ft  placet,  tam  Domino  Pascal  quam  Douiino  Roberval  folven- 
duin  hoc  Problema  : 

Ad  datum  punttum  in  bclice  Bali  asi,  inverdre  tangent m ? 

Qutenam  autem  fit  hujufmodi  helix,  novit  Dominus  Roberval. 

Huius  problematis  a nobis  foluti,  folutionem  a viris  eruditiftimis  expetftamus  $ 
aut,  fi  maluerint,  ipfts  imperticmur,  imo  et  gcneralem  de  linearum  curvarum 
contaflibus  methodum. 

Scd,  ne  a pta-fenti  materia  triangulari  vacuis  minibus  difccffilTe  vidcamur, 
proponi  pofl'unt  has  quatftioncs  : 

Data  baft , angulo  verticil,  et  aggregate  perpendiculi  et  differentiae  laterum  : iirva* 
nire  triangulum  ? 

Data  baft,  angulo  verticil,  et  differentia  perpendiculi  et  differentia  laterum  : inve- 
nire triangulum  ? 

D at d baft,  angulo  verticil,  et  rcflangulo  Jub  differentia  laterum  in  perpendiculum  : 
invenire  triangulum  ? 

Data  baft,  angulo  verticil,  et Jummd  quadratorum  peipendiculi  et  different'! je  late- 
rum : invenire  triangulum  ? 

Et  nuiltte  ftmiles,  quarum  enodationem  facilius  inventuros  viros  do&iflimos 
exiftitno,  quam  de  contadtu  helieis  Baliani  propofitum  problema  aut  thcorema. 

Sed  oblervandum  in  quieftionibus  de  triangulis,  quoties  problema  poterit  folvi 
per  plana,  non  recurrendum  ad  lolida  : quod  cum  ndrint  viri  do&iflimi,  fuper- 
vacuum  fortafte  fubit  addiditfe. 


LETTRE  DE  M.  SLUZE, 

Cbanobte  de  la  Cat  be  dr  ale  de  Liege,  traduite  de  P It  alien  en  Franfoir, 
four  reponfe  a M.  * * *. 

MONSIEUR, 

J’A  V O U E que.  j’ai  grande  obligation  alia  gen  til ezzee  de  M.  Pafcal,  ct  j’ai 
grande  eftinte  de  fa  fcieoce,  par  la  foiution  du  Probieme  que  vous  lui  aviez 
propofe ; mais  je  vondrois  bien  favoir  s’il  lui  a 6ti  propo'e  avec  toute  fon  uni- 
verlalite  : la  railon  qui  m’en  a fait  douter,  eft  que  je  vois  qu’il  confidere  tons  les 
points  donnes  dans  un  mcme  plan,  et  je  les  confidere  en  quelques  plans  differ. 
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ents  qu’ils  puiffent  Are ; ce  que  vous  pouvez  lui  demander  comme  de  vous- 
meme. 

Pour  ce  qui  eft  des  Problfitnes  que  vous  m'avez  envoyes,  je  dirai  feulemrnt 
ue  s’iis  m’euflent  ete  envoyes  quand  je  Ics  ai  demandcs,  j’aurois  tache  de  lui 
onner  fatisfaiftion  j mais  la  multitude  dcs  affaires  qui  m’accablcnt,  comme  vous 
favez  bien,  les  vacances  cunt  finies,  ne  me  permettent  pas  d'appliquer  mon 
efprit  i de  femblables  reclierches.  Mais  voyant  que  vous  le  dcfirez,  je  n’ai  pu 
m’empecher  de  les  confiderer  quelquc  peu  ; et  d’abord  je  me  fnis  apperpu  que 
le  premier  * Problcme  pouvoit  recevoir  tres-aifement  folution  par  les  lieux  foli- 
des,  c’eft-a-dire,  avec  l’interfe&ion  de  deux  hyperboles.  Apres  avoir  fait  un 
petit  griffonnement  d’analyfc,  je  reconnus  que  le  Probleme  etoit  plan,  et  que  la 
refolution  n’en  etoit  pas  difficile,  mais  que  la  conftruftion  en  feroit  un  peu 
longue  et  ecnbrouillec.  Ainfi,  pour  ne  pas  etre  oblige  d’ocrire  beaucoup,  j’ai 
choifi  un  cas  feulement  cntre  plufieurs  qui  font  dans  le  Probldmc  ; et  pour  trouver 
une  conftrutftion  plus  breve,  je  l’ai  applique  aux  nombres,  comme  vous  verrez 
dans  le  papier  qui  eft  dans  cette  Lettre.  Par-la  toutes  les  perfonnes  intelligentcs 
verront  aifemcnt  que  j’ai  la  conftiuflion  univerfelle  ; - je  vous  I’enverrai  fi  vous  la 
defirez,  bien  que  ma  pareffc  s’y  oppofe.  J’eftime  pourtant  que  M.  Pafcal  fcra 
fatislait. 

Pour  ce  qui  eft  de  l’autre,  je  m apperpus  d'abord  qu’il  prenoit  fon  originc  de 
cinq  plans  qui  touchent  un  ou  deux  c6nes  oppofes.  La  refolution  en  eft  longue, 
mais  pourtant  je  ne  la  crois  pas  fi  difficile.  Qiioi  qu’ii  en  foir,  l’embarras  con- 
tinuel  des  affaires  qui  fe  font  prefentees  et  niultipliees  au  triple  depuis  que  vous 
n’avez  etc  ici,  ne  me  donne  pas  le  temps  d’y  penfer  pour  le  prcfent. 

Je  fuuhaiterois  bien  que  vous  me  fifiiez  la  faveur  de  me  marqucr  les  Livres 
qui  ont  imprimes  fur  cette  matiere,  ou  fur  autre  de  Philofophie,  qui  foient 
de  quelque  confideration.  Nous  avons  ici  les  Exereifiiticnes  Mn  thematic*  de 
M.  Franpois  Schooten,  Profeffeur  a Leyde  : jc  crois  qu’on  les  aura  vues  a Paris. 

Je  viens  a ce  que  vous  me  Jites  dc  M.  Dcfcartes ; je  l’eftimc  un  grand  hom- 
me  : c’eft  pourquoi  je  voudrois  favoir  parriculieremen;  cc  qu’on  lui  oppof.-.  Je 
ne  pretends  pas  le  farre  paffer  pour  incprohenliblc,  mSme  dans  fes  Edits  de 
Geomelrie,  paice  que  j’ai  reqiarque  en  plutieurs  endroits  qu’il  etoit  homme,  et 
que  quandbque  bonus  dormitat  Homerus : mais  une  petite  tache  ne  rend  pas  diffbrtne 
un  beau  viiage,  atque  open  in  kngo  fas  eft  ebrepere /annum. 

m Cc  ProbUmc  etoit  ainfi  propoft : Etani  d'ortii  dm x circles  et  ant  Vgne  drentt , trouver  un  ctrefk 
qui  touche  let  deux  cercles  donnis , et  qui  laijfe  fur  la  ttgne  dreite  un  arc  capable  dun  anyle  dor.ru.  , 
papier  dont  Sluzc  parlc  un  peu  plus  bas,  eft  colic  eu  original  au  commencement  de  l esonplaire  des 
Inventions  de  A.  Dcttoreville  en  Gcovteirie,  qui  appartient  a la  Bibliotheque  du  Roi.  On  n'a  pas  cru 
devoir  impritner  ici  Ja  folution,  ou  ' ' utfH  la  conftruAion  de  SKizc,  parcc  qn’cllc  n‘cft  acconipagnJd 
d'aucune  analyte,  et  qu  elle  n'eft  d'aiileurs  appliqute  qu'ii  un  cas  particulier  de  la  qucUion. 1 Nous 
n’avons  paa  befoin  d’ajuutcr  que  ccs  fortes  de  ProUUmcs  n'out  aujourd’hui  aucune  dilKcultc. 
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TRAITE  DU  TRIANGLE  ARITHMETIQUE: 


DEFINITIONS. 

J’ A P P E L L E T riangle  Arithmctiqut,  une  figure  dont  la  conftruclion  eft 
telle. 

Jc  menc  d’un  point  quelconque,  G,  deux  lignes  perpcndiculaires,  l’une  a 
I'autrc,  G V,  G dans  chacune  defquellcsje  prends  tant  queje  veuxde  parties 
cgalcs  ct  continues  a comruencer  par  G,  que  je  nomtne  t,  2,  3,  4,  &c. ; ct 
ces  nombres  font  les  expifants  des  diviftons  dcs  lignes. 

Enfuite  je  joins  les  points  de  la  premiere  divifion  qui  font  dans  chacune  des 
deux  lignes,  par  une  autre  ligne  qui  forme  un  triangle  dont  elle  eft  la  baft. 

Je  joins  ainfi  les  deux  points  de  la  feconde  divifion  par  une  autre  ligne,  qui 
forme  un  fecond  triangle  dont  elle  eft  la  baft. 

Et  joignant  ainfi  tous  les  points  de  divifion  qui  ont  un  meme  expofant,  j’en 
forme  autant  dt  triangles  el  de  bafts. 

Je  menc  par  chacun  des  points  de  divifion,  des  lignes  paralleles  aux  cotes, 
qui  par  leurs  interfe&ions  ferment  de  petits  quart es,  que  j’appelle  cellules. 

Et  les  cellules  qui  font  entre  deux  paralleles  qui  vont  de  gauche  a droitc, 
s’appcllent  cellules  d’un  meme  rang  parallels,  comma  les  cellules  G,  <r,  re,  &c., 
ou  ip,  1 {/,  fi,  &c. 

Et  cedes  qui  font  entre  deux  lignes  qui  vont  de  haut  en  bas,  s’appellent  ceU 
luUs  dun  mime  rang  perpendiiulaire,  comme  les  cellules  G,  p,  A,  D,  8cc.,  et 
celles-ci,  <r,  ip,  B,  &c. 

Et  celles  qu'une  memo  bafe  traverfe  diagonaleinent,  font  dites  cellules  d'une 
mime  bafe,  comme  cedes  qui  fuivent,  D,  B,  9,  X,  et  celles-ci.  A,  vp,  re. 

Les  cellules  d’une  meme  bafe  egalcment  dittanies  de  fes  exti Unites,  font  dites 
re.iproques,  comme  celles-ci,  E,  R,  et  B,  9 ; parce  que  I’expofant  du  rang  pa- 
rallel? de  Pune  eft  le  meme  que  l’expofant  du  rang  perpendiculaire  de  1’autre, 
comme  il  parole  en  cet  exemple,  ou  E eft  dans  le  fecond  rang  perpendiculaire, 
Ct  dans  le  quatrieme  paralelle ; et  fa  reciproque  R eft  dans  le  fecond  rang  pa- 
rallel, et  dans  le  quatrieme  perpendiculaiie  reciproquement.  Et  il  eft  bien 
facile  de  demontrer  que  cedes  qui  ont  leurs  expofants  reciproquement  pareils, 
font  dans  une  meme  bafe,  et  egalement  diftantes  de  fes  extremites.' 

Il  eft  aufti  bien  facile  de  demontrer  que  1’cxpofant  du  rang  perpendiculaire  de 
quelque  cellule  que  ce  foit,  joint  a l’expofant  de  fun  rang  parallele,  furpafle  de 
I’unite  I’expofant  de  fa  bafe.  Par  exemple,  la  cellule  F eft  dans  le  troifiemc 
rang  perpendiculaire,  et  dans  le  quatrieme  parallele,  et  dans  la  fixieme  bafe,  ct 
les  deux  expolants  dcs  rangs  3 + + furpaffent  de  l’unitc  l’cxpolant  de  la  bafe  6 ; 

ce 
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ce  qui  vient  dc  cc  que  les  deux  cores  du  Triangle  font  divifes  en  >un  pared 
nombre  de  parties  ; mais  cela  eft  plutot  compris  que  demonrre. 

Cette  remarque  eft  de  memc  nature,  que  chaque  bafe  contient  une  cellule 
plus  que  la  precedentc,  et  chacune  autant  que  fon  expofant  d’unites ; ainfi  la 
fcconde  <p  a-  a deux  cellules,  la  troifieme  Ai J/t  en  a trois,  &c. 

Or  les  nombres  qui  fe  mettent  dans-chaque  cellule  fe  trouvent  par  cette  me- 
thode. 

Le  nombre  dc  la  premiere  cellule  qui  eft  a 1’angle  droit  eft  arbitraire  ; mais 
celui-la  etant  place,  tons  les  autres  font  forces  : ct  pour  cette  raifon  il  s’appcllc 
le  ginSratcur  du  triangle  j et  chacun  des  autres  eft  fpecifie  par  cette  feule  regie  : 
“ Le  nombre  de  chaque  cellule  eft  egal  a celui  de  la  cellule  qui  la  precede 
dans  fon  rang  perpendiculaire,  plus  ^ celui  de  la  cellule  qui  la  precede  dans  fon 
rang  parallele.  Ainfi  la  cellule  F,  c’eft-Jt-dire,  le  nombre  de  la  cellule  F,  egale 
la  cellule  C,  plus  la  cellule  E;  et  ainfi  des  autres.” 

D’oii  fe  tirent  plufieurs  confluences.  En  voici  les  principales,  oh  je  Confi- 
dere  les  triangles,  done  le  generateur  eft  l’unite ; mais  ce  qui  s’en  dira  convi- 
endra  a tous  les  autres. 


C O N S E QJJ  ENCE  PREMIERE. 

En  lout  Triangle  Aritbmetique,  toules  les  cellules  du  premier  rang  parallele  et  du 
premier  rang  perpendiculaire  font  pareilles  a la  glneratrice. 

Car  par  la  conftrudlion  du  Triangle,  chaque  cellule  eft  egale  a celle  qui  la 
precede  dans  fon  rang  perpendiculaire,  plus  a celle  qui  la  precede  dans  fon  rang 
parallele  ; or  les  cellules  du  premier  rang  parallele  n’ont  aucuncs  cellules  qui 
les  precedent  dans  leurs  rangs  perpendiculaires,  ni  celles  du  premier  rang  per- 
pendiculaire dans  leurs  rangs  paralleles;  done  dies  font  toutes  egalcs  entre  elles, 
et  partant  au  premier  nombre  generateur. 

Ainfi  <p  egale  G + zero,  e’eft-a-dire,  <p  egale  G. 

Ainfi  A egale  <p  + zero,  e’eft-a-dire,  <p. 

Ainfi  <r  egale  G + zero,  et  % egale  <r  ■+■  zero. 

Et  ainfi  des  autres. 

C O N S E QJJ  E N C E II.  , 

En  tout  Triangle  Aritbmetique , chaque  cellule  efi  (gale  d la  femme  de  toules  celles  du 
rang  parallele  pr(c(dent,  comprifes  depuis  fon  rang  perpendiculaire  jufqu’au  premier 
inclufivement. 

Soit  une  cellule  quelconque  u : je  dis  qu’elle  eft  egale  iiR  + 0 + iI»  + £>, 
qui  font  celles  du  rang  parallele  fupcricur  depuis  le  rang  perpendiculaire  de  u 
jufqu’au  premier  rang  perpendiculaire. 

Vol.  IV.  3 T Cela 


Digitized  by  Google 


506  trait*  dw  triangle  AmHMKTia.il!, 

Cela  eft  evident  par  la  fcule  interpretation  des  cellules,  par  celles  d’ou  etlej 
font  formees. 

Car  u egale  R -f  C. 


9 + B 

tp  + A 

■ ■ — Car  A et  £ font  £gaux  entre  eux  par 
i p la  precedente.  > 

Done  w egale  R •)-  6 + vp  + <p. 

CONSEQUENCE  III. 

En  tout  Triangle  Arithmetique , ebaque  cellule  egale  la  Jomme  de  toutes  celles  du  rang 
perpendiculaire  precedent,  comprifes  depuis  Jon  rang  parallels  jujqu'au  premier  in- 
tlufivement. 

Soit  une  cellule  quelconque  C : je  dis  qu’elle  eft  egale  a B + if  + c,  qui 
font  celles  du.  rang  perpendiculaire  precedent,  depuis  le  rang  parallele  de  la 
cellule  C jufqu’au  premier  rang  parallele. 

Cela  paroit  de  mime  par  la  feule  interpretation  des  cellules. 

Car  C egale  B + 9. 

i P + or 

Car  % egale  o-  par  la  premiere. 

(T 

Done  C egale  B + o'- 

C O N S E Q_U  E N C E IV. 

En  tout  Triangle  Aritbmitique,  ebaque  cellule  diminute  de  l' unit i ejl  tgale  a la  fomrne 
de  toutes  celles  qui  font  comprifes  entre  fin  rang  parallele  et  Jon  rang  perpendiculaire 
exclufivement. 

Soit  une  cellule  quelconque  £ : je  dis  que  £ — G egale  R + $ 4-  ip  + ip 
+ A + w 4-  <r  + G,  qui  font  tous  les  nombres  compris  entre  le  rang  £ u C B A 
et  le  rang  £ S pc  exclufivement. 

Cela  paroit  de  mcme  par  ^interpretation* 

Car  | 6gale  A + R + u. 

nr  6 -f-  C 

<r  -f-  tp  + B 

G + Q + A 

G 

Done  £ egale  A + R + T + fi  + c + tp  + G + ip-l-G. 

aver- 

« 
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AVERTISSEMENT. 

J’ai  dit  dans  l’enonciation,  cheque  cellule  diminute  de  I'unite,  parce  que  I’unite 
eft  le  generateur ; mais  fi  e’etoit  tin  autre  nombre,  il  faudroic  dire,  ebaque  cel- 
lule diminuc:  du  nombre  generateur. 

C O N S E QJJ  E N C E V. 

En  tout  Triangle  Aritbmetique,  ebaque  cellule  eft  egale  a fa  reciproque. 

Car  dans  la  feconde  bafe  <p  <r,  il  eft  evident  que  les  deux  cellules  recipro- 
ques  tp,  <r  font  egales  entre  dies  et  a G. 

Dans  la  troifteme  A,  ij/,  or,  il  eft  viftble  de  meme  que  les  reciproques  w,  A 
font  egales  entre  elles  et  a G. 

Dans  la  quatrieme,  il  eft  vilible  que  les  extremes  D,  X font  encore  egales 
entre  elles  et  a G. 

Et  celles  d'entre-deux,  B,  9,  font  vifiblement  egales,  puifquc  B egale 
A + 4^  et  6 egale  ij/  + w ; or  t + t|/  font  egales  a A -f-  if/  par  ce  qui  eft 
momr£  ; done,  &c. 

Ainfi  l’on  montrera  dans  toutes  les  autres  bafes  que  les  reciproques  font 
egales,  parce  que  les  extremes  font  toujours  pareilles  I G,  et  que  les  autres 
■s’interpreteront  toujours  par  d’autres  egales  dans  la  bafe  prccedente  qui  font 
reciproques  entre  elles. 


C O N S E CLU  E N C E VI. 

En  tout  T dangle  Aritbmetique , uu  rang  par  allele  et  un  pcrpcndiculairc  qui  ont  un 
mtme  expofant,  font  compefes  de  cellules  toutes  pareilles  les  unes  aux  autres. 

Car  ils  font  compefes  de  cellules  reciproques. 

Ainfi  le  fecond  rang  pcrpendiculaire  c-J/BEMQ^eft  entierement  pared  au 
fecond  rang  parallele  <p  t|/  9 R S N. 

1 • • 

C O N S E QJJ  E N C E VII. 

En  tout  Triangle  Aritbmetique,  la  fomme  des  cellules  de  ebaque  bafe  eft  double  de 
celles  de  la  bafe  prccedente. 

Soit  une  bafe  quelconquc  D B 5 X : je  dis  que  la  fomme  de  fes  cellules  eft 
double  de  la  fomme  dcs  cellules  de  la  precedente  AiJ/7r. 

Car  les  extremes D,  X, 

£galent  les  extremes  .....  A,  or, 

et  chacunc  des  autres  .....  B,  9, 

en  cgalent  deux  de  l’autrc  bafe  . . A + + x. 

Done  D + X + B 4-  9 egalent  2A  + + 2ir. 

La  meme  chofc  fe  demontre  de  meme  de  toutes  les  autres. 

3T2  CON- 
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C O N S E Q_U  E N C E VIII. 

En  lout  Triangle  Arithmitique,  la  Jomme  des  cellules  dt  cbaque  baje  eft  un  ncmbre 
dc  la  progrejfm  double,  qui  commence  par  l’ unite,  dont  I'expofant  eft  le  mime  que 
celui  dt  la  bafe. 

Car  la  premiere  bafe  eft  l’unite. 

La  feconde  eft  double  de  la  premiere  ; done  elle  eft  2. 

La  troifieme  eft  double  de  la  feconde ; done  elle  eft  4.  Ec  ainfi  a l’infini. 

AVERTISSEMENT. 

Si  lc  generateur  n’etoit  pas  I'onite,  mais  un  autre  nombre,  comme  3,  la  me- 
mo chofe  feroit  vraie ; mais  il  ne  faudroit  pas  prendre  les  nombres  de  la  pro- 
greffion  double  a commencer  par  l’unite,  favoir,  1,  2,  4,  8,  16,  &c.;  mais 
ceux  d’une  autre  progrefiion  double  a commencer  par  lc  gendrateur  3,  favoir, 
3,  6,  1 a,  24,  48,  &c. 


CONSE  QJU  E N C E IX. 

En  tout  Triangle  Aritbmetique,  cbaque  bafe  diminube  de  l' unite  eft  egale  a la  fomme  de 

toules  les  prbcedenles. 

Car  e’eft  une  propridee  de  la  progreftion  double. 

AVERTISSEMENT. 

Si  le  gendrateur  dtoit  autre  que  l’unitc,  il  faudroit  dire,  cbaque  bafe  diminube 
du  generateur. 

CONSEQUENCE  X. 

En  tout  Triangle  Aritbmetique,  la  fomme  de  tant  de  cellules  continues  qu'on  voudra 
de  fa  bafe,  a commencer  par  une  extremite,  eft  egale  it  aulant  de  cellules  de  la  bafe 
prbeedente,  plus  encore  a aulant,  hormis  une. 

Soit  prife  la  fomme  de  tant  de  cellules  qu'on  voudra  dc  la  bafe  D A,  par  ex- 
emple,  les  trois  premieres,  D 4-  B + 6 ; je  dis  qu'elle  eft  egale  a la  fomme 
dcs  trois  premieres  de  la  bafe  precedence  A 4-  1]/  + *•,  plus  aux  deux  premieres 
de  la  meme  bafe  A 4-  ip. 

Car  D.  B.  6. 

dgale  A.  A 4-  J/.  J/  -j-  w. 

Done  D 4-  B 4-  0 dgale  2A.  4-  2^  4-  *•. 

definition. 

J'appelle  cellules  de  la  dividente , celles  que  la  ligne  qui  divife  I’angle  droit  par 
la  moiue,  traverfe  diagonalement,  comme  les  cellules  G,  ip,  C,  p,  See. 
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C O N S E Q_U  ENCE  KI. 

Cheque  cellule  de  la  dividente  ejl  double  de  cel/e  qui  la  pricide  dans  Jon  rang 
parallile  ou  perpendiculaire. 

Soit  line  cellule  de  la  dividente  C:  je  dis  qu’elle  eft  double  de  9,  et  aufli  de  B. 

Car  C egale  9 4-  B,  et  9 egale  B,  par  la  cinquieme  confequence. 

AVERTISSEMENT. 

Toutes  ces  confequences  font  fur  lc  fujet  des  cgalites  qui  fe  rencontrent  dans 
le  Triangle  Arithmetique.  On  va  cn  voir  maintenant  les  proportions,  dont  la 
proportion  fuivante  eft  le  fondemcnt. 

C O N S E QJJ  ENCE  XII. 

En  tout  Triangle  Arithmetique,  deux  cellules  contigues  Slant  dans  une  mime  bafe,  la 

Juperieure  eft  a Vinfiricurs,  comme  la  multitude  des  cellules  depuis  la  Juperieure  juf- 

qu'au  haul  de  la  baje,  d la  multitude  de  celles  depuis  rinferieure  jujqu’en  bas  in- 

elujivement. 

Soient  deux  cellules  contigues  quelconques  d’une  memc  bafe,  E,  C : je 
dis  que 

E eft  k C corame  2 k 3 

inferieure,  fup6rieure,  parce  qu’il  y a deux  cel-  parce  qu’il  y a trois  cel- 
lules depuis  E jufqu’en  lules  depuis  C jufqu’en 
bas,  favoir,  E,  H,  liaut,  favoir,  C,  R,  p. 

Quoique  cette  propofition  ait  une  infinite  de  cas,  j’en  donnerai  une  demon- 
ftration  bien  courte,  cn  fuppofant  deux  Lemmes. 

Le  premier,  qui  eft  Evident  de  foi-meme,  que  cette  proportion  fe  rencontre 
dans  la  feconde  bafe  ; car  il  eft  bien  vifible  que  <f>  eft  a <r  comme  1 a 1. 

' Le  deuxieme,  que  (i  cette  proportion  fe  trouve  dans  une  bafe  quelconque, 
elle  fe  trouvera  neceflairement  dans  la  bafe  fuivante. 

D’oii  il  fe  voit  qu’elle  eft  neceflairement  dans  toutes  les  bafes  : car  elle  eft 
dans  la  feconde  bale  par  le  premier  Lemme  ■,  done  par  le  fecond  elle  eft  dans 
la  troifieme  bafe ; done  dans  la  quatrieme,  et  a l’infini. 

Il  faut  done  feulement  demontrer  le  fccond  Lemme  en  cette  forte.  Si  cette 
proportion  fc  rencontre  en  une  bafe  quelconque,  comme  en  la  quatrieme  D A, 
c’eft-tl-dire,  fi  D eft  a B comme  1 a 3 ; et  B a 9 comme  2 k 2 •,  et  6 a A.  comme 
3 1 1,  8cc.  Je  dis  que  la  mSme  proportion  fe  trouvera  dans  la  bafe  fuivante, 
Hp,  et  que,  par  exemple,  E eft  a C comme  233. 

Car  D eft  a B comme  1 J 3,  par  l’hypothefc. 

Done  D + BcftaB  comme  1 +323. 

E IB  comme  483. 

' De 
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Dc  meme  B eft  a 5 comme  z as,  par  l’hypothefe. 

Done  B + 5 J B,  commc  2 + a a 2. 

C k B comme  4 k 2. 

Mais  B a E commc  3 a 4,  comme  il  eft  montre.  Done  par  la 

proportion  trotiblee,  C eft  a E commc  3 a 2. 

Cc  qu’il  falloit  demonmr. 

On  le  montrera  de  meme  dans  tout  le  rerte,  puifque  cette  preuve  n’eft  fondee 
qi:e  fur  cc  que  cette  proportion  fc  trotive  dans  la  bafe  pricedente,  ct  que  cha- 
que  cellule  eft  egale  a fa  preccdcntc,  plus  a fa  fuperieure ; ce  qui  eft  vrai  par- 
tout  *. 

CONSEQ.UENCE  XIII. 

En  tout  Triangle  Aritbmltique,  deux  cellules  contigues  etant  dans  un  mime  rang  per- 

pendiculaire , I'inferieure  eft  a let  fuperieure,  comme  I'expqfant  de  la  baje  de  cette 

fuperieure  a I’expofant  de  Jon  rang  parallels. 

Soient  deux  cellules  quelconqucs  dans  un  meme  rang  pcrpendiculaire,  F,  C : 
je  dis  que 

* Cc  fecond  Lcmmc  peut  ctrc  exprime  ct  demontrc  cn  termes  generaux  dela  fa^on  fuivante. 

Soit  la  multitude  des  cellules  depuis  I'inferieure  dc  deux  cellules  contigues  fur  aucune  bafe  du  Tri- 
angle Arithmetique,  cn  y comprenant  cclte  cellule  inferieure,  p ; et  la  multitude  des  cellules  depuis  la 
cellule  fuperieure,  cn  y comprenant  cette  cellule,  q.  11  faut  demontrer,  que,  s il  eft  vrai  que  le  nora- 
bre  contcnu  dans  la  cellule  fuperieure  foit  au  nombre  contenu  dans  la  cellule  inferieure  comme  y a p% 
la  mime  proprietc  aura  lieu  dans  les  nombres  contcnus  dans  les  cellules  contigues  dc  la  prochaine  bafe 
du  Triangle  Arithmetique  qui  correfpondent  aux  deux  dittes  cellules  contigues  dc  la  premiere  bafe, 
eti  qui  remplilfent  les  muncs  places  dans  la  fuitc  des  cellules  de  la  fccondc  bafe  que  les  deux  premiere* 
cellules  contigxfcs  rempliflent  dans  la  fuitc  des  cellules  de  la  premiere  bafe. 

"Le  nombre  des  cellules  dans  la  premiere  bafe  eft^  -f  7,  Done  le  nombre  des  cellules  dans  la  feconde 
bale  eft  p + q + i ; et  partant  le  nombre  de  cellules  dans  la  feconde  bafe  depuis  la  cellule  fuperieure 
jufqifau  haul  de  la  bafe  inclufiveinent  fera  y + i.  Mais  le  nombre  des  cellules  dans  la  meme  bale 
depuis  la  cellule  inferieure  jufqu’cn  bas  inclulivement  eft  le  mcmc  que  dan*  la  premiere  bafe,  cell  \ 
dire,  p.  II  faut  done  d^montrer  que  le  nombre  contenu  dans  la  cellule  fuperieure  dc  la  fccondc  bafe 
eti  au  nombre  contcnu  dans  la  cellule  inferieure  dc  la  meme  bafe  comme  q + i eft  a p. 

Suppofons  maintenant  que  le  nombre  contenu  dans  la  cellule  fup'rieure  dc  la  premiere  bafe  foit 
nomme  6,  et  que  lc  nombre  contenu  dans  la  cellule  inferieure  de  la  meme  bafe,  contigue  a la  ditte  cel- 
lule fuperieure,  foit  nomme  II,  et  que  lc  nombre  contenu  dans  la  cellule  qui  precede  immediatement 
la  ditte  cellule  inferieure  foit  nomme  D ; et  que  le  nombre  contenu  dans  la  cellule  fuperieure  de  la 
feconde  bafe  foit  nomine  C,  et  que  le  nombre  contenu  dans  la  cellule  inferieure  dc  la  m£me  bafe  foit 
nomme  E.  Aprcs  ces  fuppofitions  il  faudra  demontrer  que  le  nombre  C eft  au  nombre  E comme 

q + * >/• 

DEMONSTRATION. 

Or,  par  Vhypothcfe,  9 eft  a B comme  q eft  a p.  Done,  atmponendo , 9 4-  B fera  a B comme  q -f  p 
«ft  a p.  Mais  C eft  = 9 -f  B.  Done  C til  h B comme  q + p eft  a p. 

En  outre,  par  1'hypothcfe,  B eft  a D commc  q + i eft  a p — i.  Done,  componeudo,  B -4-  D fera 
a B comme  q + i + p — i,  ou  q + p,  eft  a q -f-  i.  Mais  E eft  = B -f  D.  Done  E clU  B 
comme  q 4-  p eft  a q + 1 ; ct,  inn r undo,  13  eft  a E commc  q 4-  I eft  a q + p. 

Mais  C eft  h B comme  q 4-  p clt  a p. 

Done  la  proportion  de  C h E,  qui  eft  compofee  des  deux  proportions  de  C a B ct  de  B ;t  E,  fera 
egale  i une  proportion  compofee  des  deux  proportions  dc  q + p a p ct  dc  q -f  I & q + />,  et,  par 
confcqucnt,  a la  proportion  de  q + i u p ; ou,  en  d autres  mots,  C fcr 3 a E comme  7 ■+•  1 eft  a p. 

o.  E.  D. 

Le  fameux  theoreme  dc  Monficur Newton,  fur  les  puiftaoecs  dune  quantitc  binomc,  peut  ctrc  (Uduit 
de  cette  XlUme  confluence. 

Fell 
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F eft  a C comme  5 a 3 

l’inferieure,  la  fu  per  ieure,  I expofant  de  la  bafe  I expofant  du  rang  paraliele 
I de  C,  I de  C. 

Car  E eft  a C comme  233. 

Done  E + C eft  sk  C comme  2 + 3 H 3. 

F eft  i C comme  5 a 3. 

' CONSE  QJJ  EiN  C E * XIV. 

En  tout  Triangle  Arlthmetique,  deux  cellules  contigues  e ant  dans  un  mime  rang  pa- 
r allele,  la  plus  grande  eft  d fa  precedents,  ccmme  V expofant  de  la  bafe  de  celte  pre- 
cedents a P expofant  de  Jon  rang  perpendiculaire.  ’ •* 

Soient  deux  cellules  dans  un  meme  rang  paraliele  F,  E : je  dis  que 
F eft  a E comme  5 a 2 

la  plus  grande,  precedence,  I expofant  de  la  [ expofant  du  rang  perpendicu- 

I bafe  de  E,  | laire  de  E. 

Car  E eft  a C comme  233. 

Done  E + C eft  a E comme  2 -f  3 i 2. 

F eft  a E comme  5 I 2, 

CONSE  QU  E N C E XV. 

En  tout  Triangle  Aritbmetique , la  Jomme  des  cellules  d'un  quelconque  rang  paraliele 
eft  h la  derniere  de  ce  rang,  comme  l' expofant  du  triangle  eft  a t expofant  du  rang. 

Soit  un  triangle  quelconque,  par  exemple,  le  quatrieme  GDxj  je  dis  que, 
quelque  rang  qu’on  y prenne,  comme  le  fecond  paraliele,  la  fomme  de  fes  cel- 
lules, favoir,  <p  + ji  + 9,  eft  a 9 comme  4 a 2.  Car  <p  + if/  4-  6 egale  C, 
et  C eft  a 9 comme  4 a 2,  par  la  treizieme  confequence. 

CONSE  QU  E N C E XVI. 

En  tout  Triangle  Aritbmetique,  un  quelconque  rang  paraliele  eft  au  rang  inferieur, 
ccmme  l' expofant  du  rang  inferieur  a la  multitude  de  fes  cellules, 

Soit  un  triangle  quelconque,  par  exemple,  le  cinqui^me,  f*G  H : je  dis  que, 
quelque  rang  qu’on  y prenne,  par  exemple,  le  troifieme,  la  fomme  de  fes  cel- 
lules eft  h la  fomme  de  celles  du  quatrieme,  e’eft-a-dire,  A + B 4-  C ett  & 
D + E,  comme  4v  expofant  du  rang  quatrieme,  a 2,  qui  eft  l’expofant  de  la 
multitude  de  fes  cellules,  car  il  en  contient  2. 

Car  A + B + C egale  F,  et  D + E egale  M Or  F eft  a M comme  4 
a 2,  par  la  douzieme  confequence. 

AVER. 
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AVF.  rtissement. 

On  pourroit  l’enoncer  aufli  de  cette  forte : cbaqut  rang  parallile  efl  au  rang 
infirieur,  canine  Pexpofant  du  rang  infirieur  A Pexpofant  du  triangle,  mcihs  Pexpo- 
fant  du  rang  fuperieur.  Car  I’cxpofant  d’un  triangle  moins  l’expofant  d'un  de 
fes  tangs,  ell  toujours  egal  a la  multitude  des  cellules  du  rang  inferieur. 

C O N S E Q,U  E N C E XVII. 

En  tout  Triangle  Aritbmetique , quelque  cellule  que  ce  foit,  jointe  a toutes  celles  de  fen 
rang  perpendiculaire,  efl  a la  mime  cellule  jcinle  d toutes  celles  de  fon  rang  paral- 
lele,  comma  les  multitudes  des  cellules  prifes  dans  ebaque  rang, 

Soit  une  cellule  quelconque  B : je  dis  que  B f 1J1  + «■  dli  B + A,  com- 
me  3 i l. 

Jc  dis  3,  parce  qu’il  y a trois  cellules  ajoutees  dans  1’antccedcnt ; et  2,  parce 
qu’il  y en  a deux  dans  le  confequent. 

Car  B + i|/  + <r  egale  C,  par  la  troifieme  confequcnce ; et  B -f-  A egale  E, 
par  la  feconde  confequcnce. 

Or  C eft  A E conune  3 a 2,  par  la  douzieme  confequcnce. 

CONS£  au  E N C E XVIII. 

En  tout  Triangle  Aritbmetique,  deux  rangs  par  alleles  egalement  dijl  antes  des  extrimitis, 
font  entre  eux  comme  la  multitude  de  leurs  cellules. 

Soit  un  triangle  quelconque  GV^,  et  deux  de  fes  rangs  egalement  diftants 
des  extremites,  comme  le  fixieme  P Q , et  le  fecond  (p  + j/+fl  + R+  S 
+ N : je  dis  que  la  fomme  des  cellules  de  l’un  eft  a la  fomme  des  cellules  de 
l’autre,  comme  la  multitude  des  cellules  de  l’un  eft  it  la  multitude  des  cellules 
de  l’autre. 

Car,  par  la  fixieme  confequence,  le  fecond  rang  parallele  ipJiSRSN  eft  le 
meme  que  le  fecond  rang  pcrpendiculaire  o-J/BEMQ^  duquel  nous  venons 
de  demontrer  cette  proportion. 

avertissement. 

On  peut  l’enoncer  ainfi : En  tout  Triangle  Aritbmetique,  deux  rangs  paralleles, 
dont  les  expqfants  joints  enfemble  excedent  de  l’ unite  Pexpofant  du  Triangle,  font  entre 
eux  comme  leurs  expofants  redprequement.  Car  ce  n’eft  qu'une  meme  chofe  que 
ce  qui  vient  d’etre  enonce. 

CONSEQUENCE  DERNIER  E. 

En  tout  Triangle  Aritbmetique,  deux  cellules  contigues  etant  dans  la  dividend , l* infe- 
rieur e efl  d la  fupcritwc  prife  quatre  fois,  comme  I’expofant  de  la  bafe  de  cette  fupi- 
rieure,  a un  nembre  plus  grand  de  P unite. 

Soient  deux  cellules  de  la  dividente  p,  C : je  dis  que  p eft  a 4 C comme  5, 
expofant  de  la  bafe  dc  C,  eft  a 6. 

Gar 
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Car  ft  eft  double  de  u,  et  C de  9 ; done  4 9 egalent  2 C. 

Done  4 9 font  a C comme  2 h 1. 

Or  p eft  a 4 C comme  u a 4 9,  ou  en  raifon  compofee  de  waC  + Ca4$ 

Par  les  confequencts  precedentes,  . . . 3 a 3.  1 a 2 

ou  3 a 6. 

5 a 6. 

Done  j eft  1 4 C comme  5 a 6.  Ce  qu’il  falloic  demontrer. 

• avertissement. 

On  peut  tirer  de  II  beaucoup  d’autres  proportions;  queje  fupprime,  parce 
que  ehacun  peut  facilement  les  conclure,  et  que  ceux  qui  voudront  s’y  attacher, 
en  trouveront  peut-etre  de  plus  belles  que  celles  que  jc  pourrois  donner.  Je 
finis  done  par  le  Probleme  fuivant,  qui  fait  l’accompliflement  de  ce  Trait6. 

P R O B L E M E. 

E/ant  domes  les  expojants  des  rangs  perpendiculaire  et  parallele  (Tune  cellule , trouver 
le  nombre  de  la  cellule , Jans  Je  Jervir  du  Triangle  Aritbmetique  ? 

Soit,  par  exemple,  propofe  de  trouver  le  nombre  de  la  cellule  £ du  cinquieme 
rang  perpendiculaire,  et  du  troifieme  rang  parallele. 

Ayant  pris  tous  les  nombres  qui  precedent  l’expofant  du  perpendiculaire  3, 
favoir,  1,  2,  3,  4;  foient  pris  autant  de  nombres  naturels,  a commencer  par 
l’expofant  du  parallele  3,  favoir,  3,  4,  5,  6. 

Soient  multiplies  les  premiers  l’un  par  l’autre,  et  foit  le  produit  24.  Soient 
multiplies  les  autres  l’un  par  l’autre,  et  foit  le  produit  360,  qui,  divife  par  l’au- 
Ue  produit  24,  donne  pour  quotient  15  : ce  quotient  eft  le  nombre  cherche. 

Car  £ eft  a la  premiere  de  fa  bafe  V,  en  raifon  compofee  de  toutes  les  rai- 
fons  des  cellules  d’entre-deux,  e’eft-a-dire,  jj  eft  a V,  en  raifon  compofee  de 

lap  + paK  + KJ  Q_+  Q J V 

ou  par  la  12  coofeq.  . 3 a 4.  433.  5 a j.  6 a 1. 

Done  £ eft  a V comme  3 en  4 en  3 en  6,  a 4 en  3 en  2 en  1. 

Mais  V eft  l’unite ; done  £ eft  le  quotient  de  la  divifion  du  produit  de  3 
en  4 en  5 en  6,  par  le  produit  de  4 en  3 en  2 en  1. 

avertissement. 

Si  le  generateur  n’etoit  pas  l’unite,  il  eiu  fallu  multiplier  le  quotient  par  le 
gcn£rateur. 
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DIVERS  USAGES  DU  TRIANGLE  ARITHMETIQUE, 

Dont  le  generateur  ejl  P unite. 

A P R E S Avoir  donne  Ics  proportions  qui  fc  rencontrent  entre  lcs  cellules 
■*'*'  et  les  rangs  des  Triangles  Arithmctiques,  je  pafle  a divers  ufages  de  ceux 
dont  le  generateur  eft  I’unite  ; e’eft  cc  qu’on  verra  dans  les  Traites  fuivants, 
Mais  j’en  laiile  bien  plus  que  je  n’en  donne  ; e’eft.  une  chofe  etrange  combien 
il  eft  fertile  en  proprietes  ! Chacun  peut  s’y  cxcrcer  ; j’avertis  feulement  ici, 
que  dans  route  la  fuite,  je  n’entends  parler  que  des  Triangles  AiitlimStiques, 
dont  le  generateur  elk  1’unite. 


USAGE  DU  TRIANGLE  ARITHMETIQUE 

POUR  LES  ORDRES  NUMERIQUES. 

ON  a confiderd  dans  l’Arithmetique  les  nombres  des  diflerentes  progreffions  ; 

on  a aufii  confidcrc  ceux  des  diflferentes  puiflances  et  des  differents  degres  ; 
mais  on  n’a  pas,  ce  me  fcmble,  aflez  examine  ceux  dont  je  parle,  quoiqu’ils 
foient  d’un  tres  grand  ufage  : et  meme  ils  n'ont  pas  de  noni ; ainfi  j’ai  et£  ob- 
lige de  leur  en  donner  : et  parce  que  ceux  de  progrejfton,  de  degre  et  de  p'df- 
Jance  font  deja  employes,  je  me  fers  de  celui  A’ or  dies. 

J’appclle  done  Nombres  du  premier  ordre,  les  Gmplcs  unites, 

I,  i,  i,  i,  i,  &c. 

J’appelle  Nombres  du  Jecond  ordre , les  naturels  qui  fc  forment  par  1 ’addition  de* 
unites,  i,  a,  3,  4,  5,  &c. 

J'appelle  Nombres  du  troiftme  ordre,  ceux  qui  fe  forment  par  l’addition  des 
naturels,  qu’on  appelle  triangulaires, 
i,  3,  6,  io,  &c. 

C’eft-H-dire,  que  le  fecond  des  triangulaires,  favoir,  3,  £gale  la  fomme  des 
deux  premiers  naturels,  qui  font  1,  2;  ainfi  le  troifieme  triangulaire  6 egale  la 
fomme  des  trois  premiers  naturels,  1,  2,  3,  &c. 

J’appelle  Nombres  du  quatriime  ordre,  ceux  qui  fe  forment  par  l’addition  des 
triangulaires,  qu’on  appelle  pyramidauu, 

1,  4,  10,  20,  &c. 

J’appelle  Nombres  du  cinqwime  ordre , ceux  qui  fe  forment  par  l’addition  des 
precedents,  auxquels  on  n’a  pas  donne  de  nom  expres,  et  qu’on  pourroit  ap- 
peller  * triangulo  triangulaires  : 

>*  5*  *5»  35*  &c- 

* II  femble  par  cclte  expreflion,  “ qu’on  pourroit  appeller  triangulo- triangulaires,"  que  Pafcal  fut 
le  premier  auteur  fur  I'Arithm&ique  qui  ait  donn£  ceoom  a ces  nombres  du  cinquicme  ordre.  Mais 
il  me  femble  que  Ic  nom  plus  tropic  dc  Nombres  du  cinquse'me  ordre  lea  dctgne  plus  commoctement. 

F.  M. 

. ; J’appelle 
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J’appelle  Nomlrts  du  fixieme  ordrt,  ccux  qui  fe  forment  par  l’addition  dcs 
precedents:  . . i,  6,  21,  56,  126,  252,  &c. 

1,  7,  28,  84,  &c. 
i,  8,  36,  120,  &c. 

£t  ainfi  a l’infini. 

Or  fi  on  fait  une  table  de  tous  les  ordres  des  nombres,  od  l’on  marque  a cote 
les  expofants  des  ordres,  et  au-deflus  les  racines,  en  cette  forte  : 


R A C I H B S. 


1 

2 

3 

4 

s 

&c. 

Unites 

Ordre 

I 

1 

1 

1 

1 

t 

&c. 

Naturels 

Ordre 

2 

1 

2 

3 

4 

5 

See. 

Triangul. 

Ordre 

3 

1 

3 

6 

10 

»s 

See. 

Pyramid. 

Ordre 

4 

1 

4 

10 

20 

35 

& c. 

On  trouvera  cette  Table  pareille  au  Triangle  Arithmetique;  et  Ie  premier 
ordre  des  nombres  fera  le  mfitne  que  le  premier  rang  parallele  du  Triangle  ; le 
fecond  ordre  des  nombres  fera  le  meme  que  le  fecond  rang  parallele  : et  ainfi  a 
l’infini. 

Car  dans  le  Triangle  Arithmetique  le  premier  rang  eft  tout  d’uniles,  et  le 
premier  ordre  des  nombres  eft  de  meme  tout  d’unitcs. 

Ainfi  dans  le  Triangle  Arithmetique,  chaque  cellule,  comme  la  cellule  F, 
egale  C + B + A,  e’efta-dire,  qu’elle  egale  fa  fupcricurc,  plus  toutes  celles 
qui  precedent  cette  fuperieure  dans  fon  rang  parallele,  comme  il  a cte  prouve 
dans  la  deuxieme  confequence  du  Traitc  de  ce  Triangle  : et  la  meme  chofe  fc 
trouve  dans  chacun  des  ordres  des  nombres  ; car,  par  exemple,  le  troifieme  des 
pyramidaux  10  egale  les  trois  premiers  des  triangulaires  1+3  + 6,  puifqu’il 
eft  forme  par  leur  addition. 

D’ou  il  fe  voit  manifeftement,  que  les  rangs  paralleles  du  triangle  nc  font 
autre  chofe  que  les  ordres  dcs  nombres,  et  que  les  expofants  des  rangs  paralleles 
font  les  mimes  que  les  expofants  des  ordres,  et  que  les  expofants  des  rangs  per- 
pendiculaires  font  les  memes  que  les  racines : et  ainfi  le  nombre,  par  exemple, 
2t,  qui  dans  le  Triangle  Arithmetique  fe  trouve  dans  le  troifieme  rang  parallile, 
et  dans  le  fixieme  rang  pcrpendiculaire,  etant  conftdere  enure  les  ordres  nume- 
riques,  il  fera  du  troifieme  ordie,  et  le  fixieme  de  fon  ordre,  ou  de  la  fixieme 
racine. 

Ce  qui  fait  connottre  que  tout  ce  qui  a ete  dit  des  rangs  et  des  cellules  du 
Triangle  Arithmetique,  convient  exaftement  aux  ordres  des  nombres,  et  que 
les  memes  egalites  et  les  memes  proportions  qui  ont  6te  remarquees  aux  tins, 
fe  trouveront  auffi  aux  autres ; il  ne  faudra  feulement  que  changer  les  enoncia- 
lions,  en  fubftituant  les  termes  qui  conviennent  aux  ordres  numeriques,  comme 
ceux  de  racine  et  d 'ordre,  a ceux  qui  convenoient  au  Triangle  Arithmetique, 
comme  de  rang  parallele  ct  pcrpendiculaire , J’en  donnerai  un  petit  Traiti  a 
, part,  ou  quelques  exemples  qui  y font  rapportes,  feront  aifement  appercevoir 
tom  les  autres. 

3.U  t USAGE 
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POUR  LES  COMBINAISONS. 

LE  mot  de  comlinaifon  a 616  pris  en  plufieurs  fens  differents ; de  foite  que 
pour  oter  l’equivoque,  je  fuis  oblige  de  dire  comment  je  l’entends. 

Lorfque  de  plufieurs  cliofcs  on  donne  le  choix  d’un  certain  nombre,  toutes  Ie» 
manieres  d’en  prendre  autant  qu’il  eft  permis  entre  toutes  celles  qui  font  prifen- 
tees,  s’appellent  ici  lcs  dijjirthtcs  combinations. 

Par  exemple,  ft  dc  quairc  cliofcs  cxprimecs  par  ces  quatre  lettres,  A,  B,  C,  D, 
on  permet  d’en  prendre,  par  exemple,  deux  quelconque ; toutes  lcs  manures 
d’en  prendie  deux  differentes  dans  lcs  quatre  qui  font  proposes,  s’appellent 
combinaifons. 

Ainfi  on  trouvera  par  experience,  qu’il  y a fix  manieres  differentes  d’en  choifir 
detix  dans  quatre  ; car  on  pent  prendre  A et  B,  ou  A et  C,  ou  A et  D,  ou 
B et  C,  ou  B et  D,  ou  C et  D. 

Je  ne  compte  pas  A et  A pour  une  des  manures  d’en  prendre  deux ; car  ce 
nc  font  pas  des  chofes  differentes,  ce  n’en  eft  qu’une  r6p£ife. 

Ainfi  je  ne  compte  pas  A et  B,  et  puis  B et  A,  pour  deux  manieres  difle- 
rentes ; car  on  ne  prend  en  l’une  et  en  1’autre  maniere  que  ies  deux  mimes  chofes, 
mais  dans  un  ordre  different  feulement,  et  je  ne  prends  point  garde  a 1’ordre  ; de 
forte  que  je  pouvois  m’cxpliquer  en  un  mot  ii  ceux  qui  ont  accoutume  de  con- 
fiderer  les  combinaifons,  en  difant  fimplement  que  je  parle  feulement  des  com- 
binaifons  qui  fe  font  fans  changer  l’ordre. 

On  trouvera  de  mime  par  experience,  qu’il  y a quatre  manures  de  prendre 
trois  chofes  dans  quatre  j car  on  peut  prendre  ABC,  ou  A B D,  ou  A CD, 
ou  BCD. 

Enfin  on  trouvera  qu’on  ne  peut  en  prendre  quatre  dans  quatre  qu’en  une 
maniere,  favoir,  A B C D. 


Je  parlerai  done  en 

ces  termes : 

1 dans 

4 

fe  combine 

4 fois. 

2 dans 

4 

fe  combine 

6 fois. 

3 dans 

4 

fe  combine 

4 fois. 

4 dans 

4 

fe  combine 

1 fois. 

Ou  ainfi : 


La  multitude  des  combinaifons  de  t dans  4 eft  4. 

La  multitude  des  combinaifons  de  2 dans  4 eft  6. 

La  multitude  des  combinaifons  de  3 dans  4 eft  4. 

La  multitude  des  combinaifons  de  4 dans  4 eft  1. 

Mais  la  fomme  de  toutes  lcs  combinaifons,  en  general,  qu’on  peut  faire  dans  4, 
eft  15,  parce  que  la  multitude  des  combinaifons  de  1 dans  4,  de  2 dans  4,  dc 
3 dans  4,  et  de  4 dans  4,  etant  jointes  enfemble,  font  15. 

Enfuite 
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Enfnite  de  ccitc  explication,  je  donnerai  ces  confiquences  en  forme  de 
Lemmcs. 


L E M M E PREMIER. 


Un  nombre  ne  fe  combine  point  dans  un  plus  petit,  par  exemple,  4 ne  fe 
combine  point  dans  2. 

L E M M E II. 


1 dans  1 fe  combine  1 fois. 

2 dans  z fe  combine  1 fois. 

3 dans  3 fe  combine  1 fois. 

Et  generalement  un  nombre  quelconque  fe  combine  une  fois  feulement  dans 
fon  egal. 

L E M M E III. 

1 dans  1 fe  combine  1 fois. 

1 dans  2 fe  combine  2 fois. 

1 dans  3 fe  combine  3 fois. 

Et  generalement  1’unite  fc  combine  dans  quelque  nombre  que  ce  foil  autant 
de  fois  qu'il  contient  d'unitcs. 


L E M M E IV. 

S’il  y a quatre  nombres  quelconques,  le  premier  tel  qu'on  voudra,  le  fecond 
plus  grand  de  l’unitc,  le  troifieme  tel  qu’on  voudra,  pourvu  qu’il  ne  foil  pas 
moindre  que  le  fecond,  Ic  quatric.ne  plus  grand  de  l’unite  que  le  troifieme  : la 
multitude  des  combinaifons  du  premier  dans  le  troifieme,  jointe  a la  multitude 
des  combinaifons  du  fecond  dans  le  troifieme,  egalc  la  multitude  des  combinai- 
fons du  fecond  dans  le  quatrieme. 

Soient  quatre  nombres  tels  que  j’ai  dit : 

Le  premier  tel  qu’on  voudra,  par  exemple, 

Le  fecond  plus  grand  de  l’unitc,  favoir,  ......  2. 

Le  troifieme  tel  qu’on  voudra,  pourvu  qu’il  ne  foit  pas  moindre  que  le  fe- 
cond, par  exemple,  . . . . . ...  3. 

Le  quatrieme  plus  grand  de  l’unitc,  favoir,  4. 

Je  dis  que  la  multitude  des  combinaifons  de  1 dans  3,  plus  la  multitude  des 
combinaifons  de  2 dans  3,  egale  la  multitude  des  combinaifons  de  2 dans  4. 

Soient  trois  lettres  quelconques,  B,  C,  D. 

Soient  les  memes  trois  lettres,  et  une  de  plus,  A,  B,  C,  D. 

Prenons,  fuivant  la  propofirion,  toutes  les  combinaifons  d’une  lettre  dans  Its 
trois,  B,  C,  D ; il  y en  aura  trois,  favoir,  B,  C,  D. 

Prenons  dans  les  mimes  trois  lettres  toutes  les  combinaifons  de  deux,  il  y en 
sura  trois,  favoir,  BC,  B D,  CD. 

Prenons  enfin  dans  les  quatre  lettres  A,  B,  C,  D toutes  les  combinaifons  de 
deux,  il  y cn  aura  fix,  favoir,  A B,  AC,  AD,  B C,  B D,  CD. 

Il 
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II  faut  demontrer  que  la  multitude  des  combinaifons  de  i dans  3 et  cellos 
de  2 dans  3,  egalcnt  cclles  de  2 dans  4. 

Cela  eft  aife  ; car  les  combinaifons  de  2 dans  4 font  formees  par  les  combi- 
naifons de  1 dans  3,  et  par  cclles  de  2 dans  3. 

Pour  Ic  faire  voir,  il  faut  remarquer  qu’entre  les  combinaifons  de  2 dans  4, 
.favoir,  A B,  AC,  AD,  BC,  B D,  CD,  il  y cn  a ou  la  lectre  A eft  employee, 
ct  d’autres  ou  elle  nc  1'tft  pas. 

Cellos  ob  elle  n’eft  pas  employee  font,  B C,  B D,  C D,  qui  par  confcquent 
font  formdes  de  deux  de  ces  trois  lettres,  B.  C,  D;  done  ce  font  dcs  combi- 
naifons de  2 dans  ces  trois,  B,  C,  D.  Done  les  combinaifons  de  2 dans  ces 
trois  lettres,  B,  C,  D,  font  portion  des  combinaifons  de  2 dans  ces  quatre  let- 
tres, A,  B,  C,  D,  puifqu’clles  forment  cellcs  oft  A n’eft  pas  employee. 

Maintenant  fi  des  combinaifons  de  2 dans  4 ou  A eft  employe,  favoir  A B, 
A C,  A D,  on  ote  1'A,  il  reftera  une  lettre  feulement  de  ces  trois,  B,  C,  D, 
favoir,  B,  C,  D,  qui  font  precifement  les  combinaifons  d’une  lettre  dans  les 
trois,  B,  C,  D.  Done  ft  aux  combinaifons  d’une  lettre  dans  les  trois,  B,  C,  D, 
on  ajoute  a chacune  la  lettre  A,  et  qu’ainfi  on  ait  A B,  AC,  AD,  on  for- 
mera  les  combinaifons  de  2 dans  4,  ou  A eft  employe;  done  les  combinaifons 
de  1 dans  3 font  portion  des  combinaifons  de  2 dans  4. 

D’ou  il  fe  voit  que  les  combinaifons  de  2 dans  4 font  formees  par  les  combi- 
naifons de  2 dans  3,  et  de  1 dans  3 ; et  part.mt  que  la  multitude  des  combi- 
naifons de  2 dans  4 egale  cellc  de  2 dans  3,  et  de  1 dans  3. 

On  montrera  la  metric  chofe  de  tous  les  autres  exemples,  comme  : 

La  multitude  des  combinaifons  de  29  dans  40,  et  la  multitude  des  combi- 
naifons de  30  dans  40,  cgalent  la  multitude  des  combinaifons  de  30  dans  41. 
Ainfi  la  multitude  des  combinaifons  de  15  dans  55,  et  la  multitude  des  combi- 
naifons de  16  dans  55,  Cgalent  la  multitude  des  combinaifons  de  16  dans  56. 
Et  ainli  a l'infini.  Ce  qu’tl  failoit  demontrer. 

/ * 

PROPOSITION  PREMIERE. 

Ea  lout  T riangle  Arithmctique , la  Jomme  dcs  cellules  d'un  rang  paralUle  quelconqut 

irate  la  multitude  dts  . combinaifons  dc  I'cxpofant  du  rang  dans  F exp  of  ant  du 

Triangle. 

Soit  un  triangle  quelconquc,  par  exemple,  le  quatriemc  GDx:  je  dis  que 
la  fontme  des  cellules  d’un  rang  parallcle  quelconquc,  par  exemple,  du  fecond, 
<p  + t^+5,  egale  la  fomme  des  combinaifons  de  ce  nombre  1,  qui  eft  l’ex- 
pofant  de  ce  fecond  rang,  dans  ce  nombre  4,  qui  eft  I’expofant  de  ce  triangle. 

Ainfi  la  fomme  dcs  cellules  du  cinquiemc  rang  du  huitieme  triangle  egale  la 
fomme  des  combinaifons  de  5 dans  8,  &c. 

La  demonftration  en  fera  courte,  quoiqu'il  y ait  une  infinite  de  cas,  par  Ie 
moyen  de  ces  deux  Lemmes. 

Le  premier,  qui  eft  dvidenc  de  lui-meme,  que  dans  lc  premier  triangle  cettc 
egalite  fe  trouve,  puifque  la  fomme  des  cellules  de  fon  unique  rang,  favoir  G, 

ou 
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on  1’unitc,  egale  la  fomme  des  combinaifons  de  i,  expofant  du  rang,  dans  i, 
cxpofant  du  Triangle. 

Le  deuxieme,  que  s'il  fe  trouve  un  Triangle  Arithmdiique  dans  lequel  cette 
proportion  fe  rencontre,  e'eft-a  dire,  dans  lequel  quelque  rang  que  1’on  prenne, 
il  arrive  que  la  fomme  des  cellules  foil  dgale  a la  multitude  des  combinaifons 
de  IVxpofant  du  rang  dans  l’cxpofant  du  Triangle  : je  dis  que  le  Triangle  fui- 
vanr  aura  la  meme  propriete. 

D’01'1  il  s’enfuit  que  tons  les  Triangles  Arithmeciqucs  ont  cette  cgalite;  car 
clle  fe  trouve  dans  le  premier  Triangle  par  le  premier  Lemme,  et  mfime  elle 
ell  encore  evidente  dans  le  fecond;  done  par  le  fecond  Lemme,  le  fuivant 
Paura  de  meme,  et  partant  le  fuivant  encore  5 ct  ainfi  a Pinfini. 

II  faut  done  fculement  demontrer  le  fecond  Lemme. 

Soit  un  triangle  quelconque,  par  exemple,  le  troifieme,  dans  lequel  on  fup- 
pofe  que  cette  cgalite  fe  trouve,  c’efl-a-dire,  que  la  fomme  dcs  cellules  du  pre- 
mier rang  G + ir  + it  egale  la  multitude  des  combinaifons  de  1 dans  3 ; ct 
que  la  fomme  des  cellules  du  deuxieme'  rang  p + 1 J>  egale  les  combinaifons  de 
2 dans  3 ; et  que  la  fomme  des  cellules  du  troifieme  rang  A 6gale  les  combi- 
naifons  de  3 dans  3 : je  dis  que  le  quatrieme  Triangle  aura  la  meme  Cgalite,  et 
que,  par  exemple,  la  fomme  des  cellules  du  fecond  rang  p + $ + i egale  U 
multitude  des  combinaifons  de  2 dans  4. 

Car  p + + 9 £gale  <f>  + ip  + 9 

G + O*  "|*  IT 

ou  la  multitude  + ou  la  multitude 
Par  Phypothefe  dcs  combinaif.  des  combinaif. 

de  z dans  3.  de  1 dans  3. 

Ou  la  multitude  des  combinaifuns 
Par  le  quatrieme  Lemme  de  2 dans  4. 

On  le  montrera  de  m£mc  de  tous  les  autres.  Ce  qu»il  falloic  demontrer. 

PROPOSITION  II. 

Le  nombre  de  quelque  cellule  que  ce  foil,  egale  la  multitude  des  combinaifons  fun  nom- 

bre  moindre  de  i unite  que  I'expofant  dejon  rang  par  allele,  dans  un  nombre  moindre 

de  V unite  que  I'expofant  de Ja  baje . 

Soit  une  cellule  quelconque,  F,  dans  le  quatri&ne  rang  parallele  et  dans  la 
fixieme  bafe : je  dis  qu’elle  egale  la  multitude  des  combinaifons  de  3 dans  5, 
moindres  de  l’unite  que  4 et  6 ; car  elle  egale  les  cellules  A + B + C,  Done 
par  la  precedence,  &c. 


FROBLEME 
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PROBLEME  I.  PROPOSITION  III. 


Etati!  propojes  deux  timbres,  trouver  combicn  de  fois  Pun Jt  combine  da.1:  P autre, 
par  le  Triangle  Arithmetique  ? 

Soient  les  nombres  propofes  4,  6,  il  faut  irouvcr  combicn  4 fe  combine 
dans  6. 


PREMIER  MOYEN. 


Soil  prife  la  fomme  des  cellules  du  quatricme  rang  du  fixieme  triangle  : die 
fatisfera  a la  queftion. 


SECOND  MOYEN. 


Soit  prife  la  cinquieme  cellule  de  la  feptieme  bafe,  parce  que  ces  nombres  5,  7 
excedent  de  l'unite  les  donnes  4,  6 ; fon  nombre  eft  celui  qu'on  demande. 


CONCLUSION. 

Par  le  rapport  qu’il  y a des  cellules  ct  des  rangs  du  Triangle  Arithmetique 
aux  combinaifons,  il  eft  aife  de  voir  que  tout  ce  qui  a etc  prouve  des  uns  con- 
vient  aux  autrcs  fuivant  leur  maniere  ; c’eft  ce  que  je  montrerai  en  peu  de  drf- 
cours  dans  un  petit  Traite  que  j’ai  fait'dcs  Combinaifons. 


USAGE  DU  TRIANGLE  ARITHMETIQUE, 

Pour  determiner  les  partis  qu  on  doit  faire  entre  deux  youeurs  qui  jouent 
en  plujieurs  parties. 

POUR  entendre  les  regies  des  partis,  la  premiere  chofc  qu’il  faut  confi- 
dercr,  eft  que  1’argent  que  les  Joueurs  ont  mis  au  jeu  ne  leur  appartient 
plus  ; car  ils  en  ont  quitte  la  propriete  : mais  ils  ont  rc<ju  en  revanche  le  droit 
d’attendre  ce  que  le  hafard  peut  leur  en  donner,  fuivant  les  conditions  dont  ils 
font  convenus  d’abord. 

Mais,  comme  c’eft  une  loi  volontaire,  ils  peuvent  la  rompre  de  gre  a gre  : 
et  ainfi,  en  quelque  terme  que  le  jeu  fe  trouve,  ils  peuvent  le  quitter,  et,  au  con- 
traire  de  ce  qu’ils  ont  fait  en  y entrant,  renoncer  a 1’attente  du  hafard,  et 
rentrer  chacun  en  la  propriete  de  quelque  chofe  ; et  en  ce  cas,  le  reglement  de 
ce  qui  doit  leur  appartenir  doit  etre  tcllement  proportionne  a ce  qu’ils  avoient 
droit  d’efperer  de  la  fortune,  que  chacun  d’eux  trouve  enticrement  egai  de 
prendre  ce  qu’on  lui  afligne,  ou  de  continuer  l'avcnture  dujeu:  et  ceae  jufte 
diftribution  s'appelle  le  parti. 

Le  premier  principe  qui  fait  connoltre  de  quelle  forte  on  doit  faire  les  partis, 
eft  cclui-ei. 

Si 
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Si  un  des  Joueurs  fe  trouve  en  telle  condition,  que,  quoi  qu’il  arrive,  jme 
certaine  fomme  doit  lui  appartenir  en  cas  de  penc  et  de  gain,  fans  que  le  hafard 
puillc  la  lui  oter ; il  ne  doit  en  faire  aucun  parti,  mais  la  prendre  enticrc  com* 
rnc  afl’uree,  parce  que  le  parti  devant  ctre  proportionne  au  hafard,  puifqu’il 
n’y  a nul  hafard  de  perdre,  il  doit  tout  retirer  fans  parti. 

Le  lecond  eft  celui-ci.  Si  deux  Joueurs  fe  trouvent  en  telle  condition,  que 
fi  I’un  gagne,  il  lui  appartiendra  une  certaine  fomme,  et  s’il  pcrd,  ellc  appar- 
tiendra a I’autre ; fi  le  jeu  eft  de  pur  hafard,  et  qu’il  y ait  autant  de  hafards  pour 
1’un  que  pour  I’autre,  ct  par  consequent  non  plus  de  raifon  de  gagner  pour  l'un 
que  pour  l’autne,  s’ils  vculent  fe  fepartr  fans  jouer,  et  prendre  ce  qui  leur  ap- 
partient  legitimcment,  le  parti  eft  qu’ils  feparent  la  fomme  qui  eft  au  hafard 
par  la  moutc,  et  que  chacun  prenne  la  fienne. 

COROLLAIRE  PREMIER. 

Si  deux  Jiueurs  jouent  a un  jeu  de  pur  bafard , a condition  que,  ft  le  premier  gagne,  il 
lui  reviendra  une  certaine  fomme,  et  s’il  perd,  il  lui  en  rcviendra  une  moindre ; 
s’ils  veulent  Je  Jlparer  fans  jouer,  et  prendre  damn  ce  qui  leur  appartient : le  parti 
ejl,  que  le  premier  prenne  ce  qui  lui  revient  en  cas  de  perte,  et  de  plus  la  moilil 
de  V execs,  dont  ce  qui  lui  reviendroit  en  cas  de  gain,  furpajfe  ce  qui  lui  revient  ed 
cas  de  perte. 

Par  exemple,  ft  deux  Joueurs  jouent  a condition  que,  fi  le  premier  gagne,  il 
emportera  8 piftoles,  ct  s’il  pcrd,  il  en  emportera  2 : je  dis  que  le  parti  eft 
qu’il  prenne  ces  a,  plus  la  moitie  de  I’exces  de  8 fur  2,  e’eft-a-dire,  plus  3 ; car 
8 furpaffe  4 de  6,  dont  la  moitie  eft  3.  •< 

Car  par  l’hypothSfe,  s’il  gagne,  il  emporte  8,  e’eft-a-dire,  6 + 2,  et  s’il 
pcrd,  il  emporte  2 ; done  ces  2 lui  appartiennent  en  cas  de  perte  et  de  gain  : et 
par  conlequcnt  par  le  premier  principe,  il  nc  doit  en  faire  aucun  parti,  mai* 
les  prendre  entieres.  Mais  pour  les  6 autres,  elles  dependent  du  hafard  ; de 
forte  que,  s’il  lui  eft  favorable,  il  les  gagnera,  finon,  elles  reviendront  a l’autrej 
et,  par  1’hypothcfe,  il  n’y  a pas  plus  de  raifon  qu’elles  reviennent  a l’un  qu'a 
1’autre  : done  le  parti  eft  qu’ils  les  feparent  par  la  moitie,  et  que  chacun  prenne 
la  fienne,  qui  eft  ce  que  j’avois  propole. 

Done,  pour  dire  la  mime  chofe  en  d’autres  termes,  il  lui  appartient  le  cas  de 
la  perte,  plus  la  moitie  de  la  difference  des  cas  de  perte  ct  de  gain. 

Et  partant,  fi,  en  cas  de  perte,  il  lui  appartient  A,  et  en  cas  de  gain  A + D, 
le  parti  eft  qu’il  prenne  A + tB.  . 

C OR  OLLAIRE  II. 

Si  deux  Joueurs  font  en  la  mime  condition  que  nous  venons  de  dire : jc  dis  que  le  parti 
peut  fe  faire  de  cetle  fapon,  qui  revient  au  mime,  que  l‘ou  ajfemb/e  les  deux  j emmet 
de  gain  et  de  perte,  ct  que  le  premier  prenne  la  moitie  de  celte  fomme-,  c'ejl-d-dirt, 
qu'en  joigne  2 avec  8,  it  ce fera  1 o,  dont  la  moitie  5 appartiendra  au  premier. 

Carla  moitie  de  la  fomme  de  deux  nombtes.eft  tojijoureja  njeme  que,  la 
moindre  plus  la  moitie  de  leur  difference.  Et  ccla  fe  demontre  ainfi. 

*;.Vot,  IV.  3X  Sow 
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Soir  A cc  qui  rcvient  cn  cas  de  pete,  ct  A + B ce  qui  revfenr  en  catr  de 
gain : ie  dis  que  le  parti  fe  fait  en  aflemblant  ces  deux  nombres,  qui  font 
A + A + B,  ct  en  donnant  la  moitie  au  premier,  qui  eft  f A + A + fB. 
Cir  cette  fomme  egale  A + jB,  qui  a tie  prouvee  faire  le  parti  jufte. 

Ces  fondements  etant  pofes,  nous  paflerons  aifement  i determiner  le  parti 
entredeux  Joueurs  qui  jouent  en  tant  de  parties  qu’on  voudra,  en  qtielque  etat 
qu’ils  fe  trouvent ; e’eft-a-dire,  quel  parti  tl  faut  faire  quand  ils  jouent  en  deux 
parties,  el  que  le  premier  en  a une  a point ; ou  qu’ils  jouent  cn  trois,  et  que 
le  premier  en  a une  a point,  ou  quand  il  en  a deux  a point,  ou  quand  il  tn  a 
deux  a une.  Et  g£neralement  en  quelque  nombrc  de  parties  qu’ils  jouent,  et  en 
quelque  gain  de  parties  qu’ils  foient,  et  l'un,  ct  1’autre. 

Sur  quoi  la  premiere  chofc  qu’il  faut  remarquer,  eft  que  deux  Joueurs  qui 
jouent  en  deux  parties,  dont  le  premier  en  a une  H point,  font  en  meme  condi- 
tion que  deux  auties  qui  jouent  en  trois  panics,  dont  le  premier  en  a deux,  et 
I’autre  une : car  il  y a cela  de  commun,  que,  pour  achever,  il  ne  manque 
qu’ur.e  partie  au  premier,  ct  deux  a l’autre,  et  e’eft  en  cela  que  confifte  la  dinfe- 
-rtree  des  avantages,  et  qui  doit  regler  les  partis ; de  forte  qu’il  ne  faut  propo- 
nent avoir  egard  qu’au  nombrc  des  parties  qui  reftent  a gagner  il  l’un  et  1 l’au- 
tre,  ct  non  pas  au  nombre  de  cellcs  qu’ils  ont  gagnees,  puifque,  comrae  nous 
avons  dfja  dit,  deux  Joueurs  fe  crouvent  en  meme  etat,  quand  jouant  en  deux 
parties,  l’un  cn  a une  i point,  que  deux  qui  jouapt  cn  douze  parties,  l’un  en  a 
onze  a dix. 

11  faut  done  propofer  la  queftion  en  cette  forte. 

Etant  prepofes  deux  Joueurs,  a chacun  de/quels  il  manque  un  certain  nctnbre  ie  peer- 
ties  peur  achever , faire  le  parti  ? 

J’en  donnerai  ici  la  methode,  que  je  pourfuivrai  fculement  en  deux  ou  trois 
exemples,  qui  feront  ft  aifes  a continuer,  qu’il  ne  fera  pas  neceflaire  d’en  donner 
davantage. 

Pour  laire  la  chofc  generate  fans  rien  omettre,  je  la  prendrai  par  le  premier 
exemnle,  qu’il  eft  peut-etre  mal  a propos  de  toucher,  parce  qu’il  eft  trop  clair ; 
je  le  fais  pourtant  pour  commencer  par  le  commencement : e’eft  celui-ci. 

PREMIER  CAS. 

Si  1 un  des  Joueurs  il  ne  manque  aucune  partie,  et  a I’autre  quelques-unes, 
la  fomme  entiere  appartient  au  premier ; car  il  l’a  gagnee,  puifqu’il  ne  lui 
manque  aucune  des  parties  dans  lcfquelles  il  devoit  la  gagner. 

SECOND  CAS. 

Si  a un  des  Joueurs  il  manque  une  partie,  et  a l’autre  une,  le  parti  eft  qu’ils 
ff  parent  l’argent  par  la  moitie,  et  que  chacun  prenne  la  fienne : cela  eft  evi- 
dent par  le  fecond  principe.  il  en  eft  de  m£me  s’il  manque  deux  parties  & 
l’un,  et  deux  a 1'autre  ; et  de  meme  quelque  nombre  de  parlies  qui  manque  a 
l’un,  s’il  en  manque  autant  a 1’autre. 

i 
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TROISIEME  CAS. 

Si  I un  des  Joucurs  il  manque  une  partie,  et  a l’autre  deux,  void  l’art  da 
trouver  le  parti. 

Confiderons  ce  qui  appartiendroit  an  premier  Joueur  (a  qui  il  ne  manque 
qu’one  panic)  en  cas  de  gain  de  la  paitic  qu’ils  vont  jouer,  ei  puis  ce  qui  lui 
appartiendroit  en  cas  de  pertc. 

II  eft  vifible  que  fi  celui  it  qui  il  ne  manque  qu’une  partie,  gagne  cctte  partie 
qui  va  fe  jouer,  il  ne  lui  en  manquera  plus  ; done  tout  lui  appartiendra  par  le 
premier  cas.  Mais,  au  contrairc,  ft  celui  a qui  il  manque  deux  panics,  gagne 
cclle  qu’ils  vont  jouer,  il  ne  lui  en  manquera  plus  qu’une;  done  ils  feront  en 
telle  condition,  qu’il  en  manquera  une  a I’un,  et  une  a l’autre.  Done  ils  doi- 
vent  partager  l’argent  par  la  moitie,  par  le  deuxiemc  cas. 

Done  ft  le  premier  gagne  cette  panic  qui  va  fe  jouer,  il  lui  appartient  tout ; 
et  s’il  la  perd,  il  lui  appartient  la  moitie  : done  en  cas  qu’ils  veuillenc  fe  feparer 
fans  jouer  cette  partie,  il  lui  appartient  | par  le  fecond  Corollaire. 

Et  ft  on  veut  propofer  un  exemple  de  la  fomme  qu’ils  jouent,  la  chofe  fera 
bien  plus  claire. 

Pofons  que  ce  foit  8 piftoles : done  le  premier  en  cas  de  gain,  doit  avoir  le 
tout,  qui  eft  8 piftoles  ; et  en  cas  de  perte,  il  doit  avoir  la  moitie,  qui  eft  4 ; 
done  il  lui  appartient  en  cas  de  parti  la  moitie  de  8 + 4,  e’eft-i-dire,  6 piftoles 
de  S ; car  8 4-  4 font  12,  dont  la  moitie  eft  6. 

Q.UATRIEME  CAS. 

Si  a un  des  Joucurs  il  manque  une  partie,  et  a l’autre  trois,  le  parti  fe  trou- 
vera  de  meme,  en  examinant  ce  qui  appartient  au  premier  en  cas  dc  gain  et  de 
perte. 

Si  le  premier  gagne,  il  aura  toutes  fes  parties,  et  partant  tout  l’argent ; qui 
eft,  par  exemple,  8. 

Si  le  premier  perd,  il  ne  faudra  plus  que  deux  parties  a l’autre  a qui  il  en 
failoit  trois.  Done  ils  feront  en  tel  etat,  qu’il  faudra  une  partierau  premier,  et 
deux  a l’autre;  et  partant,  par  le  cas  precedent,  il  appartiendra  6 piftoles  au 
premier. 

Done  en  cas  de  gain,  il  lui  en  faut  8,  et  en  cas  de  perte  6 ; done  en  cas  de 
parti,  il  lui  appartient  la  moitie  de  ccs  deux  fommes,  favoir,  7 j car  6 + 8 
font  14,  dont  la  moitie  eft  7. 

CINQ.UIEME  CAS. 

Si  it  un  des  Joueurs  il  manque  une  partie,  et  a l’autre  quatre,  la  chofe  eft  de 
meme. 

Le  premier  en  cas  de  gain,  gagne  tout,  qui  eft,  par  exemple,  8 ; et  en  cas 
de  perte,  il  manque  une  partie  au  premier,  et  trois  a l’autie ; done  il  lui  ap- 
partient 7 piftoles  de  8 ; done  en  cas  de  parti,  il  lui  appartient  la  moiti£  de  8, 
plus  la  moitie  7,  e’eft  a-dire,  ji. 
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S 1 X I E M E CAS. 

AinG,  i’ll  manque  une  partie  i l’un,  et  cinq  a 1’autre ; cti  l’infini. 

SEPTXEMB  CAS. 

De  memo  s’ii  manque  deux  parties  au  premier,  ct  trois  i l’autrc  j car  il  faut 
toujours  examiner  les  cas  de  gain  et  dc  perte. 

Si  lc  premier  gagne,  il  lui  manquera  une  panic,  et  a l’autre  trois  ; done  par 
le  quatriemc  cas  il  lui  appartient  7 de  8. 

St  le  premier  perd,  il  lui  manquera  deux  parties,  et  il  l’autre  deux  ; done 
par  le  deuxiemc  cas  il  appartient  a chacun  la  moitii,  qui  eft  4;  done  en  cas 
de  gain,  le  premier  en  aura  7,  et  en  cas  de  perte,  il  en  aura  4 ; done  en  cas  de 
paiii,  il  aura  la  rnoitie  de  ces  deux  enfemble,  favoir,  5J. 

Par  cette  metbade  on  fera  les  partis  fur  toutes  fortes  de  conditions,  en  pre- 
”^iant  toujours  ce  qui  appartient  en  cas  de  gain  et  cc  qui  appartient  en  cas  de 
perte,  et  aflignant  pour  le  cas  dc  parti  la  rnoitie  dc  ces  deux  fommes. 

Voil3i  une  dcs  manieres  de  faire  les  partis. 

11  y en  a deux  autres,  l’unc  par  le  Triangle  Arithmetique,  et  l’autre  par  les 
Corabinaifons. 


Methods  pour  faire  Us  partis  cut  re  deux  Joueurs  qui  jouent  en  plufeurs 
parties , par  le  moyen  du  ‘Triangle  Arithmetique, 

Avant  que  de  donner  cette  methode,  il  faut  faire  ce  Lemmc. 


L E M M E. 


SI  dev*  Joueurs  jouent  a un  jeu  de  pur  hafard , a condition  que  Ji  le  premier  gagne,  il 
lui  appartiendra  une  portion  quehonque  fur  la  fomme  qu'ils  jouent,  exprimie  par  nnr 
fratihn,  et  que  s'il  perd,  il  lui  apfartiendra  une  moindre  portion  fur  la  mime  fomme , 
exprimi  par  une  outre  frcilion : s’ils  veulent  fe feparer  fans  joucr,  la  condition  de 
pmti  fe  trouvera  cn  cette  forte.  Soient  > iJuites  Us  deux  fraQions  & mime  dincmi- 
uaticn,  ft  dies  n’y  font  pas  ; foit  prife  une  frailicn  dent  le  numerateur  foil  la  fomme 
des  deux  numcraieurs,  et  le  dinominateur  double  des  pricidents  : cette  fraSlhn  ex- 
prime ta  portion  qui  appartient  au  premier  fur  la  fomme  qui  eft  au  jeu. 


Par  exemple,  qu’en  cas  de  gain,  il  appartienne  les  -j-  de  la  fotnme  qui  eft 

au  jeu,  et  qu’en  cas  de  peite,  il  lui  en  appartienne  je  dis  que  ce  qui  lui 

appartient  en  cas  dp  parti,  fe  trouvera  en  prenant  la  fomme  des  num£rateurs, 
qui  eft  4,  et  lc  double  du  denominates,  qui  eft  10,  dost  00  fait  la  free* 

•»»  i- 
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• Car  par  ce  qui  a £tf  demontre  au  deuxi^me  Corollalre,  it  falloit  affemblcr 
Its  cas  de  gain  et  de  perte,  et  en  prendre  la  moitie  •,  or  la  fotumc  des  deux 

fra&ions  — P — eft  — qui  fc  fait  par  l’addition  des  numerateurs,  et  fa  moi- 
tie fe  trouve  en  doublant  le  denominatcur,  et  ainfi  I’on  a Ce  qu'il  falloit 
demontrer. 

Or  ces  regies  font  generates  et  fans  exception,  quoi  qui  revienne  en  cas  de 
perte  oh  de  gain  j car  G,  par  exemplc,  en  cas  de  gain,  il  appartient  -i-,  et  en 
cas  de  perte,  rien,  en  reduifant  les  deux  fractions  a meme  denominatcur,  on 
aura  pour  le  cas  de  gain,  et  pour  lc  cas  dc  perte  ; done  en  cas  de  parti. 


il  faut  cette  fraflion  -i-,  dont  le  numerateur  egale  la  fomme  des  autres,  et  le 
denominatcur  ell  double  du  precedent. 

Ainfi  fi  en  cas  de  gain,  il  appartient  tout,  et  en  cas  de  perte  en  reduifant 

les  fra&ions  a meme  denomination,  on  aura  pour  le  cas  de  gain,  et  -~ 

pour  celui  de  la  perte ; done  en  cas  dc  parti,  il  appartient 

Ainfi  fi  en  cas  de  gain,  il  appartient  tout,  et  en  cas  de  perte  rien,  le  parti 
fera  vifiblement  — ; car  le  cas  de  gain  eft  — , « lc  cas  de  perte  — ; done  le 


parii  eft  -j-. 

Et  ainfi  de  tous  les  cas  polTibles. 


PROBLEME  I.  PROPOSITION  I.  • 

Etant  prepefes  deux  Joueurs,  d cbacun  dcfquels  il  manque  un  certain  mmbre  de  parlies 
pour  aebner,  irouver  par  le  Triangle  Aritbmelique  l:  parti  quit  faut  faire  (s'ils 
veulent  fe  f sparer  fans  jouer ) eu  egard  aux  parties  qui  manquent  il  cb.uun  ? 

Soit  prife  dans  le  Triangle  la  bafe  dans  laquclle  il  y a autant  de  cellules  qu’il 
nianqtfe  de  parties  aux  deux  enfemble  : enluite  fjient  pi  ifes  dans  cette  bafe  au- 
tant de  cellules  continues  a commencer  par  la  premiere,  qu’i!  manque  de  parties 
au  premier  Joucur;  et  qu'on  prenne  la  fomme  de  leurs  nombres.  Done  il  refte 
autant  de  cellules,  qu’il  manque  de  parties  a I’autre.  Qu’on  prenne  encore  la 
fomme  de  leurs  nombres  : ces  fomsnes  font  l’une  a I’autre  cornme  les  a vantages 
des  Joueurs  reciproquement : de  forte  que  fi  la  lomme  qu’ils  jouent  eft  egale 
^ la  fomme  des  nombres  de  routes  Jes  cellules  de  la  bafe,  il  en  appartiendra  a 
chacun  ce  qui  eft  contenu  en  autant  dc  cellules  qu'il  manque  de  parties  a ftau- 
tre  ; et  s’ils  joaent  une  autre  fomme,  il  ieur  cn  appartiendra  a proportion. 

Par  excmple,  qu’il  y ait  deux  Joueurs,  an  premier  defquels  d manque  deux 
parties,  et  a I’autre  quatre  : il  faut  trouver  lc  parti. 

Soicnt  ajoutej  ces  deux,  nombres  z et  4,  et  foit  leur  fomme  6;  foit  prife  la 
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fixieme  bafe  dn  Triangle  Aritlmiewque  PS,  dans  laquelle  il  v a par  confcquent 
fix  cellules  P,  M,  F,  u,  5,  S.  tioient  prifts  autant  de  cellules  1 commencer 
par  la  premiere  P,  qu’il  manque  dc  parties  ati  premier  J incur,  e’eft-a-dire,  les 
ileus  premieres  P,  M ; done  il  cn  rcftc  autant  que  de  parties  « I'autre,  e'eft  a- 
dire,  quatre,  F,  co,  S,  J : je  dis  que  l’avantage  du  premier  eft  a l’avantage  du 
feccnd,  comme  F + « + S + >iP  + M,  e’eft-a  dire,  que  (i  la  fumme  qui 
fejoue  eil  egale  a P + M + F 4 u + S + X,  il  en  appartient  a celui  a qui  il 
manque  deux  parties  h fonitne  ties  quatre  cellules  X+S-f-w  + Fjetik  celui 
1 qui  il  manque  quatre  panics,  la  fumme  des  deux  cellules  P + M ; ct  s'ils 
jouent  unc  autre  fomme,  il  leur  crj  appartient  a proportion. 

Er  pour  le  dire  gcneralcment,  quciquc  fomme  qu'ils  jouent,  il  en  appartient 

au  premier  une  portion  expnmce  par  cette  fraaion  - ■ — - — - -- dont 

le  numerateur  eft  la  famine  des  quatre  cellules  de  I’autre,  « le  denominateur 
la  fomme  de  toutes  les  cellules ; ct  a I’autre  une  portion  expriniee  par  cette 

fraction,  i dont  lc  numerateur  eft  la  fomme  des  deux  cel- 

lulcs  de  I’autre,  et  le  denominateur  la  nieme  fomme  de  toutes  les  cellules. 

Ft  s’il  manque  unc  partie  & 1’un,  et  cinq  it  I’autre,  i)  appartient  au  premier 
la  fomme  des  cinq  premieres  cellules  P -f  M + F+  w-j-S,  etst  I'autre  la 
fomme  dc  la  cellule  X. 

Et  s’d  manque  fix  parties  a 1’un,  et  deux  a I’autre,  lc  parti  s’en  trouvera  dans 
la  huitieme  bale,  dans  laquelle  les  fix  premieres  cellules  contiennent  ce  qui 
appartienc  a celui  a qui  il  manque  deux  parties,  et  les  deux  autres  ce  qui  ap- 
partient a celui  a qui  il  cn  manque  fix.  Et  ainfi  a l'infini. 

Quoique  cette  propofition  ait  une  infinite  de  cas,  je  la  demontrerai  neanmoins 
en  peu  dc  mots  par  le  moyen  de  deux  Lemmes. 

Le  premier,  que  la  fecondc  bafe  contient  les  partis  des  Joueurs,  auxquels  il 
manque  deux  parties  en  tour.  Le  deuxieme,  que  fi  une  bafe  quelconque  con- 
tient les  partis  de  ceux  auxquels  il  manque  autant  dc  parties  qu’elle  a de  cel- 
lules, la  bafe  fuivante  fera  de  mime,  e’eft-a-dire,  qu’elle  contiendra  aufti  les 
partis  des  Joueurs,  auxquels  il  manque  autant  de  parties  qu’elle  a de  cellules. 

D'ou  je  conclus  en  un  mot  que  toutes  les  bafes  du  Triangle  Arithmetique  onr 
cette  propriete : car  la  feconde  l’a  par  le  premier  Lemme ; done  par  le  fecond 
Lemme,  la  troifieme  l’a  aufti,  et  par  confcquent  la  quatrieme ; et  ainfi  a l’in- 
fini.  Ce  qu’il  fallcit  demontrer. 

Il  faut  done  fculement  demontrer  ces  a Lemmes. 

Le  premier  eft  evident  de  lui-meme;  car  s’il  manque  une  partie  a l’un  et 
une  a I’autre,  il  eft  evident  que  leurs  conditions  font  comme  £ a <r,  e’eft-a-dire, 

comme  t a i,  et  qu’il  appartient  a chacun  cette  fradion,  qui  eft  -i-. 

Le  deuxieme  fe  demontrera  de  cette  forte. 

Si  une  bafe  quelconque  comme  la  quatrieme  Da  contient  les  partis  de  ceux 
a qui  il  manque  quatre  parties,  e’eft-a-dire,  que  s’il  manque  une  partie  au  pre- 
mier, et  trois  au  lecond,  la  portion  qui  appartient  au  premier  fur  la  fomme  qui 

fe  joue,  foil  ceile  qui  eft  exprimee  par  cette  fradion  u ^ ^ ——  qui  a pour 

deno- 
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denominateur  la  fomme  dcs  cellules  de  cette  bafe,  et  pour  numerateur  fes  trois 
premieres  j et  quo  s’d  manque  deux  parties  a I’un,  et  deux  a I’aut'rc,  la  fradlion 


qui  appartient  an  premier  foit  ^ + j +-  ^ ; « que  s’il  manque  trois  parties 

au  premier,  et  unc  a l’autre,  la  fraction  du  premier  foit  ^ &c. 

Je  dis  que  la  cinquiemc  bafe  contient  auffi  les  partis  de  ceux  auxquels  il  man- 
que cinq  parties  ; et  que  s’il  manque,  par  exemple,  deux  parties  au  premier, 
et  trois  a l’autrc,  la  portion  qui  appartient  au  premier  fur  la  fomme  qui  fc  jouc. 


eft  exprimee  par  cette  fraction. 


n 4-  a + c 

H+E  + C + R + ft 


Car  pour  favoir  ce  qui  appartient  & deux  Joueurs  a cbacun  defquels  il  man- 
que quclques  parties,  il  faut  prendre  la  fraftion  qui  appattiendroit  au  premier 
en  cas  de  gain,  et  celle  qui  lui  appartiendroit  en  cas  de  perte,  les  mettre  a 
raerae  denomination,  fi  dies  n’y  font  pas,  et  cn  former  unc  fraction,  dont  le 
numerateur  foit  la  fomme  des  deux  autres,  et  le  denominateur  double  de  l’au- 
tre,  par  le  Lemme  precedent. 

Examinons  done  les  fraftions  qui  appattiendroient  a notre  premier  Joueur  en. 
cas  de  gain  et  de  perte. 

Si  le  premier  a qui  il  manque  deux  parties  gagne  celle  qulls  vont  jouer,  if 
ne  lui  manquera  plus  qu’une  partie,  et  a 1’autre  toujonrs  trois;  done  il  leur 
manque  quatre  parties  en  tout ; done,  par  l’hypoihife,  leur  parti  fe  trouve  cn 

la  bafe  quairiemc,  et  il  appartiendra  au  premier  cette  fraflion  + • 

Si  aucontraire  le  premier  perd,  il  lui  manquera  toujours  deux  parties,  ec 
deux  feulement  a 1’autre  ; done  par  l’hypothefc  la  fra&icm  du  premier  fera 

a '-jTP,  * g Done  en  cas  de  parti  il  appartiendra  au  premier  cette  fra&ion 


D + i + fl  + n + E 

ID  -f-  ,■  + il  ■+■  lX  ’ 


e’eft-a-dire. 


H + E + C 
H + E + C+  E + fd 


Ce  qu’il  lalloit  demontrer. 

Ainfi  ce'a  fe  demontre  en  toutes  les  autres  bafes  fans  aucune  difference,  parce 
que  le  fondement  de  cette  preuve  eft  qu’une  bafe  eft  toujours  double  de  fa. 
precedente  par  la  feptieme  confequence,  et  que,  par  la  dixieme  confequence, 
tant  de  cellules  qu’on  voudra  d’une  meme  bafe  font  6gales  a autant  de  la  bafe 
precedente  (qui  eft  toujours  le  denominateur  de  la  fraction  en  cas  de  gain)  plus 
encore  aux  memes  cellules,  excepte  une  (qui  eft  le  numerateur  de  la  fradlion 
en  cas  de  perte ;)  ce  qui  etant  vrai  gcneralement  par-tour,  la  demonftration  fera. 
toujours  fans  obftacle  et  univerfelle. 


PROBLEME 
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PROBLEME  II.  PROPOSITION  II. 

Etant  prcpofes  deux  Joueurs  qui  jouent  chacun  une  menu  femme  en  tin  certain  nomhre  de 
parties  prepeje,  t rower  dans  It  Triangle  Aritbmitique  la  valeur  de  la  derr.iire 
par  tie  fur  l' argent  du  perdant  i 

Par  exemple,  que  deux  Joueurs  jouent  chacun  3 piftoles  en  quatre  parties  : 
on  denwnde  la  valeur  de  !a  derniere  partic  fur  les  3 piftoles  du  perdant. 

Soic  prife  la  fra&ion  qui  a 1’unite  pour  num6ratcur,  el  pour  denominateur  la 
fomme  des  cellules  de  la  bafe  quatrieme,  puifqu’on  jouc  en  quatre  parties  : je 
dis  que  cctte  fraiftion  eft  la  valeur  de  la  derniere  partic  fur  la  mife  du  perdanr. 

Car  ft  deux  Joueurs  jouant  en  quatre  parties.  Pun  en  a trois  a point,  et 
qu’ainft  il  cn  manque  une  au  premier,  et  quatre  & l’autre,  il  aete  demontrd  que 
ce  qui  appartient  au  premier  pour  le  gain  qu’il  a fait  de  fes  trois  premieres  par- 
ties, eft  exprime  par  cette  fraftion,  - ^ ‘I11*  s Pour  denomina- 

teur la  fomme  des  cellules  de  la  cinquieme  bafe,  cl  pour  numerateur  fes  quatre 
premieres  cellules  ; done  il  ne  relic  fur  la  fomme  totale  des  deux  mifes  que  cette 

fraftion  f1 , laquelie  feroit  acquife  a celui  qui  a deia  les  trois 

H+E+C+R+Ji  * J 

premieres  parties  en  cas  qu'il  gagnat  la  derniere  ; done  la  valeur  de  cette  der- 
niere fur  la  fomme  des  deux  mifes  eft  — - — — — , c*eft-a-dire, 

U+S+C+R  + ft  ' 

runiti: x 

2D  + 2D  + 

Or  puifque  la  fomme  totale  des  mifes  eft  2D  + 2B  4-  2$  + la  fomme 
de  cliaque  mife  cftD  + B+  0+  Aj  done  la  valeur  de  la  derniere  partie  fur 

la  feule  mife  du  perdant  eft  cette  fra&ion,  — r— — , double  de  la  prece- 

D + B I t A 1 

dente,  et  laquelie  a pour  numerateur  1’unite,  ct  pour  denominateur  la  fomme 
dcs  cellules  de  la  quatrieme  bafe.  Ce  qu’il  falloit  demontrer. 

PROBLEME  III.  PROPOSITION  III. 

Etant  propofes  deux  Joueurs  qui  jouent  chacun  une  mime  fomme  en  un  certain  nmhrt 
de  parties  donni,  trouver  dans  le  Triangle  Aritbmilique  la  valeur  de  la  premiere 
partie  fur  la  mife  du  perdant  ? 

, » 

Par  exemple,  que  deux  Joueurs  jouent  ciucun  3 piftoles  en  quatre  parties.  * 
on  demande  la  valeur  de  la  premiere  fur  la  mife  du  perdanc. 

Soit  ajoutc  au  nombre  4 le  nombre  3,  moindre  de  1’unite,  et  foit  la  fomme  7 ; 
foit  prife  la  fraflion  qui  ait  pour  denominateur  toutes  les  cellules  de  la  feptieme 
bafe,  et  pour  numerateur  la  cellule  de  cette  bafe  qui  fe  rencontre  dans  la  divi- 

dente,  favoir,  cette  frail  ion,  r : ie  dis  qu’ellc  fatisfait 

v + 0.4-  K + f + g + N+  | J ^ 

au  problcme. 

- Car 
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Car  fi  deux  Joueurs  jouant  en  quatre  parties,  le  premier  en  a une  a point,  ii 
en  reftera  trois  h gagner  au  premier,  et  quatre  a 1’autre ; done  il  appartient  au 

premier  fur  la  fomme  des  deux  mifes  cette  fraftion,  — ; T + ~+  k 7-3 

<jui  a pour  denominates  toutes  les  cellules  de  la  feptieme  bafe,  et  pour  nume- 
rates fes  quatre  premieres  cellules. 

Done  il  lui  appartient  V 4-  Q_4  K 4 n fur  la  fomme  totale  des  deux  mifes, 
exprimee  par  V 4 Q^4  K+p  + ^+  N + Ji  mais  cette  derniere  fomme 
etant  l’atfemblage  des  deux  mtfes,  il  en  avoit  mis  au  jeu  la  moitie,  favoir, 
V 4 Q_+  K -f  -jf  ^car  V 4 Q^4  K font  egaux  a g 4-  N 4 £). 

Done  il  a ff,  e’eft-a-dire,  plus  qu'il  n’avoit  en  entrant  au  jeu  ; done  il  a 
gagne  fur  la  lomme  totale  des  deux  mifes  une  portion  exprimee  par  cette  frac- 
tion, — P- -s— — = ; done  il  a gagne  fur  la  mile  du  perdant  une 

portion  qui  (era  double  de  celle-la,  favoir,  cdlc  qui  eft  exprimee  par  cette  frac- 

1 t + Q_  + S + I + f + M 4-  C 

Done  le  gain  tie  la  premiere  partie  lui  a acquis  cette  fraction  ; done  fa  valeur 
eft  telle. 


COROLLAIRE. 

Done  la  valeur  de  la  premiere  partie  de  deux  fur  la  mife  du  perdant,  eft 
exprimee  par  cette  fraction,  -*•. 

Car  en  prenant  cette  valeur  fuivant  la  regie  qui  vient  d'en  ctrc  donnde,  il  fatii 
prendre  la  fraiflion  qui  a pour  denominates  les  cellules  de  la  (roiiieme  bafe 
(parce  que  le  nombre  des  parties  en  quoi  on  joue  eft  2,  et  le  nombre  moindtc 
de  1’unite  eft  1,  qui  avec  2 fait  3)  et  pour  numerates  la  cellule  de  cette  bafe 

qui  eft  dans  la  dividente  : done  on  aura  cette  fradlion,  , — 

Or  le  nombre  de  la  cellule  J/  eft  2,  et  les  nombres  des  cellules  A 4 ij/  4 w, 

font,  14241.  Done  on  a cette  fraction,  — ■ e’eft-a-dire,  e’eft- 

* 1+1+1  4 

i-dirc, 

Done  le  gain  de  la  premiere  partie  lui  a acquis  cette  fradlipn  ; done  fa  valeur 
eft  telle.  Ce  qu'il  falloit  demontrer. 

PROBLEME  IV.  PROPOSITION  IV. 

E'.ant  propejes  deux  Joueurs  qui  jouent  ehacun  une  mine  fomme  eu  un  certain  nombre 
de  parties  donne,  treuver  par  le  Triangle  Aritbmetique  la  valeur  de  ia Jetonic  partie 
fur  la  mife  du  perdant  ? 

Soit  le  nombre  donne  des  parties  dans  lefquelles  on  joue,  4 j il  faut  trouver 
ia  valeur  de  la  deuxietne  partie  fur  la  mife  du  perdant. 
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Soit  prifc  la  valcur  de  h premiere  panic  par  1c  Probkmc  precedent : je  dis 
qu’cilc  eft  la  valcur  dc  la  Icconde. 

Car  deux  Joueurs  jou.mt  en  quatre  parties,  fi  I’un  en  a deux  H poinr,  la 

fradlion  qui  lui  appanient  eft  celle-ci,  f ^ + f qui  1 P°ur  deno- 

minateur  la  fomme  dcs  cellules  de  la  fixieme  bale,  et  pour  numerareur  la 
fomme  dcs  quatre  ptemiercs  j mais  »1  en  avoir  mis  au  jcu  cctte  fradion, 

M ■ — — fa  voir,  la  raoitic  du  tout.  Done  il  lui  refte  de  gain  cette 

fradion, - — qui  eft  la  mime  cliofe  que  celle  d . . . 

—I - — - r j done  il  a eagne  fur  la  moiiie  de  la  fomme  entierr, 

v + a.+  K+  f+  E + N+  J1  60  * 

e’eft-a-dire,  fur  la  mife  du  perdant,  cette  fradion  — , -,-r— — , 

double  dc  1a  pr£c£dcntc. 

Done  te  gain  dcs  deux  premieres  parties  lui  a acquis  cette  fradion  fur'l’ar- 
gent  du  perdant,  qui  eft  lc  double  de  ce  que  la  premiere  partie  lui  avoir  ac- 
quis, par  la  prccedentc  •,  done  la  feconde  panic  lui  en  a autant  acquis  que  la 
premiere. 

CONCLUSION. 

On  peut  aifement  conclure,  par  le  rapport  qu’il  y a du  Triangle  Arithmeri- 
que  aux  partis  qui  doivent  fe  faire  entre  deux  Joueurs,  que  les  proportions  des 
cellules  qui  ont  etc  donnees  dans  le  Traite  du  Triangle,  ont  des  confequences 
qui  s’etendent  a la  raieur  des  panis,  qui  font  bien  aifees  a tirer,  et  dont  j’ai 
laic  tin  petit  difeours  en  traitant  des  partis,  qui  donne  1’intelligence  ct  le  moyen 
de  les  ctendre  plus  avant. 


USAGE  DU  TRIANGLE  ARITHMETIQUE, 

Pour  trouver  les  puijfances  des  Binomcs  ct  des  Apotomes. 

S’lL  eft  propofe  de  trouver  la  puiflance  quelconque,  comme  le  quatrieme 
degri  d’un  binome,  dont  le  premier  nombre  foit  A,  1’autre  l’unite,  c’eft-&- 
dirc,  qu’il  faille  trouver  le  quarr6-quarre  de  A + i ; il  faut  prendre  dans  le 
Triangle  Arithmeiique  la  bafe  cinquieme,  favoir,  celle  dont  l’expofant  5 eft 
plus  grand  de  l’unite  que  4,  expofant  de  l’ordre  propofe  : les  cellules  de  cette 
cinquieme  bafe  font,  1,  4,  6,  4,  1 , dont  il  faut  prendre  le  premier  nombre  1 

pour 
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pour  co-efficient  de  A an  degre  propofe,  c’eft  a-dire,  de  A4 ; .enfuitc  il  f»ut 
prendre  le  fecond  nombre  de  la  bafe,  qui  eft  4,  pour  co-cfficient  de  A au  degre 
prochainement  infericur,  c’cft- a-dire,  de  A5,  et  prendre  le  nombre  fuivant  de 
!a  bafe,  fa  voir,'  6,  pour  co-efficient  de  A au  degre  inferieur,  favoir,  A’,  et  lc 
nombre  fuivant  dc  la  bafe,  favoir,  4,  pour  co-efficient  de  A au  degre  infericur, 
favoir,  A racine,  et  prendre  le  dernier  nombre  de  la  bafe  1 pour  nombre  ab- 
folu  : et  ainli  on  aura  1 A4  4-  4A*  + 6A*  4-  4A  + 1,  qui  fera  la  puiflance 
■quarre-quarree  du  binome  A + 1.  De  forte  que,  fi  A (qui  reprefente  tout 
nombre)  eft  l’unitc,  et  qu’ainli  le  binome  A + 1 foit  lc  binaire,  cette  puillance 


1  A4  4*  4A}  4-  6A*  4-  4^  *f  1 
fera  maintenant  1.14  4-  4.1*  4-  6.14  4-  4.1  4-  t. 

C’eft-a-dire,  une  fois  le  quarre-quarre  de  1’unite  A,  c’eft-i-dirc,  . 1 

Quatre  fois  le  cube  de  1,  c’eft-i-dire,  ......  4 

Six  fois  le  quarre  de  1,  c’eft- ll-di  re,  . . . . . 6 

Quatre  fois  l’unite,  c’eft-a-dire,  . . . . .4 

Plus  l’unitc,  . . . . . . . . 1 

% — — 

qui  ajoutes  font  . , . . . . . 16 

Et  en  effet  le  quarre-quarre  de  2 eft  16. 


Si  A eft  tin  autre  nombre,  comme  4,  et  partant  que  le  binome  A 4-  1 
foit  5,  alors  fon  quarre-quarre  fera  toujours  fuivant  cette  mcthode,  1A4  4-  4 A* 
4-  6A*  4-  4A  -f  1,  qui  (ignifie  maintenant  1.44  4.4*  4-  <S.4‘  4-  4.4  4-  1. 


C’eft-i-dire,  une  fois  le  quarre-quarre  de  4,  favoir  . . . 256 

Quatre  fois  le  cube  de  4,  favoir  .....  256 

Six  fois  le  quarre  de  4 . . ...  95 

Quatre  fois  la  racine  4 . . * . * .16 

Plus  l’unite  . . . . • . . . 1 

dont  la  fommc 625 


fait  le  quarre-quarre  de  5 : et  en  effet  le  quarre-quarre  de  5 eft  6 25.  Et  ainfi 
des  autres  exemples. 

Si  on  vent  trouver  le  meme  degre  du  binome  A 4-  2,  il  faut  prendre  de 
meme  1 A4  4-  4 A*  4-  6 A*  4-  4A  4-  1,  et  enfuite  ccrire  ces  quatre  nombres  2,  4, 
8,  16,  qui  font  les  quatre  premiers  degrcs  de  2,  fous  les  nombres  4,  6,  4,  r. 
c’eft-a-dire,  fous  chacun  des  nombres  tie  la  bafe,  en  laiffant  lc  premier : et  cette 
forte  . 1 A4  4-  4A1  4-  6 A*  + 4A  + 1 • 

2 4 ■ -8  16 

Ct  multiplier  les  nombres  qui  fe  repandent  l’un  par  l’autre 
1A4  4-  4A1  4-  6A*  4-  4A*  4-  i 
a 4 8 16 


Et 


en  cette  forte  1A4  4-  8A*  4-  24A*  4-  32A‘  4-  16 

3  Y 2 
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Et  ainfi  on  aura  le  quarre-quarre  du  binome  A + 2 ; de  forte  que  fi  A eft_ 
I’unie,  cc  quarre-quarre  fcra  tel. 

Une  fois  le  qoarr&qnand  de  1’unite  A . . . , i 

Huit  fois  le  cube  de  1’unite  . . ...  .8 

Vmgt  quatre  fois  le  quarre  de  I . . . . . 24. 

Trentc-deux  fois  1 . . . . . . . 32 

Plus  le  quarre-quarre  de  2 . . . .16 

dont  la  fomme  . . . . . . . . 81 

fcra  le  quarre  quarre  de  3 : et  en  effet  81  eft  le  quarre- quarr^  de  3. 

El  ft  A eft  2,  alors  A + 2 fera  4,  et  fon  quarre-quarre  fera 
Une  fois  le  quarre-quarre  de  A ou  de  2,  favoic  . . .16 

8.  s’  . . . .64 

24.  a*  . . . . . » . . 96 

.32.  2 .....  64 

Plus  le  qugrre-quarre  de  2 . , . ...  16 

dont  la  fomme  . . . ....  235 

fera  le  quarre-quarre  de  4. 

De  la  meme  maniere  on  trouvera  le  quarre-quarre  de  A + 3,  cn  mettant  de 
la  meme  forte  . . A*  4 4A’  + 6A*  + 4A  + 1 

et  au-deflous  les  nombres  . . 3 9 27  8 k 

qui  font  les  quatre  premiers  degres  de  3 ; et,  muhipliant  les  nombres  correfpond- 
ants,  on  trouvera  que  le  quarte-quarre  de  A 4-  3 eft 

1A*  + 12A'  + 54A’  4-  108A  4.  81. 

Et  ainft  a l’infini. 

Si  au  lieu  du  quarre-quarre  on  vcut  le  quatre-cube,  ou  le  cinqnieme  degr£, 
il  faut  prendre  la  bafe  fixieme,  et  en  ufer  comme  j’ai  dit  de  la  cinquieme ; et 
ainfi  de  tous  les  autres  degres. 

On  trouvera  de  meme  les  puiflanccs  des  Apotomcs  A — i,  A - 2,  &c. 
La  methode  en  ell  toute  femblable,  et  ne  differe  qu’aux  ftgnes ; car  les  fignes 
de  4-  et  de  — fe  fuivent  toujours  alternativement,  ct  le  figne  de  4-  eft  toujours 
le  premier. 

Ainfi  le  quarre-quarre  de  A — 1 fe  trouvera  de  cette  forte.  Le  quarre- 
quarre  de  A + 1 eft,  par  la  regie  prec&iente,  1 A4  4-  4 A’  4-  6 A*  4-  4 A 4-  J. 
Done,  en  changeant  les  fignes  comme  j’ai  dit,  on  aura 

1 A4  — 4A*  + 6A*  — 4A  4 1. 
Ainfi  le  cube  de  A — 2 fe  trouvera  de  meme. 

Car  le  cube  de  A 4-  2,  par  la  regie  prec6dente,  eft  A’  4-  6 A*  + 12  A 4 8. 
Done  le  cube  de  A — 2 f«  trouvera,  en  changeant  les  fignes, 

A*  — 6 A*  4 12A  — 8. 

Et  ainfi  & I’infini. 
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Je  ne  donne  point  la  ddmonftration  de  tout  ccla,  parce  que  d’autres  en 
ont  dcja  traite,  commc  Herigogne  *,  outre  quc  la  chofe  eft  cvidente  d'elle- 
mcnie. 


TRAITE  DES  ORDRES  NUMERIQUES. 


TE  prcfuppofe  qu'on  a vfi  le  Traite  du  Triangle  Arithmctiquc,  et  fon  ufage 
**  pour  les  Ordres  numeriques;  autrement  j'y  renvox  ceux  qui  vculent  voir  ce 
difcours,  qui  en  eft  propremcnt  une  fuite.  j’y  ai  donr.c  la  definition  des  ordres 
numeriques,  et  je  ne  la  rdpeterai  pas.  J’y  ai  montre  attfli  que  le  Triangle 
Arithniciique  n’eft  autre  chofe  que  la  table  des  ordres  numc*riques ; enfuitc  de 
quoi  il  eft  evident  que  routes  les  proprietes  qui  ont  etc  donnees  dans  le  Triangle 
Arithmetique  entre  les  cellules  ou  entre  les  rangs,  convienncnt  aux  ordres  nu- 
meriques: de  forte  que,  fi  peu  qu'on  ait  l’art  d’appliquer  les  proprietes  des  tins 
aux  autres,  il  n’y  a point  de  propcG.ion  dans  Ic  Traite  du  Triangle  qui  n’ait 
fes  confcquences  touchant  les  divers  ordres:  et  cela  eft  tout  enfemblc,  et  fi  facile, 
et  fi  abundant,  que  je  fuis  fort  eloigne  de  vouloir  tout  donner  expreffement ; 
j’aimerois  mieux  laift'er  tout  a faire,  puifquc  la  chofe  eft  fi  aifee  ; mais,  pour  me 
tenir  entre  ces  deux  extrenriies,  j’en  donneiai  feulement  quelques  exemplcs,  qui 
ouvriront  le  moyen  de  trouver  tous  les  autres. 

Par  excmple:  de  ce  qui  a etc  dit  dans  une  des  confequences  du  Traite  chi 
T riangle,  que  cheque  cellule  (gale  celle  qui  la  prcti.lc  dans  Jon  rang  parallels,  plus 
telle  qui  la  precede  dans  for.  rang  pet pendiculaire,  fen  forme  cctte  propofition  tou- 
chant les  Ordres  numeriques. 

PROPOSITION  PREMIERE. 

Un  nemhre,  de  quelque  ordre  que  ce  Jt.il,  ■ (gale  celui  qui  le  pricede  dars  Jon  ordre,  plus 
Jon  cerradical  de  l' ordre  precedent : et  par  conjequent,  le  quatriine,  par  example , 
des  pyramidaux  (gale  le  Ircij.eme  pyramidal,  plus  le  quatrieme  triangulo-triangulaire: 
ainfi  le  tinqui erne , triangulo-triangulaire  (gale  le  quatriine  triangulo-triangulaire, 
plus  le  cinquier, te  pyramidal,  (3c, 

Autre  exemple  : de  ce  qui  a ete  roontre  dans  le  Triangle,  que  chaque  cellule , 
tctnmc  F,  e gale  E + B + ij/  + r,  c'ejl-d  dire , celle  qui  la  precede  dans  Jon  rang 


* H:’rigogne,  Mathcmaticicn  du  ficcle  pafle,  publia,  pour  ta  premier*  fois,  cn  1635.  unCours  de 
Math  i atiques,  Iatin  et  franqoia,  en  5 volumes  ia-80. ; et  pourliftcondefota.cn  1644,  Ic  mcme 
Ouvrage  cn  7 volumes.  J’ai  ious  la  main  la  feconde  edition.  Dans  le  Traite  d'Algebre  (Chap.  V. 
pag.  31)  1' Auteur  detfrmine  immfdiatcment  par  Ic  calcul,  ou  par  dea  multiplications  cnecYivcs,  le 
quatrl,  le  cube.  See.,  d’nn  binome  tel  que  a 4-  l ou  a — t.  On  voit  ici  que  Palcal  troave,  au 
moyen  de  fon  Triangle  Arithmftique,  les  co-cfficienti  des  didcrents  termes  d un  binome  elevc  a use 
puifiance  quelconque  entiere  et  politive. 

parallel: , 
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fir  a Hite,  plus  toutfs  c tiles  qui  precedent  cttte  precidente  dans  fen  rang  ptrpendiculaire, 
jc  forme  cetle  propjfiuon. 

PROPOSITION  II. 

Un  nombre,  de  quelque  ordre  que  ct  foil,  egale  lous  crux  tant  de  fon  ordrt  que  de  Ions 
Its  precedents,  doqt  la  racine  eft  moindre  de  I'uni'e  que  la  ftenne ; el  partant  le 
quatrtine  des  pyramidaux,  far  exert, pie , egale  le  Irejtime  des  pyramidaux,  plus  le 
trofth.c  des  triangulaires,  pins  le  troijicmc  des  naturels,  plus  le  trotfiimc  des  unites, 
cefi  a dire,  l' uni 

D'oti  on  peut  maintenant  tirer  d'autres  confeqncnccs,  comme  cellc-ci,  queje 
iJonne  pour  ouvrir  le  chcinin  a d’autres  pareilles. 

PROPOSITION  III. 

Cheque  nornbre,  de  quelque  cellule  que  ce foil , eft  compcfe  d’aulant  de  nombres  qtiil y a 
d' ordres  depuis  le  fiat  jufqu’au  premier  inclufivcmcnt , (bcicttn  defquels  nombres  eft  de 
chacun  de  ces  ordres  : ainft  un  triangulo-triangulairc  eft  compcfe  d'un’ autre  trian- 
gulo-triangulaire,  d'un  pyramidal,  d'un  triangulaire,  d'un  nature l et  de  l' unite. 

Et  fi  on  veut  en  faire  un  probleme,  il  pourra  s’enonccr  ainfi. 

PROPOSITION  IV.  PROBLEME. 

Elant  denne  un  nombre  d’un  ordre  quelconque,  treuver  tin  ntmlre  dans  cbacun  des 
ordres  depuis  le  premier  jufqu'au  Jien  incluftvement,  dont  la  fornrne  egale  le  nombre 
domic. 

La  folution  en  eft  facile:  il  faut  prendre  dans  tous  ces  ordres  les  nombres 
dont  la  racine  eft  moindre  de  1’uniie  que  celle  du  nornbre  donne. 

Autre  cxemple : de  ce  que  les  cellules  correfpondantes  font  egales  entre  elles,  il  fe 
conclut : 

PROPOSITION  V. 

llhie  deux  nombres  de  differents  ordres  font  egattx  entre  ettx,  Ji  la  racine  de  run  eft  le 
mime  nombre  que  l"  exp  of  ant  de  I’ordre  de  l' autre : et  partant  le  troifume  pyramidal 
eft  egal  au  quatrti  ne  triangulaire : le  cinqmeme  du  buitiime  ordre  eft  tc  mime  que  le 
buitieme  du  cinquicme  ordre,  iftc. 

On  n’auroit  jatnais  acheve:  par  exemplc, 

PROPOSITION  VI. 

T ms  les  quatriimes  nombres  de  tous  les  ordres  font  les  mimes  que  tous  les 
nombres  du  quatriime  ordre,  l£c. 

Parce  que  les  rangs  paraliiles  et  perptnd'uulaires  qui  ont  un  mime  expofant,  font 
tmpojes  de  cellules  toutes  pareilles.  Par  cctte  methode,  on  trouvera  un  rapport 
admirable  cn  tout  lc  refte,  comme  celui-ci : 

P RO- 
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PROPOSITION  VII. 

Vii  t.on.bre,  de  quelque  ordre  que  cefoit,  eft  au  prcchainement  plus  grand  dans  le  mime 
ordre,  comne  la  racine  du  moindre  eft  d cette  mime  r a cine  joint  e d Vexpefaot  de 
1’crdre,  uni  ns  V unite, 

Ce  qui  s’enfuit  de  la  quatorzieme  confequence  du  Triangle,  oil  il  eft  montr6 
qne  cbaque  cellule  eft  a cell:  qui  la  preside  dans  Jon  rang  pas-allele,  comme  I'expofant 
de  la  befe  de  cette  precedents  a I'expofant  de  Jon  rang  perpendiculaire.  Et,  afin  de  ne 
rien  caclier  de  la  maniere  done  fe  tirent  ces  correfpondances,  j’en  monirerai  le 
rappoit  a d£couvert : i!  eft  un  pen  plus  difficile  ici  que  tamo',  parce  qu’on  ne 
voit  point  de  rapport  de  la  bafe  dcs  triangles  avec  les  ordres  des  nombres  ; mais 
voici  le  rnoyen  de  le  trouver.  Au  lieu  de  I’expofant  de  la  bafe , dont  j’ai  parle 
dans  cette  quatorzieme  confequence,  il  faut  fubftituer  I'expofant  du  rang  garal- 
le/e,  plus  I'expofant  du  rang  perpendiculaire,  moins  l' unite ; ce  qui  produit  le  nieine 
nombre,  ct  avec  cet  avantage,  qu’on  connott  le  rapport  qu’il  y a de  ces  ex- 
polants  iivec  les  ordres  numcriqucs  : car  on  fait  qu’eo  ce  nouveau  langage,  il 
faut  dire,  I'expofant  de  V ordre,  plus  la  racine,  moins  I'unitl.  Je  dis  tout  ceci,  afin 
de  faire  toucher  la  met  bode  pour  faire  et  pour  faciliter  ces  reductions.  Ainfi  on 
irouvera  que 

PROPOSITION  VIII. 

Un  nombre,  de  qudjue  ordre  que  ce  foil , eft  & [on  corradical  de  l' ordre  fuivant,  comme 
V expofant  de  Vordre  du  moindre  eft  a ce  mime  expefaut  joint  a leur  racine  commune, 
moins  V unite. 

C’eft  la  treizieme  confequence  du  Triangle  : ainfi  on  trouvera  encore  que 
PROPOSITION  IX. 

Un  nombre,  de  quelque  ordre  que  ce  foil,  eft  d celui  de  Vordre  president , dont  la 
racine  eft  plus  grande  de  V unite  que  la  fame,  comme  la  racine  du  premier  d V ex- 
pofant de  Vordre  du  fecond. 

Ce  n’eft  que  la  mcme  chofe  que  la  douzieme  confequence  du  Triangle 
Ariihmetique.  J’cn  laiffe  beaucoup  d’autres,  chacune  dcfquelles,  auffi-bien 
que  de  cedes  que  je  viens  de  donner,  peut  tncore  ctre  augmentee  de  beaucoup 
par  de  ditferentes  enonciations  : car  au  lieu  d’exprimer  ces  proportions  comme 
j’ai  fait,  cn  dilant  qu’un  nombre  eft  it  un  autre  comme  un  troifume  a un  qua'.riime, 
ne  peut-on  pas  dire  que  le  r til  angle  dcs  extremes  eft  (gal  a celui  des  meyens  ? Et 
ainfi  multiplier  les  prepofitions,  et  non  fans  utilite ; car  etant  regardees  d’un 
autre  cote,  dies  donnent  d’autres  ouverturcs.  Par  cxemple,  fi  on  veut  tourner 
autrement  cette  derniere  propolition,  on  peut  l’enoncer  ainfi  : 
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PROPOSITION  X. 

Un  ncmlre,  de  que! que  irdre  que  et  foil,  elan!  multifile  par  la  ratine  prccddente,  igale 
fexpofant  de  Jon  ordre,  multifile  par  le  nonbre  de  F or  dr  e Juivant  protidanl  de 
ct'.te  ratine. 

Et  parce  que,  quand  quatre  nombres  font  proportionnels,  le  rectangle  dej 
extremes  ou  des  tnoyens  erant  divife  par  un  des  deux  autres,  donne  pour  quo- 
tient le  dernier,  on  pent  dire  aufifi : 

PROPOSITION  XI. 

Unr.omlre,  de  queique  ordre  quote  foil,  itant  multifile  par  la  ratine  precedent!,  et 
divife  par  fexpofant  de  fern  ordre,  donne  pour  quotient  le  nomire  de  l' ordre  Juivant 
qui  precede  de  cette  ratine. 

Les  maniercs  de  toumcr  tme  mSme  chofe  font  infinies : en  voici  un  illuflre 
exemple,  et  bien  glorieu*  pour  moi.  Cette  mime  propofition  quc  je  viens  de 
rouler  en  plufieurs  fortes,* eft  tombee  dans  la  penfee  de  notre  cclcbre  Confeiller 
de  Touloufe  M.  de  Fermat  ; et,  ce  qui  eft  admirable,  fans  qu’il  m’en  cut  don- 
ne la  moindre  lutnidre,  ni  moi  a lui,  il  6crivoit  dans  fa  Province  ce  quej’io- 
ventois  a Paris,  heure  j>onr  heure,  comme  nos  Lettres  ccrites  et  rc$ues  en 
mcme-temps  le  temoignent.  Hcureux  d’avoir  concouru  en  cette  occalion, 
comme  j’ai  fait  encore  en  d’autres  d’une  maniere  tout-a-fait  etrange,  avee  un 
t homme  ft  grand  et  fi  admirable,  et  qui,  dans  toutes  les  recherches  de  la  plus 
liiblime  Geometric,  eft  dans  le  plus  haut  degre  d’exccllence,  comme  fes  Ou- 
vrages,  que  nos  longues  prieres  ont  enfin  obtenus  de  lui,  le  feront  bientot  voir 
a tous  les  Geometres  de  PEurope,  qui  les  attendent ! La  maniere  dont  il  a 
pris  cette  mcme  propofition  eft  telle. 

Eu  la  progrrjfion  natureile  qui  commence  par  F unite,  un  ncmlre  quelconque  eta  it 
men:  dans  le  prtebainement  plus  grand,  produit  le  double  de  Jon  triangle. 

Le  menu  nombre  it  ant  mere  dans  le  triangle  du  procbaincment  plus  grand,  produit 
le  triple  de  fa  pyramide. 

Le  mime  nomire  mere  dans  la  pyramide  du  proebainement  plus  grand,  produit  le 
quadruple  de  Jon  triangulo-lriangulaire ; et  ainji  d Finfini,  par  une  mitbode  genlrale 
et  uniforme. 

Voila  comment  on  peut  varier  les  enonciations.  Ce  que  je  montre  en  cette 
propofition  s’entendant  de  toutes  les  atitres,  je  ne  m’arreterai  plus  a cette  ma- 
niere  accommodante  de  trailer  les  chofes,  laiftant  a chacun  d’excrcer  fon  genie 
en  ces  recherches,  oil  doit  confifter  toute  l’etude  des  Geometres  : car,  ft  on  ne 
fait  pas  lourner  les  propofilions  a tous  fens,  et  qu’on  ne  fe  ferve  que  du  premier 
biais  qu’on  a ensilage,  on  n’ira  jamais  bien  loin  : ce  font  ces  diverfes  routes 
qui  ouvrent  les  confluences  nouvellcs,  et  qui,  par  des  enonciations  alforties  au 
fujet,  lient  des  propofitions  qui  fembloient  n’avoir  aucun  rapport  dans  les 
lermes  oil  elles  ctoienc  con^ues  tPabord.  Je  cominucrai  done  ce  fujet  cn  la 
maniere  dont  on  a accoutume  de  trailer  la  Geometric,  et  ce  que  j’en  dirat  fera 
comme  un  nouveau  Traite  des  Ordres  numeriques;  et  memeje  le  donnerai  en 
latin,  parce  qu’jl  fe  rencontre  que  je  l’ai  £crit  amll  en  l’inventant. 
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DE  NUMERICIS  ORDINIBUS  TRACTATUS. 

'T'RIANGULI  Arithmetic!  traclatum,  ipfitifqiie  circa  numericos  ordir.cs 
~ ufum,  fupponit  traAatus  i(le,  ut  et  plcrique  £ fiequentibus  : hue  ergo  mit- 
titur  leAor  horum  cupidus ; ibi  nofeet  quid  lint  ordines  numeric!,  nernpe,  imi- 
tates, numeri  naturales,  trianguli,  pyramides,  triangulo-trianguli,  & c.  Qus 
■cum  perlegerit,  facile  hsec  aflequetur. 

Hie  proprie  oftenditur  connexio  inter  numerum  cujufvis  ordinis  cum  fui  ra- 
dice  et  exponente  fui  ordinis,  quse  tails  eft,  ut  ex  his  tribus,  datis  duobus  qui- 
buflibet,  tertius  inveniatur.  Vcrbi  gratis,  data  radice  et  exponenie  ordinis, 
numerus  ipfe  datur ; fie  dato  numero  et  fui  ordinis  exponente,  radix  elicitur ; 
nee  non  ex  dato  numero  et  radice,  exponent  ordinis  invenitur  : hxc  conftituunt 
tria  priora  problcmata ; quartum  de  fumma  ordinum  agit. 


DE  NUMERICORUM  ORDINUM  COMPOSITIONE : 
PROBLEMA  PRIMUM. 

Dalis  numeri  cujujlibet  radice  et  exponente  ordinis , componere  numerum  ? 

pRODUCTUS  numerorum  qui  prascedunt  radicem,  dividat  produAum 
totidem  numerorum  quorum  primus  fitexponens  ordinis  : quotiens  erit  qux- 
fitus  numerus. 

Propofitum  fit  invenire  numerum  ordinis,  verbi  gratia,  tertii,  radicis  vero 
quints. 

ProduAus  numerorum  :,  2,  3,  4,  qui  pracedunt  radicem  5,  nempe  24,  di- 
vidat produAum  totidem  numerorum  continuorum  3,  4,  5,  6,  quorum  primus 
fit  exponens  ordinis  3,  nempt!  360:  quotiens  15  eft  numerus  quxfitus. 

Nee  difficilis  demonftratio : cadcm  enim  prorsus  conftruAione,  inventa  eft, 
ad  finem  TraAatus  Trianguli  Arithmetici,  ccllula  quints  feriei  perpendicularis, 
tertise  vero  feriei  parallels: ; cujus  cellulx  numerus  idem  eft  ac  numerus  quin- 
tus  ordinis  tertii,  qui  quxritur. 

Poteft  autem  et  fie  refolvi  idem  problema. 

ProduAus  numerorum  qui  prxeedunt  exponentem  ordinis,  dividat  produc- 
tum  totidem  numerorum  continuorum  quorum  primus  fit  radix  : quotiens  eft 
numerus  qusefitus. 

Sic  in  propofito  exemplo,  produAus  numerorum  t,  2,  qui  prxeedunt  expo- 
nentem ordinis  3,  nempe  2,  dividat  produAum  totidem  numerorum  5,  6,  quo- 
rum primus  fit  radix  5,  nempe  30  : quotiens  15,  eft  numerus  quxfitus. 
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Ncc  di  fieri  luc  conftruAio  h pra»cedente,  nifi  in  hoc  folo,  quod  in  altera, 
idem  fit  de  radice,  quod  fit  in  altera  de  exponente  ordinis : perinde  ac  fi  idem 
cil'ct  invenire,  qnintum  numerum  ordinis  tertii,  ac  tertium  numerum  ordinis 
quinti ; quod  quidem  verum  ell’e  jam  oftendimus. 

Hinc  autem  obiter  colligere  pofliimus  arcanum  numericum ; cum  cnim  ambo 
illi  quotienres  15,  lint  iidem,  conftat,  divifores  elTe  inter  fe  ut  dividendos. 
Animadvcrtemus  itaque: 

Si  lint  duo  quilibet  numeri,  produAus  omnium  numcrorum  prirnum  ex  am- 
bobus  propofitis  prarcedentium,  eft  ad  produAutn  totidem  numerorum  quorum 
primus  eft  fecundus  ex  his  ambobus,  ut  produAus  ex  omnibus  qui  prsecedunt 
lecundum  ex  illis  ambobus,  ad  produAutn  totidem  numerorum  continuorum 
quorum  primus  eft  primus  ex  iis  ambobus  propofitis, 

Hsec  qui  profequeretur  et  demonftraret,  novi  fortaffis  traAatus  materiam  re- 
periret : nunc  autem,  quia  extra  rem  noftram  funt,  fic  pergimus. 


DE  NUMERICORUM  ORDINUM  RESOLUTIONE : 


PROBLEMA  II. 

Data  mtmero,  ac  exponente  Jut  ordinis,  invenire  radicem ? 

P O T E S T autem  et  fic  enuntiari. 

Data  quolibet  numtro,  invenire  radicem  maximi  numeri  ordinis  numerici  cujujiilet 
prope/ili,  qui  in  dalo  numero  contindUur  ? 

Sit  datus  numerus  quilibet,  verbi  gratia,  58,  ordo  vero  numericus  quicunqoe 
propofitus,  verbi  gratia, Jextus.  Oportet  igitur  invenirc  radicem  fexti  ordinis 
numeri  58. 

Exhibeatur  ex  una  parte") 
exponens  ordinis  . 6 J 

Multiplicetur  ipfe6,  per  nu> 
merum  7,  proxime  majorem 
suque  produAus  ' . 42 

Multiplicetur  ifte  produAus 
per  proxime  fequentem  mul 
tiplicatorem  8,  sitque  produc- 
tus 


et  continuo 


{ 


i j-  et  continuo  ^ 

o 


Exponarur  ex  altera  parte 
numerus  datus  . . . 58 

Multiplicetur  ipfe  numerut 
per  a,  sitque  prod u dl us  1 16 


et  continuo 


Multiplicetur  ifte  produAus 
per  proxime  fequentem  mul-  I 
tiplicatorem  9,  sitque  produc-  | 
uts  ...  3024J 


et  continuo 


p Multiplicetur  ipfc  produAus 
per  proxime  fequentem  raul- 
tiplicatorem  3,  sitque  produc- 
es ...  348 

Multiplicetur  ifte  produAus 
per  proxime  fequentem  mul- 
tiplicatorem  4,  sitque  produc- 
es ...  1-92 

Et. 
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Et  fic  in  infinituni,  donee  ultimus  produdus  exponemis  6,  nempe  3024, 
major  evadat  quura  ultimus  produdus  numeri  daii,  nempe  1392  ; et  tunc  abfo. 
luta  eft  operatio : ultimus  enim  muhiplicator  dati  numeri,  nempe  4,  eft  radix 
quse  qtixrebatur. 

Igititr  dico  numerum  fexti  ordinis  enjus  radix  eft  4,  nempe  56,  maximum 
effe  ejus  ordinis  qui  in  numcro  dato  contineaturj  feu  dico  numerum  fexti  ordi- 
nis cujus  radix  eft  4,  nempe  56,  non  efle  majorem  dato  nutnero  58  ; numerum 
vero  ejufdein  ordinis  proximo  majorem,  feu  cujus  radix  eft  5,  nempe  126,  eft's 
majorem  numcro  dato  58. 

Etcnim  produdus  ille  ultimus  numeri  dati,  nempe  1392,  fadus  eft  ex  nu- 
mcro dato  58,  multiplicato  per  produdum  nutnerorum  1,  2,  3,  4,  nempe  24  ; 
produdus  vero  prsecedcns  hunc  ultimnm,  nempe  348,  fadus  eft  cx  mimero 
dato  38,  multiplicato  per  produidum  numerorum  1,  2,  3,  nempe  6. 

Ergo  produdus  numerorum  6,  7,  8,  non  eft  major  produdo  numerorum 

1,  2,  3,  multiplicato  per  38.  Produdus  vero  numerorum  6,  7,  8,  9,  eft  major 
produdo  numerorum  1,  2,  3,  4,  multiplicato  per  38,  ex  conjlrutihne. 

Jam  numerus  ordinis  fexti  cujus  radix  eft  4,  nempe  36,  multiplicatus  per 
numeros  1,  2,  3,  tequatur  produdo  numerorum  6,  7,  8,  cx  demonftratis  in 
Tradatu  de  Ordinibus  numericis. 

Sed  produdus  numerorum  6,  7,  8,  non  eft  major,  ex  ojlenfts,  produdo  nu- 
merorum 1,  2,  3,  multiplicato  per  datum  58  j igimr  produdus  numerorum  1, 

2,  3,  multiplicatus  per  56,  non  eft  major  quam  idem  produdus  numerorum  1, 
2,  3,  multiplicatus  per  datum  38.  Igitur  36  non  eft  major  quam  38. 

Jam  fit  126,  numerus  ordinis_/«rrt'  cujus  radix  eft  5.  Igitur  ipfe  126,  mul- 
tiplicatus per  produdum  numerorum  1,  2,  3,  4,  xquatur  produdo  numerorum 
6,  7,  8,  9,  ex  Tradatu  de  Ordinibus  numericis.  Sed  produdius  ille  numcro- 
rum  6,  7,  8,  9,  eft  major  quam  numerus  datus  58  multiplicatus  per  jfroduc- 
tum  numerorum  1,  2,  3,  4,  ex  ofletfis.  Igitur,  numerus  126,  muhiplicatus'per 
produdum  numerorum  1,  2,  3,  4,  eft  major  quam  numerus  datus  58  multi- 
plicatus per  eundem  produdum  numerorum  1,  2,  3,  4.  Igitur  numerus  126 
eft  major  quikm  numerus  datus  38. 

Ergo  numerus  36  fexti  ordinis  cujus  radix  eft  4,  non  eft  major  quam  nume- 
rus datus ; numerus  vero  1 26,  ejufdem  ordinis  cujus  radix  J eft  proxitne  major, 
major  eft  quam  datus  numerus. 

Ergo  ipfe  numerus  56,  maximus  eft  cjus  ordinis  qui  in  dato  contineatur,  et 
ejus  radix  4 inventa  eft.  q.  e.  f.  e.  d. 


3 


Z 2 


DE 


Digitized  by  Google 


( 540  ) 


DE  NUMERICORUM  ORDINUM  RESOLUTIONE : 
PROBLEMA  III. 

Dato  qudibet  numero,  el  ejus  radice,  invenire  ordinis  exponential  ? 

NO  N difFert  hoc  problema  a pneccdente ; radix  enim,  et  exponens  ordi- 
nis, reciproce  convertunuir,  ita  uc  dato  numero,  vcrbi  gratia,  5S,  et  ejus 
radice  4,  reperietur  exponens  fui  ordinis  6,  cadem  methodo  ac  ft  dato  numero 
ipfo  58,  et  exponeote  ordinis  4,  radix  6 cflet  invcnienda  : quartus  enitn  nu- 
merus /exit  ordinis  idem  eft  ac  Jextus  quarti ; ut  jam  demonftratum  eft. 


DE  NUMERICORUM  ORDINUM  SUMMA  : 

PROBLEMA  IV. 

Propofiti  cujujlibct  ordinis  numerics,  tot  quot  imperabitur,  priorum  numerorunt 
Jummam  invenire  ? 

PROPOSITUM  fit  invenire  fummam  quinquc,  verbi  gratia,  priorum  nume- 
rorum  ordinis,  verbi  gratis,  fexti. 

Inveniatur  ex  praecedente  numerus  quintus  (quia  quinque  priorum  numerorum 
fumma  requiritur)  ordinis  Jeptimi,  nempe  ejus  qui  propoficum  Jextum  proxime 
fcquitur  : ipfc  fatisfaciet  problemati. 

Numericorum  enim  ordinum  gencratio  tabs  eft,  ut  numerus  cujufvis  ordinis 
sequetur  fumma*  eorum  omnium  ordinis  prsecedentis  quorum  radices  non  funt 
fna  majores ; ita  ut  quintus  feptimi  ordinis  squetur,  ex  naturS  et  generations 
ordinum,  quinquc  prioribus  numeris  fexti  ordinis:  quod  difficultaic  caret. 

coNCtusro. 

Methodus  qua  ordinum  refolutionem  expedio  eft  generaliflima ; verum  ipfam 
diu  qusefivi ; qu$  prime  fefe  obtulit  ca  eft. 

Si  dati  numeri  quserebatur  radix  tertii  ordinis,  ita  procedebam.  Sumatur  du~ 
plum  numeri  propofiti , ijlius  dupli  radix  quadrata  inveniatur : b<tc  quafita  eft,  aut 
/ahem  ea  qu.e  unitate  minor  erit. 

Si  dati  numeri  quteritur  radix  quatti  ordinis,  multiplicetur  numerus  datus  per  6, 
nempi  per  produBum  numerorum  j,  2,  3 ; produfli  inveniatur  radix  cubica,  ip  fa,  aut 
ea  quit  Unitate  minor  ejl , fatisfaciet. 

Si  dati  numeri  quaeritur  radix  quinti  ordinis,  multiplicetur  datus  numerus 
per  24,  nempe  per  produtium  numerorum  1,  2,  3,  4,  produftique  inveniatur  radix 
quarti  gradiis : ipfa,  unitate  minuta,  fatisfaciet  problemati. 

Er 
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Et  ita  reliquorum  ordinum  radices  quserebam,  conftruftione  non  generaii,  fed 
cuique  ordini  propria.  Nec  tamen  ideo  mihi  omnino  difplicebat : ilia  enim  qui 
refclvumurpoteftates  non  generalior  eft  : aliter  enim  cxtrahitur  radix  quadrata, 
aliter  cubica,  &c  , quamvis  ab  eodem  principio  vise  illse  differentes  procedant. 
Ut  ergo  nondu.-n  generalis  poteftatnm  refolutio  data  erat,  lie  et  vix  generalem 
ordinum  refolutionem  affequi  fperabam : conatus  tatnen  expcftalioncm  fuper- 
antes  cam  qu.im  tradidi  praebueront  generaliflimam,  et  quidem  amicis  meis, 
univcrfalium  folutionum  amatoribus  dofUflimis,  graiilTimatn  ; a quibus  excitatus 
et  generalem  poteftatum  purarum  refolutionem  tentare,  ad  inftar  generalis  or- 
dinurn  refolutionis,  obtemperans  quasfivi,  et  fatis  feliciter  mihi  contigit  reperifle, 
ut  infra  videbitur. 


DE  NUMERORUM  CONTINUORUM  PRODUCTIS, 

Scu  de  nuvteris  qui  producuntur  ex  multiplicatione  numerorum  ferie  naturali 

proccdentium.  ■ 

N UMERI  qui  producuntur  ex  multiplicatione  numerorum  continuorum  1 
nemine,  quod  feiam,  examinati  funt.  Idcd  nomen  eis  impono,  nempd, 
p rodufli  continuorum. 

Sunt  autem  qui  ex  duorum  multiplicatione  formantur,  ut  ifte  20,  qui  ex  4 
in  5 oritur  ; et  poflcnt  dici  Jecundx Jpeciei. 

Sunt  qui  ex  trium  multiplicatione  formantur,  ut  ifte  120,  qui  ex  4 in  5 in  6 
oritur  j et  dici  poflcnt  tertia  Jpeciei. 

Sic  quanta  Jpeciei  dici  poflcnt  qui  ex  quatuor  numerorum  continuorum  mul- 
tiplicatione  formantur,  et  fic  in  infinitum:  ita  ut,  ex  multitudine  multiplic alorum, 
fpccies  nominationcm  exponentis  fortiretur  ; et  fic  nullus  eflet  produdtus  primae 
fpccici,  nullus  eft  enim  produ«5lus  ex  uno  tantum  numero. 

Primum  hujus  tradlatuli  theorema,  illud  eft  quod  obiter  in  prsecedente  trac- 
tatu  annotavimus,  quod  quserendo,  reliqua  invenimus,  imo  et  generalem  po- 
teftatum  refolutionem  j adeo  ftrifta  connexione  fibi  mutuo  cohscrcnt  veritates  1 

PROPOSITIO  PRIM  A. 

Si  fint  duo  numeri  quilibet,  product  us  omnium  numerorum  primum  prxeedentium,  ejl  ad 
produt/um  tot  idem  numerorum  continuorum  a Jecundo  incipientium,  ut  produStus 
omnium  numerorum  Jtcundum  pracedentium,  ad  produlium  tot: Jem  numerorum  con- 
tinuorum a primo  incipientium. 

Sint  duo  numeri  quilibet  5,  8 : dico  produ&um  numerorum  1,  a,  3,  4,  qui 
prsecedunt  5,  nempe  24,  efle  ad  produftum  totidem  continuorum  numerorum 
8,  9,  10,  11,  nempe  7920 : ut  produdlum  numerorum  1,  1,  3,  4,  5,  6,  7,  qui 
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pr*ccdunt  8,  nempe  5040,  ad  produdum  tmidcm  continiiorum  numerorum 
5,  6.  7,  8,  9,  10,  ii,  nemp£  1663200. 

Etenim  produdus  numerorum  3,  6,  7,  dudiis  in  produdutn  iftorum  i,  2, 
3,  4,  elTicit  produdum  liorum  1,  2,  3,  4,  5,  6,  7 ; et  idem  produdus  nume- 
roium  5,  6,  7,  duiflus  in  produdum  numerorum  8,9,  io,  u,  eflicit  produc- 
lum  liorum  5,  6,  7,  8,  9,  10,  11  ; ergo,  ut  prod  net  ui  numerorum  1,  2,  3,  4, 
ad  produdum  numerorum  1,  2,  3,  4,  5,  6,  7 : ita  produdus  numerorum  8,  9, 
10,  u,  ad  produdum  numerorum  5,  6,  7,  8,  9,  10,  it.  9.  e.  d. 

PROPOSITIO  II. 

Omnis  produflus  A quetlibet  numeris  ccntinuis,  ejl  multiplex  produSli  A totidem  Hitmens 
coniinuis  quorum  primus  eft  uni  las  ; et  quotiens  xjl  nwnerus  Jiguratus, 

Sit  produdus  quilibet,  a tribus,  verbi  gratia,  numeris  continuis  5,  6,  7, 
nempe  210,  et  products  totidem  numerorum  ab  unitate  incipientium  1,  2,3, 
nempe  6 : dico  ipfum  2 10  elle  multiplicem  ipfius  6,  et  quotientem  cfFe  nume- 
rurn  figuratum. 

Etenim  ipfe  6,  dudus  in  quintum  numerum  ordinis  quani,  nempe  35, 
seqnatur  ipft  ptodudo  ex  5,  6,  7,  ex  demonltratis  in  Tradatu  de  Ordinibus 
numericis. 


PROPOSITIO  III. 

Omnis  produCIus  a quetlibet  numeris  continuis  ejl  multiplex  numeri  cttjufdam  figurali , 
nempe  ejus  cujxs  radix  ejl  minimus  ex  bis  numeris,  exponent  verb  ordinis  ejl  unitate 
major  q:tam  multitude  borum  numerorum. 

Hoc  patet  ex  pracedcnte.  Et  unica  utrique  convcnit  demonflratio. 

M O N I T U M. 

Ambo  diviforcs  in  his  duabus  propofitionibus  oflenfi,  tales  font,  tit  alter  al- 
terius  fit  quotiens.  Ita  ut,  ft  quilibet  produdus  a quotlibet  numeris  continuis, 
fit  divifus  per  produdutn  totidem  numerorum  ab  unitate  incipientium,  (quod 
fecunda  propofitio  docet  fieri  pofle,)  quotiens  fit  ntimerus  figuratus  in  tertia  pro- 
pofitione  enuntiatus. 

PROPOSITIO  IV. 

Omnis  produflus  A quotlibet  numeris  continuis  ab  unitate  mcipientibus,  ejl  multiplex 
prcdutli  A quotlibet  numeris  continuis  etiam  ab  unitate  incipientibus  quorum  multi- 
tude minor  eft.  _ 

Sint  quotlibet  numeri  contintii  ab  unitate  1,  2,  3,  4,  5,  quorum  produdus 
120  ; quotlibet  autem  ex  ipfis  ab  unitate  incipientcs  1,  2,  3,  quorum  produc- 
tus  6 : dico  120  efle  multiplicem  6. 

Etenim  produdus  numerorum  1,  2,  3,  4,  5,  fit  ex  produdo  numerorum  1, 
2,  3,  muliiplicato  per  produdum  numerorum  4,  5. 

PRO- 
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PROPOSITIO  V. 

Otnn'u  produBus  a quotlibet  numeris  continuis  ejl  multiplex produB i d quotlibet  numeris 
continuis  ab  imitate  incipientibus  quorum  multitudo  minor  ejl. 

Etenim  produftus  continuorum  quorumlibet  eft  multiplex  cotidem  continuo- 
rum  ab  unitate  incipicncium  ex  Jecunda  ; fed  ex  quartd  produiftus  continuorum 
ab  unitate  eft  multiplex  produc'd  continuorum  ab  unitate  quorum  multitudo 
minor  eft.  Ergo,  &c. 


PROPOSITIO  VI. 

ProduBus  quotlibet  continuorum,  ejl  ad  produdum  totidem  pr oxime  majorum, 
ut  minimus  multi plic alarum  aJ  maximum. 

Sint  quotlibet  numeri  4,  j,  6,  7,  quorum  produflus  840  ; et  totidem  proxi- 
me  majores  5,  6,  7,  8,  quorum  produ&us  1680 : dico  840  efle  ad  1680, 
ut  4 ad  8. 

Etenim  produ&us  numerorum  4,  5,  6,  7,  eft  faftus  ex  produdto  continuo- 
rum  5,  6,  7,  multiplicato  per  4 ; produdlus  vero  continuorum  5,  6,  7,  8, 
fa£tus  eft  cx  eodem  produdbo  continuorum  3,6,  7,  multiplicato  per  8.  Ergo,  See. 

PROPOSITIO  VII. 

Mittimus  pro dufl us  continuorum  cujujlibet  Jpeciei , ille  ejl  enjus  multiplicalores  ab 

imitate  incipiunt. 

Verbi  gratia,  minimus  produttus  ex  quatuor  continuis  faftus,  ille  eft  qui 
producitur  ex  quatuor  his  continuis  1,  2,  3,  4,  qui  quidem  multiplicatores  i,  2, 
3, 4,  ab  unitate  incipiunt.  Hoc  ex  fe  et  ex  prsecedencibus  patet. 


PRODUCTA 
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Sett  Refolutio  numerorum  qui  ex  numeris  progre/Jiotte  naturali  proccdcntibut 

producuntur. 

P R O B L E M A. 

Data  quccunqu;  numero,  invettire  tot  quit  imperabitur,  numeros  continues  ex  quorum 
multiplicatione  /actus  mtmerus,  fit  maximus  ejus  fpeciei  qui  in  dato  numero  con - 
tincalur  ? 

Oportet  autem  datum  numtrum  non  e/fe  minorem  predufto  totidem  mtmerorum  ab  uni - 

tate  continuorum. 

DATUS  fit  numerus,  verbi  gratia,  4335,  oporteatque  reperire,  verbi  gratia, 
quatuor  numeros  continuos  ex  quorum  multiplicatione  fadtus  numerus  fit 
maximus,  qui  in  dato  4335  contineatur,  eorum  omnium  qui  producuntur  ex 
multiplicatione  quatuor  numcrorum  continuorum  : 

Sumantur  ab  imitate  tot  numeri  continui  quot  funt  numeri  inveniendi,  nempe 
quatuor  in  hoc  exemplo,  1,  2,  3,  4;  quorum  per  produdlum  24,  dividatur  nu- 
merus datus;  sftque  quotiens  180.  Ipfius  quotientis  inveniatur  radix  ordinis 
numerici  non  quidem  quarti , fed  fequentis,  nempe  quinti,  sitque  ea  6 : ipfe  6 
eft  primus  numerus,  fecundus  7,  tertius  8,  quartus  9. 

Dico  itaque  produdhim  quatuor  numerorum  6,  7,  8,  9,  efle  maximum  nume- 
rum  qui  in  dato  contineatur,  id  eft  : dico  produchim  quatuor  numerorum  6,  7, 
8,  9,  nempd  3024,  non  efle  majorem  quim  numerum  datum  4335  ; produdlum 
verd  quatuor  proxime  majorum  numerorum  7,  8,  9,  10,  nempe  504a,  efle  ma- 
jorem  numero  dato  4335. 

Etenim  ex  demonftratis  in  Tradlatu  dc  Ordinibus  numericis,  conftat  produc- 
tum  numerorum  1,  2,  3,  4,  feu  24,  dudlum  in  numerum  quinti  ordinis  cujus 
radix  eft  6,  nempe  126,  effirere  numerum  asqualem  produdlo  numerorum 
6,  7,  8,  9,  nempe  3024;  limiliter,  et  eundem  produdhim  numerorum  t,  2,  3, 
4,  nempe  24,  dudlum  in  -numerum  ejufdem  ordinis  quinti  cujus  radix  eft  7, 
efficere  numerum  sequalcm  produ&o  numerorum  7,  8,  9,  to,  nempe  5040. 

Jam  verd  numerus  quinti  ordinis  cujus  radix  eft  6,  nempe  126,  cum  fit 
maximus  ejus  ordinis  qui  in  180  contineatur,  ex  conftrudlione  patet  ipfum  126 
non  efle  majorem  quant  180,  numerum  verd  quinti  ordinis  cujus  radix  eft  7, 
nempe  210,  efle  majorem  quam  ipfum  280. 

Cum  verd  numerus  4335,  divifus  per  24,  dederit  1S0,  quotientem  patet  180 
dudlum  in  24,  feu  4320,  non  efle  majorem  quam  433 j,  fed  aut  aequaletn  efle, 
aut  diffcrre  numero  minorc  quam  24. 

Itaque  cum  fit  210  major  quam  180  ex  conftrudlionc,  patet  210  in  24,  feu 
3040,  majorem  efle  quam  180  in  24,  feu  4320,  et  exccflum  eife  ad  minimum 
24 ; numerus  verd  datus  4335,  aut  non  cxcedit  ipfum  4320,  aut  excedit  numero 
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minore  quam  24.  Ergo  numerus  5040  major  eft  qutkm  dacus  433 5 j id  eft, 
produftus  numerorum  7,  8,  9,  10,  major  eft  dato  numero. 

Jam  numerus  126  non  eft  major  quam  180,  ex  conftruftione.  Igitur  26 
in  24,  non  eft  major  quam  180  in  24 ; fed  180  in  24,  non  eft  major  dato  nu- 
mero,  ex  oftcnfis.  Ergo  126  in  24,  feu  produftus  numerorum  6,  7,  8,  9,  non 
eft  major  numero  dato  : produftus  autem  numerorum  7,  8,  9,  10,  ipfo  major  eft. 
Ergo,  &c.  Q;  E.  F.  E.  D. 

Sic  ergo  exprimi  poteft  et  cnuntiatio,  et  gcneralis  conftruftio. 

Invemre  tot  quot  imperabitur  mtmcrcs  prcgrejjione  natural t continues , ex  quorum  multi- 
plica'.ione  ortus  humerus.  Jit  maximus  ejus  Jpeciei  qui  in  dato  numero  contineaiw  ? 

- Dividatur  numerus  datus,  per  produftum  totidem  numerorum  ab  imitate 
ferie  naturali  procedentium  quot  funt  numeri  invenicndi ; invcntdque  quotiente, 
aflumatur  ipfius  radix  ordinis  numerici  cujus  exponens  eft  imitate  major  quam 
multitudo  numerorum  inveniendorum  : ipla  radix  eft  primus  numerus,  rtliqui 
per  incremcntum  unitatis  in  promptu  habentur. 

M O N I T U M. 

Haec  omnia  ex  natura  rei  demonftrari  poterant,  abfque  Trianguli  Arithmetici 
aut  ordinum  numericorum  auxilio  ; non  tamen  fugienda  ilia  connexio  mihi  vifa 
eft,  prtefertlm  cum  ea  fit  qute  lumen  primura  dedit.  Et  quod  amplius  eft,  alia 
demonftratio  laboriofior  diet  et  prolixior. 


NUMERICARUM  POTESTATUM  GENERALIS  RESOLUTIO. 

/^•ENERALEM  numericarum  poteftatum  refolutionem  inquirenti,  haec  mihi 
^ venit  in  mentcm  obfeTvatio  : nihil  aliud  efle  quterere  radicem,  vcrbi  gratid, 
quadratam  dati  numeri , quam  quterere  duos  mtmeros  ^equates  quorum  p'oJuilus 
aquetur  numero  dato.  Sic  et  quterere  radicem  cubicam  numeri  dati  nihil  aliud  efle 
quam  quterere  Ires  mtmeros  equates  quorum  produftus  ftt  numerus  datus  : et  fic  de 
ceteris. 

Itaque  poteftatis  cujuflibet  rcfolutio,  eft  indagatio  totidem  numerorum  tequa- 
lium,  quot  exponens  poteftatis  continct  imitates,  quorum  produftus  atquetur 
dato  numero ; poteftates  cnim  ipfte  nihil  aliud  funt  quam  xqualium  numerorum 
produfti. 

Sicut  enim  in  prtcccdcnti  traftatu  egimus  de  numeris  qui  producuntur  ex 
multiplicatione  numerorum  naturali  progreflionc  procedentium,  fre  et  in  hoc  de 
poteftatibus  traftatu  agitur  de  numeris  qui  producuntur  ex  multiplicatione 
numerorum  tequalium. 

Vifum  eft  itaque  quam  proximos  efle  ambos  hos  traftatus,  et  nihil  efle  vici- 
nius,  produfto  ex  tequalibus,  quam  produftum  ex  continuis  folius  unitatis  in- 
cremento  diflerentibus. 

Vol.  IV.  4 A Qua- 
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Quapropter  poteftatum  refolutioncm  generalem,  feu  prcduSorum  ex  erqualtbu: 
refolutioncm,  non  mediocriter  prove&am  effe  cenfui,  cum  cam  produbiorum  ex 
contimtis  gencralis  refolutio  precedent. 

Dato  cnim  numero,  cujus  radix  cujufvis  gradus  quxritur,  verbi  gratia,  quart:, 
quteruntur  quatuor  numeri  sequales  quorum  produdlus  aequetur  dato;  fi  ergo  in- 
veniantur  ex  prxeedente  trait atu  quatuor  continui  quorum  produdtus  aequetur. 
dato,  quis  non  videt,  inventam  effe  radicem  quxfitam,  cum  ea  fit  unus  ex  his 
quatuor  continuis  ? minimus  enim  ex  his  quatuor,  quater  fumptus  et  toties  mul- 
tiplicatus,  manifefte  minor  eft  produdto  continuorum  ; maxitnus  verb  ex  his  qua- 
tuor, quater  fumptus  ac  toties  multiplicatus,  manifefte  major  eft  producto  con. 
tinuorum  ; radix  ergo  quasfita  unus  ex  illis  eft. 

Verum  latct  adhtic  ipfa  in  multitudine ; reliquutn  eft  igitur  ut  eligatur,  et 
difeernatur  quis  ex  continuis  fatisfaciat  quxftioni. 

Huic  perquifitioni  nondum  forte  fatis  incubui ; crudam  tamcn  meditationcm 
proferam,  alias,  fi  digna  videatur,  diligentius  claborandam. 


POSTULATUM. 

Hoc  autetn  prxnotum  effe  pollulo;  quee  fit  radix  quairata  numeri  a,  nempe  I ; 
etenim  i eft  radix  maxim i quadrat i in  2 content:.  Sic  et  qtise  fit  radix  cubica  nu- 
meri 6 ,/ciiicet,  qui  ex  multipiicatione  trium  numerorum  1,  a,  3,  oritur,  nempe  1.  Sic  et 
qua;  fit  radix  quarti  gradus  numeri  24,  jiilicet,  qui  ex  multiplication:  quatuor  nu- 
jnen-rum  1,  a,  3,  4,  oritur,  nempe  2,  et  fic  de  exteris  gradibus.  In  unoquoque 
enim  peto  nolci  radicem,  iftius  gradfis,  numeri  qui  producitur  ex  multiplica- 
tione  tot  numerorum  continuorum  ab  unitate  quot  exponens  gradbs  propofiti 
continet  imitates.  Sic  ergo  in  inveftigatione  radicis,  verbi  gratis,  decimi  gradus 
poftulo  notam  effe  radicem  iftius  decimi  gradus,  numeri  3618800,  qui  produ- 
citur ex  multipiicatione  decern  priorum  numerorum  1,  2,  3,  4,  5,  6,  7,  8,  9,  10, 
nempe  5.  Et  hoc  uno  verbo  dici  poteft.  In  unoquoque  gradu,  poftulo  notam 
effe  radicem  iftius  gradus  minimi  produ&i  totidem  continuorum  quot  exponens 
gradus  continet  imitates ; minimus  enim  produftus  continuorum  quotlibet,  ille 
eft  cujus  multiplicatores  ab  unitate  fumuni  exordium. 

Nec  fane  molefta  hate  petitio  eft ; in  unoquoque  enim  gradu  unius  tantum 
numeri  radicem  fupjrono,  in  vuigari  autem  raethodo,  multo  gravius  in  unoquo- 
que gradu,  novem  priorum  characterum,  poteftates  exiguntur. 

' Notum  fit  ergo  : 

Produfti  numerorum  1,  a,  nempi  a,  rad.  quadr.  effe  1 
Produfti  numeror.  1,  2,  3,  nempb  6,  rad.  cub.  effe  1 

Produfii  num.  1,  2,  3,  4,  nempe  24,  rad.  4 gradus  effe  2 

Produfti  num.  1,  2,  3,  4,  j,  nempe  120,  rad.  5 gradus  effe  2 

Prod.  num.  1,  2,  3,  4,  5,  6,  nempe  720,  rad.  6 gradfis  effe  2 

Prod.  num. 1,  2,  3,  4,  5,  6,  7,  nempe  5040,  rad.  7 grades  effe  3 

fee. 
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PROBLEM  A. 

Dato  quolibet  numero,  invenire  radium  propqfita  potefatis  maxima  qua 
in  dato  conlineatur  ? 

Sit  datus  numerals,  verbi  gratia,  4335,  ct  invenicnda  fit  radix  gradus,  vcrbi 
gratia,  quart i rnaximi  numcri  quart i gradus,  feu  quadrato-quadrati,  qui  in  dato 
humero  contineatur. 

Invcniantur,  ex  precedence  trafhtu,  quatuor  numeii  continui  (quia  quartus 
gradus  proponitur)  quorum  product  us  fit  maximus  ejus  fpeciei  qui  in  4335  con- 
tineatur; slntque  ipfi  6,  7,  8,  9. 

Radix  qutelua  eft  unus  ex  his  numeris.  Ut  veru  difcernatur,  fic  procc- 
dendum  eft. 

Sumatur  ex  poftulato  radix  quarti  gradvis  numeri  qui  producitur  ex  multipli- 
catione  quatuor  priorum  numerorum  t,  2,  3,  4,  nempe  radix  quadrato-quadrata 
numeri  24,  qute  eft  2 ; ipfe  2 cum  minimo  continuorum  inventorum  6 unitate 
minuto,  nempe  5,  efficiet  7. 

Hie  7 eft  minimus  qui  radix  qua:fita  efle  poflit ; omnes  enim  inferiores  funt 
ncceflario  minores  radice  qusefitS. 

Jam  triangulus  numeri  4,  qui  exponens  eft  propofici  gradus  quarti,  nempe  10, 
dividatur  per  ipfum  exponentem  4,  sftque  quotiens  2 (fuperfluum  divifionis  non 
euro):  ipfe  quotiens  2,  cum  minimo  continuorum  6 jundhts,  cfficic  8. 

Ipfe  8 eft  maximus  qui  radix  efle  poflit ; omnes  enim  fuperiorcs  func  necef- 
fario  majores  radice  quxfita. 

Denique  conllituantur  in  quarto  gradu  ipfi  extremi  numeri  7,  8,  nempe  2401, 
4096;  necnon  et  omnes  qui  inter  ipfos  inteijefbi  funt|:  quod  ad  generalem  metbodwn 
dihum  fit ; bic  enim  nulli  inter  7 et  8 interjacent,  fed  in  remotifimis  poteflatibus  qui- 
dam , quamvis  perpauci,  contingent, 

Harum  poteftatum,  ilia  quat  sequalis  erit  dato  numcro,  ft  ita  eveniat,  aut 
faltem  qua:  proxime  minor  erit  dato  numcro,  nempe  4096,  fatisfaciet  problc- 
niati.  Radix  enim  8,  unde  orta  eft,  ea  eft  qua:  quaeritur. 

Sic  ergo  Lnftiiui  poteft  et  enuntiatio  et  generalis  conftrudio. 


Invenire  numerum  qui  in  gradu  propofito  cenfitutus  maximus  ft  ejus  gradus  qui 
in  dato  numero  contineatur  ? 

Invcniantur  ex  traftatu  pracedenti  tot  numeri  continui,  quot  funt  unitates  in 
exponencc  gradus  propofiii,  quorum  produftus  fit  maximus  ejus  fpeciei  qui  in 
dato  numero  contineatur.  Et  aftumpto  produdto  tolidem  continuorum  ab  uni- 
tate, inveniacur  ejus  radix  gradus  propofiti  j ex  pifiulato  ipfa  radix  jungatur  cum 
minimo  continuorum  inventorum  unitate  minuto  : bic  erit  minimus  extremus. 

Jam  triangulus  exponents  ordinis  per  ipfum  exponentem  divifus  quemlibet 
prebeat  quotientem,  qui  cum  minimo  continuorum  inventorum  jungatur : bic 
erit  maximus  extremus, 
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Ambo  hi  extremi,  ac  numeri  inter  eos  interpofiti,  in  gradn  propofito  con- 
flitnantur. 

Harum  poteftatum,  ea  qux  dato  numero  erit  aut  xqualis  aut  proxime  minor, 
fatisfacit  problcmati ; radix  enim,  unde  orta  til,  radix  qusefita  eft. 

Horum  demonftrationem,  paratatn  quidcm,  led  prolixam  etfi  facilcm,  ac 
magis  txdiofam  quam  utilem  fupprimimus,  ad  ilia,  qua:  plus  afferunt  fruftus 
quam  laboris,  vergcntcs. 


COMBINATIONES. 

DEFINITIONES. 

COMBINATION  IS  nomen  diverse  ii  diverfis  ufurpatur  j dicam  itaque  quo 
fentu  intelligam. 

Si  exponatur  multitudo  qusevis  rerum  quarumlibet,  ex  quibus  liceat  aliquam 
multitudinem  aflumere ; verbi  gratia,  ft  ex  quaJuar  rebus  per  litteras  A,  B,  C,  D, 
expreflis,  liceat  duas  quafvis  ad  libitum  aflumere  : finguli  modi  quibus  poflunt 
eligi  du.e  differentes  ex  his  quatuor  oblatis,  vocantur  hie  combinationes. 

Expcrimeflto  igitur  patebit,  duas  pofle  affumi,  inter  quatuor , Jex  modis  ; po- 
teft  enim  aflunii  A et  B,  vcl  A et  C,  vel  A ct  JD,  vel  B et  C,  vcl  B et  D,  vel 
C et  D. 

Non  conftituo  A et  A,  inter  modos  eligendi  duas;  non  enim  effent  differ- 
entes : nec  conftituo  A et  B,  et  deinde  B et  A,  tanquam  differentes  modos  ; or- 
dine  enim  folummodo  differunt ; ad  ordimm  autem  non  attendo  ; ita  ut  uno  verbo 
dixiffe  potcrum,  combinationes  hie  conftderari  qua:  nec  mutato  ordine  pro- 
cedunt.  • • 

Similiter  experimento  patebit,  tria  inter  quatuor,  quatuor  modis  affumi  pofle, 
nernpe  ABC,  ABD,  ACD,  BCD. 

Sic  et  quatucr  in  quatuor,  uniat  modo  affumi  pofle,  nempe  A B C D. 

His  igitur  verbis  utar  : 

i in  4 combinatur  4 modis  feu  combinationibus. 
a in  4 combinatur  6 modis  feu  combinationibus. 

3 in  4 combinatur  4 modis  feu  combinationibus. 

4 in  4 combinatur  1 modo  feu  combinatione. 

Summa  autem  omnium  combinationum  qu*  fieri  poflunt  in  4 eft  15  ; furnma 
enim  combinationum  1 in  4,  et  2 in  4,  et  3 in  4,  et  4 in  4,  eft  15. 

LEMMA  PRIMUM. 

Humerus  quililtet  non  combinatur  in  minore. 

Verbi  gratia,  4 non  combinatur  in  2. 

LEMMA 
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L E M M A II. 

1 in  i cembinalur  i ccmbinationt. 

2 in  2 cembinalur  I combinations. 

3 in  3 con.binatur  i combir.alionc. 

Et  Jic  gentralitir  omnis  numeru:  Jemil  tantum  in  jquaii  combinatur. 

LEMMA  III. 

I in  i cembinalur  i coir.binatio’tc. 

i in  2 cembinalur  2 combinationibus. 

i in  3 cembinalur  3 combinationibus. 

Et  gcncraliter  unilas  in  quovis  nurncro  tones  cembinalur  quetih  ipfc  continct  uni- 
tatem. 

LEMMA  IV. 

Si  fmt  quatuer  numtri ; primus  ad  libitum-,  fecundus  uni  late  major  quam  primus ; ter  tins 
ad  libitum,  modo  non  fit  minor  Jecundo ; quartus  uni  late  major  qua  n tertius  : multi- 
tudo  combinationum  primi  in  tertio,  plus  multitudine  combinationum  fecundi  in  tertio, 
aquatur  multitudini  combinationum  Jecundi  in  quarto . 

Sint  quatuor  numeri,  ut  diftum  eft  : 

Primus  ad  libitum,  verbi  gratia  . . . . . 1. 

Secundus  imitate  major,  nempe  . . . . . . 2. 

Tertius  ad  libitum,  modo  non  fit  minor  quam  fecundus,  verbi  gratia  . 3. 

Quartus  unitatc  major  quim  tertius,  nemp£  . . . . 4. 

Dico  multitudinem  combinationum  1 in  3,  plus  multitudine  combinationum 
2 in  3,  sequari  multitudini  combinationum  2 in  4.  hod  ut  paradigmatc  fiat 
evidential : 

Aflumantur  Ires  charadleres,  nempe  B,  C,  D ; jam  vero  aflumantur  iidem  tres 
chara&eres  et  ttnus  praeterta,  A,  B,  C,  D ; deinde  aflumantur  combinationes 
unius  litterae  in  tribus , B,  C,  D,  nempe  B,  C,  D ; aflumantur  quoque  omnes 
combinationes  duarum  iitterarum  in  tribus  B,  C,  D,  nempe  BC,  BD,  CD; 
denique  aflumantur  omnes  combinationes  duarum  Iitterarum  in  quatuor  A,  B, 
C,  D,  nempe  A B,  A C,  AD,  B C,  B D,  C D. 

Dico  itaque,  tot  efle  combinationes  duarum  Iitterarum  in  quatuor  A,  B,  C,  D, 
quot  funt  duarum  in  tribus  B,  C,  D,  et  infuper  quot  unius  in  tribus  B,  CJ  D. 

Hoc  manifeftum  eft  ex  generationc  combinationum ; combinationes  enim 
duarum  in  quatuor  formantur,  partim  ex  combinationibus  duarum  in  tribus , partlm 
ex  combinationibus  unius  in  tribus  j quod  ita  evidens  fiet. 

Ex  combinationibus  duarum  in  quatuor,  nempe  A B,  AC,  AD,  BC,  BD, 
C D,  quaedam  funt  in  quibus  ipfa  littera  A ufurpatur,  ut  iftte,  A B,  AC,  AD  ; 
qutedam  quae  ipsa  A carent,  ut  iftte,  B C,  BD,  CD. 

Porro,  combinationes  illae  BC,  BD,  CD,  duarum  in  quatuor  A,  B,  C,  D, 
qus  ipfo  A carent,  conftant  ex  refiduis  tribus  B,  C,  D ; funt  ergo  combinationes 
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duarum  in  tribus  B,  C,  D ; igitur  combinaiiones  dnarm  in  trilus  B,  C,  D,  font 
quoque  combinationes  duarum  in  quatuor  A,  B,  C,  D,  nempe  ills  qu*  carent 
ipfo  A. 

Ill*  verb  combinationes  A B,  AC,  AD,  duarum  in  quatuor  A,  B,  C,  D, 
in  quibus  A ufurpatur,  fi  ipfo  A fpoliemur,  relinquent  reftduas  litteras  B,  C,  D, 
qua;  funt  ex  tribus  litteris  B,  C,  D,  funtque  combinationes  urtius  litter*  in  tribus 
B,  C,  D i igitur  combinationes  unius  litter*  in  tribus  B,  C,  D,  nempe  B,  C,  D, 
afcito  A,  cfficium  A B,  AC,  AD,  qu*  conllituunt  combinationes  duarum  lit- 
terarum  in  quatuor  A,  B,  C,  1),  in  quibus  A ufurpatur. 

Igitfir  combinationes  duarum  iitterarum  in  quatuor  A,  B,  C,  D,  formantur 
partlm  ex  combinationibus  m.ius  in  tribus  B,  C,  D,  partim  ex  combinationibus 
duarum  in  tribus  B,  C,  D ; quate  multitudo  primarum  xquatur  multitudini  reli- 
quarum.  q.  e.  d. 

Eodcm  prorsus  modo  in  reliquis  oftcndctur  excmplis ; vcrbi  gratia  : 

Tot  die  combinationes  numcri  . . . . 29  in  40. 

quot  funt  combinationes  numeri  . . . . 29  in  39. 

et  infuper  quot  funt  combinationes  numeri  . . • 28  in  39. 

Quatuor  enim  numeri  28,  29,  39,  40,  conditionein  requifitam  liabcnt. 

Sic  tot  funt  combinationes  numeri  , . . . 16  in  56. 

quot  funt  combinationes  numeri  . . . 16  in  55. 

ac  infuper  quot  funt  combinaiiones  numeri  . . . 151053. 

&c. 

LEMMA  V. 

In  omni  I'riangulo  Arithmetics)  fumma  cellularum  feriei  cujuftibel,  aquatur  multitudini 
ccmbinatiomtm  expenentis  feriei , in  exponents  trianguli. 

Sit  triangulus  quilibet,  vcrbi  gratis,  quart  us  G D A : dico  fummam  cellula- 
rum feriei  cujufvis,  vcrbi  gratia,  fecund <t  <p  + »J;  + 5,  xquari  multitudini  com- 
binationuni  numeri  a,  expenentis  fecund * feriei,  in  numero  4,  exponente  quarts 
trianguli. 

Sic  dico  fummam  cellularum  feriei,  vcrbi  gratia,  quint*  trianguli,  verbi  gra- 
tia, oflavi,  xquari  multitudini  combinationum  numeri  5 in  numero  8,  &c. 

Quamvis  infinitt  lint  hujus  propofitionis  cafus,  (funt  enim  infiniti  trianguli,) 
breviter  tamen  demonftrabo,  poiitis  duobus  aflumptis. 

Primo,  quod  ex  fe  patet,  in  primo  triangulo  earn  proportioncm  contingent : fumma 
enim  cellularum  unicx  fux  feriei,  nempe  numerus  prim*  ccllulx  G,  id  eft  uni- 
tas,  aequatur  multitudini  combinationum  exponents  feriei,  in  exponente  trian- 
guli ; hi  enim  exponentes  funt  unitates ; unitas  verb  in  unitate  unico  modo  ex 
Lemmate  2 bujus  combinatur. 

Secundb,  ft  ea  proportio  in  aliquo  triangu.'o  contingat ; id  eft,  ft  fumma  cellularum 
uniufcujufcunqtte  feriei  trianguli  cujufdam,  aquelur  multitudini  combinationum  expo- 
nents feriei  in  exponente  trianguli : dico  et  tandem  proportionem  in  triangulo  prox  'mi 
Jequenti  contingere. 

His 
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His  aflumptis,  facile  oftendetur  in  fingulis  triangulis  earn  proportioncm  con- 
tingere  ; comingit  enim  in  primo,  ex  primo  ajfumpto  j immo  et  manifefta  quoque 
ipfa  eft  in  fecundo  triangulo ; ergo  ex  fecundo  ajfumpto  ct  in  fequenti  triangulo 
comingit ; quare  et  in  fequenti,  et  in  infinitum. 

Totum  ergo  ncgotium  in  fecundi  allumpti  demonftratione  confiftit;  quod 
ita  expedietur. 

Sit  triangulus  quilibet,  verbi  gratia,  tertius , in  quo  fupponitur  haec  proportio, 
id  eft,  fummam  cellularum  feriei  primx  G + <r  + it  squat  i multitudini  com- 
binationum  mimeri  i,  exponeutis  Jeriei , in  nutnero  3,  exponente  trianguli ; fum- 
mam vero  cellularum  fecund*  feriei  $ 4-  t{/  seqnari  multitudini  combinationum 
numeri  2,  expcnentis feriei,  in  numero  3,  cxpmen'e  trianguli ; fummam  vero  cel- 
lularum terlix  feriei,  nempe  cellulam  A,  arquari  combinationibus  numeri  3,  ex- 
ponents feriei,  in  3 exponente  trianguli : dico  ct  eandem  proportioncm  contingere 
et  in  fequenti  triangulo  quarto,  id  eft,  fummam  cellularum,  verbi  gratia , fecund* 
feriei  ip  + i|/  -f-  9 xquari  multitudini  combinationum  numeri  2,  exponeutis  feriei, 
in  numero  4,  exponente  trianguli. 

Etenim  <p  4-  Jt  tequatur  multitudini  combinationum  numeri  3 in  3 ex  bypo- 
tbeft  j cellula  vero  8 squatur,  ex  generatimc  trianguli  arithmetic! , cellulis  G + a- 
4-  or  ; bae  vero  cellula;  asquantur  ex  bypotbefi  multitudini  combinationum  numeri 
1 in  3.  Ergo  celluls  <p  4-  ip  + 8 aequantur  multitudini  combinationum  nu- 
meri 2 in  3,  plus  multitudine  combinationum  numeri  1 in  3 ; hsc  autem  mul- 
titudines  xquantur,  ex  quarto  Lemmatc  bujus,  multitudini  combinationum  nu- 
meri 2 in  4.  Ergo  fumma  cellularum  <p  + J/  4-  8 sequatur  multitudini  combi- 
nationum numeri  2 in  4.  q.  e.  d. 

Idem  LEMMA  V.  problematicc-  enuntiatum. 

Dalis  duobtts  numeris  inxquahbus,  invenire  in  triangulo  arithmetico  quot  moth's 
minor  in  majore  comlinetur  ? 

Propofiti  fint  duo  numeri,  verbi  gratia,  4 et  6,  oportet  reperire  in  triangulo 
arithmetico  quot  modis  4 combinctnr  in  6. 

PRIMA  MBTHODUS. 

Surama  cellularum  quart  a feriei  fexli  trianguli,  fatisfacit,  ex  preecedente,  nemti 
cellule  D + E + F. 

Hoc  eft  numeri  1 + 4 + 10,  feu  15  : ergo  4 in  6 combinatur  15  modis. 

secunda  methodus. 

Cellula  quinta,  bafts  feptimee.  K,  fatisfacit  j iUi  numeri  5,  7,  funt  proximo  ma- 
joret  bis  4,  6. 

Etenim  ilia  cellula,  nempe  K,  feu  13,  xquatur  fumm®  cellularum  quarts  fe- 
riei fexli  trianguli  D 4-  E 4-  F,  ex  generatione. 


MONITUM. 
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M O N I T U M. 

Ill  bad  feptimd  font  fcptcm  cellulie,  nempe  V,  Q^,  K,  j,  £,  N,  £,  ex  quibus 
quinta  aft'umenda  eft.  Poteft  autem  ip  fa  duplici  modo  alfumi ; font  cnim  duae 
bafis  extremitates  V,  £ : fi  ergo  ab  extremo  V inchoavcris,  erit  V prima,  QJe- 
cunda,  K tertia,  f quarta,  £ quinta  qusefrta ; fi  verb  a £ incipias,  erit  £ prima, 
N fecunda,  % tertia,  p quarta,  K quinta  qusefita.  Sunt  igitur  du*  quse  pofliint 
dici,  quint* : fed  quoniam  ipfm  (tint  a; quo  ab  extremis  remotse,  idedque  re- 
ciprocie,  funt  ip  fa*  csedem  ; quare  indifferenter  afl’umi  alterutra  poteft,  et  ab 
altcrutra  bails  extremitate  ineboari. 

M O N I T U M. 

Jam  fads  patet,  quam  bene  conveniant  combinationes  et  triangulus  arithme- 
ticus,  et  ideb,  proportiones  inter  feries,  aut  inter  cellulas  trianguli,  obfervatas, 
ad  combinationum  rationes  protendi,  ut  in  fequentibus  videre  eft* 

PROP'OSITIO  PRIMA.. 

Duo  quilibtt  numeri  <cqui  combtnanlur  in  to  quod  amborum  aggregatum  eft. 

Sint  duo  numeri  quilibet  2,  4,  quorum  aggregatum  6 : dico  numerum  2 
toties  combinari  in  6,  quoties  ipfe  4 in  eodem  6 combinatur,  nempe  fmgulos, 
medis  15. 

Hoc  nihil  aliud  eft  qu.1m  confeftatio  4 trianguli  arithmetici,  et  poteft  hoc 
uno  verbo  demonftrari ; celluLe  cnim  recifroc * funt  exdcm.  Si  vero  ampliori 
demonftratione  egere  videatur,  hate  fatisfaciet. 

Multitudo  combinationum  numeri  2 in  6 sequatur,  ex  5 Lemmate,  feriei  fe- 
cund* trianguli  fexti,  nempe  cellulis  <p  + ^ ■+■  9 + R + S,  feu  cellulae  £ ; 
fic  multitudo  quoque  combinationum  numeri  4 in  6 sequatur,  ex  eodem,  feriei 
quart a trianguli  fexti,  nempe  cellulis  D -f  E + F,  feu  cellulie  K ; ipfa  verb  K, 
eft  rcciproca  ipfius  £,  idebque  ipfi  sequalis ; quare  et  multitudo  combinationum 
numeri  2 in  6,  sequatur  multitudini  combinationum  numeri  4 in  6.  0.  e.  d. 

COROLLARIUM. 

Ergb  omnis  nttmerus  toties  combinatur  in  frcxime  majori  quot  funt  unitales 
in  ipfo  majori. 

Vcrbi  gratis,  numcrus  6 in  7 combinatur  fepties,  et  4 in  5 quinquies,  &c. 
Anibo  enim  numeri  1,  6,  sque  combinantur  in  aggregato  eorum  7,  ex  propo- 
fttione  bde  1 ; fed  1 in  7 combinatur  fepties,  ex  Lemmate  3.  Igitur  6 in  7 com- 
binatur quoque  fepties. 


PRO- 
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PROPOSITIO  II. 

tSi  duo  numtri  combinentur  in  numero  quod  amborum  aggregatum  eft  uuitate  minute 
mult  it  udine s combinationum  erunl  inter  ft,  til  ipft  numtri  retiproce. 

Hoc  nihil  aliud  eft  quam  confsclatio  17  trianguli  arithmetici. 

Sint  duo  quilibet  numeri  3,  5,  quorum  fumma  8,  unitate  minuta,  eft  7 : dico 
•multitudinem  conibinationum  numcii  3 in  7,  efte  ad  mukitudinem  combinatio- 
num  numeri  5 in  7,  ut  5 ad  3. 

Mukitudo  cnim  combinationum  numeri  3 in  7 xquatur,  ex  5 Lemmate, 
tertise  feriei  Jeptimi  trianguli  arithmetici,  nempe  A + B -j-  C + u + £,  feu  35.* 
Mukitudo  autem  combinationum  numeri  5 in  7,  sequatur,  ex  eodem,  quints  fe- 
riei cjufdem  Jeptimi  trianguli,  nempe  H + M + K,  feu  21.  In  triangulo  au- 
tem fept'imo,  (cries  quinta et  ter  tin  funt  inter  fe  ut  3 ad  5,  ex  coufeOalionc  17  trian- 
guli arithmetici : aggregatum  enim  exponentium  lerierum  5,  3,  nempe  8,  sequatur 
exponent!  trianguli  7 unitate  audio. 

9 

PROPOSITIO  m. 

Si  numerus  combinctur,  primo  in  numero  qui  Jut  duplus  ejl,  deindi  in  ipfomet  numero 
duplo  unitate  minute , prima  combinationum  multitudo  fecund*  dupla  eric. 

Hoc  nihil  aliud  eft  quam  confedtalio  10  trianguli  arithmetici. 

Sit  numerus  quilibet  3,  cujus  duplus  6,  qui,  unitate  minutus,  eft  5 : dico 
multitudinem  combinationum  numeri  3 in  6,  duplam  effe  mukitudinis  combi- 
nationum numeri  3 in  5. 

Poflem  uno  verbo  dicere  cmnis  enim  eelltda  dividends  dupla  ejl  pr a cedent  is  tor - 
radicalis  : fxc  autem  demonftro. 

Multitudo  cnim  combinationum  numeri  3 in  6 sequatur,  ex  5 Lemmate,  cel- 
lul®  4 bafis  7,  nempe  q,  feu  zo  5 qua:  quidem  p,  medium  bafis  occupat  locum, 
quod  indi  procedit  quod  3 fit  dimidi um  6,  unde  fit  ut  4,  preximi  major  quam  3,  me- 
dium occupet  locum  in  numero  7 proximo  majori  quam  6.  Igitur  ipfa  cellula  quanta  q 
eft  in  dividente ; quare  dupla  oft  cellulsc  F,  feu  u,  ex  10  confeSIatione  trianguli 
arithmetici ; quae  quidem  u eft  quoque  quarta  cellula  bafis  fext.e ; idcoque,  ex 
Lemmate  5,  ipfa  u,  feu  F,  sequatur  multitudini  combinationum  numeri  3 in  5. 
Ergo  mukitudo  combinationum  3 in  6 dupla  eft  mukitudinis  combinationum 
3 in  5.  Qi  E.  D. 


PROPOSITIO  IV. 

Si  finl  duo  numeri  preximi,  et  alius  quilibet  in  utroque  combinetur,  multitudo  eombiux- 
tionum  qua-  Jiunt  in  majore,  erit  ad  alteram  multitudinem,  ut  major  numerus,  ad 
ipfummet  major  cm  dempto  eo  qui  ctnnl'inalus  eft. 

Sint  duo  numeri  unitate  differentes  5,  6 ; et  alius  quilibet  2 combinetur  in  <, 
et  deinde  in  6 : dico  mukitudinem  combinationum  ipfius  a in  6,  cfle  ad  mul- 
titudinem  combinationum  iplius  2 in  5,  ut  6 ad  6 — 2. 

Vot.  IV.  4B  Hoc 
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Hoc  ex  13  confeftatione  trianguli  aritlimetici  eft  manifeftum,  et  fie  often*' 
detur. 

. Multitude)  enim  combinationum  ipfius  a in  6,  xquatur  futnmte  cellularum 
feriei  a trianguli  6,  nempe  <p  + tj/  4-  9 + R + S,  ex  Lemmate  5,  hoc  eft,  cel- 
lulse  £,  feu  13.  Sed,  ex  eodem,  multitudo  combinationum  cjufdem  a in  3,  tequa- 
tur  fumma;  cellularum  feriei  2 trianguli  5,  nempe  $ + + 9 + R,  feu  cel-  ' 

lulae  u,  feu  10;  eft  autem  cellula  tad  u ut  6 ad  4,  hoc  eft,  ut  6 ad  6 — 2,  ex 
13  confedatione  trianguli  arithmcuci. 

PR  OPOSITIO  V. 

St  duo  Humeri  proximi  in  alio  q uo/ibet  combinentur,  erit  multitude)  combinationum 
minorij  ad  alteram , ut  major  numerus  combinatus  ad  mtmerum  in  quo  ambo  com - 
binati Junt  dempto  minore  numero  comlinato. 

Sint  duo  quilibet  numeri  proximi  3,  4,  et  alius  quilibet  6 : dico  multitydi- 
nem  combinationum  minoris  3.  in  6,  efie  ad  multitudincm  combinationum  ma — 
jeris  4 in  6,  ut  4 ad  6 3.. 

H*c  cum  1 1 confedauone  trianguli  arithmetici  convenit,  et  fic  oftendetur. 
Multitudo  cnim  combinationum  numeri  3 in  6 atquatur,  ex  Lenmate  3,, 
fummse  cellularum  feriei  3 trianguli  6,  nempe  A B + C -f  u,  feu  cellulae  p, 

feu  20.  Multitudo  verb  combinationum  numeri  4 in  6 zquatur,  ex  eodem, 
fummte  cellularum  feriei  4 trianguli  6,  nempe  D 4-  E + F,  feu  cellulx  K, 
feu  15 ; eft  autem  p ad  K ut  4 ad  3,  feu  ut  4 ad  6 3,  ex  conledationc  1L 

trianguli  arithmetici. 

PROFOSITIO  vr. 

Si  fint  duo  numeri  quilibet,  quorum  minor  in  majore  combinetur ; fint  autem  et  alii  duo 
bis  proximi  majerej,  quorum  miner  in  majore  qttoque  combinetur : erunt  muitttudtr.es 
combinationum  inter  fe,  ut  bi  ambo  ultimi  numeri , 

Sint  duo  quilibet  numeri  2,  4,  alii  verb  his  proximi  majores  3,  3 : dico  mul- 
titudinem  combinationum  numeri  2 in  4,  effe  ad  multitudinem  combinationum- 
numeri  3 in  5,  ut  3 ad  5. 

Confedatio  iz  trianguli  arithmetici  hanc  continet,  et  fic  demonftratur. 
Multitudo  enim  combinationum  ipfius  2 in  4 tequatur,  ex  Lemmate  3,  fum- 
mae  cellularum  feriei  2 trianguli  4,  nempe  <p  + ip  + 9,  feu  cellulte  C,  feu  6. 
Multitudo  verb  combinationum  numeri  3 in  5 aequatur,  ex  eodem,  fumm* 
cellularum  feriei  3 trianguli  3,  nempe  A + B -f-  C,  feu  cellula;  F,  feu  10 
eft  autem  C ad  F,  ut  3 ad  3,  ex  1 2 confedatione  trianguli  arithmetici. 


LEMMA 
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LEM  M A VI. 

'Summa  omnium  cellularum  bafts  trianguli  cujuflibet  arithmetics,  imitate  minuta,  aqua- 
lur  fumma  omnium  combinationum  q:  a fieri  poffu.it  in  tiumero  qtti  proximb  miner  ejl 
quam  exponent  bafts. 

Sit  triangulus  quilibet  arithmcticus,  verbi  gratia,  quir.tus  GH  fj. : dico  futn- 
mam  cellularum  lux  bafis  H + E + C + R + ju,  minus  unitate,  fnt  minus 
and  ex  extremis  H vet  p,  xquari  fummte  omnium  combinationum  qua:  fieri  pof- 
•funt  in  nuinero  4 qui  proximo  minor  eft  quam  exponens  bafis  5.  Id  eft:  dico 
fummam  cellularum  R + C 4-  E 4-  H (fupprimo  enim  extremam  J)  id  eft, 
4 4.  6 4-  4 4 I)  feu  iJj  tequari  multitudini  combinationum  numeri  1 in  4, 
nempe  4 ; plus  multitudine  combinationum  numeri  4 in  4,  nempe  6 ; plus 
multitudine  combinationum  numeri  3 in  4,  nempe  4 j plus  multitudine  com- 
binationum numeri  4 in  4,  nempe  1.  Qu.e  quidemfunt  dunes  cembinationes  qua 
fieri  pcjfunt  in  4 ; Juperiores  enim  numeri  5,  6,  7,  (ftc.  non  combinantur  in  mtmero  4 : 
major  enim  numerus  in  mittore  non  combinalur. 

Multitudo  enim  combinationum  numeri  1 in  4 xquatur,  ex  3 Lemmale,  cel- 
lule 2 bafis  3,  nempe  R,  feu  4.  Multitudo  vero  combinationum  numeri  2 
in  4 sequatur  cellule  3 bafis  5,  nempe  C,  feu  6.  Multitudo  quoque  combi- 
nationum numeri  3 in  4 sequatur  ccllulse  4 bafis  5,  nempe  E,  feu  4.  Multi- 
tudo denique  combinationum  numeri  4 in  4 sequatur  ccllulse  5 bafis  5, 
nempe  H,  feu  1.  Igitur  fumma  cellularum  bafis  quinta,  dempti  extrema,  feu 
unitate,  sequatur  fummte  omnium  combinationum  qua:  poffunt  fieri  in  4. 

* PROPOSITIO  VII. 

Summa  omnium  combinationum  qua  fieri  pcjfunt  in  numero  quolibet,  unitate  au£Ja,  eft 
numerus  progreffionis  dupla  qua  ab  unitate  fumit  exordium,  quippi  Hie  eujus  expo- 
nens eft  numerus  proximb  major  quam  datus. 

Sit  numerus  quilibet,  verbi  gratia,  4 : dico  fummam  omnium  combinatio- 
num quse  fieri  poffunt  in  4,  nempe  15,  unitate  auiflam,  nempe  16,  clfc  numc- 
rum  quintum  (nempe  proxime  roajorem  quam  quartum)  progreffionis  duplte 
quae  ab  unitate  fumit  exordium. 

Hoc  nihil  aliud  eft  quam  7 confedatio  trianguli  arithmetici,  et  fic  uno  verbo 
demonftrari  poffet,  omnis  enim  bafis  eft  numerus  progreffionis  dupla  : fic  tamen  de- 
monftro. 

Summa  enim  combinationum  omnium  qua:  fieri  poffunt  in  4,  unitate  audb, 
sequatur,  ex  Lemmate  6,  fumma:  cellularum  bafis  quinta ; ipfa  verb  bafis  eft 
quintus  numerus  progreffionis  duplse  quae  ab  unitate  fumit  exordium,  cx  7 con- 
ieftatione  trianguli  arithmetici. 
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PROPOSITIO  VII!. 

Summa  omnium  combinationum  qua  fieri  pojfunt  in  numero  quolibct,  unit  ate  auSta, , 
dupla  eji  fumma  omnium  combinationum  qua  fieri  pojfunt  in  numero  proximo  minore,, 
unitate  and  a. 

Hoc  convenit  cum  6 confc&atione  trianguli  arithmetic!,.,  nempc  omnis  bafts 
dupla  eft  pracedcntis  : fic  autcm  oflcndemus. 

Sint  duo  numeri  proximi  4,  5 : dico  fummam  combinationum  qu*  fieri 
pofl'unt  in  5,  nempc  31,  unitate  auftam,  nempc  32,  efl'e  iluplam  fumm®  coio- 
binationum  qu®  fieri  pofl'unt  in  4,  nempc  15,  unitate  au£t®,  nempc  16. 

Summa  emm  combinationum  qu®  fieri  pofl'unt  in  5,  unitate  autfla,  xquatur,. 
ex  pra.edente,  fexto  numero  progreflionis  dupla.  Sununa  verd  combinationum 
fltta  fieri  poflunt  in  4,  unitate  aucia,  *quatur,  ex  eaJem,  quinto  numero  pro- 
greffionis  dupla:.  Sextus  autcm  numcrus  progreflionis  dupla:,  duplus  eft 
proximo  praxedentis,  nempe  quint i. 

PROPOSITIO  IX. 

Summa  omnium  combinationum  qua  fieri  pojfunt  in  quevis  numero,  unitate  minuta , dupla 
eft  fumma  combinationum  qua  fieri  pcjfunt  in  numero  proximi. minors , 

Hsc  cum  pr®cedente  omnint)  convenit. 

Sint  duo  numeri  proximi  4,  5:  dico  fummam  omnium  combinationum  quae 
fieri  pofliint  in  5,  nempe  31,  unitate  minutam,  nempe  30,  efl’e  duplam  on> 
nium  combinationum  qu®  fieri  poflunt  in  4,  nempc  ij. 

Etenim  ex  praccdenle  fumma  combinationum  qua  hunt  'in  5,  unitate  aufta,. 
dupla  eft  fumm®  combinationum  qu®  fiunt  in  4,  unitate  auft® : fi  ergo  ex 
minort  fumma  auferatur  unitas,  et  ex  dupla  fumma  aufcnntur  dtt®  unitates,  ro- 
liquum  fumrax  dupla,  nempe  fumma  combinationum  qua  fiunt  in  3,  unitate  minuta, 
rcnianebit  dupla  refidui  alterius  fumm®,  nempe  fumma  combinationum  qua 
fiunt  in  4. 

PROP  O S I T I O X. 

Summa  omnium  combinationum  qua  fieri  pojfunt  in  quolibet  numero,  minuta  ipfomet 
r.umero,  aquatur  fumma  omnium  combinationum  qua  fieri  pojfunt  in  finguJis  numeris 
prcpcfito  mir.oribus. 

H®c  cum  8 confeiflatione  trianguli  nrirhmctici  concurrit,  qu®  fic  habet,  bafit 
quail  bet,  unitate  minuta,  aquatur  Jemma  omnium  pracedentium.  Sic  autem  oftendo. 

Sic  numerus  quilibet  5 : dico  fummam  omnium  combinationum  qu®  pofl'unt 
fieri  in  5,  nempe  31,  ipfo  5 minutam,  nempe  26,  xquarj  fumm®  omnium 
combinationum  qu®  pofl'unt  fieri  in  4,  nempe  15  ; plus  furruua  omnium  qu® 
pofl'unt  fieri  in  3,  nempe  7 ; plus  fumma  omnium  qu®  pofl'unt  fieri  in  2, 
nempe  3 ; plus  etl  qu®  poteft  fieri  in  1,  nempe  1,  quarum  aggregatus  eft  26. 
Etenim  proprium  numcrorum  hujus  progreflionis  dupl®  illud  eft,  ut  quilibet 

ex 
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ex  ipfis,  verbi  gratia,  ffxtus  32,  exponente  fuo  minutus,  nempe  6,  id  eft  26, 
sequctur  fummse  inferiorum  numerorum  hujus  progreflionis,  nempe  16  + 8 + 
4+2  + 1 unitate  mimirorum,  nempe  15  + 7 + 3 i 1 + o,  nempe  a6. 
Unde  facMis  eft  demonftratio  hujus  propofitionis. 

PROBLEMA  PRIMUM, 

Data  quo-vis  numero , in  venire  fummam  omnium  combinationum  qua:  in  itjo  fieri  pojptnt. 
Abfqne  triangulo  arithmetico. 

Numerus  progreflionis  duplse  qua:  ab  unitate  fumit  exordium  cujus  exponen* 
proxime  major  eft  quam  numerus  datus,  fatisfacict  problemati,  modb  unitate 
minuatur. 

Sit  r.umetus  datus,  verbi  gratia,  5 ; quteritur  fumma  omnium  combinationum 
quse  in  3 fieri  poirunt  ? 

Numerus  fextus  progreflionis  dupla:  quse  ab  unitate  incipit,  nempe  32,  uni- 
tote  minutus,  nempe  31,  fatisfacit,  ex  Lemmate  6 ; ergo  poliunt  fieri  3 1 combi- 
nations in  numero  5. 


PROBLEMA  IT. 

Dalis  duobus  numeris  inxqualibus,  invenire  quot  modis  minor  in  majore  ccmbinetur ►. 

Abfque  triangulo  arithmetico. 

Hoc  eft  propric  ultimum  problema  Traftattis  Trianguli  Arithmctici,  quod  fic 
rcfolvo. 

Produftus  numerorum  qui  prascedunt  differentiam  dattxum  unitate  atiftam,. 
dividat  produttum  totidem  numerorum  continuoruni  quorum  primus  fit  minor 
datorum  unitate  audtus  : quotiens  eft  qusfitus.  , 

Sint  dati  numeri  2,  6 : oportet  invenire  quot  modis  2 combinetur  in  6. 

Aflumatur  eorum  differentia  4,  qu*,  unitate  audta,  eft  3.  Jam  aflumantur 
omnes  numeri  qui  pra:cedunt  ipfurn  3,  nempe  1,  2,  3,  4,  quorum  produftus 
fit  24.  Aflumantur  totidem  numeri  continui  quorum  primus  fit  3,  nempe  proximi 
major  quam  2,  qui  minor  eft  ex  ambobus  dans,  nempe  3,  4,  3,  6,  quorum  produc- 
tus  360,  dividatur  per  prseccdentcm  produiftum  24:  quotiens  15  eft  numerus 
qutefitus.  Ila  ut  numerus  2 combinetur  in  numero  6 modis  13  differentibus . 

Nec  difficilis  demonftratio.  Si  enim  quaratur  in  triangulo  arithmetico  quot 
modis  2 combinetur  in  6,  aliumenda  eft  celltila  3 bids  7,  ex  Lemmate  3,  nempe 
cellula  £,  et  iplius  numerus  exponct  multitudinem  combinationum  numeri  2 
in  6.  Ut  atttem  inveniatur  numerus  cellulte  £ cujus  radix  eft  5,  ct  exponens 
fierici  3,  oportet,  ex  problemate  trianguli  arithmetic i,  ut  produtlus  numerorum  qui 
preccatunt  3,  dividat  predulium  totidem  numerorum  coniinuorum  quorum  primus  fit  3, 
et  quotiens  erit  numerus  cellule  £ : led  idem  divifor  ac  idem  dividendus  in  con- 
ftruftione  hujus  propofitus  eft ; quare  ct  eundem  quotientem  fortita  eft  divifio, 
Ergo  in  hac  conftrudionc  repertus  eft  numerus  cellula:  £ ; quare  et  exponens 
multitudinis  combinationum  numeri  2 in  6,  qux  quxrcbatur.  q.  s.  p.  e.  d;. 
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M O N I T U M. 

Hoc  problemate  tract  atom  hunc  abfolveic  conditucram  ■,  non  tamen  omnino 
fine  moledia,  cum  multa  alia  parata  habcrem  : fed  ubi  tanta  ubertas,  vi  mode- 

randa  ctl  fames.  His  ergo  pauca  hxc  fubjiciam. 

■ 

Eruditiffimus  ac  mihi  chariflimus,  D.  D.  de  Ganieres,  circa  combinationes, 
adiduo  ac  permili  labore,  more  fuo,  incumbens,  ac  indigens  facili  condrudionc 
ad  inveniendum  quoties  numerus  dams  in  alio  dato  combinemr,  hanc  ipfc  fibi 
praxim  indituit. 

Datis  numeiis,  verbi  gratia,  2,  6,  invenire ejuot  modis  2 combinemr  in  6. 

Aflumatur,  inquit,  progredio  duo-urn  terminorum  quia  minor  numerus  eft  2,  in- 
choando  a majore  6,  ac  retrogrediendo,  feu  detrahendo  unitatem  ex  unoquoque 
termino,  lioc  modo,  6,  5 5 deinde  aflumarur  altera  progredio,  inchoando  ab 
iplo  minore  2,  ac  fimiliter  retrogrediendo,  hoc  modo,  2,  1.  Multiplicentur  in- 
vicem  numeri  prim*  progredionis  6,  5;  sitque  produdus  30.  Multiplicentur 
et  numeri  fecund*  progredionis  2,  1 s sitque  produdus  z.  Dividatur  major 
produdus  per  minorem  : quotiens  ed  qu*(itus. 

Excellcntem  hanc  folutiotlem  ipfe  mihi  odendit,  ac  etiam  demondrandam 
propofuit;  ipfam  ego  fane  miratus  Turn,  fed  diihcultate  territus  vix  opus  fuf- 
cepi,  et  ipfi  authori  relinqucndum  cxidimavi  j attatr.en,  trianguli  arithmetic! 
auxilio,  fic  proclivis  fada  ed  via. 

In  3 Lemmate  hujus,  odendi  numerum  cellulse  £,  exponere  multirudinem 
combinationum  numeri  2 in  6 ; quart-  ipflus  reciproca  cellula  K eundem  nume- 
rum continebit.  Verum  cellula  ip/a  K eft  quotiens  diviftonis  in  qua  produtdus  mi- 
ner orum  1,  2,  qui  praccdunt  3 radicem  cellula  K,  dividit  produflum  lotidem  nu- 
merorum  coutinuorum  quorum  primus  ejl  5 exponent  feriei  cellula  K,  nempe  nume- 
rorum  3,  6.  Sed  illc  divifor  ac  dividendus  hint  iidem  ac  illi  qui  in  condruc- 
tione  amici  funt  propofiti  j igitur  eundem  quotientem  iortitur  divifio : qtiare 
ipfe  exponit  multimdinem  combinationum  numeri  2 in  6,  qua;  quxrebamr. 

Q.  E.  D. 

Hac  demondratione  alfecuta,  jam  reliqua,  quae  invitus  fupprimebam,  libenter 
omitto;  adeb  dulce  ed  atnicorum  memorari. 
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POTESTATUM  NUMERICARUM  SUMMA. 

M O N I T U M. 

DAT  IS,  ah  unitate,  quotcunque  numcfis  continuis,  verbi  gratii,  i,  a, 
3,  4,  invcnire  fummam  quadratorum  corum,  ncmpe  1+4  + 0+16, 
id  eft  30,  tradiderunt  vetercs ; imo  etiam  ct  fummam  cuborum  eorundem  ; ad 
reliquas  vero  poteftates  non  protraxerunt  fuas  methodos,  bis  foliimmodo  gradi- 
bus  proprias.  Hie  autem  exhibetur,  non  folum  fumma  quadratorum,  et  cubo- 
rum, fed  et  quad rato- quadratorum,  et  reliquarum  in  infinitum  poteftatum.  £t 
non  folum  a radicibus  ab  unitate  continuis,  fed  a quolibet  numero  inilium  fu- 
mentibus,  verbi  gratia,  numcrorum  8,  9,  10,  &c.  Et  non#  folum  numerorum 
qui  progreffione  naturali  procedunt,  fed  et  eorum  omnium  qui  progreflione, 
verbi  gratii,  cujtis  differentia  eft  2,  aut  3,  aut  4,  aut  alius  quilibet  numerus, 
formamur  ; ut  iftorum,  1,  3,  5,  7,  &c. ; vcl  horum,  2,  4,  6,  8,  &c.  qui  per  incre- 
mentum  binarii  augentur;  aut  horum,  1,  4,  7,  &c.  qui  per  incrcmentum  ter- 
narii  j et  fic  de  cteteris : fed,  et  quod  amplius  eft,  i quolibet  numero  exordium 
fijmat  ilia  progreffio,  five  incipiat  ab  unitate,  ut  ifti  1,  4,  7,  xo,  13,  &c.  qui 
funt  ejus  progreffionis  qus  per  incrcmentum  ternarii  procedit,  et  ab  unitate 
furait  exordium  \ftve  ab  aliquo  hujus  progreffionis  numero  incipiat,  ut  ifti,  7, 10, 
13,  16,  19;  five,  qu  d ultimum  eft,  a numero  qui  non  fit  ejus  progreffionis,  ut 
ifti  5,  8,  11,  14,  quorum  progreffio  per  ternarii  differentiam  procedit,  et  & 
numero  5,  ipfi  progreffioni  extranet,  exordium  fumit.  Et,  quod  Jani  feliciter  in- 
vent um  eft,  tarn  multos  differences  cafus,  uuica  ae  generaliftima  refolvit  metbodus ; 
aded  ftmplex,  ut  abfque  (jtterarum  auxilio,  quibus  difficiliores  egent  enuntia- 
tiones,  paucis  lineis  contineatur  : ut  ad  fincm  problematis  fequentis  patebit. 

D E F I N I T I O. 

Si  binomium,  cujits  alterum  nomen  fit  A,  alterum  vero  numerus  quilibet 
ut  3,  ncmpe  A + 3,  ad  quamlibet  conftituatur  poteftatem,  ut,  verbi  gratia,  ad 
quartum  gradum,  cujus  hsec  fit  expoficio  ... 

A4  + 12.  A*  + 54*  A*  + 108.  A + 81  : 

Ipfi  numeri  12,  54,  108,  per  quos  ipfe  A multiplicatur  in  fingulis  gradibus, 
quique  partim  ex  numcris  figuratis,  partim  ex  numero  3,  qui  binomii  eft  fe- 
cundutn  nomen,  formantur,  vocabuntur  co-efticienles  poteftatum  ipfius  A. 

Eric  ergo  in  hoc  exemplo  12  co-ejficiens  A cubi,  et  54  co-efficiens  A quadrati,  et 
108  co-tjftcicns  A radicis. 

Numerus  vero  81  numerus  abjolutus  dicetur,. 

LEMMA. 
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LEMMA. 

Sit  radix  qualibet  14;  altera  veto  fit  binomium  14  + 3,  cujus  primtim  no- 
men fit  14,  altcrum  veto  alius  quilibet  numcrus  3 ; ita  ut  harum  radicum  14,  et 
14  +-3,  differentia  fit  3.  Conftituantur  ipfa:  in  quolibet  gradu,  ut,  verbi  gratia, 
in  quarto  : ergo  quartus  gradus  radicis  14  eft  14*;  quartus  verb  gradus  binomii 
14  + 3 eft  . . 144  + iz.  14’  + 54.  14*  + jo8.  14  -f  Si. 

Cujus  quidem  binomii  jrimum  nomen  14,  eofdem  co-efficientes  fartitur  in  fingul'ts  gradi- 
bus,  quos  A Jbnitus  eft  in  fmilibus  gradibus  in  expofitione  ejufdem  gradus  binomii 
A + 3;  quod  rationi  conjcntancum  eft : harum  verb  poteftauun,  nempe,  hujus,  144, 
et  hujus,  144  + 13.  14’  + 54.  14’  •+■  108.  14  + 81, 

differentia  eft  12.  14’  •+•  54.  14*  + 108.  14  + 81  : qua:  quidem  conftat 

primo,  ex  radice  14  conftituta  in  lingulis  gradibus  propofito  gradui  quarto  infe- 
rioribus,  nempe  in  terlio,  in  fecundo,  et  in  primo,  et  in  unoquoque  multiplicity 
.per  co-efficientes  quos  A fortitur  in  fimilibus  gradibus,  in  expofitione  ejufdem 

gradus  binomii  A + 3 ; dcinde  ex  ipfo  numero  3,  qui  eft  differentia  radicum, 

qonftituto  in  propofito  quarto  gradu  ; numcrus  aim  abjilutus  Si  eft  quartos  gradus 
radicis  3.  Hinc  igitur  elicietur  Canon  ifte : 


Dttarum  ftmiUum  poteftatum  differentia,  aequatur,  differentia r radicum  conftituta  in 
eodem  gradu  in  quo  funt  potejlates  prcpc/it* ; plus  minori  radice  conftituta  in  ftngu/is 
gradibus  propofito  gradui  inferioribus  ac  in  unoquoque  multiplicatd  per  co-efficientes 
quos  A Jortiretur  in  fimilibus  gradibus,  Ji  binomium  cujus  primum  nomen  effet  A, 
allerum  veto  effet  differentia  radicum,  conftitueretur  in  ciidem  potejlatc  propfitd. 

Sic  ergo  differentia  inter  14’  et  11*,  erit  ...... 

13.  II1  + 54.  11*  -f  108.  II  +.8l. 

Differentia  enim  radicum  eft  3.  Et  fie  de  eseteris. 


Ad  fummam  poteftatum  cujuftibet  progreftionis  invcnicn- 
dam  unica  ac  generalis  methodus. 

Dalis  quotcunque  numeris,  in  qualibet  progreffioue,  & quovis  numero  iueboan/e, 
invenire  quarumvis  poteftatum  corum  fummam  ? 

Quilibet  numerus  5,  fit  initium  progreftionis  qua:  per  incrementum  cujufvB 
numeri,  verbi  gratia,  ternarii , proccdat,  et  in  eS  progreftione  daci  lint  quoilibet 
numeri,  verbi  gratiA,  ifti,  5,  8,  11,  14,  qui  omnes  in  qulcunque  poteftate  con* 
llftituantur,  ut,  verbi  gratis,  in  tertio'gradu,  feu  cubo.  Oportet  invenire  fummam 
horum  euborum,  nempe  5*  + 8*  -f  1 x*  + 144. 

Cubi  illi  funt  125  + 51a  -f  1331  + 2744,  quorum  fumma  eft  47 1 2,  qu* 
qusriiur;  et  Cc  invenitur. 

Exponatur 
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Exponatur  binomium  A + 3,  citjns  primum  noracn  fit  A,  alterum  verb  fit 
numerus  3,  qui  eft  differentia  progrefiionis. 

Conftituatur  binomium  hoc  A + 3 in  gradu  quarto,  qui  proximo  fupcrior  eft 
propofito  tertio  ; sitque  hsec  ejus  expofitio  . . . . 

A4  + J2.  A*  + 54.  A*  + 108.  A + 8t. 

Jam  affumatur  numerus  17,  qui  in  progrcffione  propofita  proximo  fequitur 
uhimum  progrefiionis  terminum  datum  14.  Et  conftituto  ipfo  17  in  eodem 
gradu  quarto,  nempe  83521,  auferamur  ab  eo,  lixc: 

Primo,  fumma  numcrorum  propofitorum  5 + 8+11  +14,  nempe  38 
multiplicata  per  numerum  108,  qui  clt  co-efficiens  ipfius  A radicis. 

Secundo,  fumma  quadratorum  corundem  numerorum  3,  8,  11,  14,  multi- 
plicata  per  numerum  54,  qui  eft  co*ctficiens  A quadrat  i. 

Et  fic  deinceps  procedendum  effet  fi  fupereffent  gradus  alii  inferiorcs  ipfi  gra- 
dui  tertio  qui  propolitus  eft. 

Deinde  aujeratur  primus  terminus  prepqfitus  5 in  quarto  gradu  eonjlitutus. 

Denique  auferatur  numerus  3,  qui  eft  differentia  progrefiionis,  in  todem  gradu 
quarto  eonjlitutus,  ac  toties  Jump t us  quot  Junt  numeri  propeftti,  nempe  quater  in 
bcc  txemplo. 

Refiduum  crit  multiplex  fumma!  qutefitte,  camque  totiis  continebit,  quotiis 
numerus  12,  qui  eft  co-efficiens  ipfius  A ctibi,  feu  A in  gradu  tertio  propofito, 
cominet  unitatem. 

Si  ergo  ad  praxim  methodus  reducarur,  numerus  17  conftituendus  eft  in  4 
gradu,  nempe  83521,  et  ab  eo  hate  auferenda  funt : 

Prim'o,  fumma  numerorum  prop'-fitorum  5 + 8 + 11  +14,  nempe  38, 
tnultiplicata  per  108,  unde  oritur  produ&us  4104. 

Deinde  fumma  quadratorum  numcrorum  propofitorum,  id  eft,  3*  + 8*  + 
11*  + 14’,  nempe  25  + 64  + I2t  + 196,  quorum  fumma  eft  406,  qu® 
multiplicata  per  34  efficit  21924. 

Deinceps  auferendus  eft  numerus  5 in  quarto  gradu,  nempe  625. 

Denique  auferend us  eft  numerus  3 in  quarto  gradu,  nempe  81,  quater  fump- 
tus,  nempe  324.  Numeri  ergo  auferendi  funt  hi,  nempe,  4104,  21924,  625, 
324  ; quorum  fumma  eft  26977,  ft11*6  cum  fueric  ablata  a numero  83521,  fu- 
pereft  56544. 

Hoc  ergo  refiduum  continebit  fummam  quajficam,  nempe  471 2,  mtiltiplica- 
tam  per  12  ; et  profe£lb  4712  per  12  multiplicata  efficit  56544. 

Paradigma  facile  eft  conftruere ; hoc  autem  fic  demonftrabitur. 

Etcnim  numerus  17  in  4 gradu  conftitutus,  qui  quidem  fic  exprimitur,  174, 
sequatur  174 — 144.  + 144 — 114.  + 114  — 84.  + 84  — 54  + 5*. 

Solus  cnim  174  fignum  affirmationis  folum  fortitur,  reliqui  autem  affirraantur 
ac  negantur. 

Sed  differentia  radicum  17,  14,  eft  3 ; eademque  eft  differentia  radicum  14, 1 r ; 
eademque  radicum  11,  8,  acetiam  radicum  8,  5.  Igitur  ex  pr*miffo  Lemmate: 

Vol.  IV.  4C  174 
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17*  — 14*  sequatur  12. 14*  -+■  54, 14*  -f  108. 14  + 8*. 
Sic  14* — 114  sequatur  12.  n*  + 54.  n*  + 108.  11  + 81. 
' Sic  11* — 8*  sequatur  iz.  8*  + 54.  8*  + 108.  8 + 81. 
.Sic  8* — 5*  sequatur  12.  5*  + 54-  5*  + 108.  5 + 81. 
••  Non  Interpreter  5*. 

Igitur  1 7*  xquatur  his  omnibus  : 

12.14*  + 54.14*  + 108.14  + 81 

+ 12.  IIs  + 54-n*  + 108.11  + 81 

+ 12.  8J  -f-  54.  8*  + 108.  8 + 81 

■+•  >2.  5*  + 54-  5*  + 108.  5 + 81 

+ 54- 

IIoc  eft  mulato  crdinc,  1 7*  sequatur  his 

5 + 8 + 11  4-  14  multiplicatis  per  108; 

+ 5*  + 8*  + 11*  + 14s  multiplicatis  per  54; 

4-  5*  4-  8*  + 11*  + 14*  multiplicatis  per  12; 

+ 81  + 81  +81  +81; 

+ 5*. 

Ablatis  utrinque  his 

5 + 8 + 11  +14  multiplicatis  per  108; 

+ 5*  + 8*  + 11*+  14*  multiplicatis  per  54; 

+ 81  +81  +81  + 81 ; 

+ 5*  • 

Remanet  174  minus  his,  nempe 

— 5 — 8 — 11  — 14  multiplicatis  per  108 ; 

— j*—  8*  — ii*  — 14*  multiplicatis  per  545 

— 81  — 81  —81  — 81  j 
— S'i 

xqualis  5'  + 8*  + n’  -f  14*  multiplicatis  per  12.  t^.  e.  d. 

Sic  ergo  poteft  inflit  in  enuntiatio  et  generalis  conftrutflio. 


SUMMA  POTESTATUM, 

Palis  quotcunque  numeris,  in  qudlibet  progrefftone,  a quovis  numero  iritium  Jumtr.tc , 
invenire  Jummam  quarumvis  potijlatum  ecrum  f 

Exponatur  binomium,  cujus  primum  nomen  fit  A,  alterum  verb  fit  numerus 
qui  differentia  progreflionis  eft ; et  conftituatur  hoc  binomium  in  gradu  qui 
proxime fuperior  eft  gradui  propofito,  et  in  expofitione  poteftatis  cjus  notentur 
co-efficicntej  quos  A fortitur  in  fingulis  gradibus. 

Conftituatur  et  in  eodem  gradu  fupericri  numerus  qui  in  eadem  progrefiione 
propofita  preximi  fequifur  uliimum  progreflionis  terminum  propofitum.  Et  ab 
to  aufcrantur  hsec ; 

PrimCf, 
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Primb,  primus  terminus  progrtjjmis  d.nus,  feu  minimus  numerus  datonim,  in 
eff^fm'fuperioii  gradu  confiitutus. 

Secundo,  numerus  qui  differentia  eft  progrcftionis,  in  ecdem  fuperiori  gradu 
con  Jit  tutus , ac  toties  Jumpltts  quot  junt  termini  dati.  * v • • 

Tertib,  aufcrantur  fmguli  numeri  dati , in  fingulis  gradibus  propijiti  gradui 
inferioribus  tcnftiluti,  at  in  unoquoque  gi  adu  muUiplicati  per  jam  notatos  coeffici*' 
cntes  qttcs  A Jortitur  in  iifdem  gradibus  in  expoftticne  bujus  fuperioris  gradiis  binomii 
prim'o  ajfumpti. 

Reliquum  ejl  miltiplex Jumma  quafita,  tamqtte  toties  continet  quotics  co-efficiens 
quern  A in  g' adu  propofito  Jortitur  tontinet  unitatem. 


M O N I T U M. 

Praxes  jam  particulates  (ibi  quifque  pro  genio  fuppeditabit : verbi  gratia,  fi 
quaeris  fummam  quotlibet  numerortim  progrcftionis  naturalis  a quolibet  incho- 
antis,  hie,  ex  methodo  general!,  clicietur  Canon  : 

In  progrejfscme  nalura/i  a quevis  numero  inehoante,  differentia  inter  quadratum  minimi 

termini  et  quadratum  numeri  qui  proxime  major  ejl  ultimo  lermino,  minuta  numero 

qui  exponit  multitud/neiv,  dupta  eft  aggregati  ex  omnibus. 

Sint  quotlibet  numeri  naturali  progreftionc  continui,  quorum  primus  fit  ad 
libitum  j verbi  gratia,  quatucr  ifti  5,  6,  7,  8 : dico  9’  — 5*  — 4 sequari  dtiplo 
5 + 6 + 7 + 8 . 

Similes  canones  et  reliquarum  poreftatum  fummis  inveniendis  et  reliquis  pro- 
greflionibus  facile  aptabuntur  ; quos  quifque  fibi  comparet. 

CONCLUSIO. 

Quantum  haec  notitia  ad  fpatiorum  curvilineorum  dimenfiones  conferat,  fatis 
norunt  qui  in  Indivifibilium  doftrina  tantifper  verfati  funt.  Omnes  enim  om- 
nium generum  Parabola:  iliico  quadrantur,  et  alia  innumera  facillime  menfu- 
rantur. 

Si  ergo  ilia,  qua:  hac  methodo  in  numcris  reperimus,  ad  quantitatem  con- 
tinuam  applicare  liber,  hi  poffunt  inftitui  canones. 


Canones  ad  naturalem  progrcjftoncm  qua  ab  unitale  fumit  exordium. 


Summa  linearum  eft  ad  quadratum  maxim®,  ut 
Summa  quadratorum  eft  ad  cubum  maxim®,  ut 
Summa  cuborum  eft  ad  4 gradum  maxim®,  ut 


. . 1 ad  2. 

. . 1 ad  3. 

. . 1 ad  4. 


4C  2 


Canon 


( '' 

\ 
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Canon  generalis  ad  progreffioncm  naturalem  quae  ab  unitate  fumit 

exordium. 

Summa  omnium  in  quolibet  gradu,  eft  ad  maximam  in  proximo  fuperiori  grain, 
ut  uttitas,  ad  cxponentem  Jupcrioris  gradus. 

Non  <le  reliquis  difieram,  quia  hie  locus  non  eft  : hsec  obiter  notavi,  reliqua 
facili  negotio  pcnctrantur,  eo  polito  principio,  in  confirm.!  quantitate,  quot  libel 
quantitates  cuju/vis  generis  quantitati  Jupcrioris  generis  adiitas , nihil  ei  Juperaddere. 
Sic  punda  lineis,  linese  fuperficiebus,  fuperficies  folidis,  nihil  adjiciunt : feu  ut 
numericis,  in  numerico  traflatu,  verbis  utar,  radices  quadratis,  quadrata  cubis, 
cubi  quadrato-quadratis,  &c.  nihil  apponunt.  Quire  inferiores  gradus,  nullius 
valoris  exiftentes,  non  confiderandi  funt.  H*c,  quae  Indivifibilium  ftudiofis 
familiaria  funt,  fubjungere  placuir,  ut  nunquam  fails  mirata  connexio,  qua  ea 
etiim  quae  remotiflima  videmur,  in  unum  addicat  unitatis  atnatrix  natura,  ex 
hoc  exemplo  prodeat,  in  quo,  quantitatis  continuee  dimenfioxcm  cum  uumericarum 
fotiftatum  fumm.i  conjundam  contemplari  licet. 


DE  NUMERIS  M U LT I PL  I C I B US 
Ex  fold  chara&erum  numericorum  additione  agnofeendis. 

M O N I T U M. 

NIHIL  tritius  eft  apud  Arichmeticos,  quam  numeros  numeri  9 multipliers, 
conftare  charadcribus,  quorum  aggregatum  eft  quoque  ipfius  9 multiplex. 
Si  enim  ipfius,  verbi  gratia,  dupli  18,  charaderes  numericos  1 + 8,  jungas, 
aggregatum  erit  9.  Ita  ut  ex  foil  additione  charaderum  numericorum  numeri 
ciijuflibet,  liccat  agnofeere,  utriim  fit  ipfius  9 multiplex  : verbi  gratia,  fi  nu- 
meri 1 7 1 9 charaderes  numericos  jungas  1 4-  7 + 1 + 9,  aggregatum  18  eft 
ipfius  9 multiplex;  unde  ccrtd  colligitur,  et  ipfum  1719  ejufdem  9 effe  multi- 
plicem.  Vulgata  fane  ilia  obfervatio  eft;  verum  ejus  demonftratio  a nemine, 
quod  feiam,  data  eft,  nec  ipfa  notio  ulterius  proveda.  In  hoc  autem  Tradatulo 
non  fol&m  iftius,  fed  et  variarum  aliarum  obfervationum  generaliflimam  demon- 
ftrationem  dedi,  ac  roethodum  univerfaletn  agnoiccndi  ex  foil  additione  cha- 
raderum numericorum  propofiti  cujufvis  numeri,  utrum  ille  fit  alterius  propofiti 
numeri  multiplex  ; et  non  folum  in  progreffione  denarii,  qua  numeratio  noftra 
procedit  (denaria  enim  ex  inftituto  hominum,  non  ex  necefiitate  naturte,  ut  vul- 
gus  arbitrator,  et  fane  fatis  inepte,  pofita  eft ;)  fed  in  quacunque  progreffione 
inftituatur  numeratio,  non  fallct  hie  tradita  methodus,  ut  in  paucis  mox  vide- 
bitur  paginis. 

PRO- 
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PROPOSITIO  UNICA. 

Agno/cere  ex  fold  additme  cbaralferum  dati  cujuflibet  numeri,  an  ip/e  fit  alterius 
dati  numeri  multiplex  ? 

Ut  hsec  fohitio  fiat  gencralis,  1 itccris  utemur  vice  numerorum.  Sit  ergo  di- 
vifor,  niimerus  quilibct  cxpreflus  per  litteram  A j dividendus  autem,  numerus 
cxpreflus  per  liueras  TV  N M,  quarum  ultima  M exprimit  numerum  quetn- 
libct  in  unitatum  columna  collocatum  ; N vero,  numerum  quemlibet  in  de- 
narionim  columna ; V numerum  quemlibet  in  columna  centenariorum  ; T au- 
tem numerum  quemlibet  in  columna  inillenariorum,  et  fic  deinceps  in  infini- 
tum : ita  ut,  fi  litteras  in  numeros  convertere  velis,  alTumerc  poffis  loco  ipfius 
M quemlibet  ex  novem  primis  charafteribus,  vcrbi  gratia,  4 ; loco  N quemlibec 
numerum,  ut  3 } loco  V quemlibet  numerum,  ut  5 ; et  loco  T,  quemlibet  nu- 
merum, ut  6 ; et  collocando  fingulos  illos  charafteres  numericos  in  propria 
columna,  prout  collocatas  funt  litters  qua:  illos  exprimunt,  proveniet  hie  nu- 
merus 6534,  divifor  autem  A eric  numerus  quilibet,  ut  7.  Miffis  autem  pe- 
culiaribus  his  exemplis  generali  ifti  enunciatione  omnia  ampleftimur. 

Dato  quocumque  dividendo  T V N M,  et  quocumque  divifore  A,  agnofcerc 
ex  foli  additione  chara&erura  numericorum  T V N M,  utrum  ipfe  numerus 
T V N M exafte  dividatur  per  ipfum  numerum  A ? 

Ponantgr  feorstm  numeri  ferie  naturali  continui  1,  2,  3,  4,  5,  6,  7,  8,  9, 

10,  11,  et  cseteri ; A dextra  ad  finiflram,  fic  ... 

&c.  10  987654321 
& c.  K I H G FEDC  B 1. 

Jam  ipfi  primo  numero  1,  fubferibatur  unitas. 

Ex  ipfa  unitate  deals  fumpti,  feu  ex  10  auferatur  A quoties  fieri  poterit,  et 
fuperfit  B ; qui  fub  2 fubferibatur. 

Ex  B deals  fumpto  feu  ex  10  B,  auferatur  A quoties  poterit,  et  fuperfit  C; 
qui  ipfi  3 fubferibatur. 

Ex  10  C,  auferatur  A quoties  poterit,  et  fuperfit  D j qui  ipfi  4 fubferibatur. 

Ex  to  D,  auferatur  A,  &c.  in  continuum. 

Nunc  fumatur  ultimus  charaftcr  divldendi  M,  (qui  quidem  et  primus  eft  & J*  . 
dextra  ad  finiftram,)  feribaturque  feorsim  feme! ; primo  cnim  numero  1 fubjaect  y 1“  ® 
unitat.  t in  V 

Jam  fumatur  fecundus  character  N,  et  totics  repetatur  quot  funt  imitates 
in  B,  qui Jeeundo  numero /ubjaeet,  hoc  eft,  multiplicetur  N per  B ; et  fub  M po- 
natur  product  us. 

Jam  fumatur  tertius  charafter  V,  et  totics  repetatur  quot  funt  unitates  in  C, 
qui  tertio  numero  Jubjacet,  feu  multiplicetur  V per  C ; et  p rod  u ft  us  fub  primis 
ponatur. 

Sic  denique  multiplicetur  quartus  T per  D,  et  fub  aliis  feribatur.  Et  fic  in 
infinitum. 

Dico,  prout  fumma  horum  numerorum  M + N inB+VinC  + T in  D, 
eft  ipfius  A multiplex  aut  non,  et  quoque  ipfum  numertim  T V N M efle  ejuf- 
dem  multiplicem,  vel  non. 

Etcninx 
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Etenim  fi  propofitus  dividendus  stratum  habcret  charaflerem  M,  fane  profit 
ipfc  efl’et  muliiplex  ipfius  A,  numcrus  quoque  M efi'et  ejufdcm  A multiplex, 
ciuu  lie  ipfc  numcrus  totus. 

Si  verb  conftet  duo! us  charaflcribus  N M : dico  quoque,  prout  M + N in  B, 
eft  multiplex  A,  et  ipfum  nti.uerum  N M ejufdem  multipliccm  eft'e. 

Etenim  charaflcr  N in  columr.a  denarii,  squatur  10N. 

Veium,  ex  conftruflione,  eft  . . . ro  — B multiplex  A. 

Quare,  ducendo  10  — B in  N,  eft  . 10N  — B in  N multiplex  A. 

Si  ergo  contingit  et  efle  . . M + B in  N multiplicem  A. 

Ergdambo  ultimi  multiplices  junfli  . 10N  -+■  M erunt  mult.  A. 

Id  eft,  N in  columns  denarii  et  M in  columns 

unitatis,  feu  numcrus  . . . . N M eft  multiplex  A. 

Q.  E.  D. 

Si  numerus  dividendus  conftet  tribus  charaflcribus  VNM:  dico  quoque 
iplum  efle  aut  non  die  multipliccm  A,  prout  M + N in  B ■+•  V in  C,  erit  ip- 
lius  A multiplex,  vel  non. 

Etenim  charaflcr  V,  in  columns  ccntcnarii,  ajquatur  100V. 

At  ex  conftruflione  eft  . . . . 1 o — B,  multiplex  A. 

Quare,  multiplicando  io  — B per  to,  erit  . too — toB,  multiplex  A. 
Et,  duccndo  ipfos  in  V,  erit  , 100V  — 10B  in  V,  multiplex  A. 

Sed  eft  ctiam,  ex  conftrufliopc,  . . 10B — C,  multiplex  A. 

Quare,  ducendo  in  V,  erit  . toB  in  V — C in  V,  multiplex  A. 

Sed  ex  ofteniis  . . . 100V  — toB  in  V,  multiplex  A. 

Ergo  junfli  duo  ultimi  ' . . 100V  — C in  V,  multiplex  A. 

Jam  verb  oftendemus,  ut  in  fecundo  cafu,  . soN  — B in  N,  multiplex  A. 
Ergo  junfli  duo  ultimi,  100V  -f  toN  — C in  V — B in  N,  multiplex  A. 
Ergo  fi  contingat  hos  numeros  C in  V -f  B in  N -f  M,  effc  multiplex  A. 
ambo  ultimi  junfli,  nempe  . tooV  + 10N  + M,  eft  multiplex  A. 

Seu  V in  columns  ccntcnarii,  et  N in  columns  denarii,  et  M in  column! 
unitatis,  hoc  eft,  numerus  V N M,  eft  multiplex  A.  9.  e.  d. 

Non  fecus  dcraonftrabitur  de  numcris  ex  pluribus  charafteribus  coinpcfuis. 
Quare  prout,  &c.  e.  d. 

Exitnplis  gaudtamus. 

Qutero,  qui  fine  numeri  multiplices  numeri  7 ? Scriptis  continuis  1,  a,  3, 
4,  5,  &c.  fubferibo  t fub  1 

10  987654311 

6231546231 

Ex  unitate  decies  fumpta,  feu  ex  10,  aufero  7 quoties  poteft;  fupereft  3 ; 
quern  pono  fub  a. 

Ex  3 decies  fumpto,  feu  ex  30,  aufero  7 quoties  poteft ; fupereft  a j queqa 
pono  iub  3. 

Ex 
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Ex  20  aufcro  7 quoties  poteft  s fupereft  6 ; ct  pono  fub  4. 

Ex  60  aufero  7 quoties  poteft  j fupereft  4 ; et  pono  fub  5. 

Ex  40  aufero  7 quoties  poteft  ; fupereft  5 ; et  pono  fub  6. 

Ex  50  aufero  7 quoties  poteft  ; fupereft  1 ; ct  pono  fub  7. 

Ex  to  aufero  7 quoties  poteft  j et  redit  3 ; et  pono  fub  8. 

Ex  30  aufero  7 quoties  poteft  ; ct  redit  2 •,  et  pono  fub  9. 

Et  fic  redit  feries  numerorum  1,  3,  2,  6,  4,  5,  in  infinitum. 

, Jam  proponalur  nutrients  quilibet  287,542,178,  de  quo  quaeritur  utrum 
exade  dividatur  per  7 ; hoc  fic  agnofeetur. 

Sumatur  /emit  ejus  charader  qui  primus  eft  a dextra  ad  finiftram, 
nempe  8 ; primo  enim  numero  Jcrici  continue  fiibjacet  unitas  : quare  ponatur 


lie  8,  primus  charader  fem'tl  .....  8. 

Secundus,  qui  eft  7,  lir  fumatur,  feu  per  3 multiplicetur  t fecundo  enim 
numero  Jcrici  fubjaccl  3 ; sicque  produdus  . . . . 31. 

Tertius  bh  fumatur  ; Jubjacet  enim  2 ipfi  3:  quare  terti  charader  qui 
eft  1,  per  2 multiplicatus,  fit  . . . . . . 2. 

Quartus  eadem  ratione  per  6 multiplicatus  . . . 12. 

Quintus  per  4 multiplicatus  . . . . . 16. 

Sextus  per  5 multiplicatus  . . : . . 25. 

Septimus  femel,  /eptimo  enim  Jubjacct  1,  ....  7. 

Odavus  ter  fumptus  24. 

Nonus  bis  fumptus  ......  4. 


Et  fic  tfcinceps,  fi  alii  qumeri  fupereilent.  Jungantur  hi  numeri  . 119. 

Si  ipfe  aggregatus  119  eft  multiplex  ipfius  7,  numerus  quoque  propofitus 
287,542,178  ejufdcm  7 multiplex  erit. 

Poteft  autem  dignofei  eadem  methodo,  utrum  ipfe  119  fit  multiplex  7,  fei- 
licet,  fumendo  femel  primum  charaderem  ....  9 

fecundum  charaderem  ter  . . . 3 

et  prseccdentcm  bis  ......  r 

» + 

Si  enim  fumma  14  eft  multiplex  7,  erit  et  1 19  ejufdem  multiplex. 

Sed  et,  fi,  curiofitate  potius  quim  neceffitate  moti,  velimus  agnofeere  utrum  14 
fit  multiplex  7,  fumatur  charader  ulrimus  femel  . . .4 

et  prsecedens  ter  ....*.  . j 

Si  fumma  eft  multiplex  ipfius  7,  erit  et  14  multiplex  7 : quare  et  14,  et  119, 
et  287,542,178  funt  multiplices  ipfius  7. 

Vis  agnofeere  quinam  numeri  dividantur  per  6 ? Scriptis,  ut  fsepius  didum, 
eft,  numeris  naturalibus  1,  2,  3,  4,  5,  he.,  et  1 fub  1 pofito 
he.  4321 
&c.  4441 

, Ex 
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Ex  10  aufer  6 ; reliquum  4 fub  2 ponito. 

Ex  40  aufer  6 ; reliquum  4 fub  3 ponito. 

Ex  40  aufer  6 ; reliquum  4 fub  4 ponito. 

Et  fie  Temper  redibit  4 ; quod  agnofei  potuit  ubi  feme!  rediit. 

Ergo,  ft  proponatur  numerus  quilibet,  de  quo  quterebatur  utrum  fit  dividen- 


ds per  6,  ncmp3  248,742  ? fume  ukimam  ejus  figuram  fcmel  . z 

prxeedentem  quater  . .....  16 

praecedentcm  quater,  See.  . . . . . .28 

et  uno  verbo,  primam  fcmel,  reliquarum  verd  . . 32 

fuqjmani  quater  . . . . . . .16 

8 


10a 

Si  furama  102  dividatur  per  6,  dividetur  et  ipfe  numenis  propofitus  248,742 
per  eumdem  6. 

Vis  agnofeere  utrum  numerus  dividatur  per  3 ? Scriptis  ut  prius  numeris 
naturalibus,  et  1 fub  1 pofito  . . . . « 

5 4 3 2 1 
1 t 1 1 1 

Ex  10  aufer  3,  quoties  poteft  ; reliquum  1 fub  2 ponito. 

Ex  10  aufer  3,  quoties  poteft ; reliquum  1 fub  3 ponito  i et  Cc  in  infinitum. 

Ergo  fi  proponatur  numerus  quilibet  2431,  ut  feias  utrum  dividatur  per  3, 
fume  fcmel  ultimam  figuram  . . . . ..  1 

prafcedentetn  fcmel  ......  5 

ct  fcmel  lingulas  . . . . « . . 4 

z 

12 

Si  fumma  dividatur  per  3,  dividetur  et  numerus  propofitus  per  3. 

Vis  agnofeere  utrum  numerus  dividatur  per  9 ? Scriptis  numeris  1,  2,  3,  See., 
et  1 fub  1 pofito. 

Ex  10  aufer  9,  et  quoniam  fupereft  1,  patet  unitatem  contingere  fingulis  nu- 
tneris.  Ergo,  fi  numeri  propofiti  finguli  charafleres  fimul  fumpti  dividantur 
per  9,  dividetur  et  ipfe. 

Vis  agnofeere  utrfim  numerus  dividatur  per  4 ? Scriptis  numeris  naturalibus, 
ut  mos  eft,  et  pofito  1 fub  1 ....  . • 

4 3 2 1 

0021 

Ex  10  aufer  4 quantum  poteft  •,  reliquum  2 pone  fub  2. 

Ex  20  aufer  4 quantum  poteft  ; reliquum  o pone  fub  3. 

Ex  00  aufer  4 j fupereft  Temper  o. 

Quare  fi  proponatur  numerus  dividends  2486,  pono  ultimum  chara&eretn 
femel  . . . . . • . • 6 

praeceden tem  bis ; Jubjattt  tnim  2 fub  a . ; . .16 

22 

Prxcedens 
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Prxeedens  per  o mnltiplicatus  facit  zero,  ct  fie  de  reliquis ; qtiare  ad  ipfos  non 
nttendito : et  fi  fumnia  priorum,  nempe  22,  per  4 dividatur,  dividetur  et  ipfe; 
fetus  auicin,  non. 

Sic  ntimeri  quorum  ultimus  chara«5ler  femel,  prxeedens  his,  prxeedens  quater, 
(reliquis  negleflis  ; zero  evim  Jortiuntur : ) fimul  juncli  numerum  cfficiunc  inulti- 
plictm  numeri  8,  font  ipfi  et  cjufdem  8 multiplies;  (’ecus  autem,  non. 

In  exemplum  autem  dabimus  et  illud. 

Agnofccrc  qui  numeri  dividantur  per  16  ? Scriptis,  ut  diiftum  eft,  numeri* 
naturalibus  1,  2,  3,  4,  5,  6,  7,  &c.,  et  1 fub  1 pofito 

7 6 5 4 3 2 1 

0008  4 10  1 

Ex  10  aufer  16  quantum  poteft,  fupeieft  ipfe  to.  Ex  mittore  oiim  numcro  major 
numerus  fubtrabi  non  poteji ; quart  ip  feme!  numerus  1 o ponalur  fub  2. 

Ex  ipfo  10  dccics  furnpto,  ut  mos  eft,  feu  ex  too,  aufero  16  quantum  poteft  , 
fupereft  4,  quern  pono  fub  3. 

Ex  40  autero  16  quantum  poteft  ; reliquum  8 pono  fub  4. 

Ex  80  aufero  16  quantum  poteft  ; fupereft  o. 

Ideb  omnis  numerus  ctijus  ultimus  charafter  femel  fumptus,  penultimus  de- 
cies,  prxeedens  quater,  et  prxeedens  odies,  elficiunt  numerum  mulciplicem  t6, 
erit  et  ipfe  ipfius  t6  multiplex. 

Sic  reperies  omnes  numeros,  quorum  penultimus  charafter  decics,  reliqui 
autem  omnes,  fcilicet,  ulrinfus,  antc-penultimus,  prxante-penultimus,  et  reli- 
qui femel  fumpti,  efftciunt  numerum  divifibilem  per  45,  vel  18,  vel  13,  vel  30, 
vel  90,  et  uno  verbo  omnes  uivifores  numeri  90,  duobus  conftantes  charaderi- 
bus,  dividi  quoque  ct  ipfos  per  hos  divifores. 

Non  difficilis  eft  indc  ad  alia  progreflus  ; fed  intentatam  hue  ufque  materiam 
aperuifle,  et  fatts  obfeuram  lucidiftima  demonftratione  illuftravifle,  fufficir.  Ars 
etenim  ilia,  qua,  ex  additione  charadlerum  numeri,  nofeitur  per  quos  fit  divifi- 
bilis,  ex  ima  numerorum  natura,  et  ex  eorum  denarii  progrellione  vim  fuam 
forritur  : fi  cnim  aha  progrelfionc  procederent,  verbi  gratia,  d uodenaria  (quod 
lane  gratum  foret)  et  fic  ultra  primas  novem  figuras,  alix  dux  inftitutx  client, 
quarum  altera  denarium,  altera  undenarium  exhiberct  j tunc  non  amplius  con- 
tingeret,  numeros  quorum  omnes  charadteres  fimul  fumpti  efficiunt  numerum 
multiplicem  numeri  9,  tfle  et  ipfos  ejufdem  9 multiplices. 

Sed  methodus  noftra,  necnon  et  demonftratio,  et  liuic  progreflioni,  et  omni- 
bus poflibilibus  convenit. 

Si  enim  in  hac  duodenaria  progrelfionc,  proponitur  agnofeere  an  numerus 
dividatur  per  9. 

Inftituemus,  ut  antea,  numeros  naturali  ferie  continuos  1,  2,  3,  4,  5,  &c.f 
et  1 fub  1 pofito 

4 3 2 1 
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Ex  imitate  jam  duodccies  fumptfi  feu  ex  io,  (qui  jam  potefl  dutdecim,  non 
autem  d eem)  auferendo  9 quantum  potefl,  fuperefi  3,  quern  pono  fub  2. 

F.x  30  fqwi  jam  potefl  iriginlafex,  fcilicet  ter  ducdecim)  aufer  9 quantum  po- 
tefl ; et  fuperefi  nihil : continetur  enim  9 quatcr  exadli  in  iriginta  fix  : pono 
igitur  o fub  3. 

Et  iiico,  zero  fub  reliquis  charatfleribus  continget. 

Unde  colligo,  omnes  numeros,  quorum  ultimus  charadler  femel  fumptus, 
penultimus  veto  ter  ( de  neteris  non  euro  quotes  finl ; zero  enim  Jortiuntur : ) efficiunt 
nnraerum  divifibilem  | er  9,  dividi  quoque  per  9,  in  duodenaria  progrefTione. 

Sic  in  hac  progreffione  duodenaria  omnes  numcri  quorum  finguli  charadteres 
fimul  futnpti  efficiunt  numerum  divifibilem  per  11,  funt  et  divilibiles  per 
eundem. 

In  nofbli  verb  progreflione  denaria,  contingit  omnes  numeros  divifibiles 
per  11,  ita  Wiabere,  ut  ultimus  femel  fumptus,  penultimus  decies,  pntcedens 
femel,  priecedens  decies,  pricedens  feme!,  praeccdens  decies,  et  fic  in  infini- 
tum, conflare  numerum  multiplicem  11. 

Hate  et  alia  facili  (ludio,  ex  ifla  methodo  quifque  colliget.  Nos  hie  ea  levi- 
ter  quidem  tetigimus,  quoniam  nova  et  intentata  pl.t  cere  folent ; nunc  verb  re- 
linquimus,  nc  nimia  perferutatio  t*dium  patiat. 


Fin  de  0. tv  rages  Aritbmeiiques  de  Monjiewr  Blaise  Pascal. 


An 
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Jin  Appendix  to  the  Traci  on  The  Summation  of  Infinite  Sk- 
RIEses  contained  in  the  Third  Volume  of  this  Collection  of  Tracis , 
called  Scriptores  Logarithmici,  pages  255,  256,  257,  EV  - - - 
312,  in  which  an  Invef  igation  is  given  of  the  Differential  Series 

b c dV  1? ‘-t1  n"  '.v * ■»**  n'  i 6 [>**,  j 

1 + x • +■*'*  I + aY  i + xl4  i + A1  i + r\*  i -j- 
— l£c  ad  infinitum. 


Art.  i.  TN  the  Trail  immediately  proceeding  the  Trail  here  referred-to  it' was 
X Ihewn,  that,  if  a-  was  a quantity  either  equal  to  i,  or  very  !i  tie  lefs 
than  i,  (o  that  its  powers  i,  x,  x',  a1,  a«,  x',  x*,  x',  &c  were  either  all  equal 
to  each  other,  and  confeqt  ently  to  the  firfl  term  I,  or  decreafed  very  flowly, 

(as  is  the  cafe  when  x is  equal  to  ~ or  to  ~L,) ; — and  if  a,  b,  c,  d,  e,  f,  g,  b. 

Sic  ad  if  nit  uni,  were  a ft  of  numbers  that  formed  a decreafing  progreflion, 
(every  one  of  them  being  lels  than  that  which  immediately  proceeded  it,)  but 
decreafed  at  a very  flow  rate  (as  is  the  calc  with  the  fradtionil  numbers 

li’  IT’  IT’  lV’  lV’  IT’  &c  ai  •nfi’dtum  i)  and  thefe  numbers 

were  multiplied  into  the  feveral  correfponding  terms  i,  x,  a%  ,r’,  a4,  a\  a*,  a’, 
&c,  of  the  former  feries,  fo  as  to  form  a third  feries  a,  bx,  ex',  dd,  ex4, 
fx',  ja‘,  bx',  & c ai  infinitum,  of  quantities  that  would  likewife  dccreafe  very 

flowly,  (as,  for  example,  the  feries  — , — x — , — x — 1 , — x — 1 ’ 
X « “>  35  io|’  36  *°1  ’ 

1 


*7 


X "ro|  ’ IT  X "rol  ’ ^ x 751  ’ W X ■SI’*  &C>)  ; and  in  lhh  t!lird  fc- 

ries  the  third  and  fifth  and  feventh  and  ninth  terms,  and  all  the  following  odd 
terms,  have  the  fign  + prefixed  to  them,  or  are  to  be  added  to  the  firft  term  a, 
and  the  fecond  and  fourth  and  fixth  and  eighth  and  tenth  terms,  and  .all  t!ie 
following  even  terms,  have  the  fign  — prefixed  to  them,  or  arc  to  be  fubt railed 
from  the  terms  immediately  proceeding  them,  or  from  the  firft  term  a,  fo  iliac 
the  fiid  third  feries  is  a — bx  + ex'  — dx'  + ex*  — fix*  4-  |a-4  — bx'  4-  &c 
ad  infinitum ; — and,  if  the  numbers  a,  b,  c,  d,  e,  f,  g,  h,  &c  not  only  form  a • 
decreafing  progrefiion  tliemfelves,  but  decreafe  in  fuch  a manner  that  their  dif- 
ferences, beginning,  from  the  fecond  number  b,  to  wit,  the  quantities  b — c, 
c — d,  d — t,  e — f,  f — g,  g — b.  See  lhall  alfo  form  a decreafing  progref- 
fion  j and  that  the  differences  of  thefe  differences,  or  the  quantities  b — c 
- (f  - d,  c - d - [7-  e,  d - e - [*-/,  e -f  -( f - g,  f-g  -(g-~b, 

&c, 
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he,  or  b — if  + d,  e — id  4-  e,  d — le  4-  /,  e — if  4-  g,  f — zg  + b, 
he , or  i he  fecoml  difieren-'c-s  of  the  original  ntimhers  l,  c,  d,  e,  f,  g,  b,  he, 
lhall  al.o  form  a decreafing  progrcllion  ; and  that  the  ditfercnces  of  theic  fccond 

differences,  or  the  quantities  b — 2f  4-  d — \e  — 2 d + e,  c — 2 d + e 

— '.1  — zc  -I-  /,  d — zc  + / - r — 2/  +Y>  ' — */  + £-  f—  ig  -t  b,  he, 
,,r  b — 31-  + 3 d — e,  f — 3<f  4-  3*  - /,  </  — 3 e i zf  — g,  e — 3f  + *g  — h, 
he,  or  the  thud  differences  of  the  original  numbers  b,  c,  d,  e,  f , g , he, 

fltall  alio  form  a decreafing  progreffion  ; and  that  the  fourth,  and  fifth,  and  fixth, 
and  every  following,  let  of  differences  of  the  fame  original  numbers  b,  c,  d,  e, 
f,  £>  b,  he,  lhall  alfo  form  decreafing  progreffions  ; — and,  if  the  fitft  differ- 
ence, b — c,  of  the  firft  order  be  called  o’,  and  the  firft  difference,  b — zc  + d, 
of  the  fecond  order  be  called  d",  and  the  firft  difference,  b — + 3d  — e, 

of  the  third  order  be  called  d’",  and  the  firft  difference  of  the  fourth  order  be 
called  d'*,  and  the  firft  differences  of  the  fifth,  fixth,  feventh,  eighth,  and  other 
following  orders  be  called  i>»,  o’1,  dt“,  dt“‘,  &c ; — I fay,  it  was  (hewn  in  the 
faid  Trad  prececding  the  Track  here  referred-to,  that,  when  all  thefe  circumftances 
concurred,  the  infinite  leries  a — bx  + ex'  — dx * 4-  ex*  — fid  + gx*  — bx ’ 


bx 

4-  he  ad  infinitum,  would  be  equal  to  the  infinite  feries  a — — — ■ 


n .v*  n"  x’  n 1)  x n"x’  a , . . , . , 

— .■  -t— ^r-, — — =r  — he  a J infinitum,  which 

converges  with  a very  confiderable  degree  of  fwiftnefs.  And  many  curious 
examples  are  given  in  that  T rad,  of  the  great  ufefulncfs  of  this  latter  feries  (which, 
from  its  involving  in  its  terms  the  feveral  differences,  d“,  d"\  d't,  ot,  d»', 
he,  of  the  co-cfficiems  b,  c,  d,  e,  f,  g,  b,  he  ot  the  feveral  powers  of  x in 
the  original  feries  a — bx  + ex*  — dx * 4-  ex*  — fix'  -f-  gx6  — bx'  4-  he,  is 
called  The  Differential  Series,)  in  finding  the  value  of  the  original  feries  a — bx 
4-  ex'  — dx'  4-  ex*  — fix'  4-  gx‘  — bx7  4-  he  ad  infinitum,  when  its  terms  de- 
treafe  with  fuch  exceflive  flownefs  as  to  make  it  incapable  of  being  fiimmed  in 
the  common  way,  or  by  the  mere  computation  of  a moderate  number  of  its 
firft  terms,  and  a fubtradion  of  the  fum  of  thofe  which  are  marked  with  the 
fign — from  the  fum  of  thofe  which  are  market!  with  the  fign  4-.  But  the 
method  of  invelligating  this  Differential  Series  was  but  flightly  totiched-upon 
in  that  paper,  to  avoid  making  it  too  long.  This  omiffion,  however,  I after- 
wards came  to  think  was  a defed  of  fiifticient  importance  to  deferve  to  be  Top- 
plied  in  the  befl  manner  I was  able.  For  a learned  and  intelligent  friend  of 
mine,  who  had  a very  clear  head  and  a good  capacity  and  turn  for  mathematical 
inquiries,  the  late  Henry  Boult  Cay,  Efq.  a Barrifter  at  Law  of  the  Society  of 
the  Middle  Temple,  (who  was  afterwards  made  Sollicitor  to  the  Excifc  in  the 
year  1783,)  upon  reacting  that  Trad,  though  he  was  greatly  pleafed  with  the 
Differential  Series  deferibed  in  it,  on  account  of  its  great  utility  in  finding  the 
value  of  a flowly. converging  Series,  yet  complained  at  the  fame  time  that  the 
manner  of  obtaining  it  had  not  been  therein  fufficienily  explained  for  him  to 
underftand  it  thoroughly.  This  made  me  refolve  to  give  a further  explanation 
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of  it  in  as  full  and  clear  a manner  as  I could,  an  J was  the  occafion  of  my  draw- 
ing-up the  fecond  Trad  upon  that  Series,  which  is  imiticd  The  hveft\sa‘un  of 
the  fortgi.g  Differential  Series,  and  is  contained  in  pages  455,  256,  257,  &c 
- - - 312  ot  the  Third  Volume  of  this  Collodion,  in  which  the  fubjed  is 

treated  with  great  care  and  exadnefs.  In  this  Second  Trad  I have,  fi-ft,  given 
a very  full  defeription  and  demonllration  of  the  principles  by  means  of  which  I 
had  invefligated  the  laid  Differential  Series,  which  are  fet  forth  in  four  Lemmas, 
or  preliminary  Propofitions  to  the  Inveftigaiion  itfelf  of  the  faid  Series  ; and  I 
have  then  exhibited  the  faid  Invcftigition  in  a very  diflind  and  particular  man- 
ner, fo  far  as  to  determine  the  firft  five  terms  of  the  faid  Differential  Series, 


which  arc  found  to  be  <j 


lx 

1 + -V 


I + *> 


D**x* 


— of  which 

1 + *V 


«,  - ■ - J T *1  t + -»V 

all  but  the  firft  term  a have  the  fign  — prefixed  to  them,  or  are  fubtraded  from 
the  faid  firft  term  a.  And  I added  (in  art.  46,  page  482,)  that  I had,  for 
my  own  fatisfadion,  inveftigated  in  the  fame  manner  the  fixth,  feventh,  and 
eighth  terms  of  the  fame  Differential  Series,  and  found  them  to  be  equal  to 

. ___ 

i>  — V + 6i  — 4*  +/JX  ===y.  and  b — 5c  + iod— loe  + ff—g)X 

- — ^ x1  D**1* 

and  b 


— 6f  + 15 d — 4oe  +"  1 5/—  6g  + x or  t0  fp 


+ »V 


and  r , and  that  they  alfo,  as  well  as  the  four  preceeding  terms,  were  to 
* + * 1 

be  fubtraded  from  tite  firft  term  a,  and  confequently  to  have  the  fign  — pre- 
fixed to  them.  And  I then  obferved  that  it  l'ecmed  rcafonabte  to  conjedure, 
from  the  analogy  of  tliofe  fcveral  terms  to  each  other,  that  the  fame  law  of  con- 
tinuation would  take  place  in  the  following  terms  of  the  Series,  after  the  eighth 

term,  and  thit  thefe  would  confequently  be  . . . ■■■  — } 

^ ’ » + **  r+r>»  1 + »>•  rr^1' 

and  — See,  and  would  all  have  the  fign  — prefixed  to  them,  or  be  fiub- 


traded  from  the  firft  term  a,  like  the  other  feven  terms,  immediately  following 
the  fit  ft  term,  which  I had  inveftigated.  But  I confeffed  at  the  fame  time  that 
1 was  not  able  to  fee  clearly  and  diitindly  in  my  own  mind,  and  much  Id’s  to 
demonftrate  to  otheis,  that  this  muft  of  neceffity  be  fo.  This  therefore  was  a 
deled  which  ftill  remained  in  the  Inveftigation,  and  which  I was  lorry  to  be 
forcc<4  to  leave  in  it,  and  which  the  readers  of  it  muft,  I doubt  not,  have  wilhed 
to  fee  fupplied,  in  order  to  make  their  knowledge  of  the  laid  very  ufcful  Dif- 
ferential Series  quite  compleat,  amt  to  enable  them  to  ufe  with  perftd  confi- 
dence as  many  terms  of  the  laid  Series  as  they  might  at  any  time  have  occafion 
for.  Now  thisdefed  I have  lately  been  enabled  to  fupply  by  the  afiiftance  of 
the  learned  and  ingenious  Mr.  John  Hellins,  Vicar  of  Potter’s  Pury  in  Notth- 
amptonfhtre,  who  has  communicated  to  me  a different  method  of  inveftigating 
the  values  of  the  fecond,  third,  fourth,  fifth,  and  other  following  terms  of  the 
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Qjr  * x* 

F’  ' + *'  i + !vV 


T.»4 


V.l* 


xx' 


af.imcd  fc tics  r,  . .*  **71  , - . , ■ 1 N " . . — . 

+ *.*  1 J**  I + Jr)*  l + >1  I + Jtl* 

he,  ad  infinitum , (which  is  equal  to  the  original  fcrics  a — bx  + ex'  — dxl  -}• 
e.\*  — fix'  fx"  — kx1  ■+■  &c  ad  irfinitum,)  and  of  (hewing  that  the  fan  e fign 
— mull  be  prefixed  to  all  of  them,  trorn  that  let  forth  in  the  faid  Second  Tract, 
and  which  is  of  Inch  a nature  as  to  enable  us  to  perceive  that  the  law  of  con- 
tinuation, or  generation,  of  the  terms  of  the  faid  afiumed  ferics  one  from  another 
which  is  found  to  take  place  in  the  terms  that  arc  a finally  inveftigated,  mult 
likewife  take  place  in  ail  the  following  terms,  which  have  not  been  inveftigated, 
to  whatever  number  thole  terms  may  be  continued.  This  method  of  invefti- 
gatii  g the  values  of  the  terms  of  the  faid  afiumed  ferics,  and  the  figns  that  arc 
to  be  prefixed  to  them,  1 (hall  now  endeavour  to  explain,  and,  for  that  purpofc, 
fiiall,  firft,  lay  down  and  demonflrate  three  Lemmas,  or  preliminary  Propuli- 
l i*  ns,  upon  which  the  faid  Inveftigation  will  be  grounded.  Thcfe  Lemmas  ate 
as  lollous : 


L E M M A I. 


Art.  5.  If  there  be  an  Infinite  Scries  of  decreafing  numbers  denoted  by  the 
capital  letters  a,  b,  c,  d,  e,  f,  c,  h,  & c ad  infinitum ; and  y be  a variable 
quantity  which  may  be  of  any  magnitude  not  greater  than  i,  or  than  fotne  quan- 
tity lefs  than  t,  how  final!  Ibever  that  magnitude  be  taken  ; and  the  fcvcral 
terms  of  the  lories  a,  b,  c,  p,  e,  f,  g,  h,  he  ad  infinitum,  be  multiplied  into 
the  correfponding  terms  of  the  geometrical  progreflion  i,  y, y'yy',y*,y>,  y*,  y1, 
he  ad  infinitum,  fo  as  to  form  a third  fcrics  which  will  be  a,  sy,  cy*,  py*,  Ey4, 
ry‘,  g/,  h y’,  he  ad  infinitum ; — and,  if  it  is  at  firft  uncertain  which  of  the  two 
figns  + and  — is  to  be  prefixed  to  each  of  the  terms  By,  cy',  Dy*,  f_>-4,  ry‘, 
cy6,  ny’,  he,  which  come  after  the  firft  term  a in  w hich  the  variable  quantity  y 
is  not  involved,  or  which  of  the  faid  terms  By,  cy*,  vy',  he  is  to  be  added  to 
the  Taid  fnft  term  a,  and  which  of  them  is  to  be  fubtrafted  from  it ; and,  if  it 
is  afterwards  proved  that  the  whole  feries  a,  B_y,  cy*,  ny*,  e_>4,  rys,  c_y6,  ny7, 
&c  is  always  lefs  than  its  firft  term  a,  however  fmall  the  variable  quantity  y 
may  lye  taken  : it  will  follow  that  the  fecond  term  By  of  the  faid  feries  muft  be 
fubtrafted  from  its  firft  term  a,  and  not  added  to  it,  and  confcquently  that  it 
muft  have  the  fign  — prefixed  to  it. 


DEMON- 
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DEMONSTRATION. 

For,  if  b y be  not  fubtradtcd  from  the  firfl  term  a,  but  added  to  it,  and 
confcquentlv  marked  with  the  (ion  +,  it  will  not  be  poflible  for  the  whole  fe- 
•rics  a,  b y,  c y\  djis,  e y4,  fj1,  ojr*,  m’,  kc,  (which  in  this  cafe  will  be  a + uy 
c y*,  D)’,  ei4,  ryi,  Gjr®,  lijr7,  kc,)  to  be  always  lefs  than  the  firft  term  a,  of  hoy 
(mall  a magnitude  foever  the  variable  quantity  y may  be  taken.  For  let  us  even 
fuppofe  that  all  the  other  terms  except  by,  to  wit,  the  terms  c yy,  Dy’,  ty*,  f >*, 
ov‘,  h y , kc,  are  fubtraifted  from  the  firft  term  a,  and  conlequcntly  have  the 
lign  — prefixed  to  them  j which  is  the  fuppofition  that  tends  molt  to  make  the 
fcries  a + By,  cy*,  d y*,  ty*,  fy',  Gy*,  h y' , kc  be  lefs  than  its  firft  term  a : and 
wc  (hall  find  that,  even  on  this  fuppofition,  it  will  not  be  poflible  for  the  faid 
fcries  to  be  always  lefs  than  its  firlt  term  a,  when  the  variable  quantity  y is  taken 
extreamly  final  1.  For,  on  this  fuppofition,  the  faid  fcries  will  be  a + By  — cy* 

— ny*  — ty*  — rys  — gji6  — h y7  — &c.  Now'  the  (ingle  term  By  is  to  the 
whole  feries  cy*  + oy*  -f-  i.y*  + ty'  + cy*  +•  iry’  -f-  kc  in  tlfe  fame  propor- 
tion as  the  Angle  term  b is  to  the  whole  feries  cy  + ny*  + ty’  + py4  ■+•  cy* 

Hy*  &c.  But,  bccaule  the  co-efficients  c,  d,  e,  f,  c,  h,  &c  are  a fet  of 
decreafing  numbers,  it  is  evident  that  jr  may  be  taken  of  fo  fmall  a magnitude 
that  the  whole  feries  cy  + L>_y*  + e>*  -f  F_y*  + qys  + «_y6  -f-  kc  (hall  be  lc  is 
than  any  propofed  quantity  how  fmall  foever.  Let  it  then  be  taken  of  fo  fmall 
a magnitude  that  the  faid  feries  (hall  be  lefs  than  b.  Then  will  the  whole  feries 
cy*  + d + f.y*  + F>*  + cy*  + h>7  + &c  be  lefs  than  the  Gngle  quantity  By. 
And  conliquently  the  whole  feries  A + ty  — cy*  — ty’  — ty*  — fy 5 — cy* 

— ny7  — &c  ad  infinitum  will  be  greater  than  the  firft  term  a ; which  is  con- 
trary to  what  is  fuppofed  to  have  been  proved  concerning  it,  to  wit,  that  it  is 
always  lefs  than  the  faid  fitft  term.  Therefore  the  fuppofition  from  which  this 
contradiction  follows,  to  wit,  the  fuppofition  that  bji  is  to  be  added  to  the  firft 
term  a,  cannot  be  true.  Therefore  the  faid  fecond  term  By  muft  be  fubtraifled 
from  the  laid  firft  term  a,  and  muft  have  the  fign  — prefixed  to  it.  q.  b.  d. 


LEMMA  II. 


Art.  3.  If  there  be  a feries  of  decreafing  numbers  denoted  by  the  capital  let- 
ters a,  b,  c,  o,  e,  f,  g,  h,  &e,  ad  infinitum,  as  in  the  foregoing  Lemma  ; and 
y be  a variable  quantity  (hat  may  be  of  any  magnitude  not  greater  than  1,  or 
than  lome  quantity  lefs  than  1,  bow  fmali  foever  that  magnitude  may  be  taken, 
as  was  fuppoled  alfo  in  the  foregoing  Lemma ; and1  the  (everal  tenfts  of  the  de- 
crcafmg  feries  a,  b,  c,  d,  e,  f,  o,  h,  &c  ad  infinitum  be  multiplied  into  the  cor- 
refponding  terms  of  the  decreafing  geometrical  progreflion  1,  y,  _y*,  y *,  y*,  y', 
y*,  y7,  &c  ad  infinitum,  fo  as  to  form  a third  feries  a,  By,  cy*,  vy’,  ty*,  ty,  Gy*, 

«/» 
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ny7,  ad  infinitum,  as  in  the  foregoing  Lemma; — and,  if  it  is  at  fir  ft  uncertain 
which  of  the  two  figns  + and  — is  to  he  prefixed  to  each  of  the  terms  By,  cy7, 
ivy1,  tv4,  ty\  cy*,  ny7,  &c,  which  come  after  the  firft  term  a of  the  (aid  furies 
(in  which  term  the  variable  quantity  y is  not  involved.)  or  which  of  the  faid 
terms  ny,  cy 7 , nv',  e>4,  ry*,  cy‘,  Hy7,  &c  is  to  be  added  to  the  faid  firft  term  a, 
and  which  of  them  is  to  be  fubtraCfcd  from  it;  and,  if  it  is  afterwards  prov<*f 
that  the  whole  leries  a,  fv,  iy7,  Dy',  Ey4,  Fy',  cy6,  it)’,  &c  is  always  greater  than 
its  firft  term  a,  however  final!  the  variable  quantity  y may  be  taken  : it  will  follow 
that  the  fecond  term  uy  of  the  faid  leries  muft  be  added  to  its  firft  term  a, 
and  not  fubtra&ed  from  it,  and  confequently  that  it  muft  have  the  fign  + pre- 
ii  xed-  to  it. 


DEMONSTRATION. 

For,  if  8y.be  ntvt  added  to  the  firft  term  a,  but  fubtrafled  from  it,  and  con- 
fcquently  marked  with  the  lign  — , it  will  not  be  pofliblc  for  the  whole  feries 
a.  By,  cy',  Dy5,  iv4,  Fy’,  cy*,  ny7,  See  (which  in  this  cafe  will  be  a — By,  cy*, 
ny1,  fj'>  oy\  Hy7,  See)  to  be  always  greater  than  the  firft  term  a,  of  how 
Imall  a magnitude  foever  the  variable  quantity  y may  be  taken.  For  let  us 
even  fuppofe  that  all  the  other  terms  except  By,  to  wit,  the  terms  cy*,  Dy',  Ey*, 
i ys,  cy*,  Hy7,  & c,  are  added  to  the  firft  term  a,  and  confequently  have  the  fign 
4-  prefixed  to  them  ; which  is  the  fuppofition  that  tends  moft  to  make  the  feries 
a — By,  cy7,  Dv’,  Ey4,  Fys,  cy*,  Hy7,  &c  be  greater  than  its  firft  term  a : and 
we  lliall  find  that,  even  on  this  fuppofition,  it  will  not  be  poftible  for  the  whole 
feries  a.  By.  cy*,  Dy*.  ry4.  ry*,  oy*,  ny7.  See  (which  in  this  cafe  will  be  a — By, 
cy7,  ny7,  Ei4,  Fy’,  oy*,  Hy7,  &c,)  to  be  always  greater  than  the  firft  term  a,  of 
how  final!  a magnitude  foever  the  variable  quantity  y may  be  taken.  For,  on 
this  fuppofition,  the  faid  fi.fi es  will  be  a — By  4-  cy*  -f  Dy*  4-  Ey*  + Fy*  4- 
Gy*  4-  H)7  4-  &c.  Now  tlie  (ingle  term  By  is  to  the  whole  feries  cy7  -f-  Dy*  4- 
ry*  4-  Fy7  + cy*  + ny 7 4-  & c ad  infinitum,  in  the  Amc  proportion  as  the  Tingle 
quantity  b is  to  the  whole  feries  cy  4-  ny*  4-  ly 7 4-  Fy4  4-  oy*  + liy*  4-  &c 
ad  infinitum.  But,  becaufe  the  co-efficients  c,  d,  e,  f,  g,  h,  &c  are  a fet  of 
decreafing  numhers,  it  is  evident  thaty  may  be  taken  of  fo  fmall  a magnitude 
that  the  whole  fedes  cy  + Dy7  4-  Ey7  4-  ry*  4-  cy*  + Hy*  4-  Src  (liall  be  lefs 
than  any  p-opo(ed  quantity,  how  final!  foever.  Let  it  then  be  taken  of  fo  fmall 
a magnitude  that  the  faid  fries  (hall  be  lefs  than  b.  Then  will  the  whole  fe- 
ries cy*  4-  Dy1  4-  ry4  4-  f>5  4-  oy*  4-  Hy7  4-  8cc  be  lefs  than  the  (ingle  quan- 
tity By.  And  conlequently  the  whole  feries  a — By  4-  cy7  4-  uy'  4-  Ey4  4- 
ry 1 4-  cy*  4-  hi7  4-  &e  ad  infinitum  will  be  lefs  than  the  firft  term  a ; which  is 
contrary  to  what  is  fuppofed  to  have  been  proved  concerning  it,  to  wit,  that  it 
is  always  greater  than  the  fiiid  firft  term.  Therefore  the  fuppofition  from  which 
this  contradidlion  follows,  to  wit,  the  fuppofition  that  By  is  to  be  fubtradled  from 
.the  firft  term  a,  cannot  be  true.  Therefore  the  faid  fecond  term  By  of  the  fe- 
ries a,  ay,  cy",  Dy’,  Ey4,  ry‘,  Gy*,  Hy7,  &c  ad  infinitum  mud  be  added  to  the  faid 
firft  term  a,  and  muft  have  the  fign  4-  prefixed  to  it.  q,  e.  d. 

* LEMMA 
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LEMMA  III. 


Art.  4.  If  the  feveral  numbers  a , b,  c,  d,  e , f,  g,  b,  he  in  ihc  feries 
a — bx  + ex1  — dx7  + ex*  — fx'  + gx°  — bx7  + he  ad  infinitum  form  a 
decteafing  progreflion  of  the  kind  mentioned  above  in  art.  x ; in  which  the  dif- 
ferences of  b,  c,  d,  e,  f,  g,  b,  he,  to  wit,  the  quantities  b — c,  c — d,  d — t, 
e — /,  / — g,  g — b,  he,  alfo  form  a decreafing  progreflion  ; and  the  differ- 
ences of  thefe  differences,  or  the  fecond  differences  of  the  numbers  b,  c,  d,  t, 
f,g,  b,  he,  alfo  form  a decreafing  progreflion-,  and  the  differences  of  thefe  fe- 
cond differences,  or  the  third  differences  of  b,  c,  d,  e,  f,  g,  b,  he,  alfo  form 
a decreafing  progreflion  ; and,  in  like  manner,  the  fourth  differences,  and  the 
fifth  differences,  anti  the  fixth  differences,  and  the  differences  of  every  follow- 
ing order,  of  the  lame  numbers  b,  c,  d,  e,  /,  g,  b,  he  alfo  form  decreafing 
progfeflions  -and  if  the  terms  of  any  one  of  thefe  fets  of  differences  be  mul- 
tiplied into  the  correfponding  terms  of  the  feries  1,  ,r,  xx,  x‘,  x*,  **,  x®,  x1,  he, 
fo  as  to  produce  a third  feries  of  which  the  firlt  term  (hall  be  the  firft  term  of 
the  faid  feries  of  differences,  and  all  the  following  terms  (hall  involve  in  them 
the  feveral  fucceflive  powers  of  .v,  to  wit,  .v,  x',  a’,  x4,  a.-1,  x®,  x’,  he and, 
if  the  third,  fifth,  fevenih,  and  other  following  odd  terms  of  the  faid  third  fe- 
ries be  added  to  its  firft  term,  and  confequently  marked  with  the  fign  +,  and 
the  fecond,  fourth,  fixth,  eighth,  and  other  following  even  terms  of  the  faid 
third  feries  be  fubtrafted  from  it’s  firft  term,  and  confequently  marked  with  the 
fign  — ; and,  laftly,  if  the  faid  third  feries  be  multiplied  into  the  binomial 
quantity  1 + x ; the  produft  of  the  faid  multiplication  will  be  a fourth  infinite 
feries,  of  which  the  firft  term  will  be  the  fame  asitbe  firft  term  of  the  faid  third 
feries  that  is  multiplied  into  1 + x,  or  the  firft  term  of  the  above-mentioned 
feries  of  differences,  and  the  following  terms  will  involve  in  them  the  feveral 
fucceflive  powers  of  x,  to  wit,  x,  x%  x*,  x4,  x®,  x7,  he ; and  the  co-effi- 
cients of  thefe  powers  of  x in  the  terms  of  the  faid  fourth  feries  will  be  the 
feveral  differences  of  the  numbers  b,  c,  d,  e,  /,  g,  b,  he,  of  the  next  higher 
order  to  that  of  the  differences  contained  in  the  foregoing,  or  third,  feries. 
And  in  the  faid  fourth  feries,  the  fecond,  fourth,  fixth,  and  eighth,  and  other 
following  even  terms,  will  be  marked  with  the  fign  ; and  the  third,  , fifth, 
and  feventh,  and  other  following  odd  terms,  will  be  maikcd  with  the  fign — . 


Vox..  IV. 
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DEMONSTRATION. 


The  First  Case. 

In  the  firft  place  we  will  fuppofe  the  differences  of  the  co-efficients  b,  c,  d,  t, 
/i  £,  ,0  be  thofe  of  the  firft  order,  to  wit,  the  differences  b — r,  c — d, 

d — e,  e — /,  / — g,  g — b,  &c.  Now,  if  thefe  differences  are  multiplied  into 
* the  correfponding  terms  of  the  lerics  I,  x,  x*,  x ’,  x*,  a',  x‘,  x',  8cc,  they  will 

produce  the  feries  b — r)  X 1 , or  b — c,  i — d\ X x,  d ■ — b x e — fi  X x’, 

f — g)  X x4,  g — b\  x xs,  &c  ; and,  if  we  prefix  the  fign  + to  the  third,  fifth, 
feventh,  and  other  following  odd  terms  of  this  feries,  and  the  fign  — to  the 
fccond,  fourth,  fixth,  eighth,  and  other  following  even  terms  of  the  faid  feries, 

agreeably  to  the  directions  of  this  Lemma,  it  will  become  b — c — fc—~d]  x * 

+ d—  e\  X x‘  — (<• — / X x1  + /— ~g)  X **  — (g  — £\  X **  + & c ad  infi- 
nitum. We  are  therefore  to  prove,  that,  if  this  laft,  or  third,  feries  b — c 

— k — tf\  x x + d — A X x*  — Jr  — J)  X x*  + / — Xx*  — lg  — b\  X x‘ 
+ &c  be  multiplied  into  the  binomial  quantity  i + x,  the  produCt  of  fuch 
multiplication  will  be  the  feries  b — c + b — ■ ic  -f-  cA  x x — le  — id  <r)x  x* 
+ d—2t  +7\  X xJ  —(e—if  + g\  X X4  + (/  — 2g  + £’  X x*  — bead  in- 
finitum. Now  this  will  appear  from  the  operation  itfelf  of  multiplying  the 
former,  or  third,  feries  b — c — 7 — d\  x x + d — e\  x x*  — Jr  — J I X x* 
+ / — £ X x4  — (j  — h x x*  -f  &c  into  the  binomial  quantity  i + x; 
which  will  be  as  follows : 

i - c —ft  - i x * + J - f ,X  ■**  -It  - /)  x + / — /I  x **  -f*  — A x + &c 
i + * 

b — c — fc  — d x x + it  — A x x»  — ft  —/l  X x’  + / — X x*  — X Xs  + 8(C 

+ b — t'l  X x — [t  — X x*  + it  - A X x»  — [t  — /]  xx*  + / — jfi  X x‘  — *c 

i-r  + i — ic-MXx  — f-irf+d  Xx*  + d-lt-rf] x x*  -it— z/fylxx4  +/-2£+/j!  Xx*  — &c 

By  this  operation  it  appears  that  the  product  of  this  multiplication  is  the  feries 
i — f + i — 2C  + d)  x a?  — f c — 2d  + e)  x xl  +^d  — 2?  + /■  x *’ 

— ( e — if  + X x 4 + / — 2g  + x xs  — &c,  of  which  the  firft  term  is 

b — c,  or  the  firft  term  of  the  firft  differences,  b — c,  c — d,  d — e,  e — /, 
f — g,  g — b,  8cc,  of  the  co-efficients  b,  c,  d , e,  /,  g,  b,  &c,  and  the  follow- 
ing terms  involve  the  feveral  fucccffive  powers  of  x,  to  wit,  x,  x*,  x‘,  x*,  x‘, 
&c,  and  have  for  their  co-efficients  the  feveral  quantities  b — 2c  + d,  c — 2 d + e, 
d — ae  •+•  f,  e — 2/  + g,  and  / — 2g  + b,  &c,  or  the  feveral  fccond  differ- 
ences 
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ences  of  the  faid  co-efficients  b,  c,  d , e,  /,  g,  b,  &c.  And  in  this  feries  it 

is  evident  that  the  fecond,  fourth,  and  fixth,  terms,  b — 2f  -f  //  X a, 

<t  — 2 e + /’l  X ad,  / — ig  + b)  x xl,  and  the  other  following  even  terms  of 
the  faid  feries,  will  have  the  fign  ■+■  prefixed  to  themj  and  that  the  third  and 

fifth  terms,  c — 2d  + e)  x a*  and  e — 2/  + ^1  x a4,  and  the  other  following 
odd  terms  of  the  faid  feries,  will  have  the  fign  — prefixed  to  them. 

Qj  E.  D. 


The  Second  Case. 

Secondly,  Let  the  differences  of  the  co-efficients  b,  r,  d,  e,  /,  g,  g,  b.  See 
be  thofe  of  the  fecond  order,  to  wit,  the  differences  b — 2c  + d,  c — 2 d + e, 
d — if  +/,  t — a/  + g,  /—  2 g + b,  &c. 

Now,  if  thefe  differences  are  multiplied  into  the  correfponding  terms  of  the 
feries  1,  x,  x',  a1,  x4,  xs,  x‘,  x1,  See,  the  feries  thereby  produced  will  be 

b — 2f  + d,  c — 2d  + e)  x x,  d — it  + f)  x t — if  + g^  X a*, 

f — ig  i'l  x x4,  he-,  and,  if  we  prefix  the  fign  + to  the  third,  fifth,  feventh, 
and  other  following  odd  terms  of  this  feries,  and  the  fign  — to  the  fecond, 
fourth,  fixth,  eighth,  and  other  following  even  terms  of  the  faid  feries,  agree-' 
ably  to  the  directions  of  this  Lemma,  it  will  become  b — if  4-  d — 

ff—  2d  + fix  X + d—  ie  + f)  X x'  — f e — 2/  + g X a*  + / — 2£  + ^ X x 4 

— he  ad  infinitum.  We  are  therefore  to  prove  that,  if  this  laft  feries  b — 2c  + d 
— Jc  — id  + t\  X x + d — it  + f)x  x * — [f  — 2/  + g X a’  + / — ig  + ii!  X x* 

— he  be  multiplied  into  the  binomial  quantity  1 + .v,  the  produft  of  fuch 
multiplication  will  be  the  feries  b — 2c  + d + b — 3c  + 3 d — X x 

— Ie — id  ■+-  3<r  — f)  X + d — 3f  + 3/ — gl  X a*  — k — J/+  3g  — £)X  x4 
+ &c  ad  infinitum.  Now  this  will  appear  by  making  the  faid  multiplication  of 
the  faid  feries  b — 2f  + d — f c — id  -f_e’  x x + d — ie  + f\  x a* 

ft  — s f + ~g)  x *’  + / — 2 g + b~)  x a4  — &c  into  the  binomial  quantity 

1 -J-  a ; which  may  be  performed  as  follows  : 

i — Sf.(  d —U  — zd  +7\  X * + I i — it  + /|x  X*  — te  — »/+"}l  X x1  + / — ig  + *1 X x*  — &c 

I + A 

i—ze+J-U  — id  + f|x  a + <t  — u +yix  a’  —| »—»/  + / x x>  + / — *x  + d] x x*  — itc 
+ * - 1C  + A X x — Ic  — id  + t\  X x*  + i—  it  +/j X A*  — (7—  i/  + ~g)x  X*  + &e 

* — 2c+</+b-ic+  id— ixx  — If— 3^+3/-^  x A* +J  — jf+jy-vlxx'-lf  — l/"+U  Xx*  + &c 

4 E 2 By 


Digitized  by  Google 


j8o  ON  THE  SUMMATION  OF  INFINITE  SERIES!?. 

By  this  operation  it  appears  that  the  produdt  of  this  multiplication  is  the  fe- 
rics  b — ic  4-  d + b — $c  + 3 d — r]  x x — [ c — 3 d + 3*  — J)  x ** 

+ d — 3e  + if — A X*’-p  —3 f + Sg  — b\  X **  + . &c,  of  which  the 
tirft  term  is  b — ic  + d,  or  the  firft  term  of  the  feries  of  fecond  differences, 

b 2C  + d,  C id  + C,  d 1C  + /,  C + g,  f 1g  + b,  &C  of 

the  co-diicicnts  b,  c,  d,  c,  /,  g,  b,  &c,  and  the  following  terms  involve  the 
feveral  fuccefiivc  powers  of  x,  to  wit,  at,  x',  x',  x*,  x',  x‘,  x\  &c,  and  have 
for  their  co-efficients  the  feveral  quantities  b — y + $d — e,  c — 3 d -f-  y — /, 
d — 3*  4-  3/ — g,  and  e — 3/  -f  3g  — &c,  or  the  feveral  third  differences 

of  the  laid  co-efficients  b,  c,  d,  e,f,g,  h,  &c.  And  in  this  feries  it  is  evident  that 

the  fecond  and  fourth  terms  0 — 31'  + y — 1)  x * and  d—y  4-  3/  — glx  x‘, 
and  the  other  following  even  terms  of  the  faid  feries  will  have  the  lign  + pre- 
fixed to  them  ; and  that  the  third  and  fifth  terms  c — 31/' 4-  y — /]  X x1  and 

t — j f + 3 g — i>)  x .v4,  and  the  other  following  odd  terms  of  the  faid  feries 
will  have  the  fign  — prefixed  to  them.  0^  e.  d. 


The  Third  Case. 

• Thirdly,  Let  the  differences  of  the  co  efficients  b,  c,  d,  e,  /,  g,  b,  &c  be 
thofe  of  the  third  order,  to  wit,  the  differences  b — y 4-  3 d — e,  c — ld+y  — /, 

d — y + if— g,  e — 3/  + ar  - *»  &c- 

Now,  if  thefe  differences  are  multiplied  into  the  correfponding  terms  of  the 
feries  1,  x,  x *,  x\  x*,  x‘,  a6,  Sec,  the  feries  thereby  produced  will  be 

b — 3 c + id  — r,  c — 2,d  + y —f)  X x,  d — y 4-  3/  — x x*,  and 

c — 3/  + 3g  — b\x  x*  &c  ; and,  if  we  prefix  the  fign  + to  the  third,  fifth, 
feventh,  and  other  following  odd  terms  of  this  feries,  and  the  fign  — to  the 
fecond,  fourth,  fixth,  eighth,  and  other  following  even  terms  of  the  faid  feries, 
agreeably  to  the  directions  of  this  Lemma,  it  will  become  b — y + 3 d — c 

— \c—id  + y — f)x  x + d—  y + 3/ — gl  X + e — 3/+  3 g — i>’x  xl 
. — &c  ad  infinitum.  We  arc  therefore  to  prove,  that,  if  this  lad  feries 
b — y 4-  3<f  — t — fr  — id  + 3*  — f \ X x 4-  d — y + 3/  — £\  x ** 
— je  — 3/  + 3^  — b)  x x*  + &c  be  multiplied  into  the  binomial  quantity 
1 4-  x,  the  produdl  of  fuch  multiplication  will  be  the  feries  b — y 4 3 d ~ e 

4-  b — 4c  -f  bd  — 4*  -i-T'l  X * — fr  — yi  + be  — 4/  4-  ^ x *’ 
4-  d — y + 6/ — 4 g + h\  4 at*  — See  ad  infinitum . 


Now 
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Now  this  will  appear  by  performing  the  faid  multiplication  * which  may  be 
done  as  follows : 


i-}c  + 3J-t  -[c  — J<I  + J/  —f  X * + 4—  y + if  — g\x  x*  -1-'  - }/+  ig  -'t'  X x*  + Ssc 
I + * 

i— 3r+  id— e — ti  — 3d  + y — /'  x x + d — y + 3/ 1^71  X x*  — 1«  — j/+  ;,f  — i>  X x‘  + Ac 
+ t — j<  + 3d  — d Xx—  (c—  + Jf -f)  x x’  + <1  — jf  + 3/-  /)  X x>  — Ac 

4—  3c + 3^—  '-M  - 4c + 6<I—  4f  +/)  X » — (r— 4</+6«— ^y+71xx*  + ,<  — 4c  + 6/"—  4;'  -f’fl  x x>  — Ac 

By  this  operation  it  appears  that  the  product  of  this  multiplication  is  the  feries 

b — 3c  + 3d  — e -f  b — 4f  -|-  bd  — 4*  + f)  X x — [c — ■ + be — 4 /T^l  X ** 

4-  d — 4c  4-  bf — 4*  -+-  b\  x x ’ — &c  ad  infinitum,  of  which  the  firft  term  is 
b — 3c  + 3 d — e,  or  the  firft  term  of  the  feries  of  third  differences,  b — 3c 
+ 3d  — e,c  — 3d+  3?  — f,  d — 3e  + 3/—  g>  and  e — 3/  + 3$  — b,  he, 
of  the  co-efficients  F,  c,  J,  e,  f,  g,  b,  he,  and  the  following  terms  involve  the 
feveral  fucceffivc  powers  of  x,  to  wit,  x,  x‘,  x ',  x\  x°,  x7,  he,  and  have 

for  their  co-efficients  the  feveral  quantities  b — 4c  + 6d  — 4 e + f,  c — 4 d 
•+■  be  — 4f  + g>  and  d — ,\e  + bf — 4 g + b,  he,  or  the  feveral  fourth  dif- 
ferences of  the  faid  co-efficients  b,  c,  d,  e,f,  g,  b,  he.  And  in  this  feries  it  is 

evident  that  the  fecond  and  fourth  terms  b — 4c  -f-  bd  — 41’  + f)  x * and 

d — 4c  + bf  — 4g  — x a*,  and  the  other  following  even  terms  of  the  faid 
feries,  will  have  the  fign  + prefixed  to  them  j and  that  the  third  term 

c — 4d  + be  — 4/  + g)  x xl,  and  the  other  following  odd  terms  of  the  faid 
feries,  will  have  the  fign  — prefixed  to  them.  q.  e.  d. 


A General  Ccnclufton  from  the  foregoing  Cafes  to  all  other  Cafes  -juhatf ever. 


Art.  5.  From  the  three  foregoing  multiplications  of  the  three  ferieles  b — c 
— fr  — /|  X x + d — c'l  x **  — r,e  — f''  Xr‘+  / — g\  X **  — (j  — b)  X x * 
■+•  he  ad  infinitum,  and  b — 2 c + d — U~—~zd  -f-  c]  X x 4-  (d— - te  +/) X x% 
— f<  — a/4-J)  X x*  + f — 2 g + X x*  — &c  ad  infinitum,  and  4 — 3 c 4-  3 d — e 
—{c  — 3d  + 30 — /'[x  .v  + eT-ge  + if—gi  X ** — I ‘ — 3f  + 3g  — hi  X ** 
4-  he  ad  infinitum,  into  the  binomial  quantity  1 + x,  it  is  eafy  to  fee  thai,  if 
any  other  fimilar  feries,  of  which  the  terms  involved  any  higher  fet  of  differences 
of  the  co-efficients  b,  c,  d,  e,f,  g,  b,  he,  whatfoever,  and  which  were  marked 
with  the  figns  — and  + alternately,  were  to  be  multiplied  into  the  laid  bino- 
mial 
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mill  quantity  1 + x,  the  firft  term  of  the  feries  produced  by  fuch  multiplica- 
tion would  be  the  fame  with  the  firft  term  of  the  feries  multiplied,  and  the  co- 
efficients of  all  the  following  terms  of  it  would  be  the  differences  of  the  co-effi- 
cients of  the  terms  of  the  former,  or  multiplied,  feries,  by  reafon  of  the  alternate 
fucceffion  of  the  figns  — and  + which  are  prefixed  to  the  terms  of  the  faid 
multiplied  feries  ; and  confequently,  as  the  co-efficients  of  the  terms  of  the  former 
feries  are  a feries  of  the  differences,  of  fomc  particular  order,  of  the  original 
co-efficients  b,  c,  d,  e,  /,  g,  b,  &c,  the  co-efficients  of  all  the  terms,  after  the 
firft  term,  of  the  new  feries,  produced  by  the  faid  multiplication,  tnuft  be  the 
terms  of  the  next  order  of  differences  of  the  faid  original  co-efficients  b,  c,  d, 
e,  ft  g,  b,  &c  above  thofe  which  form  the  co-efficients  of  the  former,  or  mul- 
tiplied, feries.  And  therefore  the  Lemma  will  be  univerfally  true,  of  however 
high  an  order  the  differences  which  form  the  co-efficients  of  the  multiplied  feries 
may  happen  to  be.  Ct;  e.  d. 


Ibe  fame  Conclufion  dcmoiftrated  by  means  of  a more  General  Notation. 


Art.  6.  But  this  may  alfo  be  fhewn  in  a fomewhat  different  manner  by  means 
of  the  following  general  notation. 

Let  the  whole  number  n denote  any  order  whatfoever  of  the  differences  of 
the  original  co-efficients  b,  c,  d,  e,  /,  g,  b,  &c  ; and  let  the  firft,  fecond,  third, 
fourth,  and  other  following  terms  of  the  faid  feries  of  differences  of  the  nth 

order  be  denoted  by  the  feveral  expreffions  D",  D*,  D^,  D^,  D",  D",  D*, 


Dg,  &c,  ad  infinitum:  Then  will  the  differences  of  the  faid  original  co-effi- 
cicnts  b,  e,  d,  e,  /,  g,  b,  & c,  of  the  next  higher,  or  the  n + ith,  order,  be 

D*  — D;,  d;  -d*.  d*  - d*,  d"  — d^,  d;-ds,  d*6  _ d;, 

Dl  — Dg,  &c.  Now,  according  to  this  notation,  the  Propofition  laid  down 

in  the  foregoing  Lemma  is  this;  to  wit,  that,  if  the  feries  D"  — D*  x * 

+ D'  x - D'  x *’  + D*  x *4  — Dr  x x • -(-  D*x  #*  — Dg 

X x7  + See  be  multiplied  into  the  binomial  quantity  1 •+■  x,  the  produft  of 
the  faid  multiplication  will  be  the  feries  D"  + D"  — Dal  X * — 


fo  * — D j) X *’  + D j — Dj  x *»  -[d”  — Dj]x  *4  + D]  — Dgjxn* 
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— g — D x **  + D*  — D jj  X x1  — &c  ad  infinitum,  or  D'  + 

D*t  ‘ X * — D*t  ‘ X **  + D*+  1 x **  — D*+  ‘ X + D*  + 1 

X **  — D * £ ' X x*  -f  D ” * 1 X*7  — &c  ad  infinitum. 

Now  this  will  readily  appear  by  performing  the  faid  multiplication ; which 
may  be  done  as  follows  : 

D*  — D * X x + D"  x *’  — D"  x *■  + D*  x x*  - D?  x **  + &c 

* 1 3 4 5 0 

i 4-  * 

D"  — D * x x + Dn  x - D"  x »>  + D’  xi*-D!  x *s  + &c 

ri  3 4 5 ° 

+ D*Xjt  — D*XJr’  + D*Xx’  — D*X*«  +.D"  X *»  - &c 
1 2 3 4 5 


D^+D'-D^x  * - jD*  — D”jxxl  + D^D^)  **»  - ,T>*-D*)  x»*+Dj- D$x*«-&c 
By  this  operation  it  appears  that  the  product  of  the  faid  multiplication  is  the 
the  feries  D"  + D”  ~Df]x  a:  — fl)"  — D*]  x **  + D “ — D^)  x -r> 

— ( D ^ — Dj]  x x*  + D ^ — D"'j  x x'  — &c  ad  infinitum,  or  D * 

+ D”t‘  X x — D ” * 1 x #’  + D * 1 x*,-D,J,x*,  + D*|1' 

» 

X*’  — D’ t 1 X *'  + D*  * * x *’  — &c  ad  infinitum.  o.  e.  d. 


Mr.  HelJins’s  Invcfiigation  of  the  foregoing  Differential  Series. 


Art.  7.  Thefe  three  Lemmas  being  premifed,  Mr.  Hellins’s  method  of  in- 
veftigating  the  values  of  the  feverai  numeral  co-efficients  p,  o_,  r,  s,  t,  v. 


«x* 


sjr» 


w,  x,  &c  of  the  terms  of  the  affumed  feries  p,  - Q"— , — , , 

1 + x i + x r 1 + xi* 


TX4 


Lr-f  , &c,  and  the  figns  that  are  to  be  prefixed  to 

1 + *«  1 + A*  1 + *1  1 + 

the  fecond  and  other  following  terms  of  the  faid  feries,  may  be  explained  in  the 
following  majintr : ' 


mx* 


xxi 


An 
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An  luvefiigation  of  the  Values  of  the,  numeral  Co-efficients  p,  Qj  r,  s,  t,  v,  w,  x, 
(Sc  of  the  Terms  of  the  affumed  Series  p,  " ‘ T' 


1 + **  1 + ■».*’  1 + *Y'  1 + 


VX* 


=11^;,  ==i=r- , (Sc,  ami  of  the  Signs  + or  — that  are  to  be  prefixed 

to  the  Second  and  other  following  Terms  of  the  faid  Series,  upon  a fuppofttion  that 
the Ja'td  Series  is  always  equal  to  the  original  Series  a — bx  + ex'  — dx1  + ex* 
— /*’  + g*‘  — bx'  ■+•  &c  ad  infinitum,  of  bow  / mall  a magnitude  feever  the 
variable  Quantity  x may  be  fuppefed  to  be  taken. 


1 + X 


Of  the  Firft  Term  P. 

Art.  8.  Since  the  feries  a — bx  + ex'  — dx1  + ex*  — fix'  -f  gx*  — bx1  + 


Sec  ad  infinitum,  is  fuppofed  to  be  always  equal  to  the  feries  f. 


1* 

+ *’ 


1 + 


vjr» 


, -J'*  , , , &c  ad  infinitum,  while  x is  of  any 

+ .o»"  1 + »i*'  rr*v  1 + >>  1 + x)'  ’ 

magnitude  not  greater  than  1,  how  fmall  foever  that  magnitude  be  taken,  it 
will  alfo  be  equal  to  it  when  * is  = o.  But,  when  x is  = o,  all  the  terms  in 
each  of  the  faid  two  feriefes  that  involve  any  of  the  powers  of  x will  become 
equal  to  o likewife,  and  each  of  the  faid  feriefes  will  be  reduced  to  it’s  firft  term. 
Therefore  p,  or  the  firft  term  of  the  fecond,  or  affumed,  feries,  will  be  equal 
to  a,  or  the  fit  ft  term  of  the  firft,  or  original,  feries  a-i*  + ex'  — dx1  -f  ex' 
— fix'  -f  ;V  — bx 7 + See  ad  infinitum.  q.  £.  1. 


Of  the  Second  Term  - ***  . 

Art.  9.  Secondly,  fince  p is  equal  to  a,  and  the  whole  feries  a — bx  + «’ 
— dx 1 + ex*  — fix'  + gx°  — bx'  + Sec  is  lefs  than  it’s  firft  term  a,  (becaufe 
the  fecond  and  fourth  and  fixth  and  eighth,  and  other  following  even  terms  of 
the  faid  feries,  which  are  marked  with  the  fign  — , or  fubt rafted  from  the  firft 
term  a,  are  greater,  refpe&ively,  than  the  third  and  fifth  and  feventh,  and  other 
following  o.ld  terms  of  the  faid  feries  which  are  marked  with  the  fign  + , or 

added  to  the  faid  firft  term,)  it  follows  that  the  whole  alfumed  feries  P,  v-  , 

Sec  (which  is  etfual  to  the  ori- 

I+.n 

ginal 


7+7|*’  f+?P  7+rr 
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5 *S 


ginal  fcries  a — lx  + ex* — dx*  + ex* — fix'  + gx*  — bx’  + &c)  mu  ft  be 
lcfs  than  its  firtl  term  9,  which  is  equal  to  a.  And  this  will  be  true,  of  how 
fmall  a magnitude  foever  we  fuppofe  the  quantity  x,  and  conlequently  the  quan- 
tity — — , (which  dccrcafes  when  x decrcafes,  and  becomes  equal  to  or 

' 1 + iT  ' 1 T O 

to  -y-,  or  to  o,  when  x becomes  equal  to  o,)  to  be  taken.  Therefore,  by 

Lemma  i,  the  fecond  term  — of  the  aflumed  feries  r,' 

1 + * 1 + * i + Tr  . 


«x» 


rx* 


YX* 


— — r.  — — r-,,  &c  (which  anfwers  to  the  feries  a,  By, 

1 + 7)  I + x|  i + x)  I +x,  . I +xl 

c y*,  T>y‘,  By4,  Fy5,  cy*,  hv’,  &c  in  the  faid  Lemma,)  mull  be  fubt rafted  from 
the  firft  term  p,  and  confequcntly  mull  be  marked  with  the  fign  — . And  con- 

fequently  the  faid  equation  a — bx  ex'  — dx'  + &c  =:  9,  — , 

1 *T*  •*  I -f***] 

*=“■,  &c  will  be  4 — lx  + ex*  — dx'  + &c  = 9 — 

i + *)  1 + * i +x)  i +*y 

See. 

\ 

Art.  lo.  Having  thus  determined  the  fign  that  is  to  be  prefixed  to  the  fecond 

term,  . of  the  faid  aflumed  feries  p,  &c,  we  mull 

next  proceed  to  inveftigate  its  magnitude. 

Now,  fince  the  feries  a — bx  + ex'  — dx'  + ex*  — fx’  + &c  is  equal  to 

the  feries  p — . Y *^r,*  ^-—,1.  &c,  and  the  firft  term  9 

■ 1 + * l+Jr  i +-»r  i+7|*  i+7)‘ 

of  the  latter  feries  is  equal  to  the  firft  term  a of  the  former  feries,  and  each  of 
thefe  feriefes  is  lefs  than  it’s  own  firft  term,  it  follows  that,  if  each  of  thefe  feriefes 
be  fubtrafted  from  it’s  own  firft  term,  the  remainders  will  be  equal  to  each  other. 
But,  if  the  feries  a — bx  + ex*  — dx'  + ex*  — /*’  -f  &c  be  fubtrafted  from 

it’s  own  firft  term  a,  the  remainder  will  be  the  feries  bx  — ex'  + dx'  — ex*  -f- 

fx'  — &c  ad  infinitum,  in  which  the  figns  of  the  feveral  terms  will  be  contrary 

to  what  they  were  before  ; and,  if  the  feries  P — **!-,  — T — . 

> + * i+xl  i+TV  i +ni* 

■ &c,  ad  infinitum  be  fubtrafted  from  its  firft  term  p,  the  remainder  will 

• + *r 

be  the  Teries  ~==r.>  ===rt>  &c,  ad  infinitum,  in  which  the 

1 + * l + *\  l+xl*  l+xl  »+*! 

figns  to  be  prefixed  to  the  fecond  and  other  following  terms  (which  are  hitherto 
unknown,)  will,  when  they  come  to  be  known,  be  contrary  to  what  they  ought 
to  be  in  the  foregoing,  or  original,  equation  a — bx  + ex'  — dx'  + ex*  — fix1 
Vot.  IV.  / 4 F + 
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TX*  TA1 

5* 


— , &c  ad  tnfini- 
i-Ml 


4-  &c  ad  infinitum  — f , 

»+«  i+7)“  1+xV  I + *)' 

turn.  Therefore  we  (hall,  by  this  fubtraftion,  obtain  a fecond  equation,  which 
will  be  as  follows,  to  wit,  bx  — ex'  4 dx‘  — ex*  4-  fix'  — gx*  4 bx'  — &c  ad 

infinitum  - -===^1,  ===-;,  ^==r,.  v==r-„  f~T,.  &c  ««  »V«- 

turn. 

Now  let  all  the  terms  of  this  2d  equation  be  divided  by  x. 

And  we  (hall  thereby  obtain  a third  equation,  to  wit,  the  equation  b — ex  4 
dx'  — ex'  4 fix'  — gx'  4 bx*  — &c  ad  infinitum  — ^ -==^1 

=£,  *=^«  =,  &c  infinitum. 

»+*l  I + xl  l+Xj  I+x)’ 

And,  in  the  third  place,  let  both  Gdes  of  this  lad  equation  be  multiplied  into 

the  binomial  quantity  1 + x,  which  forms  the  denominator  of  the  term  ; 

and  we  (hall  thereby  obtain  a fourth  equation,  which  will  be  as  follows  ; to  wit, 

f b — ex  4 dx*  — ex'  4 fx*  — gx’  + bx*  — &c  1 _ 

(.  4 bx  — ex'  4 dx*  — ex'  4 fix'  — gx*  4 &c  J — 


Tx* 


vx4  wj<  ut*  o » , f 

■=;».  -=rr.  &c,  or  b 4 b — 

i+T)  1 + *1*  i + x'* 


WX> 


X X 


**"  r+7>  7+71”  iTT!7’ 

— [c  — d)  X x*  4 d — e]  X x'  — \e  — f)  X x'  4 / — g >X  a*  — If  — A]x  Jt* 

, - RX  $X*  TX*  VX4  WX1  XX®  . . 

4 &c  ad  infinitum  — q_,  — - ^=a=t-,,  -=^=-,  ===-,  =+=r»  ===ci>  &c  ai 
1 +x  1 + x\  i + x,  i + *1*  i +77*  1 + «1 

infinitum,  in  which  the  co-efficient  o_  is  freed  from  it’s  multiplication  into  the 
quantity  x and  it’s  divifion  by  the  binomial  quantity  1 4 x. 

But  this  equation  is  always  true,  of  however  fmall  a magnitude  the  variable 
quantity  x be  taken.  And  therefore  it  will  alfo  be  true  when  x is  = o.  But, 
when  x is  zz  o,  all  the  terms  on  both  fides  of  the  equation  that  involve  any  of 
the  powers  of  x will  become  equal  to  o likewife,  and  confequently  the  only 
terms  remaining  in  it  will  be  b and  q.  Therefore  o_will  be  = b,  and  confe- 
tti 

ui  iuc  auumeu  icrrcs  r — — ■ - , 

+ *."'  1 + x 

TX4  VX*  WX® 

r+Tp’  fTTV’  TTTf 


quently  the  fecond  term  of  the  affumed  fcrics  p — . =5^-, 

^ 1 1 + * > + * 1 + x*  r+7ii 

— *%,  See  will  be  = Therefore  the  two  firft 

’ l+X 


1 + *1 


terms  of  the  faid  affumed  feries  will  be  a — 


1+5 


Qi  e.  1. 


Tbt 
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The  Invejiigation  cf  the  Third  Term,  , of  the  J aid  ajfumed  Serifs. 

1 ■+**>* 


Art.  u<  We  are  next  to  determine  what  (ign  is  to  be  prefixed  to  the  third 

term,  -~—t,  of  the  laid  aflumed  feries  p — , **  ■,  -4Lrr-,  .=14* -, 

i + * 1 + * i+*)  i +xr  r +*] 

— -w---.  . x*—,  8cc,  and  what  will  be  the  magnitude  of  the  co-efficient  r. 

i-t-x>  i+A  i +jt  

Now  it  was  fhewn  in  the  laft  article,  that  the  feries  b + h —~i)  x * 

— (c  — d X a*  + d — et  x x*  — (e  — f\  X x 4 + / — g]  x x*  — f — *1  X A* 

. • • x*  • **  ■**  TJT*  V.r4  WX* 

+ See  is  equal  to  the  lenes  , t-,  =t-,  ==^-,  ■= 

1 T * I + I + X J I + Xl4  I + 

— 8cc,  and  alfo  that  Q_was  equal  to  b.  But  b is  lefs  than  the  whole  feries 

1 •+■  jtV»  

b + b — c]  x x — rc  — d]  X x'  + d — (I  X *’  — [e  — f)  x x*  + /—  gi  x 
— \g  — x a*  + which  forms  the  left-hand  fide  of  this  equation.  There- 
fore ct_  ( which  is  equal  to  b,)  mull  be  lefs  than  the  whole  feries  c^,  “ 

■e4r — — TJ4-,  -=^=— , . - &c,  which  forms  the  right-hand  fide 

of  the  fame  equation  ; or  the  faid  whole  feries  will  be  greater  than  it**  firft 
term  And  this  will  always  be  true,  of  how  fmall  a magnitude  foever  the 

quantity  x,  and  confequently  the  fraflion  , be  taken.  Therefore,  by  the 
fecond  of  the  foregoing  Lemmas,  the  fccond  term,  of  the  faid  feries 

IX  «Jf*  TX*  Vx‘  WX*  XXs  - . ...  . r 

Q , — — , y , ■■■■  -=r-,  See  tin  which  the  frac- 

tion  — anfwcrs  to  the  variable  quantity  y in  the  feries  a,  By,  cy',  r>yJ,  e y*t 

F y‘,  cy*,  hjtt,  8tc  deferibed  in  that  Lemma,)  mull  be  added  to  the  firft  term  o^, 
and  confequently  marked  with  the  fign  +.  Therefore  the  laft  equation  will  be 

as  follows ; b b — o X x — Ce  — d)  x *’  + d — r'x  *’  — le  — f)  X x“ 

+ f—£  X x'  — (g  — ft  x + See  ad  infipitum  = Q.  + — 

■ TJ*  - , — -L-,  — '-L—,  — L—  See  ad  infinitum.  But  the  fign  that  is  to  be 

r+H’  r+n*  rrsv 

prefixed  to  the  term  -j—-  in  this  equation  is  contrary  to  the  fign  that  is  to  be 

4 F 2 prefixed 
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prefixed  to  the  correfponding  terra 


r.v1  — dx'  + ex' 


1 + .r'» 


in  the  original  equation  a — bx  + 


4 -f*  + ^ ~ tx'  + &c  = P “ rr*>  tt^y’  tt^7* 

_vir>  — yfl-,  — , &C,  becaufe  the  laft  equation  was  derived 

I + * * 1 + JilS  1 + -*\6  I + 7 

from  the  (aid  original  equation  by  means  of  a fubtratftion  of  the  two  Gdes  of  the 
faid  original  equation  from  their  firft  terms  a and  r,  which  caufed  a change  of 
the  figns  of  all  it’s  terms,  and  likewife  by  means  ot  a divifion  of  the  remaining 
terms  by  x,  and  a multiplication  of  the  quotients  of  the  (aid  divifion  into  the 
binomial  quantity  i + x,  neither  of  which  two  latter  operations  made  any 
further  changes  in  the  figns  of  the  terms  of  the  equation.  Therefore  the  fign 

that  is  to  be  prefixed  to  the  term  — in  the  original  equation  a — bx  4-  rx* 


w» 


i +*r 


9*> 


- dx'  + «*  _/*’  + g *'  -bx'  + U C = P - — , r==^t 

&c  mult  be  tlie  contrary  fign  to  the  fign  -f- 


TX* 


VJ> 


i + *1*'  i + *1*'  t + *T*.  i + 

which  is  prefixed  to  the  term  in  the  laft  equation  b -f-  b — V)  x x 

— fZTd  X *’  + d^e 1 x x>  — [e—f  X X4  + X x‘  - lg^~b\  X x* 

. . >'  •**  ▼**  x*4  V*L.  x** 

+ Stc  — — ; — • _■  ~ — nr,  — . z i — — , , etc,  that  is,  it 

muft  be  the  fign  — . And  confequently  the  three  firft  terms  of  the  faid  affumed 

fcries  P -2£_,  — *1—,  =^Lr &c  in  the  faid  original  equa- 

1 h-«’  rm.’  r+rv  r+^v  r+vy  * 1 

non  will  be  r 


fjA t l-X* 

i + X r+  ~xi 


tx 


W * ~t  + x 


T+ti*' 


<U  E.  I, 


Art,  12.  It  remains  that  we  determine  the  magnitude  of  the  co-efficient  r ; 
which  may  be  done  as  follows : 

It  has  been  (hewn  that  the  feries  b + b — c]  x x — (c  — </)  X x*  + 
d — e)x  x*  — (e  — /lx  x4  + f — g\  X x*  — [g  — b\x  x4  + &c  is  equal  to 

the  fertes  , ===n.  — — ~=r^u'  &c>  and 

wife  that  q.  is  — b.  Therefore,  if  we  fubtraft  b and  from  the  oppofite  (ides 
of  this  equation,  the  remainders  will  be  equal  to  each  other  ; that  is,  the  feries 

J—  c'  xx  — Jr  — 4)  X x‘  + d — A xx*  — je  — /'l  X x*  + / — g]  X x1 

— — 1\  x x*  + &c  will  be  equal  to  the  feries  ^ 


SX* 


Tx* 


*’  iTt)*’  r + *)**, 

vx* 

T+7)*' 
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vx * 


w*< 


. , x- — . &c.  Therefore,  if  we  divide  all  the  terms  on  both 

T+ff*  TT~*Y  T+T)" 

fides  by  x , we  (hall  have  b — c — !c  — d)  x x + d if'  X x*  — [e  -/]  X x * 

+ f—g\  x a*  — k — ^ x *•  + &c  = ryv  r+^>’  7+vT4’ 

wx*  - _?:£! — &c ; and,  if  we  multiply  all  the  terms  of  this  equation  into 
1 + *l!  * + "*Y 

the  binomial  quantity  1 + x,  fo  as  to  difengagc  the  co-efficient  R from  it’s 
denominator,  or  divifor,  1 + x,  we  (hall  obtain  the  equation 

fi-f  -fc  - j)x  X + J - r\  X *»  -f/  -/lx  *'  +~f-£\x  X*  ~\g  - h)x  *‘  + &c  "t 

+ i _ X * -[<■  - ^|x  **  + v - x *»  -r*"-7)x  *4  + / - /)  X xi  - Ac  j 


•’  &c,  or  ^ — r + 4 — ar  + </' 


r=  r 


* 1 + x’  , +■?!•’  r+*v  1 +' * 


X * — f c — 2d  + e)  X **-  + d -~*e  + /)  X *’  — U — a/  + jf")  X *4 

-J__ _____  «*  Tr*  VJ1  Wjr<  It1  • 

+ f/—  **  + *)  x *•  — &c  = r,  rrj’  r+i>»’  rr>’  f+T»’ 

&c. 

Now  let  x become  “ o. 

Then  will  all  the  terms  in  this  lad  equation  that  involve  any  of  the  power* 
of  * become  equal  to  o likewife,  and  confequently  the  faid  equation  will  have 
Only  the  quantity  b — c left  on  one  fide,  and  only  the  co-efficient  r left  on  the 
other.  Therefore  r will  be  = b — c ; and  confequently  the  three  firft  terms 

it**  s*1  tj4  vrr1  wx6 

* + **  I + j»V*  l -f  V 1 i * l -j-  x1*1  I + jrV*  1 + xf* 
&c  will  be  a ^ {b  x ===-,  or  (becaufe  d*  is  = * - c) 

1 + x!>  1 + * 1 + 

ix  v’x’ 


of  the  afifumed  feties  p,  — 


s - 


I + x 


> + xl 


Qj  £*  Z» 


y ‘be  Jnvtftigation  of  the  Fourth  Term,  -=5cU^,  °f  ‘^e  fed  offumed  Series. 


Art.  13.  We  are  next  to  determine  what  fign  is  to  be  prefixed  to  the  fourth 
term,  ^ of  the  affumed  feties  p,  ^ ^ ^ i&a 

w**_  8c c,  and  what  will  be  the  magnitude  of  the  co-efficient  S. 

TTY’ 

Now 
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Now  it  has  been  fhewn  in  the  lad  article,  that  the  feries  b — c + b — zc  ■+• 

X * — If  — id  x **  + d — it  + f\  x **  — (e  — 2/  + X *4  + 


/ — 2g  + & x x'  — &c  is  equal  to  the  feries  r,  t + x>  ~+~^>  ~ 


wt* 


XXs 


- , - : — — 1 &c,  and  likewife  that  r is  equal  to  l — c.  Therefore,  if  the 

1 + X -f-  jrV 

former  of  thefe  feriefes  is  greater  than  b — c,  the  latter  of  them  mud  be  greater 
than  r.  But  the  former  of  thefe  feriefes  is  greater  than  b — c ; becaufe  the 

next  term  b — ir  + ^1  X *,  which  is  added  to  b — e,  is  greater  than  the  fol- 
lowing term  c — %d  + } | x .v\  which  is  fubtratted  from  b — c 5 and,  in  like 
manner,  every  following  term  in  the  faid  feries  that  is  marked  with  the  fign  + , 
or  is  to  be  added  to  b — c,  will  be  greater  than  the  term  immediately  follow- 
ing it,  which  is  marked  with  the  fign  — , or  is  to  be  fubt ratted  from  b — c. 

Therefore  the  other  feries  r,  , =S^— , —J=—>  &c  wiU 

be  greater  than  it’s  fird  term  r.  And  this  will  be  always  true,  of  how  fmall  a 
magnitude  foever  the  quantity  *,  and  confequently  the  frattion  - * -,  be  fup- 
pofed  to  be  taken.  Therefore,  by  the  fecond  of  the  foregoing  Lemmas,  the 


fecond  term 


+ x 


of  this  feries  mutt  be  added  to  it’s  fird  term  r , and  confe- 
quently mud  have  the  fign  + prefixed  to  it ; and  therefore  the  lad  equation 
will  be  b •—  c + b — 2c  +"7iX  x — (c  — 2d  + ej  x **  + d — re  + /)  X x* 


— 6~-~  -1  + il  X X*  4-  / — M X X 

VA’J 

x~+  *y 


%x 


TA* 


+ *)4 
fix’ 


X + *1  1 * 

feries  r + 


&C  SI  R *4“  , _L  !* 

' * + * 1 + x ) * 

1 &c.  Therefore  in  the  aflumed  feries  p,  — . 

1 + *V  1 + ** 

T.l4  VA*  W.r*  Xx1 

f+tp  f+r*’  stk*  rr^ 

TA*  Vjr*  w.v4  XXs  . . , . . 

-$1  oc c is  derived  by  means 


-,  8cc  (from  which  the  prefent 


» 4-  *’  1 + aV’  i"+  A*’  1 +— ;D *’  1 + a 
of  the  fubtrattion  mentioned  in  art.  10,  which  caufes  all  the  figns  of  the  terms 
of  the  affumed  feries  to  be  changed,  and  by  means  of  cerrain  other  operations 

by  which  the  figns  of  the  terms  are  not  affetted,)  the  correfponding  term 

mud  have  the  fign  — prefixed  to  it>  ; And  confequently  the  four  fird  terms  of 

Hr1 


the  faid  affirmed  feries  will  be  p — 7"+T 


1 + A> 


S*’  ix 

or  a 

1 1 + * 


r+ry 


8T» 

I + 


Q_.  E.  I. 


Art.  14. 
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Art.  14.  It  remains  tliat  we  determine  the  magnitude  of  the  co-efficient  S ; 
which  may  be  done  as  follows  : 

Ic  has  been  fhewn  in  the  'aft  article,  that  the  feries  b — c + b — ar  + d\  X x 
— \c  — zd  + 7 x x'  + d — ic  + /)  x **  —Ce  — if  +"?1  X x*  + 

tX  TT*  VX*  W X* 

/-  x — &c  is  = the  feries  r + J-+V  f+T^'  f+>’  7 + ^* 


xx‘ 


, &c,  and  likewife  that  r is  = b — c.  Therefore,  if  we  fubtraft  b — c 

1+4?*  * 

and  r from  the  oppofite  Tides  of  this  lad  equation,  the  remainders  will  be  equal 
to  each  other ; that  is,  the  feries  b — zc  +~d)  x x — (7  — zd  4-  e,  x x'  4- 
d — te  + /I  x *’  — f(  — 2J  + g' , X x*  4-  / — ig  + /-’]  x *s  — &c  will  be 
equal  to  the  feries  • ...Y-  . * ==^j,  -=^==T7»  &c.  And  confe- 

quently,  if  we  divide  all  the  terms  of  this  laft  equation  by  x,  we  fhall  have  the 
feries  b — 2 c + d — U — 2 d '+  e\  x x 4-  d — it  +/)x  a*  — [e  - if  + p X *l 

8 TJT  V-r*  W4rJ  3CX* 

+ /-2|ti;xr'-Stc  = the  feries  7+7*  r?=p  7+5^’ 

gee  ; and,  if  we  multiply  all  the  terms  of  this  equation  into  the  binomial  quan- 
tity 1 + *■,  in  order  to  difengage  the  co-efficient  S from  it’s  divifor  i -f  x,  we 
fhall  obtain  the  following  equation,  to  wit, 

f b— tt+d—  |f—  id  + t\xx  + J — u +/lx**  — \t—  *f  + g xj»+/—  ig  + b) x x4 — &c 
+ t — zT+T)  Xx— It-  — zd  + »\  X Jr’  + d — zt  +/)x*‘  — |f  — zf + g]  XJi^-f  ic  J 


Wl> 


■,  &c,  or  b — k + d + 


— S»  T+7’  T+tT’’  .T7|*’  r+^*’ 

/>  — 3 c 4-  3^  — A X X — !< — 3d  + 3<  — f\X  x*  + d — 3*  4-  if — g]  X x3 


XX* 


, &c. 


-ic-3f+  3Z  — & x *4  + &c  = S,  — f+7i 
Now  let  x become  = o. 

Then  will  all  the  terms  in  this  laft  equation  that  involve  any  of  the  powers 
of  x become  equal  to  o likewife,  and  confequently  the  only  quantity  left  on  the 
left-hand  fide  of  the  equation  will  be  b — 2 c + d,  and  the  only  quantity  left 
on  the  right  hand  fide  of  it  will  be  S.  Therefore  S will  be  = b — ic  + </; 

and  confequently  the  four  firft  terms  of  the  a (fumed  feries  p,  — , 

’ J + * 1 + .3* 

t.*4  Vx*  wx*  xx7  c ...  , bx  . ^ 

; =r > — - — -TT>  &c  will  be  a — — b — -fix 

+ X}*  r+lr)*  1 + hT)»  »+*  1 ^ 


1 + *i 


x2  ^ X 7 bx  DV  D*1^ 

rrtr*  -r*  - ar  4-  x f=ji* or  ~ Trrvi- 


Qj  E.  I. 


Tb 
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The  lmxftigation  of  the  Fifth  Term , of  the  faid  affumed  Series . 

1 + * i 


Art.  1 5.  Wc  arc  next  to  determine  what  fign  is  to  be  prefixed  to  the  fifth 


term,  of  the  affumed  feries  p,  , ===r» 

1 + A4  i+*  1 + *)•  14 • *\* 


1 + A 

W*6  XX 


&c,  and  what  will  be  the  magnitude  of  the  co-efficient  t. 


1 J l + *1 

Now  it  has  been  (hewn  in  the  laft  article,  that  the  feries  b — ic  4-  d -f- 

b — sc  + 3 d — i\  x x — fc—  3 d -+-  y~  f)  x»'  + d — y + Jf  X x* 

— f~e  — if  + 3S  ~~~b\  X x*  + 8cc  ad  infinitum,  is  equal  to  the  feries 

S,  ■ -TX— , r-r~— , &c,  and  likewife  that  S is  equal  to  b — ic 

1 + * r + *)  1 + jrl  I + JT) 

+ d.  Therefore,  if  the  former  of  thefe  feriefes  is  greater  than  b — zc  + d, 
the  latter  of  them  muft  be  greater  than  S.  But  the  former  of  thefe  feriefes  is 

greater  than  b — zc  + d\  becaufe  the  next  term  b — y + 3d  — x *, 
which  is  added  to  b~  — zc  -f-  d,  is  greater  than  the  following  term 

c — 3 d -f  3 e — f)  X x',  which  is  fubtraded  from  b — zc  + d j and,  in  like 
manner,  every  following  term  in  the  faid  feries  that  is  marked  with  the  (ign  +, 
or  is  to  be  added  to  b — a c + d,  will  be  greater  than  the  term  immediately 
following  it,  which  is  marked  with  the  fign  — , or  is  to  be  fubtraded  from 

wx*  xx*  „ 

&C 


b — zc  + d.  Therefore  the  other  feries  S,  -T— , ==£—., 

> + * r+Ti* 


I + x)1  1+  x) 

will  be  greater  than  it’s  fit  ft  term  S.  And  this  will  be  always  true,  of  how 
fmall  a magnitude  foever  the  quantity  x,  and  confequently  the  fradion  — be 
fuppofed  to  be  taken.  Therefore,  by  the  fecond  of  the  foregoing  Lemmas,  the 
dccond  term,  — , of  this  feries  muft  be  added  to  it’s  firft  term  S,  and  confe- 


1 _+  * 


quently  muft  have  the  fign  + prefixed  to  it  ; and  therefore  the  laft  equation 
will  be#  — 2 c + ^ b — 3 c + 3d  — : c-  x x — ( c — 3 d -+-  3 c — /)  x ** 
+ d — 3c  + 3/  — g]  X a-’  — fc  — if  + Zg  — b)  X *4  -I-  &c  = S + 

,,  , &c.  Therefore  in  the  affumed  feries  p, 

* + * t -Tx)'  r+T)  . • + * 


a** 


u> 


TX* 


VXi 


— - v.,  ==— , ==— , =r-.,  &c  (from  which  the  pre- 

rT3*’  r+~a*  mr  r+~a‘  i+ti’  1 r 


fent 
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fent  fcries  S + 


V.*4 


i>  : _ =r-j,  &c  is  derived  by  means  of  the 


1 + *’  « + JrV  • + *Y  i + 
fubtradlion  mentioned  in  art.  io,  which  caufes  all  the  figns  of  that  feries  to  be 
changed,  and  by  means  of  certain  other  arithmetical  operations  by  which  the 

figns  of  the  terms  are  not  affedted,)  the  correfponding  term  =~—  mud  have 
the  contrary  fign  — prefixed  to  it.  And  confequently  the  five  firft  terms  of  the 
laid  afiumed  feries  will  be  p -■***  ***  sx>  Tx* 


bx 


1 + * r+~*v  x + x)* 


1 + * l+x)'  I + x)‘ 

TX4 


TH)A 


or  a — 


Art.  1.6.  It  remains  that  we  determine  the  magnitude  of  the  co-efficient  t ; 
which  may  be  done  as  follows  : 

It  has  been  (hewn  in  the  lad  article,  that  the  feries  b — 2C  + d + 


b-3c+$d-t\  x x — 1 c - id  + 3e  — /)  x *•  + d—3e  + 3/ - g\  x ** 

— le  — if  + 3S & X + &c  is  = the  feries  S -+  r~r~' 

====^,  &c,  and  likewife  that  S is  = b — 2c  + d.  Therefore,  if  we 

fubtradt  b — 2c  + d and  S from  the  oppofite  fides  of  the  former  of  thefe 
equations,  the  remainders  will  be  equal  to  each  other  j that  is,  the  feries  1 . 

* — 3‘  + 3J~e\  X * —Ic  - 3d  + 3«  —f\  X x*  + d — 3e  + 3/ — £\X  *• 

— i‘  — 3/  + 3g  — Alx  **  + &c  ad  infinitum  will  be  = the  feries  T*  , 


vx* 


Wx1 


rT7\i'  ^CC’  ^iere*°rc»  we  divide  all  the  terms  of  this 

equation  by  x,  we  (hall  have  the  feries  b — 3c  + 3d — e — (c — 3d  -p  —f)x  x 

+ d — 3*  + 3f  — g)  X x*  — U — 3/  + 3S  — Al  X x1  + &c  ad  infinitum 

— the  feries  -r- — , — Y--_  

* * 1 + ji\ 1 1 t d i -p  * 

multiply  all  the  terms  of  this  equation  into  the  binomial  quantity  1 + x,  in 
order  to  difengage  the  co -efficient  t from  it’s  divifor  1 -p  x,  we  (hall  obtain’the 
following  equation,  to  wit, 

f 3f+3  d-t  -C  - i<i  + 3‘~=f\  Xx  + 7-y  + 3/-^  X»»  -fT-  3/+  is  - *)  X *»+&c  1 * 
l + 4 - 11  + 3J-AXX-G-  J j+  3*^7)  X -r*  + J-  y + x *1  -Etc  ) 

Vj>  XV  X*  Xx*  ’ ' • v ! ,>  ’ , , 

= t,  rr-ri  -=r=r:>  ■=r=y>  &cj  or  the  feries  b — 3c  4.  $d  e 


1 + 


Wx*  x.r^ 

i»  r==57>  &c  ad  infinitum-,  and,  if  we 


nrir’  .ttv* 

Vol.  IV. 
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+ b ~ 


bd 


+ d — 4*  + 6/  — 4?  t-  X *’ 

Vjt  wr*  X.iJ 


4«-  + yl x * — f*  — **  + <**  — +y  + / 1 x ** 

&c  aof  infinitum  — the  fciies 


T, 


, &c  ad  infinitum. 


+~*V’  i + *) 

Now  let  x become  — o. 

Tlicn  will  all  the  terms  in  this  laft  equation  that  involve  any  of  the  powers 
of  x become  equal  to  o hkewife,  anil  confequcntly  the  only  quantity  left  on  the 
left-hand  fide  of  the  equation  will  be  b — 3c  + 3d  — e,  and  the  only  quan- 
tity left  on  the  right-hand  fide  of  the  equation  will  be  t.  Therefore  t will  be 
= b — 3 c + 3d  — e ; and  confcquently  the  five  firft  terms  of  the  afiumed. 


or 


%x> 


»x> 


ferics  P>  . + x*  7 +Tf  r+TiJ’  77?*' 

0--7l __Q~Z7 

1 -I-  * 


V.V* 

I +“xY 


wx» 


I + X 1 
X* 


* &c  will  be 


■ + x)> 


x*  bx  dV 

t + aO*’  0r  “ I + JT  i~+~? 


x — 2C  -f  <i)  x —lb  — 30  + 3d  — A 

q.  e,  i. 


D'V» 

r+r» 


D***4 
I + x> 


Tbe  hvejligalion  of  ibe  Sixlb  Term 


Vx* 


I + 


of  tbe  Jaid  ajfumed  Series. 


Art.  17.  We  are  next  to  determine  what  fign  is  to  be  prefixed  to  the  fixth 

vx*  r 1 n-  j r • - ax*  5xJ  tx*  vx* 

term,  r=— , of  the  afiumed  feries  p,  — — , r=— , ==-, -==r-., 

1 + *)*  >+*  1 + .0  r+x)>  r+x'4  1 + 

■TTLr- , & c,  and  what  will  be  the  magnitude  of  the  co-efficient  V. 

I + X1  ' 


WX 

r+ . 


Now  it  has  been  fbewn  in  the  laft  article,  that  the  feries  b — 3c  + 3d  — * 
+ b — 4c  + bd  — 4;  + f)  XX  — IT  — 4 d + be  — 4 / +’  />  X ** 
4-  d — 4«  0/  — 4 g + b\  xx*  — &c  ad  infinitum , is  equal  the  feries  t. 


.v*  , —Tii  - X— — &c  ad  infinitum  and  likewife  that  t.  is  — b — 3c  + 

• + x 1 4 xl  ] -f  ,1 

3d — e.  Therefore,  if  the  former  of  thefc  feriefis  is  great-ri  than  b — 3c  + 3d  — e, 
the  latter  of  them  mult  be  greater  than  t.  But  the  former  of  thefe  feriefes  is 

greater  than  b — 3c  4-  3d  — e;  becaufe  the  next  term  b — 4c  •+•  bd — 4 e + /)xx, 
which  is  added  to  b — 3c  + 3 d — e,  is  greater  than  the  following  term 

c — 4 d + be  — X x ’,  which  is  fubtrafted  from  b — 3 r + 3d — r;  and, 

in 
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in  like  manner,  every  following  term  in  the  faid  feries  that  is  marked  with  the 
lign  4. , or  is  to  be  added  to  b — 3 c 4-  3 d — e,  will  be  greater  than  the  term 
immediately  following  it,  which  is  marked  with  the  lign  — , or  is  to  be  fubtrafted 

from  b — if  + id  — e.  Therefore  the  other  feries  t,  — , 

I I + jrl 1 1 + 

&c  will  be  greater  than  it’s  firft  term  t.  And  this  will  be  always  true,  of  how 


1 4 x’ 


fmall  a magnitude  foever  the  quantity  j,  and  confequently  the  fraflion 
be  fuppofed  to  be  taken.  Therefore,  by  the  fecond  of  the  foregoing  Lemmas, 
the  fecond  term,  t , of  this  feries  mull  be  added  to  its  firft  term  x,  and 
confequently  muft  have  the  fign  4-  prefixed  to  it  ; and  therefore  the  laft 

Tlx  * 


4f 


equation  will  be  b — 3c  4-  3*/  — e ■+■  t>  — 4t  4 6il 

— ft-  — 41I  4-  be  — 4/'  4 xx * 4-  d — 4f  4-  6/  — 4g  — x x‘  — gee  = 

T 4 —7—  1 &c.  Therefore  in  the  aflumed  feries  f,  —2^—, 

* + *■  1 4 *1  1 4 .iV  14* 


»*•» 


»jr» 

I 4 TV*  1 4"jrl 

fent  feries  t 4 


T44 


■ , &cc,  (from  which  the  pre- 


r+Dr  n-T)*’  TTT 1* 


„ . , gtc  is  derived  by  means  of  the  fubtrac- 

* 4 X’  , +7 1»’  rTT)* 

tion  mentioned  in  art.  10,  which  caufcs  all  the  figns  of  the  terms  of  the  faid 
aflumed  feries  to  be  changed,  and  by  means  of  certain  other  arithmetical  opera- 
tions by  which  the  figns  of  the  terms  are  not  affe&ed,)  the  correfponding  term 

Vjt* 

^ muft  have  the  contrary  fign  — prefixed  to  it.  And  confequently  the 

fix  firft  terms  of  the  faid  aflumed  feries  will  be  p — — — - sx 

1 4*r  1 4 *■)« 


1 4 * 


ora T -ffT  x =^=r  - ITT 

1 4 ■ 4 x r+13'  ^ 


ix 


i 4 


ac  -4 


T|j 


¥*• 


~ — ^r~  — f b — 3f‘4-  3 d — rl  x — 

l 4 X'>  J J 14*!*  I 4 xV 

jd"x*  T."'x*  v.v‘ 

i 4x'*  7+71*  i 4 *>’  h B*  »• 


bx 


or  a — 

1 4 X 


i 4 *1  * 


Art.  18.  It  remains  that  we  determine  the  magnitude  of  the  co-efficient  V ; 
which  may  be  done  as  follows  : 

It  has  been  fhewn  in  the  laft  article,  that  the  feries  b — 3^-4.  $d  — c 
4 b — 4 c 4 bd  — 4f  +/)  xx—  \c  — +d  4 6r  — 4/  4-  gl  x **  4- 
d — 4-  6/  — 4£  4 Ji]  X x'  — he  ad  infinitum  is  = the  feries  T 4 -',r  , 

It*1 


4 G 2 


Wr* 

T+  At** 
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— — XJr’ — , &c,  and  Iikewife  that  t is  = b — 3*  + 3d  — e.  Therefore, 
7+Th  .«  4-  *V 

if  wc  fubtrafl  b — y + 3J  — e and  t from  the  oppofitc  fidcs  of  the  former 
of  thefe  equations,  the  remainders  will  be  equal  to  each  other ; that  is,  the 

feries  b — 4c  -4  6 <f  - 4s  + /'  y x —fT—  \d  4 Ot  — 4/  + i''  X xl 

q-  \i  — .)<■  4 6/  — + /. 'I  x a*  — &c  will  be  equal  to  the  feries 


& c.  Therefore,  if  wc  divide  all  the  terms  of  this  equation  by  x , 

1 4 x)‘  1 + x‘ 

wc  (hall  have  the  feries  b — qr  + bd  — 4 z + / — fe  — 4^  + 6e  — 4/  + g 1 X * 

V WX  XX* 

+ d - 4e  + 6/—  X *?  — &c  ad  infimtum  - — ^f==£. 

&c  ad  infinitum  ; and,  if  we  multiply  all  the  terms  of  this  equation  into  the  bi- 
nomial quantity  1 + .v,  in  order  to  difengage  the  co-efficient  V from  the  divifor 
1 + x,  we  fhall  obtain  the  following  equation,  to  wit, 

f b -41-  4-  6J  — 4/  +/  — fe  — 4^4  6*  — V+  fl X * + J — 4/  4 6f  — 4-  !t>)  x **  — &c  ^ 

+ 4 — 41+  Oil  — + /I  x x — fc  — 4</4-6r  — 4^  4 X x*  4 flic  J 


— v,  ■ w — , — -- — , &c,  or  b — 4f  + 6d  — qe  + f + 

1 4-*  t 4-  *Y 

b — if  + lo.f  — 10#  4-  bf—g)  X * — fr  — 5<f  + toe—  10/  q-  & — b)x 


. wx 

+ &c  = v>  t+v 


fee. 


Now  let  x become  r=  o. 

Then  will  all  the  terms  in  this  laft  equation  that  involve  any  of  the  powers 
of  x become  equal  to  o likewife ; and  confequently  the  only  quantities  left  on 
the  oppofite  fidcs  of  the  equation  will  be  b — 4c  + 6d  — t,e  4-  / and  V. 
Therefore  V will  be  :=  b — 4c  q-  bd  — 4/  + /;  and  confequently  the  fix  firft 

terms  of  the  aft  timed  feries  p,  — — , ■—  ----c,.  =p=^->  ==^-, 

— , &c  will  be  a ^ h — ^ x =L—  _ [*  _ 2(  4 ^ v -===r 

f+7i’  1 + * n^y  ^ * rr?* 

— U — 3f  + id  — c\y  f=y  —lb  — 4r  + bd  ~ v + J\x  7=^*  or 


bn 

’ I + * ' 


» + *> 


D*v.v* 

tT^4_  rrfv* 


^ E.  I. 


We 
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The  Invcjligation  of  ibe  Seventh  Term, 


W-l° 

i -t/Ti6’ 


of  the  faid  ajfumed  Series. 


Art.  19.  We  are  next  to  determine  what  fign  is  to  be  prefixed  to  the  feventh 


term, 


VfX* 

rrz 

WJt* 


j,  of  the  laid  affumed  ferics  p — 


T*4 


x + *’  i+T j* ’ f+IV ’ T+7j 


X*T 


- ■ r,  m=~,  & c,  and  what  will  be  the  magnitude  of  the  co-efficient  w. 

x+*o  1 + .v,  j + x,  ■ 0 


Now  it  has  been  (hewn  in  the  laft  article,  that  the  feries  b — 4c  + 6 d — 4 e +f 
+ b — sc  + 10 d — 1 of  4-  of — £•)  x x — tc  — 3 d -4-  1 cut  — 10/  + -^"Hl  X x' 

-f  &c  ad  infinitum  is  = the  feries  v,  — xd— &c  ad  infinitum , and  like— 

x + * 1 + xj* 

wife  that  v is  = b — 40  + 6d  — 4 e + f.  But  here,  as  the  compound  quan- 
tities on  the  left-hand  fide  of  the  firft  of  thefe  equations  are  fo  long  as  io- 
make  it  troublefome  to  repeat  them  as  often  as  may  be  neceffary,  it  will  be  conve- 
nient to  exprefs  them  in  an  abridged  notation.  1 (hall  therefore  denote  the  quan- 
tity b — 4c  + 6d  — 5 e + /,  (which  is  the  firft  difference  of  the  co-efficients 
b,  e,  d,  e,  /,  g,  b,  i,  k , /,  m,  See  of  the  fourth  order,)  by  the  expreffion  d”, 
and  the  fcveral  co-efficients  of  the  powers  of  x on  the  fame  fide  of  that  equa- 
tion, to  wit,  b — 5c  + toi  — 10 e 4-  ef  — g , c — 51 / + 10#  — to/  + $g  — b, 
d — je  + 10 f — log  + 5 b — i,  e — 5/  -4-  io£  — 10b  + 51  — 
f — j g + 10 b — tor  -4-  5 k — /,  and  g — 5b  -f  tor  — 10*  -f-  5/  — m,  &c, 
(which  arc  the  feveral  fifth  differences,  or  differences  of  the  fifth  order,  of  the 
fame  co-efficients  b,  c,  d,  e,  f,  g,  b,  i,  k,  l,  m,  &c,)  by  the  expreffions 

Dj,  D”,  Dj,  D4,  Ds,  and  D6,  & c rcfpedtively.  And  then  the  faid  equation 

will  be  as  follows,  to  wit,  D”  + D'  x * — D*  x *'  + D ' x **  — D + 


X x*  + Dj  x x'  — Dg  x + &c  ad  infinitum  = the  feries  v,  - 
-Jg-f  U2L  &c  ad  infinitum , in  which  P2,  03, 

r+rv*  r+7i»  nra*  » + *y  r+j? 

R2,  si,  &c  are  ukd  to  denote  the  co-efficients  of  the  following  terms  of  the 
adorned  feries  after  the  co-efficient  z,  which  is  the  laft  letter  of  the  alphabet.. 
With  this  notation,  the  inveftigation  of  the  fign  that  is  to  be  prefixed  to  the 

feventh  term,  of  the  affirmed  feries  p,  -=W.  —**  ,'»  -===s*. 

1 + xV  * -r  x i-j-x)  i + x I »+x| 


-=^~,  - X*\,,  &c  will  proceed  as  follows : 

t+s)*’  r+a*’  H-*V’  r 


Since 
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Since  the  feries  D*'  + D*  x X — D’  X + D*  x — D*  x *4 
1 3 4 

+ D X *’  — D6  x x‘  + &c  ad  infinitum  is  = the  feries  v,  44L  — 

5 0 ’ * + * ' r+ 


24=24-,  &C  ad  infinitum,  and  V is  = D",  it 

1 -t-  J I + *1  1 + X>‘  I + *)• 


follows 


that 


V if  the  former  feries  D,r  + D ’ x * — D ’ x at’ + D'x  D' X** 

+ D xx*  — D I X x‘  ■+■  &c  is  greater  than  it’s  firft  term  D*',  the  latter  fe- 


rns v, 


Vi-* 


ZJC* 


r»  X x'  o!  X i'  , •„  , 

, , , ...  • — e~~ i — -—■-■■ur-,  — — , See  will  alfo  be  greater 

than  it's  firft  term  V,  But  the  former  of  thefe  fericfes  is  greater  than  it’s  firft  term 
D"  ; bccaufe  the  terms  D(,  D*,  and  Djt  and  every  following  term  in  the  fe- 
ries that  is  marked  with  the  fign  -j- , or  added  to  the  firft  term  D,r,  are  greater, 
refpedively,  than  DJt  D^,  and  D',  and  every  following  term  in  the  fame 
feries  (hat  is  marked  with  the  fign  — , or  fubtratted  from  the  fitft  term  D"'. 
Therefore  the  other  feries  v,  JHZ-,  gJLg. 

&c  will  be  greater  than  it’s  firft  term  V.  And  this  will  be  always  true,  of  how 
fmall  a magnitude  foever  the  quantity  .v,  and  confequently  the  fraftion  — ~ , be 
fuppofed  to  be  taken.  Therefore,  by  the  fecond  of  the  foregoing  Lemmas,  the 
fecond  term,  , of  this  feries  mull  be  added  to  it’s  firft  term  V,  and  con- 
fequently  muft  have  the  lign  -f  prefixed  to  it ; and  therefore  the  laft  equation 
will  be  D,T  + D*  X at  - D4  x x*  + D’  x a4  — x w4  + D ' x *• 

— f>6  X x*  + See  ad  infinitum  =:  the  feries  v + -w4  . ***  , _T*,_ 

. * + « r+7?’  i+7)»’ 

pj  y £ $ QS  y jp® 

—TV1  — f=Si*  &c  ad  infirdtum.  Therefore  in  the  affirmed  fe- 

* *r*J  I T*'l  I t 


TICS  P 


Tx4 


vx* 


V.X* 


w> 


•f  +-*  TT^’  7 TT*’  ~7+7*'  TW’  7+Z?'  T+rr’  &c  <from  which 


the  prefent  feries -v,  -41  . x*‘  -111-  ..***  &c  u- 

' + '*  T+a**  i+2*  i+7l4’  f+3‘  &c’  15  de_ 

rived  by  means  of  the  fubtra&ion  mentioned  in  art.  to,  which  caufes  all  the 
terms  of  the  faid  affumed  feries  to  be  changed,  and  by  means  of  certain  other 
arithmetical  operations  by  which  the  figns  of  the  terms  are  not  affedled,;  the 

-correfpondmg  term,  r4~j,  muft  havc  ,lie  contrary  fign  — prefixed  to  it. 

And 
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And  confcqiicmly  the  feven  firft  terms  of  the  faid  afllimed  feries  will  be  P — 


KX*  U1 


VX*  WXC 


• + ' r+'jf  ,*  rv7\'  r+?r  r+sy 

nuXl  d111-*4  D^-r*  W-*4 

I + ■r>  I + /,«  1 + xl>  I + xV.  E*  *• 


tx  p'j* 

«+*  I +71’ 


Art.  lo.  It  remains  that  we  determine  the  magnitude  of  the  co-efficient  W ; 
which  may  be  done  as  follows  : 

It  has  been  (hewn  in  the  lafl  article,  that  the  feries  D1'  + D,  X x — D,X** 

+ D*  x**  — Dj  x **  + Dj  X *'  — Dg  x + icc  ad  infinitum  is  = 

the  feries  v + — , ==-,  &c  ad  infinitum , 

and  likewife  that  V is  = D'\  Therefore,  if  we  fubtraft  V and  D'r  from  the 
oppofite  fides  of  this  equation,  the  remainders  will  be  equal  to  each  other 

that  is,  the  feries  D*.  X x — D’  x **  + D’  x *s  — D*  x x*  + Dc  X 

1 . 2 i 4 i 

f n>  r Y »■*  Y iJ 

— D,  X x' -f-  &c  ad  infinitum  will  be  ~ the  feries  — - — -,  ==— , =_  — , 

6 « + * i+^*  i + *V 

— -x— — , &c  ad  infinitum.  Therefore,  if  we  divide  all  the  terms 

i + *1  i + x)'  i + x\ 

of  this  equation  by  x , we  fhall  have  the  feries  D’  — D'  X x -f-  X *’  — 

D X *’  + D’  X x*  — Dg  x x‘  + &c  = the  feries  — s=«r;,  - 

4 S 0 >+*  i + i + *1 

Pt  8tc  ; and,  if  we  multiply  all  the  terms  of  this  cqua- 

i + x ) 1-|-  X|*  i + *> 

tion  into  the  binomial  quantity  i + x,  in  order  to  difengage  the  co-efficient  W 
from  it’s  divifor  l + x,  we  fliall  obtain  the  following  equation,  to  wit, 

f D ’ — D*  x * + D*  x — B’  x x>  + D*  x a*—  Dg  x x*  + V 

+ D*  x x — D*  x x2  + D*  x *»  — D”  x x*  + D*  x x*  — Jtc  J 

xy  yj»  rtxi*  «i?  x ir»  . . _i_  "tV v * 

= w>— ■ • r^y’  rrT-’  ?T7v’ &c’or D>  + D-  ~D‘] x 

—Id;  — x x*  + d’  - d;]x*>— b;—  dJx  x*+  dy5  — dJx*‘ 


J - 31 3 4J  ~ 4 5'  ' “ 5 6 

a J ■ £ xx  Xi*  Zx’  1 2 XI4'  nix»>  . 

— • &c  ad  infinitum  = w,  — — , ===-,,  =~r*>  ^==Ci.  &c.. 

1 +'  I + xl*  1 + x)  l +x\  I + X> 

Now  let  ar  become  =:  o. 
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Then  will  all  the  terms  in  this  laft  equation  that  involve  any  of  the  powers 
of  x become  equal  to  o likewife  ; and  confequently  the  only  quantities  left  on 

the  oppofite  (ides  of  the  equation  will  be  D , and  V.  Therefore  V will  be  = 


D, , or  Dr ; and  confequently  the  feven  firft  terms  of  the  aflumed  feries 

qx  n.r*  tv’  Ta4  vx*  w.r®  xxT 


Pi 


» + rra*’  r+D*’  rr^j*’  .tt)1’  r+rw m 

b*  d‘a*  D11**  D,vx’  Drx6 

‘ +*  l "+  *1  » I + *1*  1 + x'  * l + *'*  t + 


&c  will  be 

<*.  E.  i. 


Genera l Ctndufiens  from  the  Five  lajl  IrreeJiigaMns  ctr.cerning  the  following  Term 
of  the  Jaid  ajjumed  Series. 


Art.  it.  From  an  attentive  obfervation  of  the  five  prececding  invefiigations, 
by  which  we  have  found  that  the  third  term,  of  the  aflumed  feries  is  to 

i + », 

have  the  fign  — prefixed  to  it,  and  that  it  is  equal  to  b — <1  x — ^ — or 

i + 

, and  that  the  fourth  term,  — of  the  faid  feries  is  likewife  to  have 

I + jrY  t + d\‘ 


the  fign  — prefixed  to  it,  and  is  equal  to  b — 2 c •+-  d\  x py~yi  or  j==j= 


and  that  the  fifth,  fixth,  and  feventh  terms,  , 


and  =Sr-6,  of 


I -f  1 -f  *1  4’  1 + xA 

the  faid  feries,  are,  all  of  them,  in  like  manner,  to  have  the  fign  — prefixed  to 

them,  and  that  they  are  equal  to  anc^  *^=r;»  refpe&ively,  it 

feems  evident  that,  if  we  were  to  make  ufe  of  the  like  invefiigations  to  difeover 


the  figns  that  are  to  be  prefixed  to  the  following  terms, 


X.r7 

T+^v 1 


’’  r+7i*’ 


' -a  &c  of  the  faid  aflumed  feries,  and  the  values  of  their 

fevtral  co-cfficicnts  X,  Y,  Z,  P2,  Qi,  £cc,  we  fhould  find  that  all  thefe  terms 
would  have  the  fign  — prefixed  to  them,  and  that  the  faid  co-efficients  would 

- , »•  vll  * Fill  «x  X 

be,  refpedively,  equal  toDj,  Dj  , Dj,  D4 , and  Dj,  &c,  or  D”,  D,u, 

D'"', 
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Dr"‘,  D1*,  and  D*,  8cc,  or  to  the  firft  differences  of  the  fixth,  feventh,  eighth, 
ninth,  and  tenth,  and  other  following  orders  of  differences,  of  the  origin \1  co- 
efficients b,  c,  d,  <*,  /,  g,  b,  i,  k,  /,  m,  &c,  to  whatever  number  of  terms  the 
faid  afTumed  feries  might  be  continued.  For  in  every  new  investigation  the 
proceffcs  and  the  reafonings  upon  them  would  be  exactly  Similar  to  thofe  in 
the  next  prececding  investigation,  and  confequently  mult  produce  fimil.ir  rel'ults, 
which  arc,  lit,  that  the  new  term  of  the  afTumed  feries  is  to  have  the  fame  fign 
— prefixed  to  it  which  was  prefixed  to  the  next  prececding  term ; and,  adly, 
that  the  numeral  co-efiicicnt  involved  in  it  Will  be  the  firlt  difference  of  the 
next  higher  order  of  differences  of  the  original  co-cfficionts  l>,  c,  d,.e,  f,  g,  b , /, 
k , /,  m,  See,  to  that  of  which  the  numeral  co-cffieient  of  the  next  preceedmg 
term  of  the  affumed  feries  was  the  firft.  difference.  And  therefore  we  may  con- 
clude, without  an  actual  investigation  of  any  more  than  the  foregoing  feven 
terms  which  have  been  here  invcfligatcd,  that  the  following  terms  of  the  faid 


n".«T 

fTT?’ 

, — - — , tt— .^77,  8cc  ad  wjmitum,  or  to  whatever  number  of 


feries  will,  all,  have  the  fign  — prefixed  to  them,  and  will  be  equal  to 

p'r11 

fT 7) 


I + 4T 


+ x) 


terms  the  faid  affumed  feries  may  be  continued.  And  thus,  by  this  method 
of  investigating  the  terms  of  the  faid  affumed  feries  fuggefted  by  Mr.  Hellins, 
we  have  difeovered  the  law  of  the  continuation  of  the  terms  of  the  faid  affumed 
feries.  Oi  e.  i. 


Art.  22.  But,  perhaps,  the  refemblance  between  the  procelfes  and  the  rcafon- 
ings  employed  in  tlicfc  lucceffive  investigations  of  new  terms  of  the  affumed  fe- 
ries, may  be  made  to  appear  more  clearly  by  expreffing  them  in  a clofer  and 
concifer  manner  than  has  been  ufed  in  the  foregoing  articles.  And  therefore  I 
fhall  now  repeat,  or  recapitulate,  the  five  laft  investigations  in  as  Short  and  com- 
preffed  a manner  as  I can,  and  with  the  fame  abridged  notation  as  is  ufed  in 
the  laft  of  thole  inveftigations,  in  which  the  feveral  lucceffive  differences  of  the 
fifth  order  of  the  original  co- efficients  b,  e,  d,  e,  f,  g,  b,  i,  k,  /,  m,  &c  are  denoted 

by  the  expreffions  D*,  Dx,  D^,  D4,  D^,  D6,  8cc.  And  therefore  I fhall  now 

denote  the  firft  order  of  thofe  differences,  to  wit,  the  differences  b — c,  c — d, 

d — e,  e — /,  / - g,  and  g — b,  & c,  by  the  terms  D*.  Dx,  D3',  D+,  D 

and  Dg,  he,  and  the  fecond  order  of  thofe  differences,  to  wit,  the  differences 
b — 2C  + d,  c — 2d  + e,  d — 2f  + /,  e — 2/  + g,  f — zg  + b,  and 
g — 2b  + i,  &c,  by  the  terms  D",  L)",  , D^,  D. , and  D^',  8c c, and  the 

third  order  of  thofe  differences,  to  wit,  the  differences  b — 3c  -f-  3 d — e, 
( — 3 d + 3e  — />  d — 3*  + 3/  — S>  e~  3/+  3&~b>  f—3l  + 3b  — •• 
Vol.  IV.  4 H and 
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and  g — 3^  4*  — k>  &c  by  the  terms  DI?  D 2 , D 3 , D4,  D 5 , and  D 6 , 

&c,  and  the  fourth  and  fifth  orders  of  thofe  differences  by  the  terms  D, , Ds , 

D^,  D",  D. , D6\  &c,  and  D,,  D2,  D^,  D5,  D^,  &c.  With  this  nota- 

tion the  five  foregoing  inveftigations  contained  in  art.  it,  12,  13,  i_|,  15,  j6, 
17,  18,  19,  20,  may  be  exprefiVl  in  the  manner  following. 


A Recapitulation  of  the  foregoing  hvefiigations  of  the  3 d,  4 tb,  5/6,  6th,  and  -jtb 
Terms  of  the  aforefaid  ajfumed  Series,  in  a more  ctmcife  Notation. 


Tb*  lnvefligathn  of  the  Third  Term,  —4^,  of  the  Jaid  ajfumed  Series. 

I + X ) 


Art.  23.  It  is  (hewn  in  art.  10,  that  the  feries  b + x * — D‘  x *’  + 

D6  x + &c  ad  infinitum  is  = the  fe- 


Djx  »'  — x *4  4-  D*  x 

. KX  SX*  TJJ*  VA4  Wx‘  Xx4  1 . » . , 

nes  Q_,  , ===r;,  •===?.,  ==r;>  “57*  =T=?*  &c  ad  •nfintum,  and 

• + ■*  j+x  if*"  i + x)  i+*J‘  i+xj 

alfo  that  o^is  = £.  And  it  is  evident  that  the  former  feries  is  greater  than  it*s 
firft  term  b * becaufe  thofe  terms  of  it  that  are  marked  with  the  fign  + are 
greater  than  thofe  that  immediately  follow  them  and  are  marked  with  the 
trgn  — . Therefore  the  latter  feries  mult  be  alfo  greater  than  it’s  firft  term  q. 
And  this  is  always  true,  of  how  fmall  a magnitude  foever  we  may  fuppofe  the 

quantity  x,  and  confequently  the  fraftion  to  be  taken.  Therefore,  by 

Lemma  sd,  the  fccond  term,  - , of  that  feries  muft  be  marked  with  the 

fign  +.  And  confequently,  by  reafon  of  the  fubtradion  mentioned  in  art.  10, 


the  correfponding  term, 
contrary  fign  — - . 


Rx* 

I + x) 

q.  k.  1. 


, of  the  affumed  feries  muft  be  marked  with  the 


Secondly,  by  fubtra&ing  the  equal  quantities  b and  q.from  the  oppofite  fide* 
of  the  equation  b + D|  x * — Dt  X **  + Dj  x *’  — D*  x si*  + X **. 
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v** 


w** 


-d;  x *•  + &c  - o.+  “ 

1 + * I + A I + al»  1 + •<■>  1 + i’  t+*\ 
tec,  we  (hall  have  the  equation  Dj  x x — Dj  x a*  + D'  x x*  — Dj  x ** 

. I r>'  < . . M «**  TI>  VX*  VX' 

+ D X X1  — Dtf  X **  + &C  = — — , ===-,  f .:> 

5 1 + * 1 + *)*  i + *y  i + *)  1 + * y 

x 

: -6,  &c  ; and,  by  dividing  ail  thefe  terms  by  x%  wc  (hall  have  the  equation 

1 -f*  *) 

Dj  — Dj  x x + Dj  x **  — D^'  x **  + Dj  x *'  — D j x *'  + &c  = 

&c ; and,  laftly,  by  multi- 


rx* 

~=TT* 


vx* 


XX* 


1 + X i + X]*  I + X \ I + x*'  I + *1*  .1 

plying  all  the  terms  of  this  equation  into  the  binomial  quantity  1 ■+■  x,  we 
(hall  have  the  equation 

f D * — D*  x x -f  x xl  — x x%  + x x4  — x x*  + &c  "J 

+ D*  x x - D*  x x%  4-  D x x*  - D x x4  + D x x*  — &c 

12345  j 


VX* 


w*4 


atx* 


~ R*  — • rr^’  T+&7T&  kc>  or D-  + D<  ~ D,  * * 
-fo;  -d*]  x *•  + d\  - Dj]  x *•  -|d;-d;)x  x*  + 1>;  -d* 


« a SX  TX*  VX*  WX4 

x *'  — &C  = a,  . > ===5-. 

!+■*  I + X * i + V * 


Xx* 


tec,  or  D,  + 


I + A14  1 + *1* 

D,  x a-  — D , x *’  + D j x **  — D“  x *'+  d ' x — tec  = r, 

TXT*  “=7=0  --  ^-»  =s=K-,  — --a=r.,  &c.  Now  let  * become 

‘ + * 1 + *>*  .1  +Ti*  i+?«  F+T',*  1 +7)* 

~ o.  And  we  (hall  have  D,  = r,  or  n = D| , or  D‘.  04  b.  1. 


*Tbe  Inv/Jligation  of  the  Fourth  Term, 


=rix\-,  of  the  faid  affumed  Series. 
1 + 


Art.  24.  It  has  been  Ihewn  in  the  lad  article,  that  the  feries  D*  + D"  x *• 


II 

- d;  x v + d, 

the  feries  r,  ■ 

1 + X 


x x*  — D+  x x*  + D;  x x‘  — Dfi  x *‘  + 

tj*  v.»>  U’/r*  **i  Yjt‘ 

I + k<"  i + .r)1 


1 +T)4 
4H2 


tec  is  — 
and  like- 
wife 
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wife  that  r is  = d|.  But  the  former  feries  is  greater  than  it’s  firft.  term  D' ; 

• M U II 

becaufe  the  following  terms  Dj  x x,  x X &c,  which  arc  mark, 

ed  with  the  fign  +,  are  greater,  refpedlively,  than  the  terms  X x ’,  X x* 

D6  x x‘,  &c,  which  immediately  follow  them  and  are  marked  with  the  fign  — . 

Therefore  the  latter  feries  muff  alfo  be  greater  than  it’s  firft  term  r.  And  this 
is  always  true,  of  how  fmall  a magnitude  foever  the  quantity  x,  and  confe- 

quently  the  fraftion  — d— , be  fuppofed  to  be  taken.  Therefore,  by  Lemma  2, 

the  fecond  term,  / of  that  feries  mud  have  the  fign  + prefixed  to  it. 
And  confcqucntly,  by  rcafon  of  the  fubtratftion  mentioned  in  art.  loathe  cor- 
refponding  term,  — of  the  afliimed  feries  mud  have  the  contrary  fign  — 
prefixed  to  it.  0..  e.  i. 

Secondly,  by  fubtratfting  the  equal  quantities  D,  and  r from  the  oppofite 

. I ir  i,  11  11 

tides  of  the  equation  D,  + Dt  x -v  — x x*  + D,  x x*  — D4  x a;4  -f* 

d"  x X*  - d;*  X *•  + &C  = R + ^ =^-, 

— , &c,  we  (liall  have  the  equation  D X x — D'*  x a*  + D"  x x’  

1 + A 1 a 3 

D”  x x‘  + D”  x x*  - D*  X + &c  = j-SL,  =^-, 

+ . * 1 + * » +tj»  1 + a 1 r+n 

&C;  and,  by  dividing  all  the  terms  by  x,  we  (hall  have  the 

1 + *1  ’ 1 + Jt ) 

equation  D”  — D,'  x x + x **  — D+  x x'  + d‘  x a4  — D“  x x* 

+ see  - , + r+7)°  1+Tt1’  rrry’  r+n s’  r+r> 61  &c  1 and>  by  mul* 

tiplying  all  thefe  terms  into  i + *,  we  lhall  have  the  equation 

f D , - D2  x * + d3  * **  — d4  x x>  + D.  x x*  - Dg  x *'  + &c  1 

I — 11  *«  II  II  U f 

+ D x x — D x x'  + D x *»  — D x x*  + D x x>  — &c 
1 2 3 4 5 ■* 

— Q Tx  yxl  Xjf4  Y*s  „ •» 

~ ’ > +*’  r-nEy’  r+T)*’  r+n*’  rr?1’  &c*  or  D'  + D,  - d3]Xx 

-[dT X xl  + d“-d“]  X *>  X a*  + d^Td^I 
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..  , n ry  TX  VJT*  WX*  XX4  YX*  y-^t  , Tv*1* 

X .v>  — . &c  = S,  ===-,  *==^,  s==r;,  &c,  or  D + D , X * 

1 + * l+x\  I**]3  i-M  I+*.  1 

,111  III  III  III  Tw 

— D2  Xjf*  + Dj  X*’  — D+x*4  + DJ  x *l  — &c=S,  j— , 


V.r*  WA* 


YAT* 


"1+*)*'  777V’  r+x,4’  7T3|** 

then  have  S = D*,'. 


&c.  Now  let  x become  = o.  And  we  (hall 

Q.  E.  I. 


The  lnvtjli^ation  of  the  Fifth  Term,  -yrp,  of  the  faid  affumej  Series. 


II  III  ■ **« 

Art.  25.  Since  the  ferics  Dx  + D t x x — D 2 x I X x*  — 


^M*  _*•* 

D4  X **  + Dj  x A* 


D, 


Yat* 


6 X X6  -f  &c  is  = the  feries  S,  , 

1 1 x 1 + jpj 

rrS^rz,  — -==X^rT,  &c,  and  D is  z S,  and  the  former  feries 

l + x\ J i + Art  l+J1  l+x\ 

is  evidently  greater  than  it’s  firft  term  D „ it  follows  that  the  latter  feries  mud 
be  greater  than  it’s  firft  term  S.  And  this  will  be  always  true,  of  however  fmall 
a magnitude  we  may  fuppofe  x,  and  consequently  the  fradtion  —*  to  be  taken. 
Therefore,  by  Lemma  2d,  the  fccond  term,  of  the  latter  fcrics  mult 

have  the  fign  -j-  prefixed  to  it.  And  confequtntly,  by  reafon  of  the  Subtrac- 
tion mentioned  in  art.  10,  the  corrcfponding  term,  of  the  aftiimed  fe- 
ries mult  have  the  contrary  fign  — prefixed  to  it.  <1;  e.  i. 

Secondly,  by  fubtradting  the  equal  quantities  D,  and  S from  the  oppofite 

. II  III  III  III  III 

fides  of  the  equation  D,  + D,  x * — D 2 x xl  + D i x .v*  — D x** 

r.,u  , r.11*  . S , C O TX  VX*  WJf1  XJT4 

+ D X — Dg  X + &c  = S,  — ===-,,  ==r, 

3 1 + * I f l-fjr,  1 

HI  HI 

, &c,  we  mall  obtain  the  equation  D(  x * — Da  x **  + 


YArS 


1 +•  A * 1 I ** 


Dj.  X«--D4xt’+D}xt'-D6)(  x*  + &c  = =^-, 


r+7>i» 
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XX* 


YA* 


_ See ; and,  by  dividing  all  thefe  terms  by  x, 

i + jA1’  i + *v  i + *v  * + *1*  iu  m 

we  (hall  have  D,  — D * X*  + D s * *’  — ^4  X *’  + Dj  X-' 

.»  . t vjf  wx*  a**  t<*  e. - , 

d6  X a*  + &c  = — , — j7*  r+7\’’  rrr/’  * 

and,  laftly,  by  multiplying  all  thefe  terms  into  i + x,  we  (lull  obtain  the 
equation 

f d"'  - d"'  x * + d'“  x X*  - D*’’  x X*  + d'"  X X*  - tf"  X x«  + &C  j _ 

( + D*;‘  x x - D"  x *»  + D“'  x x.  - D”‘  x x«  + D1;  x x*  - &cj 

vx  »«’  ax’  VX«  IX*  r’"  tC***  tY")  v „ 

’•  rr-.-  fPS1’  TTi?'  T+rv*’  mr  «"■  q>p,  +d.  -°.l*  » 

- x ,■  + d"'  - F?1  x - Id';'  - d7|  x ••  + 

— iu  iiT)  vx  wx*  ax*  Y*4  ax*  ft#c 

D 5 - d6  I X *•  - &c  = T,  — , ~j;.  f^?  frV  r+T f * 

or  d"‘  + D*,  X x — D’'  x x*  + D"  X a*  - D4  X a4  + D*|  X x‘  — 

a,r  - T Y*  Jl-'L.  _xir,l  —*L  Jdt-  &c.  Now  let  x become  = o. 

&C  ~ T>  < + *’  1+?."  TT31*’  T+il4’  i+3‘’ 


And  we  (hall  then  have  t = D,,  or  D‘". 


E.  i. 


f he  Invijiigaticn  of  the  Sixth  term , of  the  f aid  affumed  Series. 

I + XJ 


III  _ iv  ..ir  , . r\lv  • 

Art.  26.  Since  the  feries  D,  + Dt  X * — D2  x x + X -v 
D"  X *4  + D*'  x a‘  — Dg  x + &c  is  = the  feries  t,  ~~x>  ===^, 
_JHL,  -lx*  -1**  T4£±i,  &c,  and  d"  is  = t,  and  the  former  feries  is 

I+xl*  I+xl4  1+x)  ‘ + *1 

evidently  greater  than  it’s  firft  term  D , , it  follows  that  the  latter  feries  mud 
be  greater  than  it’s  firft  term  t.  And  this  will  always  be  true,  of  however  fmall 
a magnitude  we  may  fuppofe  x,  and  confequently  the  fraction,  - x,  to  be 

taken. 
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taken.  Therefore,  by  Lemma  2,  the  fcconcl  term,  - '+'  ^ of  the  latter  ferics 

mu(l  have  the  fign  + prefixed  to  it.  And  confequently,  by  reafon  of  the 

fubtra&ion  mentioned  in  art.  10,  the  correfponding  term,  — . oftheafiiuned 

• +*) 

feries  mud  have  the  contrary  fign  — prefixed  to  it.  e.  i. 

• • 1,1 

Secondly,  by  fubtradling  the  equal  quantities  D , and  t from  the  oppofite 

fides  of  the  equation  D , + D,  x * — X r1  + x «’  — D x x* 

+ D’T  x x*  - D"  x * + &c  = t, 

y 4 1 > * 1 + x 1 r+xi1  1 + 1 +x. 


— —~7i  &c,  we  (hall  obtain  the  equation  D*  x x — D T x *x  + D*  X x*  — 
i+jo  1 1 3 

d"  X *•  + Dj*  x - r>;T  x **  + &c  = ££-,  .JSU, 

, &c;  and,  by  dividing  all  thefe  terms  by  x,  we  (halt  have 

I + x)  I + x] 

D';  — d"  x * + D*  XX1  — d"  x X*  + DjT  X *4  — x Xs  + &c 

= rr— . -===7,.  -==^.  -===-*  -=T«<  &c;  “d-  faflly,  by  muiu- 

*+*  7+xl  1+?.  i+v, 4 i+x»  1 +*1‘ 

plying  all  thefe  terms  into  1 + x,  we  (hall  obtain  the  equation 

< »v  tv  Iv  I*  I*  h •. 

I>t  — D2  x x + Dj  x x*  - D+  x x*  + D,  x ,»«  — x x*  + Ac 

1 XT  «T  «t  It  Iv  f 

(_  Df  xi-Dj  xP+D  xi>-D^  *i4  + Dj  X»‘-ta  J 


Yx>  ax4  »a  x x‘ 


= Vj  rr^  r+5P’  ttt?  mr>»  &c» or D>  + D.  - D^lx * 

-Id’’  — Dj ) x .v*  + d"  — D^j  X *J  — [d*  — D’’]x  x4  + dJTdJx 

— &c  = v» , + x’  r+x  *’  r+7v’  rr^'  & " D‘  + D j x ;r 

— D’x*‘  + DjX*’  — X x‘  + D’  X a’  — &c  as  v, 

XX*  Y»*  IX4  ri  X Xs  , 

7+^’  7+7*’  r+7*’  1+7"  c’ 

Now  let  x become  = o.  And  we  (bait  then  have  V = D, , or  P'\ 

0;  E.  I. 
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The  Invejligation  of  tbt  Seventh  Term, 


~%r-,  of  the  [aid  ojfumed  Series, 
1 + *)" 


Art.  87.  Since  the  feries  D , + D , x x — D;  x + D’  x x*  — 

D*  X i'1  + D'  X x'  — D x x*  + kc  ad  infinitum  is  = the  feries  v,  , 

4 5 6 1 + * 

xa*  rx>  XA*  f!  X J1  O?  X j‘  c 1 . c , T»>*  ,, 

— — , — — — , — — r-,  — — A^=r- , kc  ad  u jwitum,  and  I)  is  = V, 
1+j]1  i + .f  i+i'  it''1  i + ii*  1 


and  ihc  former  of  thefe  feriefes  is  evidently  greater  than  it’s  firft  term  D'*,  it 

follows  that  the  latter  feries  mud  alfo  be  greater  than  it’s  fud  term  V.  And 
this  will  always  be  true,  of  how  ftnall  a magnitude  foever  the  quantity  *•,  and 

y 1 ^ 

confequently  the  fraftion  be  fuppofed  to  be  taken.  Therefore,  by  Lem- 
ma 2,  the  fecond  term,  of  the  latter  feries  muft  have  the  fign  + pre- 

fixed to  it.  And  cor.fequently,  by  reafon  of  the  fubtra&ion  mentioned  in 
art.  10,  the  correfponding  term,  — , of  the  aflumed  feries  mud  have  the 
contrary  fign  — prefixed  to  it.  q*  e.  r. 


Secondly,  by  fubtraftin'g  the  equal  quantities  D"  and  V from  the  oppofite 
fides  of  the  equation  D,  + D , X .v — D,  Xf  + Dj  X x’  — D+  x x4  + 
D’x*1  — Dg  x .v*  + &c  = v. 


W-t  XAr* Y.r>  7.A*  T |X«> 

1 + iTT,*’  j 1 + *,♦’  f+ry 


&c,  we  fliall  obtain  the  equation  D,  x x — Da  x *'  + D x *’  — 


XT* 


Q.2  X x' 

r+ 

D*  x A4  + D5  X x‘  — Dg  X X4  + &c  = , ==—  ==_ 

4 > * + * i+a',»i+D‘ 

— V &c  ; and,  by  dividing  all  thefe  terms  by  x,  we  (hall 

X + x)  I + X • I + *1  *. 

have  D*  — D,  x x + D3  x *’  — D x «’  + D;  x't*  — Dj  x *!  4- 

e W XX  Yx*  SEX*  PI  X if4  02  X 4*  - j i At  i 

&c  = — ’ rTT*’  Trjp.T+W"  n^5’  &c;  and>  laftIy> by 


multiplying  all  thefe  terms  into  t + x,  we  (hall  obtain  the  equation 


D 
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’ I + a’ 
f~~i 


VA’  ztl  T1  X A«  C^Z  X Af!  n ?>'  . [V  ! 

— -=r-,  -==Tj.  &C,  or  D + D — D X 
1 + 3r  i + a|j  i + a)4  1 + *Y  1 1 


-ID;  - D'}[  x x'  + D'  - D\,  x *> 


x a,4+  D - — DVlx 


M V *.1 


3 

„ XT  V.1*  z I*  r:  X I*  V X »'  . r\’  . r\*‘  . 

— &c  = w,  — — , - — — , — — See,  or  D,  + D X * 

1 + J I -t-  A 1*  I + AT  , I + *Y  J + A 1 ' 


&c  = w 


’ I + t’ 


— d;'  x x'  + D3  x x*  — D4  x x*  -4-  D*;  x xl 

Yx%  z.r®  PJXf*  «^axjrs  . 

7+7|t’  TT^'  TTSf’  TTIV' 

Now  let  x become  =r  o.  And  we  (ball  then  have  D;  ~ w,  or  w ~ D(  • 
or  Dr.  o_.  e.  1. 


Remarks  on  the  lafi  Five  lnvefiigations  of  New  Terms  in  the  ajfumed  Series 

Hr  HAT*  ST1  TAT4  VA-1  Wx®  XT1 

I+A*  1 *4*  A^  1 I + JfV  X + AT^*  1 + T1 
turn. 


*T  XT'  „ , . , . 

~.y  -i . ’»  ~ C-I,  OCC  ad  infill. 

1 * + J • I + ?’ 


Art.  2S.  Thele  inveftigations  are  all  cxaftly  fimilar  to  each  other,  and  confift 
of  the  fame  arithmetical  operations  and  reafonings,  repeated  over  and  over,  and 
applied  to  new  infinite  feriefes  involving  new  orders  of  differences  of  the  original 
co-efficients  i,  e,  d,  e,  f,  g,  b,  i,  k,  t,  m,  & c ad  infinitum.  For  in  each  of 
them  we  fet  out  with  confnlering  an  equation  between  two  infinite  feriefes  that 
have  the  following  properties.  The  firft,  or  left-hand,  feries  in  this  equation  is 
a decreafing  progreffion  of  terms,  of  which  all  the  terms,  except  the  firft,  in- 
volve in  them  the  feveral  powers  of  x in  their  natural  order,  to  wit,  x,  at’,  **, 
x*%  xs,  x*,  Sec,  combined  with,  or  multiplied  into,  the  feveral  fucceffivc  terms 
of  fome  order  of  differences  of  the  faid  original  co-efficients  t,  e,  d,  e,  /,  g,  b, 
i,  i,  /,  m,  &c,  refpedlively  ; and  the  faid  terms,  fo  involving  the  powers  of  r, 
are  marked  with  the  ftgn  + and  the  (ign  — alternately,  or  are  added  to  the  firft 
term  (which  is  a known  quantity  not  combined  with  *,)  and  fubtrafted  from 
it  alternately  : and  confequently  the  whole  feries  is  neceflarily  greater  than  it’s 
firft  term.  Thefe  are  the  properties  of  the  firft  feries.  And  the  fecond  feries 
in  this  equation  is  a feries  of  quantities  of  which  all  the  terms,  except  the  firft 
Vol.  IV.  . 4 1 term. 
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term,  involve  in  them  the  feveral  powers  of  the  fraflion  p^—  in  their  natural 

r*  , 

— iccj  combined  with. 


• * JC*  X*  4*  X’ 

orcer,  to  wit.  — — -=r-,  ===rn 

« + * f+3‘  iTT]”  m*  «tp*’  r+7i 

or  multiplied  into,  certain  numeia!  co-efficients  denoted  by  the  capital  letters 
r,  s,  t,  v,  w,  x,  &c,  that  ate  hitherto  unknown,  and  arc  to  be  determined 
gradually,  one  after  another,  by  means  of  the  following  invefligations ; and  the 


tii  fl  term  of  this  feries  is  a known  quantity,  not  involved  with  the  fraction  t 

or  with  v,  to  wit,  the  coefficient  of  the  term  of  the  a (Turned  feries  that  was  de- 
termined by  the  lad  preceeding  inveftigation  ; and  this  term  has  been  (hewn 
to  be  equal  to  the  firft  term  of  the  former  feries.  And  hence  it  follows  thar, 
ftnee  the  whole  of  the  faid  former  feries  is  greater  than  it’s  firft  term,  the  whole 
of  ti.is  fecond  feries  tnirft  like  wife  be  greater  than  it’s  firft  term.  And  this  will 
be  true,  of  how  final!  a magnitude  foever  the  quantity  a-,  and  confequently  the 


frafl ion  ^ * -,  may  be  taken.  And  therefore,  by  Lemma  ad,  the  fecond  term 

of  the  faid  fecond  feries  niuft  be  added  to  it’s  firft  term,  and  confequently  mull 
have  the  fign  + prefixed  to  if.  And  confequently,  by  rcafon  of  the  fubtra&iort 
mentioned  in  art.  10,  (which  caufes  the  figns  of  all  the  terms  of  the  affirmed  fe- 
ries to  be  changed,)  the  correfpondent  term  of  the  aflumed  feries  muft  have 
the  contrary  fign  — prefixed  to  it.  Thefe  are  the  rcafonings  contained  in  the 
firft  parts  of  each  of  the  foregoing  invefligations,  and  by  which  it  is  difeovered 
that  the  fign  to  be  prefixed  to  the  new  term  of  the  atl'umed  feries  will  always 
be  the  fign  — . 


Art.  29.  The  remaining  part  of  each  of  the  faid  invefligations  relates  to  the 
determination  of  the  magnitude  of  the  co-efficient  of  the  new  term  of  the 

a (Tarried  feries ; which  co-efficient  is  alfo  the  co-efficient  of  the  fraction  — - — in 

1 + * 

the  fecond  term  of  the  fecond  of  the  two  infinite  feriefes  above-deferibed,  which, 
are  equal  to  each  other.  And  to  determine  the  magnitude  of  this  co-efficicnt, 
we  perform,  in  each  ot  the  faid  invefligations,  the  three  following  operations 
on  the  faid  two  equal  feriefes. 

In  the  firft  place,  wc  fubtraift  from  them  their  two  fiifl  terms,  which  are  equal 
to  each  other:  and  by  this  operation  we  obtain  a fecond  equation  between  the 
two  remainders;  which  are  infinite  feriefes  that  have  the  following  properties. 
The  firft  of  them  is  a ftrits  of  which  all  the  terms  involve  the  feveral  powers 
of  x in  their  natural  order,  to  wit,  the  powers  x,  x\  x\  a*,  x‘,  x‘,  &c,  com- 
bined with,  or  multiplied  into,  the  feveral  fucceflive  terms  of  the  aforefaid  order 
of  differences  of  the  original  co-efficients  t,  r,  d,  e,  /,  g,  b,  i,  b,  /,  &cv 
and  connefled  with  each  other  by  the  fign  — and  the  fign  + alternately  ; the 
fecond,  fourth,  fixth,  eighth,  and  other  following  even  terms  having  the  fign  — 
prefixed  to  them  j and  the  third,  fifth,  feventh,  and  other  following  odd  terms 
having  the  fign  + prefixed  to  them.  And  the  other  feries  is  a feries  of  whick 

all 
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all  ihe  terms  involve  the  fevera!  powers  of  the  fVa'fUon  in  their  natural 

4 I + X 

r'  x* 

+ *’  7+4Y’  re- 
combined with,  or  multiplied  into,  certain  numeral  co-efficients  that  arc  hitherto 
unknown,  and  of  which  the  firft  is  now  to  be  determined. 


order,  to  wit,  the  powers  — 


a-  A- a- ^ 

I + ar,*  I -f  xV  , 4.  x']6 


We  then,  in  die  ad  place,  divide  all  the  terms  of  this  fecond  equation  by  x ; 
and  we  thereby  obtain  a third  equation,  of  which  the  full',  or  left-hand,  fide 
contains  an  infinite  leries  of  which  the  firft  term  does  not  involve  any  power 
of  x,  but  all  the  following  terms  involve  the  feveral  powers  of  x in  their  natural 
order ; and  the  firft  term,  and  the  numeral  co-efficients  of  the  powers  of  x in 
the  following  terms  are  the  feveral  fucceffive  terms  of  the  aforefaid  order  of 
differences  of  the  original  co-efficients  b,  e,  d,  e,  /,  g,  b,  i,  k,  l,  in,  &c  ; and 
the  fecond  and  other  following  terms  of  the  faid  feries  are  connected  with  it’s 
firft  term  by  the  fign  — and  the  fign  4 alternately:  and  the  fecond,  or  right-hand, 
fide  of  the  faid  third  equation  contains  an  infinite  feries,  of  which  the  fiift  term  is 
a fraftion  that  has  for  it’s  numerator  the  new  co-efficient  which  we  are  now  en- 
deavouring to  determine,  and  for  it’s  denominator  the  binomial  quantity  i 4 x; 
and  the  fecond  and  other  following  terms  of  the  faid  feiies  involve  in  their  nu- 
merators the  feveral  powers  of  x in  their  natural  order,  beginning  with  x,  to 
wit,  a-,  x*,  x3,  a4,  xs,  x*,  &c,  and  involve  in  'heir  denominators  the  feveral 
powers  of  the  binomial  quantity  i 4 x in  their  natural  order,  beginning  from 
l -f-  i‘,  to  wit,  i +^“,  t +"*)*,  i -f  V)‘,  i 4 a'1,  i + aV,  i + a)’,  &c, 
and  involve  alfo  in  their  numerators,  befides  the  faid  powers  of  .v,  the  feveral 
numeral  co-efficients  of  the  terms  of  the  affirmed  feries  that  arc  hitherto  unde- 
termined. 

And  we  then,  in  the  jd  place,  in  order  to  difengage  the  new  co-efficient, 
(of  which  we  are  now  endeavouring  to  determine  the  magnitude,)  from  it’s  de- 
nominator, or  divifor,  14  a,  multiply  all  the  terms  of  this  laft,  or  3d,  equa- 
tion into  the  faid  binomial  quantity  j 4 x;  which  produces  a new,  or  4th, 
equation  between  two  infinite  feriefes,  which  may  be  deferibed  as  follows. 


The  firft  term  of  the  firft  feries,  which  forms  the  left-hand  fide  of  this  4th  equa- 
tion, is  the  fame  with  the  firft  term  of  the  firft  feries  contained  in  the  former, 
or  3d,  equation,  or  is  the  firft  difference  of  the  above-mentioned  order  of  dif- 
ferences of  the  original  co-efficients  b,  c,  d,  e,  /,  g,  b,  »,  k,  l,  m,  Stc ; and 
the  fecond  and  other  following  terms  of  the  faid  leries  involve  in  them  the  fe- 
veral powers  of  x in  their  natural  order,  (to  wit,  x,  x *,  a*,  a4,  a’,  &c,)  com- 
bined with,  op  multiplied  into,  the  firft,  fecond,  third,  and  ocher  following  dif- 
ferences of  the  original  co-  efficients  b,  c,  d,  e,  /,  £,  b,  i,  i,  i,  m,  8rc,  of  the 
next  higher  order  to  that  of  the  differences  of  the  faid  co-efficients  contained  in 
the  former,  or  3d,  equation,  and  they  are  conneftcd  with  the  firft  term  of  the  faid 
feries  by  addition  and  fubt  raft  ion  alternately,  or  have  the  fign  4 and  the  fign 
— prefixed  to  them  alternately  : and  the  firft  term  of  the  fecond  leries  (which  forms 
the  right-hand  fide  of  this  4th  equation,)  is  the  new  co-efficient,  (of  which  we  are 
endeavouring  to  determine  the  magnitude,)  not  combined  with,  or  multiplied  into, 
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any  ether  quantity,  and  the  fecond  and  other  following  terms  of  the  faid  fecond 
fcrits  involve  in  them  the  fcveral  powers  of  ihe  frail  ion  — 7 — , in  their  natural 

4 I + x 


order. 


to  wit,  the  powers 


> + * ■ 1 +"*>*’  f+ry  1 + xt4'  my  t + *)»' 

&c,  combined  with,  or  multiplied  into,  the  feveral  co-cfacients  of  the  terms  of 
the  .illumed  fcrics  that  are  hitherto  undetermined. 

And  then,  in  the  4th  place,  we  fnppofe  x to  become  zz  o;  'ehich  caufes  all 
the  terms  on  both  tides  of  this  lift,  or  4th,  equation,  except  the  firft  term  on 
each  fide,  to  become  equal  to  o likewife  : and  we  thence  conclude  that  the  faid 
two  terms  muft  be  equal  to  each  other,  or  that  the  new  co-efficient,  of  which 
we  have  been  endeavouring  to  determine  the  magnitude,  is  equal  to  the  firft 
term  of  the  former  feries  which  forms  the  firft,  or  left-hand,  fide  of  the  laft,  or 
4th,  equation,  or  to  the  first  difference  of  the  above-mentioned  order  of  differ- 
ences of  the  original  co-efficients  b,  e,  d,  e,  f,  g,  b,  i,  k,  /,  m,  &c,  contained  in 
the  3d  equation  before  the  multiplication  of  it's  terms  into  the  binomial  quan- 
tity 1 + x.  ' 


Art.  30.  Thefe  are  the  procefTes  and  reafonings  contained  in  the  fecond  part 
of  each  of  the  foregoing  inveftigations ; by  which  it  lias  been  difeovered  that 
every  new  co-efficicni  of  the  returned  feries  thereby  determined,  is  the  firft  dif- 
ference of  the  next  higher  order  of  differences  of  the  faid  original  co-efficients 
b , c,  d,  e,  /,  g,  b,  /,  k,  /,  m,  &c,  to  that  of  which  the  laft  precceding  co-effi- 
cient in  the  faid  affumed  feries  was  the  firft  difference.  And,  upon  an  atten- 
tive examination  of  thefe  inveftigations,  and  a comparifon  of  them  with  each 
other,  it  will  appear  that,  in  each  of  thefe  inveftigations,  the  feries  which  forms 
the  firft,  or  left-hand,  fide  of  the  laft,  or  4th,  equation  mentioned  in  the  pro- 
ceeding, or  29th,  article,  (which  4th  equation  was  obtained  by  the  multiplica- 
tion of  the  next  proceeding,  or  the  jd,  equation  into  the  binomial  quantity 
1 + x ,)  is  always  a feries  of  the  fame  kind  with  that  which  forms  the  firft,  or 
left-hand,  fide  of  the  equation  with  which  we  fet  out  in  the  beginning  of  the  in- 
veftigation  ; that  is,  it’s  fiift  term  is  the  firft  difference  of  the  order  of  differ- 
ences contained  in  that  firft  equation,  and  it’s  following  terms  contain  the  fc- 
veral fucceffive  differences  of  the  next  higher  older  to  the  faid  former  order, 
combined  with,  or  multiplied  into,  the  fcveral  powers  of  x in  their  natural  or- 
der, to  wit,  x,  x\  x‘,  *•*,  a’*,  &c,  and  connedled  with  the  firft  term,  or  the 

firft  difference  of  the  proceeding  order,  by  the  fign  + and  the  fign  — alter- 
nately. 


7 'be  foregoing  Conclufion  proved  in  a more  General  Manner. 


Art.  31.  And  that  this  muft  univerfally  be  the  effect  of  fuch  a multiplication 
of  a feries  of  cpiantities  involving  the  terms  of  any  order  of  differences  of  the  faid 
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original  co-efficients  b , c,  d,  e,f  g,  b,  i,  k,  l,  m,  & c,  in  which  feries  the  fir  ft  term 
does  not  involve  any  power  ot  x,  hu;  the  fccond  and  other  following  terms  in- 
volve in  them  the  feveral  powers  ol  .v  in  their  natural  order,  to  wit,,ihe  powers 
A',  .V’,  a*,  at*,  Xs,  x*,  Sec,  and  in  which  the  fecond  and  other  following  terms 
are  connected  with  the  firft  terra  by  the  tign  — and  the  ftgn  + alternately  ; — 
1 fay,  that  this  muft  univerfally  be  the  effed  of  a multiplication  of  a feries  of 
this  kind  into  the  binomial  quantity  t + x,  will  appear  by  denoting  the  number 
which  expreifes  the  order  of  thefe  differences  contained  in  the  feries  that  is  to  be 
multiplied,  in  a general  manner  by  the  letter  n,  fo  that  the  feries  that  is  to  be 

multiplied  (hall  be  the  feries  D*  — D*  x .*  + Dj  x x*  — D Jj  x **  + 


D"  x x*  — DJI  x x*  +*  -f-  &c,  and  multiplying  the  faid  feries  into  i + .v. 
This  may  be  done  as  follows : 


t 

1 + X 


- D"  X 


+ D’  x a* 


— D x xJ 
4 


+ D’  x ** 


- D?  x x‘  + &c 


D * - D*  x x + x a*  - D*  x a»  , + D*  x a«  - D*  x a*  + S:c 


+ D”  x a - D’  x 


+ D*  x a» 


- D’  x ** 


+ x **  — &c 


D"  + ‘ 


f D"'\ 


- D 


l-D 


X a*  + 


D'l 


- D 


X A»  — 


i-  d: 


x x*  + 


J-D6l 


&c 


which  is  = D"  -f  D"*x  x * — D*^1  x*l  + * x x 1 — D”"^1  X * 


»+i 


*,« + 1 


y>+* 


D"  t 1 x - &c. 


This  feries  D"  + D"  1"  1 x x — D*  * ' X r’  + D"!1  Xi1  — D*  + 1 
11  z 3 4 

X x4  + D*  * 1 x x‘  — &e,  obtained  by  the  foregoing  multiplication,  is  of 
the  fame  kind  with  the  feries  D*  ~ ‘ + D'  x x — x + D’  x *’  — 

D*  x x*  -f-  D*  X x*  — &c  with  which  we  muft  have  begun  the  inveftigation 

which  ends  with  the  faid  feries  obtained  by  the  faid  multiplication.  For  the 
feries  with  which  we  muft  have  begun  the  faid  inveftigation  which  ends  with 

that  laft  feries,  is  the  feries  D*  "* 1 + D"  x * — D*  x #*  + D“  x .«*  — 

a i 

D"  x x*  + D*  x *’  — & c ; this  being  the  feries  upon  which,  if  we  perform 

the  three  operations  of  fubtradion,  divifion,  and  multiplication,  mentioned  in 

art.  2g,, 


Digitized  by  Google 


614 


ON  THE  SUMMATION  OF  INFINITE  SERIESES. 


art.  29,  we  fhall  thereby  obtain  the  lad  fcrics  D"  + D"  * ' X x — D*+  1 x x * 
— D*  * 1 x *’  + D"  ^ ' x x*  — D”  + ' X **  + &c.  For,  by  fubtraQing 
from  it  it’s  firft  term  D"  ~ ',  we  fhali  obtain  the  feries  D*  x * — D"  x x* 


-j-  D"  x a*  — D*  x x*  + D"  x — & c ; and,  by  dividing  all  the  terms 
3 4 * 

of  this  feries  by  x,  we  lhall  obtain  the  fcrics  D"  — D"  x x + D“  X #*  — 


D*  X aj  + D*  X x“  — D"  x *’  + Sec;  and,  by  multiplying  this  lafl  feries 
into  1 + x,  we  (hall  obtain  (as  we  have  juft  now  feen,)  the  equation  D"  + 


D 


1 + 1 
1 


D 


* + 1 
6 


X x — D"  ^ 1 x **  + D"  * 1 x a*  — D'  * 1 x x*  + D*  + 1 X — 
X a'*  + Sec  ad  infinitum.  And  therefore,  fince  thcfe  three  operations. 


which  are  performed  in  every  new  inveftigation,  always  produce  a (imilar  feries, 
at  the  end  of  the  inveftigation,  to  that  with  which  the  inveftigation  begins,  it 
follows  that,  whatever  order  of  the  faid  differences  the  letter  n be  fuppofed  to 
exprefs,  or  denote,  in  any  one  inveftigation,  (as,  for  example,  in  the  laft  in- 
venigation,  by  which  we  obtained  the  value  of  the  co-efficient  w,)  all  the  fol- 


affumed 

feries  P 

IX* 

’ » + *' 

1 + a-Y’ 

\x% 

IA* 

TZ  X AT10 

d?  X AT11 

1 + J •* 

r+rT’’ 

. + x)>0’ 

I + 

D,  + \ 

D"  + 1, 

D"  + 3, 

D"  ++, 

D*  + s,  &c  ad  infinitum.  And  thus  we  may  fafely  conclude  that  the  following 

terms  of  the  affumed  fcrics,  which  have  not  been  inveftigated,  will  be  analogous 
to  thofe  that  have  been  inveftigated,  or  will  be  fuch  as  the  above-mentioned 
law  of  generation,  or  continuation,  will  produce.  q,  e.  d. 


End  of  the  Appendix  to  the  Trail  in  Vol.  HI.  of  this  Colleflion,  pages  255, 
256,  257,  &c 312,  concerning  the  hrvefiigation  of  the  Dif- 


bx 

ferential  Series  a — 

- I + * 


Dfx4r  Dn«r*  n111*4 


1 + *y  r+  x'<‘  i +ry 

Dvllx*  . n . 

— — . — &c  ad  infinitum, 
i + *V 


DtTjr* 

1 ■+■  a)* 
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A METHOD  of  SUMMING  an  INFINITE  SERIES  of  DECREAS- 
ING QUANTITIES  of  the  following  Form , to  wit , a -4  bx  + cxx  -4  dx' 
+ ex 4 + fx'  + gx4  + bx'  + &c  ad  infinitum,  with  Exatinefs , when  the 
federal  Terms  of  the  faid  Series  decreafe  fo  Jlowly  as  to  male  the  Summa- 
tion of  it  in  the  common  IVay , or  by  the  mere  Computation  and  Addition 
of  a moderate  Number  of  it's  initial  Terms , impracticable. 

Invented  by  the  Reverend  Mr.  JOHN  HELLINS,  Vicar  of  Potter’s  Pury, 

in  Northamptonlhire. 


Article  i.  TN  this  feries  a + lx  + cxx  + dx'  + «♦  + fx1  + gx"  + bx’  -4 

X &c  ad  infinitum , it  is  fuppofed,  in  the  firfl  place,  that  x denotes  a 

quantity  that  is  lefs  than  i,  but  falls  fbort  of  it  by  a vety  ftnall  difference,  (as, 

for  example,  that  it  denotes  a quantity  that  is  equal  to  the  fraction  — ■,  or  the 
fraction  — , of  which  the  former  differs  from  i by  only  the  fmall  fradtion  — , 

too  11  io 

and  the  latter  differs  from  it  by  the  dill  fmaller  fradtion  ^ ;)  and,  confequently, 

that  the  feries  i,  or  x°,  x ",  x',  x',  x*,  xi,  x*,  a’,  &c,  of  the  feveral  fucceffive 
powers  of  x,  (which  are  involved  in  the  terms  of  the  faid  feries,)  will  be  a de- 
creafing  geometrical  progreffion,  of  which  the  feveral  terms  will  decreafe  ex- 
ceeding flowly  : and  it  is  fuppofed,  in  the  fecond  place,  that  the  letters  a,  b,  c, 
d,  e,  /,  g,  b,  &c  (which  are  the  co-efficients  of x°,  or  i,  and  of#',  x*,  x ',  x4, 

a’,  a6,  a',  &c  in  the  faid  feries  a -f  bx  -4  ca*  -4  dx'  -f  ex4  -4  fx * 4-  gx6  bx1 

+ See,  or  a x t -4  bx'  -4  ex'  -4  dx'  -f-  ex'  -(-  fx'  + gx"  -4  bx 1 -f-  & c,  or 
a x -f  lx’  + ex'  + dx'  + tx*  + fx * -4  gx*  + bx7  + 8cc,  refpedlivcly,)  do 
like*ife  form  a decrealing  progrellion  of  terms,  fo  that  b (hall  be  lefs  than  a, 
and  c t,han  b , d than  c,  e than  d,  /than  e,  £ than /,  b thang,  and  every  follow- 
ing co-efficient  than  the  co-efficient  immediately  prececding  it : and  it  is  fup- 
poftd,  in  the  3d  place,  that  the  decreafe  of  thefe  co-efficients  a,  b,  c,  d,  e,  /, 
g,  b,  &c  is  very  flow,  and  conlcquently  that  the  multiplication  of  thefe  co-effi- 
cients into  the  feveral  correfponding  terms  of  the  geometrical  feries  1,  x,  a’, 
a*,  a4,  a*,  a*,  a7,  &c,  (by  which  the  propofed  feries  a + bx  + ex'  -4-  dx'  4 
ex4  4 fx'  -t-  gx"  + bx'  + &c  is  protfuetd,)  will  very  little  accelerate  the  de- 
ertafe  of  the  terms  of  the  faid  geometrical  feries,  and  therefore  that  the  terms 
of  the  feries  a -f-  bx  -j-  cxx  -4  dx'  + tx 4 -4  fx'  + gx‘  -4  bx'  -4  &c  (which 

arifev 
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arifcs  from  fuch  multiplication,)  will  alfo  tlecreafe  very  flowly : and  it  is  fup- 
pofed,  in  the  4th  place,  that,  if  we  fubtraft  the  third  term  c of  the  fcries  a,  b, 
c,  d,  e,  f,  g,  b,  Sec  from  the  fecond  term  b,  and  the  fourth,  term  d from  the 
third  term  r;  and  every  following  term  from  the  term  next  before  it,  the  fcveral 
differences  thence  ariiing,  to  wit,  the  quantities  b — c,  c d,  d — e,  e — - f, 
/ — g,  g — b,  &c,  will  be  a feries  of  decfeafing  quantities  ; and,  in  like  man- 
ner, that  the  differences  of  thefe  differences,  or  the  fecond  differences  of  the 
co-efficients  b,  c,  d,  e,  /,  g,  b,  See,  to  wit,  the  quantities  b — c — (c~—  d, 

c — d — id  — e,  d—e—  \e^f,  e -f  - \ f—g , and f—g  — g — b.  Sec, 
or  b — a c + d,  c — 2 d + e,  d — ie  + /,  e — 2/  -f-  g,  and  f — tg  + b,  Sec, 
will  alfo  be  a feries  of  decrealing  quantities ; and  that  the  third  differences  of 
the  laid  co  efficients  b,  r,  d,  e,  /,  g,  b,  &c,  or  the  differences. of  their  fecond 
differences,  to  wit,  the  quantities  b — 3 r + 31 i — e,  c — $d  4-  3*  — /, 
d — -3#  -1-  3/  — g,  and  e — 3/  ff-  3^  — b.  Sc 0,  will  alto  be  a feries  of  de- 
crealing quantities  ; and,  in  like  manner,  that  the  fourth  diffe.cnccs,  and  the 
fifth  differences,  and  the  fixih  differences,  and  all  the  following  differences,  of 
the  faid  co-efficients  b,  c,  d,  e,  f,  g,  b,  &c,  will  be  feriefes  of  decrealing  quan- 

, , f)  «4  vi 

logirithmick  fcncs  a*  -f h h — H + *-= — 4- j — — 

4.  8cc  ad  infinitum,  (which  is  equal  to  the  logarithm  of  the  ratio  of  t to  r — x 
in  Napier’s  Syffem  of  Logarithms,)  will  afford  us  an  example  of  fuch  a feries, 

if  we  fuppofe  x to  be  cr  For  then  the  faid  feries  will  become  equal  to 


tines. 


lie 


X 

10 


9 

10 


+ T x 


+ 


9 1 1 


9 * 

10 


+ — x 


4-  — x — 1 + -5-  X — + See  ad  infinitum,  or  to  -—  x the  feries  1 4- 

7 10 1 8 10  10  r 


x-^  + 


+ TX-S 


-^1  + 


9 1'  , i 

^ — X 


5 - 10 1 6 

+ &c  ttd  infinitum ; which  laft  feries  is  of  the  fame  form. 


jl 

>o|  + 8 

with  the  general  feries  a + bx  -f  ex'  + dx*  -f  ex*  + fix'  + gx*  + bx1  + &c 
ad  infinitum,  the  fraction  correfponding  to  x,  and  the  co-efficients  1 , — , 

-1-,  Sec,  ad  infinitum,  correfponding  to  the  co-efficients 

a,  b,  c,  d,  e,  f,  g,  b.  Sec  ad  infinitum. 


Art.  2.  Thefe  co-efficients  t,  — , — , — , &c  do  in- 

a 3 4 S 0 7 " 

deed,  for  a few  of  the  firft  terms,  decreafe  rather  fafter  than  might  be  expected 
in  a feries  iliac  converges  very  flowly.  But  their  decreafe  foon  becomes  fo  flow 

as 


Digitized  by  Google 


• ON  THE  SUMMATION  01  INflNtTI  5EXIZSES. 


617 


as  to  contribute  very  little  to  the  diminution  of  the  power*  of  the  fra&ion  — 


with  which  they  are  combined  j infomuch  that,  if  we  were  to  endeavour  to  find 


the  value  of  the  faid  feries  * + 


+ T + 


+ &c  ‘J  or  H X~^j‘  + 7-  X 1^1 


8cc  ad  infinitum,  in  the 


common  way,  or  by  merely  computing  fome  of  it’s  initial  terms,  and  adding 
them  together,  the  firft  thirty-two  terms  of  it  would  give  us  the  value  of  the 
whole  feries  exadt  only  to  one  figure,  the  faid  thirty-two  terms  being  equal  to 
the  mixt  number  3.494,933,8  20,483,84,  which  agrees  with  the  true  value  of 
the  faid  feries  only  in  the  firft,  or  higheft,  figure  2,  the  laid  true  value  being 
2.302, 585, 094,994,04;, 684, 01 7,  &c,  or  Napier’s  Logarithm  of  the  ratio  of 

I to  1 — or  of  the  ratio  of  1 to  , or  of  the  ratio  of  10  to  1,  or  (ac- 


cording to  the  common  inaccurate  expreflion,)  Napier’s  Logarithm  of  the  num- 
ber 10.  So  little  would  the  decreafe  of  the  co-efficients  1,  — , — , — , — , 

» J ♦ J 


&c  (though  tolerably  fwift  for  the  three  or  four  firft  terms,) 
contribute  to  accelerate  the  decreafe  of  the  powers  of  the  fratftion  and 


thereby  facilitate  the  calculation.  And,  if  we  were  to  endeavour  to  find  the 
value  of  the  faid  feries,  or  logarithm,  fxadl  to  twenty  places  of  decimal  figures, 
in  this  way,  or  by  the  mere  computation  and  addition  of  it’s  terms,  it  would, 
as  1 apprehend,  be  neceflary  to  compute  very  nearly  four  hundred  of  it’s  terms 

■ftt  that  purpofe.  And,  if  we  were  to  fuppefe  x in  the  feries  x -f  y + — — 
+ -+-v‘+-rr  + -4--t--V+Sc<:4^  infinitum  to  be  equal  to  in- 

Acad  of  the  difficulty  of  obtaining  the  value  of  the  faid  feries  to  this  de- 


gree of  exa&nefs  in  the  common  way  would  be  much  greater  than  in  the  former 
cafe,  and  indeed  fo  great  as  to  be  juftly  confidered  as  unfurmountable.  ft  is' 
therefore  very  defireable,  when  our  objedi  is  to  obtain  the  value  of  the  laid  lo- 
garuhmitk  feries  to  any  great  degree  of  exact nefs  in  either  of  thefe  cafes,  to  have 
tome  eaficr  method  of  dtlcovering  the  faid  value  than  the  diredfc,  or  common, 
one,  of  merely  computing  and  adding  together  a fufficient  number  of  it’s  initial 
terms.  And  accordingly  many  eminent  Mathematicians  have  exerted  their  abi- 
lities in  endeavouring  to  find  fome  i'uch  methods  of  difeovering  the  values  of  ■ 
infinite  fericles  of  the  foregoing  form  a + tx  ■+■  exx  + dx*  + ex*  + fx*  -f  £** 
-f  bx'  -f  8cc,  when  their  terms  decreafe  with  this  exceffive  flowncls. 

V'ot.  IV.  4K  Art.  3. 
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Art.  3.  Now  it  is  remarkable  that  a (lowly-converging  infinite  feries  of  the. 
foregoing  form,  a 4-  bx  + exx  + dxl  4-  ex*  4-  /<’  4-  £v6  4-  i.v’  4-  &c  in- 
finitum, in  which  all  the  terms  are  contiedled  together  by  (he  fign  4-,  or  are 
add -.4  10  each  oilier,  has  been  found  to  be  much  more  difficult  to  be  fu named  to  ' 
a conliderable  degree  of  exa&nefs,  than  a ferics  confining  of  the  very  fame 
term',  in  which  die  terms  arc  marked  wifh  the  figns  — and  4-  alternately,  or 
in  which  (he  fecond,  and  the  fourth,  and  the  fi.th,  and  the  eighth,  terms,  amf 
all  the  following  even  terms,  are  marked  with  the  lignr — , or  are  fu  handled 
from  the  other  terms,  fuch  as  the  ferics  «-—/<»  + exx  — dx'  4-  — fix3  4* 

gx"  — bx3  4-  See  ad  infinitum.  This  has  been  long  ago  obferved  by  Mr.  James 
S'irling,  in  his  learned  Trcatife  on  the  Summation  of  Infinite  Seriefes,  page  17, 
where  he  tells  us  that  Scries  quarum  termini  fiunt  per  vices  negativi  cl  ajjfirmativi, 
fiunt  magts  traQabiles  qrtam  alter  it,  ubi  de  fummatioxe  agitur  ; and  I have  often  ex- 
perienced the  truth  of  this  remark.  For,  as  to  the  latter  feries  a — bx  4-  exx 
— dx3  4-  ex * — fxi  f gx‘  — bx 3 4-  See  ad  infinitum,  it  has  been  fli'ewn  in  a 
paper  that  I fent  to  the  Royal  Society  in  the  year  1777,  and  that  was  printed  in 
the  Philofuphical  Tran'iiftions  for  that  year,  (and  that  has  been  lately  re-printed, 
with  fome  additions,  in  the  Third  Volume  of  this  Collection  of  Trails^  called 
Scriplorrs  L'garitbmici,  pages  219,  210,  221,  &c  - - - - 252,)  that,  if  D*  be 
put  for  b — (,  or  the  fit  ft  difference  of  the  firft  order,  of  the  co-efficients  bt  r,  i 
J,  e,  f,  g,  b,  &c,  (that  involve  the  feveral  powers  of  a-,)  and  D"  be  put  for 
b — ic  + d,  or  the  firft.diffcrence  of  the  fecond  order,  of  the  fame  coi-efficientsj 
and  D’11  be  put  for  b — jr  4-  $d — e,  or  the  firft  difference  of  the  third  order^ 
of  the  fame  co-efficients,  and  D",  D',  D'\  See  for  the  firft  differences  of  the  . 
fourth,  fifth,  fixtli,  and  other  following  orders  of  the  fame  co-efficicnts  refpec- 
tively,  the  faid  flowly-convcrging  ferics  a — bx  4-  exx  — dx3  + ex * — -fix3  +• 
gx*  — bx7  4-  See  ad  infinitum,  will  be  equal  to  the  differential  feries  a — 


lx  D'->*  D11**  D11  'x4  D1'-* 1 DT*fl  D,,Xf  ^ ' 

< +•*  i + xl  » 1 4-  xl  > I 4-  x)*  I + i + I + x|’ 

infinitum ; which  foies  will  always,  even  in  the  moft  difficult  cafes,  converge 
with  a fufficient  degree  of  fwiftnefs  to  give  us  the  value  of  the  whole  of  iifelf, 
and  confequently  of  it’s  equal,  the  feries  a — bx  4-  exx  d\3  4-  ex 4 — /**  4-4 
gx*  — bx*  4-  See  ad  infinitum,  exaft  to  eight,  of  nine,  places  of  decimal  figures 
by  computing  only  eight  of  it’s  terms.  But,  when  1 have  endeavoured  to  find.i 
a liniilar  feries  for  the  fummation  of  the  former  feries  a 4-  bx  4-  exx  + dx3  + 
ex*  + fxl  4-  gx*  + bx7  + Sec  ad  infinitum,  I have  always  found  my  efforts  to 
be  unfuccefsful,  though  I have  attempted  it  in  a great  variety  of  different  ways.  ' 
Nor  have  I met  with  any  general  and  convenient  method  of  doing  this,  for  an 
infinite  feries  of  this  form,  in  any  of  the  learned  writers  who  have  treated  of  4 
this  fubjedf  ; though  many  of  them  have  given  very  prafticable  methods  of 
fumming  fome  particular  feriefes,  in  which  the  terms  were  all  connefted  by  the  * 
fign  4 , or  added  to  each  other,  when  the  co-cfficients  of  the  powers  of  .r,  in  ' 
the  terms  of  the  faid  feriefes,  have  obferved  fome  particular  lav/  of  dccreafe  that 
was  favourable  to  their  fummation.  ' • • - ’ *•"  : * • 

u ->  *.  it  I..  i 1 
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Art.  4.  But  now  at  lift  this  difficulty'feems  to  be  overcome.  For  my  learned 
friend,  the  Reverend  Mr.  John  Hcllins,  Vicar  of  Potter’s  Pury  in  Northampton- 
fhire,  (who  furnifhed  me  with  fomc  ingenious  quadratures  of  the  circle,  which 
have  been  inferred  in  the  proceeding  volume  of  this  Colieftion;)  has  la:dy 

found  out  a method  of  applying  that  very  differential  feries  a — — ■ °-.- 

‘ 1 + * 1 + IV 

d"a*  n"'A4  D1'**  t>*4*  d"j-»  . . . , , 

— •-  — — Sec  ad  infinitum,  to  the 

I+4)1  I + 4>  I + jr)*  1 + Jrt  I + x>’ 

fummation  of  the  faid  general  feries  a -f  bx  + car*  4-  dx’  4-  ex * -f-  fx'  4-  gx* 
4-  bx’  4-  See  ad  infinitum  with  the  fame  fuccefs  as  it  was  before  applied  to  the 
fummation  of  the  other  feries  a — bx  + exx  — - dxJ  4-  e.v*  — fix'  -f  gx*  — bx’ 
+ &c  ad  infinitum,  or  <b  as  to  obtain  the  true  value  of  the  faid  feries  a 4-  ox 
4-  exx  4-  dx’  4-  «*  4-  fx'  fi-  gx*  + bx’  4-  See  ad  infinitum  to  as  great  a degree 
of  exact nefs  as  we  before  obtained,  by  means  of  it,  the  true  value  of  the  fern* 
a — bx  4-  exx  — dx‘  4-  ex*  — fix'  4-  gx * — bx’  4-  &c  : which  is,  lurely,  a 
very  valuable  difeovery.  This  fummation,  however,  cannot  be  peiformed  lo 
eafily  as  the  fummation  of  the  former  feries  a — bx  4-  exx  — dx’  4-  ex*  — /#* 
4-  gx*  — bx’  4-  &c  ad  infinitum  ; becaufe  it  will  ufoally  require  three,  or  four, 
and,  in  fame  cafes,  (even,  or  eight,  or  more,  repeated  applications  of  the  faid 

differential  (cues  a — — — — = ^ — . 

1 + * 1 + ^ i+T>  x + *>  1 + * 

--  — See  ad  infinitum  to  the  fummation  of  as  many  feriefes  of 


r+rr 

the  faid  form  a — bx  + exx  — dx*  + ex'  — fix’  + gx*  — bx'  4-  &c  ad  infini- 
tum, before  we  can  accomplilh  the  fummation  of  the  feries  of  the  other  form 
a + bx  + exx  + dx ’ 4-  ex*  4-  fx*  + gx*  + bx’  4-  &c  ad  infinitum  to  the  pro- 
pofed  degree  of  exaftnefs.  And  thefe  feveral  operations  will  be  found  to  be 
very  laborious,  though  much  lefs  fo  than  finding  the  value  of  the  original  fe- 
ries to  the  fame  degree  of  exaftnefs  in  the  common  way,  or  by  the  mere  com- 
putation of  it’s  terms  and  addition  of  them  to  each  other.  This  method  of 
fumming  an  infinite  feries  of  this  form,  (or  of  which  the  terms  are  all  connected 
with  each  other  by  addition,)  invented  by  Mr.  Hcllins,  I (hall  now  endeavour 
to  explain. 

Art.  5.  But,  before  we  enter  upon  the  defeription  of  this  ingenious  method 

of  applying  the  differential  feries  a - P 4 D D 

1 + •* 


13 

« +*)‘ 


T+il*  I4*i’  1+D4 

— &c  to  the  fummation  of  an  infinite  feries  of  the 


1 4*1*  i+*l? 

foregoing  form,  a 4-  bx  4-  exx  4-  dx’  4-  ex*  4-  fx’  + gx*  4-  bx'  4-  8rc  ad 
infinitum,  it  will  be  proper  to  obferve,  that,  when  any  fuch  feries  is  to  be  fummed 
in  the  method  that  is  now  to  be  delivered,  it  will  always  be-found  molt  conve- 
nient to  begin  our  operations  by  computing  about  thirty,  or  forty,  of  it’s  terms 
in  the  common  way,  and  adding  them  together  into  one  fum,  (which  we  fhall 

4 K t here 
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here  denote  by  the  capita!  letter  A,)  and  then  to  proceed  to  compute  the  re- 
maindcr  of  the  feries,  (which  we  will  here  denote  by  the  capital  letter  R,)  by 
die  application  of  the  differentia!  feries  above-mentioned  in  the  manner  dire&ed 
by  Mr.  Hcllins  : after  .which,  by  adding  the  value  found  for  the  feries  R,  or 
the  remainder  of  the  firft  feries,  to  A,  or  the  value  of  the  initial  terms  of  the 
faid  feries  which  we  had  before  computed,  we  (hall  obtain  the  value  of  A -f-  R , 
or  of  the  whole  feries  at  firft  propofed,  to  the  required  degree  of  cxaAncls. 
Thus,  for  example,- if  the  feries  that  is  to  be  fumraed,  is  the  above-mentioned 

feries  * — — f-"—  + ——  +~ b + — + -4-  -f-  &C  ad  infinitum , and 

x is  fuppofed  to  be  equal  to  the  frafkion  ",  (and  confequcntly  the  whole  fe- 
ries is  equal  to  the  logarithm  of  the  ratio  of  1 to  ■ — or  of  1 to  or  of 

jo  to  1,  in  Napiei’s  Syftem  of  Logarithms,  which  logarithm  we  know,  from 
other  grounds,  to  be  = 1 302, 585, 092, 994, 0^5, 684, 017  &c,)  it  w ill  be  found 
moft  convenient  to  compute  alwut  thirty,  or  torty,  of  the  terms  of  this  ftries, 

to  wit,  the  fcveral  terms  -f  X £,\  -5-  X — X £|\  ~ x"§‘, 

&c  as  far  as  the  term  — x -^|* , or  the  term  — X , inclufively,  in  the 

common  way,  and  add  them  all  together  into  one  fum,  and  then  to  proceed 
to  the  inveftigation  of  the  value  of  the  remaining  terms  of  the  lerics,  that  is, 
if  we  have  computed  only  thirty  terms  of  the  original  (cries,  to  the  invefligation 

of  the  value  of  the  infinite  Caries  — - x — I*  + — - X — V*  + — x 

31  to  I 3J  ~ lc  I T Jj  A 10I  ^ 

1;  + t * i xii* + $ 'Uf  + 

See  ad  infinitum,  or,  if  we  have  computed  forty  terms  of  the  original  feries,  to 
the  invefligation  of  the  value  of  the  infinite  feries  ~ x + ~ x -—j*1 

+ i + i *ir + -k  « ir  + '-i  *ir + i xir- 

+ -p-  X^f  + &C  ad  infinitum,  by  the  application  of  the  differential  feries 

above-mentioned  in  tbe  manner  dire&ed  by  Mr.  Hellins : after  which,  bv  add- 
ing the  value  thereby  found  for  this  remaining  feries,  to  the  value  of  the  firft  30, 
or  40,  terms  of  the  original  feries  which  we  had  before  computed,  we  lhall 

obtain  the  value  of  the  whole  original  feries  — - -f-  — x 

-f  -Lx"4f.- 

4 *0 1 


+ T x 


+ ~r*~z\  + -x-  x -n:|  + 4 x 


T * T7|  f -6  .0 

tic  ad  infinitum,  which  was  to  be  difeovered 


+ T X 
8 10 


+ 
Art.  6. 
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Art.  6.  Mr.  Hellins  ha*  applied  his  method  to  the  fummation  of  this  feries, 
and  liat,  for  this  ptirpofe,  computed  the  firft  thirty-two  terms  of  it,  and  added 
them  all  together  into  one  fum,  which  he  has  found  to  be  — *.294,933,810, 
483,84,  &c,  which  agrees  with  the  true  value  of  the  whole  feries,  to  wit, 
c. 302,585, 092, 994,045, 684,017,  &c,  only  in  the  firft,  or  higheft.  figure  2 : 

and  he  has  then  proceeded  to  inveftigatc  the  value  of  the  remaining  feries  — 

* If  X W * i *1T  ■ + F ’‘D''  + TT  * TT  - 

X .“|  + &c  ad  infinitum,  by  means  of  the  above-mentioned  differential  feries 


bx  D*A%  D111.*'4  D1^5  nvA6 

«+•*  my  I'+Vl*  r+T|‘  I + «)'  ~ ’ I + 1 + jr;»  — 

&c  ad  infinitum  in  the  method  which  he  has  lately  difeovered,  and  finds  it  to  be 
= 0.007,651,272,511,2;  which  being  added  to  2.294,933,8:0,483,8,  gives 

2.302,585,092,995,0  for  the  value  of  the  whole  feries  ~ x y^-|'  + y 


+ &c  ad  infinitum,  or  for  Napier's  logarithm  of  the  ratio  of  10  to  t ; which 


value  agrees  with  the  more  accurate  value  of  that  logarithm,  to  wit,  the  number 
2.302,585,092,994,045,684,017,  &c  in  the  firft  twelve  figures  2.302,585^2,99. 
This  is  a very  great  degree  of  exaftnefs,  and  thews  the  excellence  and  import- 
ance of  Mr.  Hcllins’s  method  of  inveftigation,  which  1 (hall  now  proceed  to 
deferibe. 


A Defeription  of  Mr,  Hollins's  Method  of  applying  the  eshove -mentioned  Differential 

c bx  f>'x.r  D,,jr*  Dt,rx*  D*jr# 

icr.es  a — — ~TW  ~ 

— B-  ^ &c  ad  infinitum  to  the  Summation  of  a /lowly- converging 

« + »V  1 + *1  ° 


Series  if  the  foregoing  Form  a •+•  lx  + exx  •+■  dx 1 -f  ex*  -f  fx!  + gx*  + bx’ 
-1-  & c ad  infinitum. 


Art.  7.  If,  when  we  are  defirous  of  obtaining  the  value  of  a (lowly  converging 
infinite  feries  of  the  foregoing  form  a + bx  -4-  exx  + dx 1 + ex*  •+■  fxi  -f-  gx* 
+ bx1  -f-  &c  ad  infinitum,  we  begin  our  operations  by  computing  a ccitain 

number 
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number  of  it’s  Sift  terras,  and  adding  them  together  iBto  one  furti  to  be  de- 
noted by  the  letter  A,  before  we  have  rccourfe  to  the.  application  of  the  above- 
mentioned  differential  (erics,  agreeably  to  the  advice  contained  in  the  lad  article ; 
— and  the  number  of  the  initial  let  ms  fo  computed  be  denoted  by  the  letter  m ; 
— it  is  evident  that  the  remaining  feries  R,  which  vye  (lull  t)*en  be  under  a net 
ceffity  of  fumming  by  the  help  of  the  faid  differential  leries,  will  be  of  the  fol- 

lowing  form,  ax  + bx  4 . « + dx  .4  ex  . 4 fix  * 

4-  gx  ” + 6 + bxm  + 7 + &c  ad  infinitum,  or  (that  we  may  diftingurth  thcle 
co-efficients  from  die  co-tfficiems  a,  b,  c,  d,  e,  f,  g,  b,  of  the  fir  ft  eight  terms 
of  the  feries,)  of  the  following  form,  a'"  -j-  b'x”  + 1 4 dxm  + 1 f J'x"  + 3 

l • — ‘ . 

4 ex”  + 4 4 fxm  + 5 4 g'xm  + 6 4 b'xm  + 74  Sec  ad  infinitum,  in  which 

feries  the  co-efficients  a,  b\  c,  d*,  i,  /',  g,  b’ , differ  from  the  letters  a,  b, 
c,  d,  e,  /,  g,  b,  (which  denote  the  co-efficients  of  the  firft  eight  terms  of  the 
leries,)  only  by  having  a mark,  or  accent,  ',  placed  over  them.  Now  this  fe- 
ries aV"  4 Vxm  + 1 + dx”  + 1 + dx”  + 3 + *V  + 4 4 /V* 3 + g'x”  +fi 

I t 

4-  b'x"  + 1 -f  &c  ad  infinitum  is  equal  to  .v  ” x the  feries  af  + b'x  + dxx  + 

tfx’  + ex*  + fix'  + g'x*  + b'x1  4 See  ad  infinitum ; which  lift  feries  is  of  tire 
fame  form  as  the  propofed  feries  a 4 bx  4 exx  4-  dx1  4 ex*  4 fix*  + gx*  +• 
bx1  4 &c  ad  infinitum.  We  will  therefore  now  endeavour  to  apply  the  dif- 
ferential feries  above-mentioned  to  the  fummation  of  the  feries  a'  + b'x  4 dxx 
+ dx*  + Jx*  4- f'x*  4 gx*  + b'x7  4 &c  ad  infinitum  ; in  which,  if  we  fuc- 

ceed,  we  mull  multiply  the  value  of  the  faid  feries  thereby  obtained,  into  x" , 
and  the  produft  thence  arifing  will  be  equal  to  the  feries  ax 71  4-  b'x”  1 4. 

dx"  + t + d'x" + 3 + e'xm  + A + f'xm  + * + g'xm  + 6 + b'x”  + 7 4-  &c, 

ad  infinitum,  or  to  R ; which,  being  added  to  A,  or  The  furp  of  the  sir  initial  terms 
of  the  original  feries  a -t~  bx  + exx  4 dx’  4-  <**  4-  fix'  4-  gx>  4 bx 1 + Sec 
ad  infinitum  which  were  computed  at  firft,  wiH  give  us  rhe  value ’oF- A 4-  K, 
or  of  the  whole  original  feries  a + bx  4 exx  dx1  + ex*  4-  fix*  + gx*  4 bx1 
-4  &c  ad  infinitum,  which  was  to  be  fummed.  We  will  therefore  now  endea- 
vour, by  means  of  the  above-mentioned  differential  feries,  to  find  the  Value 
of  the  infinite  feries  o'  4 b'x  4 dx*  4-  d'x*  4 dx*  4 fix'  4 gx*  4 i/x*  4- 
Sec  ad  infinitum.  ’*  
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7 he  Firjl  Step  of  this  Method  of  Summing  the  Series  d 4 b'x  + rV  4 dx1  + dx* 
J'x’  + g'x*  + b'x1  4-  &c  ad  infinitum,  by  means  of  the  above-mentioned 
Differential  Series. 


■.  j in  Ohm  

i . 1 , " 

Art.  8.  Now  here  we  may  obferve  that  the  feries  a 4-  Vx  4-  ex'  4-  dx’  4 
rV  4.  f x’  4-  g'x*  4-  t'x7  4 &c  ad  infinitum,  (of  which  we  are  endeavouring 
to  find  the  value,)  is  equal  to  the  fum  of-  the  two  following  feriefes,  to  wit, 
the  feries  d — b'x  4 ex'  d x’  4 ex*  — fV  4.  f x*  — vx1  4.  &c  ad  inf - 
nitum  and  the  feries  2 Vx  4-  2 dxy  4-  2 /**  4-  2jfrV  4 &c  ad  infinitum,  or  to 
the  fum  of  the  feries  a'  — b'x  4 e'xx  — dx’  4 e'x* — /V  4 dx*  — b'x1  4. 
&c  ad  infinitum  and  2.r  x the  feries  b'  4 d x'  4 f. x*  4 bV  4 &c  ad  in- 
finitum. 

Let  the  value  of  the  feries  a’  — b'x  4 dxx  — dx'  4 e'x * — J'x'  4 g'x*  — 

b'x’  4 &c  ad  infinitum  be  found  by  means  of  the  differential  feries  a — 

1 + ■* 


n’x8 

ffT) 


—rr~i  — — otc  ad  m- 


I + xV  1-f  x)J  I + *)  * * + xlS  I + x)"  1 + *) 

finitum  in  the  manner  deferibed  in  the  3d  Volume  of  the  Scriptures Logaritbmici> 
pages  119,  220,  fee  — — — up 

by  the  froall  Greek  letter  ». 


2f<2  i and  let  the  laid  value  be  denoted 


Then  will  tfie  feries  a'"  4 b’x  4 r'.rr  4 dx’  4 ex"  4 fV  4 g'x*  + b'x 1 4 
itc  ad  hfinitum , (of  which  we  arc  now  feeking  the  value,)  be  equal  to  os  4 tr 
X the  feries  b'  4 dxx  4 J'x*  4 b'x 6 4 Ac  ad  infinitum,  which  laft  feries  is 
of'  the  fame  form  with  the  feries  d 4 b'x  4 dxx  4 dx'  4 dx*  4 J'x'  4 g'x* 
4 bx’  4 Ac  ad  infinitum,  (of  which  we  are  now  feeking  the  value,)  but  con* 
verges  with  a greater  degree  of  fwiftnefs  than  the  faid  feries,  becaole  it’s  terms 
involve  the  feveral  fuccellive  powers  of  xx,  ro  wit,  xx,  xx\\  xxj’,  &c,  or 
x*,  x *,  &c,  inflead  of  the  like  powers  of  x itfelf.  And  thus  wc  fhall  have  re- 
duced onr  remaining  bufinefs  in  this  invefligation  to  the  fummation  of  the  feries 
4 dxx  4 f x*  4 b'x*  4 &c  ad  infinitum,  which  converges  lefs  flowly  by 
one  degree  than  the  former  feries  a 4 Vx  4 dxx  4 dx’  4 ex*  4 J'x’  4 
g.fi  4 b'x*  4 &c  ad  infinitum.  This  is  the  firft.  ftep  of  Mr.  Hdiins’s  invefti- 
gStioa. 
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The  Second  Seep  of  the  fold  Method  of  Summing  the  Jaid  hfinile  Series  d -f  b'x  4- 
<V  4-  dx*  4-  ex*  +/'**  + /.v*  4-  iV  4-  &c  ad  infinitum. 


Art.  9.  Before  we  enter  upon  the  next  Hep  of  Mr.  Hellins's  inveftigation 
it  will  be  proper  to  continue  the  feries  of  4-  Vxfe  c'xx  + dx 1 + /**  4-  f x* 
+ |V  4-  h'x*  + &c  to  fixteen  terms  inftead  of  eight : and,  in  doing  this,  it 
will,  I think,  be  convenient  to  denote  the  coefficients  of  the  next  following 
tight  terms  by  the'  fame  letters  a,  b,  c,  d,  e,  /,  g,  and  h,  as  have  been  ufed 
to  denote  the  co  efficients  of  the  funner  eight  terms,  but  with  two  accents,  ", 
placed  over,  them  inftead  of  one,  to  diftinguifh  them  from  the  faid  former  co- 
efficients, which  were  marked  with  only  one  accent.  And  then  the  faid  feries 
will  be  as  follows,  to  wit,  d -f-  L'x  + c'xx  + d'x*  + dx*  + f'x*  + gfsd  4-  L'x* 
+ a"x*  + l"x*  + /V  + dx"  + e'x"  + f'x"  + fx"  + d'x"  + &c  ad 
infinitum , and  the  feries  d 4-  dxx  + fx*  4-  h'x’  4-  &c,  (of  which  we  arc  dill 
to  find  the  value,)  will  be  b‘  4-  dxx  4-  f'x*  4-  h'x*  4-  d'x*  4-  d'x'*  4-  /V 
4-  d'x'*  4-  &c  ad  infinitum. 

Art.  10.  Thefe  things  being  premifed,  Mr.  Hellins’s  next  obfervation  is  as 
follows  : The  feries  V 4-  dxx  4-  /V  4-  h'x*  4-  JV  4-  d'x"  4-  f'x"  4-  d'x" 
4-  See  ed  infinitum,  (of  which  we  are  flill  to  find  the  value,)  is  equal  to  the 
fum  of  the  feries  b’  — dxx  4-  f'x*  — h'x*  4-  d'x*  — a’Y"  4-  f'x"  — d'x"  4- 
&c  ad  infinitum,  and  the  feries  idxx  4-  2 h'x*  + 3 d'x"  4*  2 d'x'*  4-  8tc  ad  in- 
finitum, or  to  the  fum  of  the  feries  h’  — dxx  4-  f'x*  — dx*  4-  b"x*  — d'x" 
4-  f'x"  — h’x"  4-  &c  ad  infinitum,  and  ixx  x .the  feries  d 4-  h'x*  4-  d'x*  4- 
d'x"  4-  &c  ad  infinitum  •,  the  former  of  which  feriefes  may  be  fummed  by 
means  of  the  above-mentioned  Differential  feries,  and  the  latter,  to  wit,  d 4- 
h’jc*  4-  tf  x*  4-  dx"  4-  &c  ad  infinitum  is  of  the  fame  form  with  the  feries 
d 4.  dxx  + f'x*  4-  dx*  4-  hcc  ad  infinitum,  from  which  it  was  derived,  but 
converges  more  fwiftly  than  the  faid  feries,  becaufe  it’s  terms  involve  the  feveral 
fuceefiive  powers  of  x*,  to  wit,  *+,  i*]1,  ”*)1,  &c,  or  x*,  **,  x“,  &c,  inftcad  of 
the  like  powers  of  xx.  Let  the  feries  d — dxx  4.  f'x*  — h'x * 4-  d’x*  — d'x" 
4-  f'x"  — d'x"  4-  hoc  ad  infinitum  be  fummed  by  means  of  the  above-men- 
tioned Differential  feries,  and  let  the  value  of  it,  thereby  obtained,  be  denoted 
by  the  fmail  Greek  letter  5.  Then  will  the  feries  b’  + dxx  + fx*  + h'x*  4. 
fx*  + d'x"  4-  f'x"  4-  d’d*  4-  fire  ad  infinitum , (of  which  we  were  now  to 
find  the  value,)  be  equal  to  the  quantity  6 4-  2xx  x the  feries  d 4-  h'x*  + d'x* 
4.  d'x"  4-  Sic  ad  infinitum,  which  converges  much  more  fwiftly  than  the  firft 
feries  a 4-  l'x  f-  c'xx  4-  dx’  4-  e'x*  4-  fx 1 4-  g'x*  4-  dx*  4-  ficc  ad  infinitum, 
of  which  we  were  to  find  the  value. 

Still,  however,  the  terms  of  the  feries  d 4-  h'x*  4-  d'x*  4-  d'x"  + fitc  ad 
infinitum,  will,  if  * is  equal  to  or  any  greater  fraftion,  converge  too  {Jowly 
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to  make  the  fum  mat  ion  of  it  10  any  great  degree  of  exadlnefs  in  the  common 
way,  or  by  the  mere  computation  and  addition  of  it’s  terms,  eafily  practicable. 

For  the  fourth  power  of  — - is  which  is  greater  than  — ; fo  shat  about 

four  terms  would  be  neccffiiry  to  be  computed  for  every  new  figure  that  would 
be  exaft  in  the  value  of  it  obtained  in  this  manner,  and  confequtntly  forty- 
eight,  or  fifty  terms  of  it  mud  be  computed  in  order  to  obtain  the  laid  value 
exaft  to  twelve  places  of  figures.  I;  therefore  will  be  expedient  to  increalc  the 
convergeocy  of  the  final  ferits  by  another  degree,  or  two,  before  we  proceed  to 
determine  it’s  value  in  the  common  way,  or  by  the  mere  computation  and  ad- 
dition of  it’s  terms. 


The  Third  Step  of  the  j 'aul  Method  of  Summing  the Jaid  Series  a'  bx  -f-  rV  + 
dx'  -f  ex*  4-  j'x ’ 4-  g'x * + b'x 7 4-  &c  ad  infinitum. 


Art.  11.  And  here  it  will  be  expedient  to  continue  the  number  of  terms  of 
the  lad  ferics  a?  -f  b'x*  4-  d"x'  -f-  b"x"  4-  &c,  (of  which  wc  are  dill  to  find 
the  value,)  from  four  terms  to  eight ; and  for  this  purpofe  it  will  be  ncceffary 
to  continue  the  terms  of  the  ferics  a 4-  b'x  ■+■  dx'  4-  ax'  4-  dx*  4-  /V  + g'x* 
4-  b'x7  4-  & c ad  infinitum  to  thirty- two  terms,  indead  of  fixteen  ; and  in  doing 
this  it  will  be  convenient  to  denote  the  co-efficients  of  every  fet  of  eight  terms 
by  the  fame  letters  a,  b,  c,  d,  e,  /,  g,  b,  with  one,  two,  three,  and  four,  ac- 
cents placed  over  them  ; fo  that  the  faid  ferics  will  be  as  follows,  a'  4-  b'x  4- 
dxx  + d'x7  + dx*  4-  /V  4-  g'x*  4-  b'x 7 4-  d'x*  -f  b"x*  + d'x'*  + d"x"  4. 
e'x"  4-  /"***  4-  g"x'*  4-  b"x“  + d'x'*  4-  b"’x'7  + c‘'x"  4-  d”x"  + d"d*  -f 
f"x"  4-  g"'x"  4-  b"'x"  4-  a""xu  4-  b'"'x'7  4-  c""x'*  4-  d""x'7  + d'"x"  + 
f'"x'*  4-  jf"V“  4-  b""x ” 4-  &c  ad  infinitum.  Then  will  the  ferics  d’  4-  b’x*  4- 
d'x'  4-  b'x"  4-  &c  (of  which  we  are  dill  to  find  the  value,)  be  d 4-  b'x*  4- 
d"x'  + b"x"  4-  d"x"  4-  V"x'°  4-  eT"x'*  4-  b""x"  + &c  ad  infinitum. 


Art.  iz.  Thcfe  things  being  premifed,  Mr.  Hellins  obferves,  as  before,  that 
the  faid  ferics  d 4-  b'x*  4-  dV  + b"x"  + d"x"  + b"'x'°  4-  ed’"x'*  4-  b"'x" 
4-  & c ad  infinitum  (of  which  we  are  dill  to  find  the  value,)  is  equal  to  the 
fum  of  the  feries  d'  — b'x*  + d'x * — d'x"  4.  d'x'*  — h'"x'°  4-  ef"x'*  — 
bu"x"  -f  &c  ad  infinitum  and  the  feries  2 b'x*  4-  7b" x"  4-  zb"'x'°  4-  ib""x" 
4.  &c,  or  to  the  fum  of  the  feries  d'  — b'x*  4-  d'x'  — Wx"  4-  d"x‘*  — V"x'* 
4-  d""xx*  — b""x !*'  4-  &c  ad  infinitum  and  2x4  x the  feries  V 4-  b"x*  4-  br/x'* 
4-  b""x"  4-  &c  ad  infinitum  ; of  which  the  former  feries  d — b'x*  4-  d'x'  — 
b"x"  4-  d'"x"  - b‘"xn  + d"'x"  — b""x"  4-  &c  ad  infinitum  may  be  dimmed 
by  the  above-mentioned  differential  ferics,  and  the  latter  feries  b'  + b"x'  4- 
Vot.  IV.  4 L i"V* 


Digitized  by  Google 


626 


OS  THE  SUMMATION  OF  INFINITE  SEtUESES. 


t'"x'6  4 b""x'A  + &c  od  infinitum  is  of  the  fame  form  with  the  fcrics  d'  4 b'x* 
+ ,/V  4 U’x"  -f-  d"'x"  4 b'"x 4 ti""x'*  4 b""x"  4 &c  a! infinitum,  (from 
which  it  was  derived,)  but  converges  more  fwifily  than  the  faid  feries,  bccauie 

it's  terms  involve  the  fitcceffive  powers  of  .v’,  to  wit,  a',  a^',  a'.’,  &c,  or  *•*, 
a'5,  a'4,  &c,  in(U:ul  cf  tbc  like  powers  of  a4.  Now  let  the  faifl  leries  a'  — . 
h'x*  4 d"x’  — b"x"  4 <TV4  — b'" a”  4 d""x"  — b'"'x"  4 &c  ad  infinitum 
be  ftmimed  by  means  of  the  above-mentioned  differential  fcrics ; and  let  the 
value  of  it,  thereby  obtained,  be  denoted  by  the  (mall  Greek  kticr  y.  Then 
will  the  fcrics  av  + b'x*  + a"x‘  4 i"*“  + a"V  4 l/"x’°  4 d""x**  4 h""x" 
4 &c  ad  infinitum,  (of  which  we  were  now  to  find  the  value,)  be  equal  to  the 
quantity  y 4 2x*  X the  fcrics  b'  4 b"x‘  4 b'"xu  4 b""x"  4 See  ad  infini- 
tum, which  converges  with  a much  greater  degree  of  fwiftnefs  than  the  firft  feries 
a'  4 b'x  4 i‘xx  4 Jt. **  4 e'x'  4 j'x'  + %**  + b'x 7 4 See  ad  infinitum,  of 
which  wc  were  to  find  the  value. 

Art.  13.  And  in  the  fame  manner,  if  it  be  thought  neceffary,  we  may,  by 
another  proccfs  of  the  fame  kind  as  the  three  foregoing  proceffcs,  reduce  the 
remaining  bufinefs  of  the  invcftigjtion  to  the  computation  of  an  infinite  feries  of 
quantities  that  would  involve  the  leveral  fuccefiive  powers  of  a*4,  to  wit,  a”, 
a1*,  a4’,  a*4,  a'3,  a«,  **“,  a'”,  a*44,  a,4°,  &c,  in  (lead  of  the  powers  of  a*,  which 
are  thofe  involved  in  the  feries  b'  4 Vx  4 V" a*4  4 b""x%i  4 &c  laft- 
obtained  ; and,  by  a fifth  procefs  of  the  fame  kind,  we  might  reduce  it  to  the 
computation  of  an  infinite  feries  of  quantities  that  would  involve  the  feveral 
fucccffivc  powers  of  .v1*,  to  wit,  a**  a44,  a44,  a14',  a,4°,  a'”,  a*’4,  a*1*,  a*’*,  a!*%  &c, 

which,  if  a be  fuppofed  = would  converge  with  a great  degree  of  fwiftnefs. 

And  thus  at  lad  we  might,  by  repeating  thefe  proceffcs  often  enough,  and  making, 
in  every  new  procefs,  an  application  of  the  differential  leries  above  mentioned 
to  the  lummation  of  a leries  in  which  the  terms  are  alternately  marked  with  the 
figns  — and  4,  reduce  ti  e remaining  bufinefs  of  the  inveiligation  from  the 
fummation  of  a (lowly-converging  infinite  feries  to  the  furnmation  of  a fwiftly- 
converging  infinite  feries,  which  it  would  be  eafy  to  fuin  to  a great  degree  of 
cxa&nels  in  the  common  way,  by  computing  a moderate  number  of  it’s  terms 
anti  adding  their  values  to  each  other.  And  when  this  is  done,  the  value  of 
the  original  infinite  feties  will  be  obtained  by  adding  together  the  values  of 
the  feveral  infinite  fcrieles  into  which  it  has  been  rcfolved.  q.  s.  f. 

Art.  14.  Thus,  for  example,  if  we  make  life  of  only  the  three  proceffcs  that 
have  been  above-rfeferibed,  and  find  the  value  of  the  laft-obtained  feries  b'  4 
b" a*  4 b"'x ,s  4 L""xu  4 &c  ad  infinitum  in  the  common  way,  or  by  com- 
puting a fntficiert  number  cl  it’s  terms  and  adding  their  values  together,  and 
call  the  fuin  of  the  fa.d  values  L,  wc  (hall  have  the  value  of  th'c  whole  original 
feties  a 4 lx  4 txx  4 dx‘  «4  4 fix * 4 gx*  4 bx7  4 &c  ad  infinitum  — 
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A + R = A + the  feries  t/xM  + b'xm  + 1 4-  fix"  + 2 + d'x"  + 3 + e'xm  + 4 
4-  f'x*  + 5 + gfx”  + 6 4-  L'x"  ' ' + &c  cd  infinitum 

— A + xm  x the  feries  o'  4*  l/x  + <V  + d'x * + e'x * + f’x1  4-  g'x* 
4-  iV  + &c  iji  infinitum 

— A + xm  x ihc  feries  a'  — b'x  4-  /#*  — d'x1  -J-  /a* — /V  + |V 

— l/x1  4-  &c  ad  infinitum  4-  .ym  X the  feries  2 b'x  4 2 d'x1  -j-  2 .f'x* 
4-  zb’x1  4-  he  ad  infinitum  * 

= (by  art.  8,)  A + **  X * + xm  x zx  x the  feries  V + d'xx  + 
f'x ♦ 4 L'x*  4-  he  ad  infinitum 

— (by  art.  9,)  A 4 xm  x « + at™  X 2.v  X the  feries  b'  + d'xx  + f'x* 

4-  b'x * 4 b"x*  + d"x'°  4 f"x"  4 b"x'*  4 See  ad  infinitum 

— A 4 jr"  X « + xm  X zx  X the  feries  V — d'xx  4 f'x ♦ — b'x * 4 

i/'x’  — d"x'°  4 f"x"  — b"x'*  4 &c  ad  infinitum  4 xm  x a*  X 
the  feries  2 d'xx  4 2 l/x*  4 2 d"x‘°  4 2 l/'x‘*  4 &c  ad  infinitum 

— (by  art.  to,)  A 4 xm  x « 4 x”  X 2*  X 6 + *"  x 2*  x 2a#  X 

the  feries  d/  + b'x*  + df'x*  4-  b"x"  4 &c  ad  infinitum 

= (by  art.  1 1 ,)  A 4 a”  X a 4 xm  x tx  X 6 4 xm  x zx  x 2**  X 

the  feries  d'  + b'x*  4 d"x*  + b"x"  4 d'"x'*  4 V"x'°  4 d""x'* 

4-  b""x"  4 8cc  ad  infinitum 

— A 4 xm  x « + xm  x zx  x 6 4 xm  x 2*  X 2x*  x the  feries 
d'  - b'x*  4 d"x*  — AV*  + d"'xl*  — b"'x*’  4 d""x**  — b""x" 
4-  &c  ad  infinitum  4 #"  X zx  x zxx  x the  feries  2 b'x*  4 zb"xlt 
4-  2b'"x^  4-  2b""x"  4 &c  ad  infinitum 
zz  (by  art.  is,)  A + *"  x « 4-  *”  X t*  x S + *"  X zx  x a.v* 

X y 4-  xm  x zx  X zxx  x 2a*  x the  feries  b'  4-  b''x*  4-  b'"xa 

4-  b""x**  4-  &c  ad  infinitum 

4-*  x * 4 * x 2*  x £ 4 * x t*  x X y + * x 

zx  X zxx  x M*  x L Q_.  E.  I. 

4 L 2 Art.  15. 
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Ait.  it,.  And,  if  we  were  to  make  life  of  two  more  of  tliefe  proccffcs,  in 
order  that  the  final  ferits  fhould  converge  by  the  powers  of  , (indead  of 
converging  by  the  powers  of  as  the  final  feries  U 4-  b"x'  + U"x‘*  + b""x*' 
H-  f.c  ad  infinitum,  or  L,  does  in  the  lad  atticlc,)  and  we  were  to  denote  the 
faid  final  feries  (which  was  to  be  computed  in  the  common  way,  or  by  fimply 
computing  a few  of  it’s  initial  terms  and  adding  them  together  into  one  fum,) 
by  the  capital  letter  N,  we  lhould  find  the  whole  original  feries  a 4-  bx  4-  ex' 

dxlr  + ex*  4-  fxs  4-  S'”  4*  ^x'  + &c  nd  infinitum  to  be  = A 4-  xm  X os 

Jr”  X 2.V  x € 4-  r"  X 2.V  x 2J-.V  X / + a"  X W X 2XX  X !»'  X 5 + 

a"  x IX  X 2XX  x 2.v*  X I*1  X ! + x"  X 2.V  X 2 Of  x ix*  X 2 Jr*  x 2X1* 

\ 

X N,  or  A + j1"  x « + *"  x i*  x C + 1"  x 41’  X 7 + **  x 8*'  x 5 
4-  Jr"  X l6v'*  x f 4-  xm  X 321*'  X N.  <1;  E.  1, 


Art.  16.  The  foregoing  defeription  of  Mr.  Hellins’s  method  of  proceeding 
to  find  the  fum  of  a flowly-converging  feries  of  the  above-mentioned  form, 
a 4.  bx  4-  ex*  4-  dx*  4-  ex*  4-  /a*  4-  gx*  + bx ’ 4-  &c  ad  infinitum,  by  repeated 

applications  of  the  differential  feries  a — ===^* 

<■  + ■*  r+~rr  r+7)’ 


1 4-  *' 


1 + Jr) 


— - =L^-r — _ D * . — r=?-4— - — &c  ad  infinitum  will  be  better  underdood 
l+D  * i+d  i 4-  *1 

by  applying  it  to  a particular  example.  And  therefore  I (hall  now  proceed  to 
apply  it  to  the  fummation  of  the  above-mentioned  flowly-converging  logarith- 


mic* feries  x 4- 


*•  is  = -S-. 

JO 


■ + T + 


4-  — 4-  — 4 — — 4-  See  ad  infinitum,  when 


An  Example  of  the  foregoing  Method  of  finding  the  Value  of  an  Infinite  Series  of  the 
foregoing  Form  a 4-  bx  4-  ex*  4-  dx3  4-  ex*  4-  fx * 4-  gx*  4-  bx'  4-  (Ac,  when 
it's  Terms  decreafe  very  flowly. 


Art.  17.  Let  it  be  required  to  find  by  the  method  above-deferibed  the  value 
of  the  infinite  feries*  4-  ~ + ~ + -7  + T 4"  IT  + T + 4 + 
when  x is  equal  to  the  fraftion  — . 

1 JO 

To 
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To  bring  this  (Vries  under  the  form  of  ihe  general  fcries  a + bx  + ex'  + 
dxl  + ex*  -f-  fix'  4-  gx*  + bx’  4-  &c  ad  infinitum , we  nmft  confider  it  as  being 

the  produ£t  of  the  multiplication  of  x into  the  ferics  i 4-  — + — — ( — --  + 


X*  V*  , . 

1-  — — (-  &C  ai  infinitum,  which  is  of  the  faid  form. 

7 8 


Art.  1 8.  Now  let  the  firft  thirty-two  terms  of  this  laft  fertes  be  computed  to 
eighteen  places  of  decimal  figures.  This  may  be  done  in  the  manner  following ; 

Since  x is  fuppofed  to  be  equal  to  or  0.9,  we  (hall  have 

xx  (=  0.9*’)  ra  0.810,000,000,000,000,000, 

and  x’  (:=  0.9’  x 0.9)  = 0.729,000,000,000,000,000, 

and  x*  (=  0.9'*  x 0.9)  = 0.656,100000,000,000,000, 

and  xs  (=  0.9!*  X 0.9)  = 0.590,490,000,000,000,000, 

and  x*  (—  0.5J’  x 0.9 ) — 0.53 1. 4 4 1, 000,000, 000, 000, 

and  x 1 (ro~o.^’  x 0.9)  = 0478,296,900000,000,000, 
and  a1  (=r  o4)\’  x 0.9)  = 0.430,467,210,000,000,000, 

and  x°  (=  09!'  x 0.9)  = 0.387.420,489,000,000,000, 

and  a10  (=  o7|8  x 0.9)  = 0.348,678,440,100,000,000, 

and  x “ (=  oi,'"  x 0.9J  =:  0.313,810,596,090,000,000, 

and  (=  oT^l"  x 0.9)  = 0.282,429,536,481,000,000, 
and  x *’  (=:  0.9] '*  x 0.9)  :=  0.254,186,582,832,900,000, 

and  x14  ( = o.y”  x 0.9)  = 0 228,767,904,549,610,000, 

'and  x”  (=  o.  'l4  X 0.9'  = 0.205,891,132,094,649,000, 

and  x18  (=  0.9*’  x 0.9!  = o 185,302,018,885,184,100, 

and  x"  (=  0.9V8  x 0.9)  =:  0.166,771,816,996,665,690, 

and  x“  (=  0...1"  x 0.9)  = 0.150,094.635,296,999,121, 

and  a”  (=  oa^l1*  x 0.9)  = 0.135,0115,171,767,299,208, 

and  x*°  (=  cTTV*  x 0.9)  - . 0.121,576,' 54,590,569,288, 

and  x,*(=_o19.*c’  x 0.9)  = 0.109,418, <,89, 131,512,359, 
and  x4*  ( — 0.91*’  x 0.9)  =:  0.098,477090,218,361,123, 

and  x*1  (=:  o < 1“  x 0.9J  = 0.088,629,381,196,525,000, 

and  x’4  (=  oTl*1  x 0.9)  = 0.079,766,443,076,872,500, 

and  x*s  (=_on*4  x 09)  = 0.071,789,798,769,185,250, 

and  x*8  o.  Vs  x 0 9)  = 0.064,610,818,892,266,725, 

and  x*’  (=  o9>»  x 0.9)  = 0.058,149,737.003,040,053, 

and  x*1  (=f  o.^*’  x 0.9)  = 0.052,334,763,302,736,047, 
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£ is  (=  °-'5<vW>g#.g& III)  = 0.007,899.7*7,647.^0,480, 

*J1  is  ( = -^.767,29^208^  _ 0.006,754,258,588,364,960, 

£ is  (=  _ 0.005,789,364,504.3*^8*3. 

is  (=  o. ■ 09, 4 . 8 ,98 7, j ,359)  _ 0.004,973,590.4*5.068,743, 
is  (=  «^c8.477^.?iM6,!»3)  _ 0.004,281,612,6.8,189,614, 

£.  is  (=  ~ 0.003, 692, 890, 383, 188, 54*, 

£ is  (=  °°7»7<M,443.o;6,87..^)  _ 0.003,190,657,723,074,900, 

£1  is  (=  _ 0.002,761,146,106,507,125, 

^ is  (=  - 0.002,392,993,292,306,175, 

ll  is  (=  °^-S.'4q.-3-.co,,o4^g5.ij  _ 0.002,076,776,321,537,144, 

— is  (—  V*0,.7?*.£i7 ) = 0.001,804,647,010,439,174, 

29  ' 29 

£1  is  01.2  86  972.^^43.  _ 0.00i, 570, 042,899,082,081, 

30  v 30 

i!l  is  (=  0-042, 39I..58, 2,^.6,, 98}  _ 0.001,367,456,7*8,555,36*, 

3*  -3* 

— is  (=  c-°I8-l3i’0»,’447/'04..-72^  — 0.001,192,251,326,490,455. 

3*  3» 

Art.  19.  Thefe  thirty-two  terms  muft  now  be  added  together  into  one  fum  ; 
which  may  be  done  as  follows  : 

The  firft  eight  terms  are  as  follows,  to  wit, 

I is  — 1.000,000,000,000,000,000, 

— is  = 0.450,000,000,000,000,000, 

-y-  is  = 0.270,000,000,000,000,000, 

— is  = 0.182,250,000,000,000,000, 

-y-  is  = 6.131,220,000,000,000,000, 

~ is  = 0^098, 415, coo, 000, 000, 000, 

is  = 0.075,920,142,857,142,857,- 
~ is  = 0.059,787,112.500,000,000, 

o 

The  futn  ==  2.267,592,255,557,142,857. 
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The  next  eight  terms  arc  as  follows,  to  wit, 

— is  = 0.04  7,8  29,690, 000,000,  ooo, 

— is  = 0.038,742,048,900,000,000, 
is  = 0.031,698,040,009,090,909, 

A*1  . 

— is  z=  0.026,150,883,007,500,000, 

7j  is  = 0.021,735.348,960,076,933, 

A*1  • 

— is  = 0018,156,184,488,064,285, 

*4 

— is  = 0.015,251,194,969,974,000, 

77-  is  = 0.012,868,195,755,915,562, 

The  fum  = 0.212,421,586,090,621,679. 

The  next  eight  terms  are  as  follows,  to  wit, 
r««  , 

— is  = 0.010,900,118,757,952,005, 

77-  is  = 0.009,265,100,944,259,205, 

77  is  = 0.007,899,717,647,210,480, 

77  is  = 0.006,754,258,588,364,960, 

TP  is  = 0.005,789,364,504,312,823, 

A**  • 

— 15  = 0.004,973,590,415,068,743, 

Jg**  . 

— is  = 0.004,281,612,618,189,614, 

x*J 

— is  = 0.003,692,890,883,188,541, 

The  fum  = 0.053,556,654,358,546,371. 

And 


Digitized  by  Google 


ON  THE  SUMMATION  OP  INFINITE  SESUFSES. 


And  the  laft  eight  terms  are  as  follows,  to  wit, 

AU  . 

— is  = 0.003,190,657,713,074,900, 
***  . 

is  = 0.002,761,146,106,507,125, 

— is  = 0.002,392,993,292,306,175, 
~ is  = 0.002,076,776,321,537,144, 

— is  = 0.001,804,647,010,439,174, 

— is  = 0001,570,042,899,082,081, 
~ is  = 0.001,367,456,718,555,361, 
YT  is  ==  o.oo  1 « 1 92>* j 1 13  26,490,455, 

The  fum  = .0.016,355,971,397,992,415. 


. 633 


Thefe  four  fums  total  muft  now  be  added  together,  as  follows : 
2.267,592,255,357,142,857, 

0.212,421,586,050,621,679, 

°-°53>556>654.358,546,37I> 

0.016,355,971,397,992,415, 

2.549,926,467,204,303,322. 

Therefore  the  fum  of  the  firfl  thirty-two  terms  of  the  ferics  1 4 — ~— 

4-  — + — — h4-  + — + ~ + fiC  ad  infinitum,  when  x is  equal  to  , 

45  O7O  4 IO  1 

is  = 2.549,926,467,204,303,322,  or,  according  to  the  notation  of  art.  5,  A 
will  be  = 2.549,926,467,204,303,322. 

Art.  20.  Since  the  fum  of  the  firit  thirty-two  terms  of  the  feries  i + — - 4. 

Y+y  + “T+'T'+JV+T"+&c^  m^nilUm'  ‘S  = 2,549»9*<J.467, 

204,303,322,  it  follows  that  the  fum  of  the  firft  thirty.two  terms  of  the  original 

Jiries  x + ~ + h — + — + -^r-+  — + T-  + Scci7/f infinitum  will 

Vot.  IV.  4 M , be 
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he  = 2.549,94^,467,204, 301,312  X 0.9  = 4.294,933,820,485,872,989,8, 
u hi  eh  agrees  with  ihe  true  value  of  that  whole  feries  in  only  the  firll,  or  highell, 
figure  2,  that  true  value  being  2.302,585.092,994,045,684,017,  &c,  or  Na- 
pier's logarithm  of  the  ratio  of  10  to  1.  This  (hews  how  flowly  the  faid  ori- 
ginal let ics  converges,  and  how  difficult  it  confequently  would  be  to  find  it’s 
value  exact  to  ten  or  twelve  places  of  figures  in  the  common  way,  or  by  the 
mere  computation  and  addition  of  it’s  terms,  and  how  neceflary  it  therefore  is 
to  have  recourle  to  fomc  filch  ingenious  contrivance  as  this  of  Mr.  Ilellins, 
whenever  we  have  occafton  to  inveftigatc  it’s  value  to  fo  great  a degree  of 
exaftnefs. 


Art.  41.  Having  found  the  fum  of  the  firll  thirty-two  terms  of  the  (erics  1 4- 

'2'  + 4*  + + ~ + •77-  + — + -y-  + &c  ad  infinitum , or  the  value 

of  A,  to  be  = 3.549,926,467,204,303,322,  we  mud  now  endeavour  to  find  the 
value  of  the  remaining  part  of  that  feries,  after  the  faid  firll  thirty-two  terms, 

, , ‘ , X)1  4-J1  ^4  j|4  ^37 

or  the  value  of  the  infinite  icrics  4 -f  -f  — r-  H 4 — x 4* 

31  34  T 35  ib  37  38 

-f  &rc  ad  infinitum,  which  feries  will,  according  to  the  notation  of 

ait.  5,  be  = R.  And,  when  this  value  is  found  to  the  required  degree  of  exact- 
nefs,  we  mud  add  it  to  A,  or  the  number  2.549,926,467,204,303,322,  and 

the  fum  A + R will  be  the  value  of  the  whole  feries  1 4 — — + — -f  — -f- 

* 3 4 

- - + ' — — + -4~  + &c  nd  infinitum  to  the  fame  degree  of  exaftnefs, 
5O7® 

and  confequently  Rl  x x*  or  a+'r!  X -9~,  will  be  the  value  of  the 

whole  original  feries  x + — — f-  — I-  — — h — — f-  — — f-  — — 1-  ~ -f.  &c 
134507b 

ad  infinitum  to  the  lame  degree  of  exadlnefs. 


Art.  22.  Now  this  remainder  R,  or  the  infinite  feries  — — - 4-  — + 

33  34  35 

+ -yp  + &c,  is  evidently  equal  to  x **  X the  in- 

finite  feries b-rr  + 9^r  + TT  + ~rH + — + «c,  °r  t0 

09)”  x the  faid  feries,  or  to  0.034,336,838,202,925,120  x the  faid  feries. 

We  mud  therefore  now  endeavour  to  find  the  value  of  this  feries  — + — + 

33  34 

— + -X  + — — h “ +—+—-+  &c  ad  infinitum. 

35  P 3/  T J9  1“  J 


Art.  *3. 
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An.  23.  Now  this  ferics  is  equal  to  the  fum  of  the  ferics  — + — - 

^ 33  34  . 3> 

— — r-  + — -a-  + — + &c  ai  infinitum,  and  tlie  ferics  -|- 

36  37  38  39  40  34 

— + ^5-  + — + &c  infinitum,  or  to  the  feries  — 4-  — — ~ 

3«>  38  40  J > 33  3+  ‘ 35  V‘ 

4-  — — ~ + — — 4-  See  ad  infinitum  and  lx  x the  feries  — — t-  -i— 

37  38  39  4°  ^ y 34  30 

4-  — 4 + See  ad  infinitum ; wliich  laft  feries  is  of  the  fame  form  as  the 

38  4° 

feries  ± + JL  + JjL  + fiL  + ± + -£  + -£  + -£+  &c,  (of  which  we 
are  feeking  the  value,)  but  converges  one  degree  lefs  flowly. 

Art.  24.  The  former  of  thefe  two  feriefes,  to  wit,  — — + — — 

33  34  35  36 

y4  v*  ^*7  ^ 

+ — — — rH + &c  ad  infinitum  may  be  fummed  by  means  of 

37  38  39  4°  ' 

the  differential  ferics  a — — ---  — = — 

»+*  r+Tl*  I+*1*  1 + a?\4  i + xY 

— — — ad  infinitum,  by  proceeding  in  tlie  manner  fob 

1 + xi*  1 + *1  . 

lowing  : 

Here  a is  = = 0.030,303,030,303,030,303, 

b is  = ■—  = 0.029,411,764,705,882,352, 
f i*  = ~ = 0.018,571,428,571,428,571, 

* is  = -J6  = aoz7»777>777»777»777>777» 
e is  = — = 0.027,027,027,027,027,027, 

/is  = -p-  = 0.026,315,789,473,684,210, 

g is  = ~ = 0.025,641,025,641,025,641, 

b is  = ~ — 0.025,000,000,000,000,000, 

i is  = ~ — 0.024,390,243,902,439,024, 

*>s  = — 0.023,809,523,809,523,809, 

/ is  = ~ = 0.023,255,813,953,488,372, 

43 

and  » is  = — = 0.022,727,272,727,272,727, 

4 M 2 And 
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And  confequently  b-c  is  = f 1,764.705.882,35* 

* ; l —0.028,571,42b,  571, 428,571 

= 0.000,840,336,134,453,781  ; 

And  c-d  is  = I 0.028,571,428,571,428,571 
I — 0.027,777,777,777,777,777 

= 0-000,793,650,793,650,793  ; 


And  e is  r:  I °'°27*777>777.777.777.777 

l — 0.027,027,027,027,027,027 

= 0-000,750,750,750,750,750; 

And  ^ /"is  — f 0-027,027,027,027,027,027 

J \ — 0.026,315,789,473,684,210 

= 0.000,711,237,553,342,817  ; 

And  / ? is  — { o-°26,3 1 5,789,473,684,2  jo 

6 [ — 0.025,641,025,641,025,641 

= 0.000,674,763,832,658,569; 

And  g — 6is=  f 0.025,641,025,641,025,641 
* (.  — 0.025,000,000,000,000,000 

= O 000,641,025,641,025,641  ; 

And  b — i is  = ( 0.025,000,000,000,000,000 

l — 0.024,390,243,902,439,024 
= 0.000,609,756,097,560,976 ; 

And  i — k is  = / 0-024.390,243.902.439.024 

l — 0.023,809,523,809,523,809 
= 0.000,580,720,092,915,215; 

— / is  ==  I 0.023,809,523,809,523,809 
\ — 0.023,255,813.953,488,372 

= 0.000,553,709,856,035,437; 

— wis=  £ 0.023,255,813,953,488,372 

' 4 —0.022,727,272,727,272,7*7 

= 0.000,528,541,226,215,645; 

that  is,  the  firft  differences  of  the  co-efficients  b,  c,  d,  e,  /,  g,  b,  i, 
34’  3S  * 36’  37’  38’  39’  40’  TT*  4*'  4p  and  44'  are 


And  k 


And  l 


1 

/ 

} 

} 

} 

} 

} 

} 

} 

I 

l 


b,  /,  and  mi 


0.000, 
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0.000,840,336, 1 34,458,781, 

0.000,793,650,793,630,793, 

0.000,750,750,750,750,750, 

0.000,711,237,553,342,817, 

0.000,674,763,832,658,569, 

0.000,641,025,641,025,641, 

0.000,609,756,097.560,976, 

0000,580,720,092,915,215, 

0-000,553. 709, 856,035, 437. 
and  0.000,528,541,226,215,645. 

Therefore  the  fecond  differences  of  the  faid  co-efficients  b,  c,  d>  e,  /,  g,  b , 
i,  k,  I,  and  m,  or  the  differences  of  their  firft  differences,  will  be  as  follows ; 
to  wit, 

0.000,046,685,340,802,988, 

0.000,042,900,042,900,043, 

0.000,039,5 1 3>  >97  >4°7,933» 

0.000,036,473,720,684,248, 

0.000,033,738,1 9 1 ,632,928, 

0.000,03 1 ,269,543,464,665, 

0.000,029,036,004,645,761, 

0.000,027,010,236,879,778, 
and  0.000,025,168,629,819,792; 

And  their  third  differences  will  be  as  follows;  to  wit, 

0.000,003,785,297,902,945, 

0.000,003,386,845,492,1 10, 

0.000,003,039,476,723,685, 

0.000,002,735,529,051,320, 

0.000,002,468,648,11)8,263, 

0.000,002,233,538,818,904, 

0.000,002,025,767,765,983, 
and  0.000,001,841,607,059,986; 

And  their  fourth  differences  will  be  as  follows ; to  wit; 

0.000,000,398,452,410,835, 

0.000,000,347,368,768,425, 

0.000, 000, 303, 947,672,365,  t 

0.000,000,266,880,883,057, 

0.000,000,235,109,349,359, 

. o.coo.ooo,  207, 7 7 1, 05  .,921, 

and  0.000,000,184,100,705,997; 

And 
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Ami  their  fifth  differences  will  be  as  follows;  to  wit, 

0.000,000,05 1,083,642,41  o, 

0.000,000,043,42 1 ,096,060, 

0.000.000,037,066,789,308, 

0.000,000,031,771,533.698, 

0.000,000,027,338,196,438, 
and  0.000,000,023,610,346,924  j 

And  their  fixth  differences  will  be  as  follows ; to  wit, 

0.000,000,007,662,5  4-6,350, 

• 0.000,000,006,354,306,752, 

0.000,000,005,295,2  55,610, 

0.000,000,004,433,237,260, 

0.000,000,003,727,949,5 1 4 ; 

And  their  five  nth  differences  will  be  as  follows  ; to  wit, 
0.000,000,001,308,239,598, 
o.oco,ooo,qci  ,059,05 1,142, 

0.000,000,000,86  2,0 1 8 ,350, 
and  0.000,000,000,705,287,746  ; 

And  their  eighth  differences  will  be  as  follows  ; to  wit, 
0.000,000,000,249,188,456, 

0.000,000,000, 1 97 ,03  2,792, 
and  0.000,000,000,156,730,604; 

And  their  ninth  differences  will  be  as  follows  ; to  wit, 
0.000,000,000,052,155,664, 

0.000,000,000,040,302,188  ; 

And  their  tenth  difference  will  be 

0.000,000,000,0 1 1 ,853 ,476. 

Therefore  D‘,  or  the  firft  difference  of  the  co-efficients  6,  c,  d,  t , /,  g,  b,  i, 
k,  I,  and  m,  of  the  firft  order,  will  be  = 0.000,840,336,134,453,781  ; and 
D",  or  the  firft  difference  of  the  fame  co-efficients,  of  the  fecond  order,  will  be 
r=  0.000,046,685,340,802,988  ; and  D111,  or  the  firft  difference  of  the  fame 
co-efficients,  of  the  third  order,  will  be  = 0.000,003,785,297,902,945  ; and 
D1',  or  theirj  firft  difference,  of  the  fourth  order,  will  be  — 0.000,000,398, 
452,410,835  ; and  D",  or  their  firft  difference,  of  the  fifth  order,  will  be  3; 

0.000, 
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0.000,000,051,083,642,410  ; and  D",  or  their  firrt  difference,  of  the  lixth  or- 
der, will  be  1=  0.000,000,007,662,5+6,350;  and  D,u,  or  their  firfl  difference, 
of  the  feventh  order,  will  be  = 0.000,000,001,308,239,598;  and  I)'"*,  or 
their  firfl  difference,  of  the  eighth  order,  will  be  ~ 0.-00,000,000,249,188,456  ; 
and  D1*,  or  their  firfl:  difference,  of  the  ninth  order,  will  be  — 0.000,000,000, 
052,155,664;  and  D*,  or  their  firfl  difference,  of  the  tenth  order,  will  be  =: 
0.000,000,000,01 1,8  53,476. 

Therefore  the  differential  feries  a — — n A — — =— — ■—  4 — 

■ + .r  rrry  i+^v  r+^)4 


D‘'jS 


DT,,r 

I + Jf)1  1 + x\ 


1 + 


1 + A 


* + * 

See  ad  infinitum  will  be  = 

0.030,303,030,303,030,303 
— 0.029,411,764,705,882,352  X “7 

*» 


I)1*11 

Ta77 


— 0.000,840,336,134,453,781  X 

— 0.000,046,685,340,802,988  X 
• — 0.000,003,785,297,902,945  X 

— 0.000,000,398,452,410,835  X 


4 + 

x' 

l + x')‘ 

X* 

r+ii* 


'+7\l 


0.000,000,051,o83,642,4t0  X - . , 

1 -f  x] 

— O 000,000,007,662,546,350  X — ^—3 

— 0.000,000,001,308,239,598  x =r, 

- 1 + *1 

— 0.000,000,000,249,188,456  x 


+A' 

x’° 


0.000,000,000,052,155,66+  x •==rr; 

I + *1 


— 0.000,000,000,011,853,476  X 


1 +*)" 


— &c  ad  infinitum. 

But,  becaufe  x is  zz  — , we  (hall  have  1 + x (=  1 H — — — — 4-  — - — 

7 IO  v JO  IO  IO 

9 

• ° + 9)  = — , and  confequcntly  — — (—  — } = — . 

10  ' 10  ’ 1 ' i + x ' 19  ‘ 19 

10 

Therefore 
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Therefore  the  foregoing  differential  feries  will 
0-030, 303, 030, 303, 050, 303 
' —0.029,411,764,705,882,353 

— 0.000,840,336,134,453,781 

— 0.000,046,685,340,802,988 

— 0.000,003,785,297,902,945 

— 0.000,000,398,452,410,835 

— 0.000,000,051,083,642,410 

— 0.000,000,007,662,546,350 

— 0.000,000,001,308,239,598 

— 0.000.000,000,249,188,456 

— 0.000,000,000,052,155,664 

— 0.000,000,000,011,853,476 

— &c  ad  infinitum , and  confequently,  (by  performing  the 
feveral  neccfliry  multiplications  into  the  powers  of  9,  and  diviftons  by  the 
powers  of  19,)  equal  to 

0.030,303,030,303,030,303 

— 0.013,931,888,544,891,640 

— 0.000,188,551,875,043,646 

— 0.000,004,961,891,448,517 

— 0.000,000,190,570,510,824 

— 0.000,000,009,502,130,733 

— 0.000,000,000,577,052,473 

— 0.000,000,000,041,001,096 

— 0.000,000,000,003,315,878 

— 0.000,000,000,000,299,176 

— 0.000,000,000,000,029,661 

— he  ad  infinitum 

0.030, 303,030,303,030, 303  1 
— 0.014,125,603,005,523,644  J 
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= 0.016,177,487,297,506,659;  of  which  number  the  firfl  eleven  fignificant 
figures  0.016,177,427,297,  or  the  firfl  twelve  figures,  reckoning  from  the  place 
of  units,  will  be  exadt. 

But  the  feries  a — bx  + exx  — dx*  4-  ex*  — fix'  + gx*  — bx1  + &c  ad  in- 

_g>  . I X . A*  , .V*  .t*  , .t*  X1  j • X • 

Jim  turn,  or r H 5-  4 + &cc  ad  infim- 

33  3+  3S  S*  37  38  39  4° 

turn,  is  equal  to  the  faid  differential  feries.  Therefore  the  faid  feries  — 

n 33  34 

+ 4-  — ^ 4-  — — + &c  ad  infinitum  will  alfo  be  equal 

33  36  37  38  39  4°  " H 

to  0.016,177,427,297,506,659,  &c.  q,  E.  1. 

End  of  the  Summation  of  the  Infinite  Series  -1 — f 4 4-  — — 

J J J 33  34  33  36  T 37  3** 

+ &c  by  means  of  the  above-mentioned  Differential  Series. 


Art.  25.  But,  by  art.  23,  the  feries  +-*-+—  + 4.  4.  -dl 

4-  - — 1 — — 4-  See  ad  infinitum  is  equal  to  the  feries  — — |-  ~ 

39  4°  1 33  34  35  36 

— 4 + &c  ad  infinitum  together  with  the  produdt  of 

the  multiplication  of  2X  into  the  feries  + -yg-  + -p-  4-  ■—  + See  ad  infi- 
nitum. We  mud  therefore  now,  in  the  next  place,  endeavour  to  find  the  value 

of  the  faid  feries  — + ILL.  4-  4 4-  — 4.  &c  ad  infinitum. 

34  36  1 38  n 40  ^ 1 

Art.  26.  Now  this  feries,  if  continued  to  twelve  terms,  will  be  as  follows,  to 

+ 5°  + 5*  + 54 

+ -p-  &c  ad  infinitum;  or,  if  we  fubftitute  the  fingle  letter  inflcad  of  xx 
in  it’s  terms,  (which  will  be  found  convenient  in  the  procefTes  we  are  now  going 

to  enter  upon,)  the  faid  Tories  will  be  — — 1-  -L.  4-  L-  4-  I—  4-  4-  —I — 

r 34  36  3s  40  4*  44 

+ + 2-r  4-  — + — + f-  — + See  ad  infinitum.  This  .therefore 

46  48  50  52  54  56 

will  be  the  feries  of  which  we  are  now  to  find  the  value. 


• I , Jr*  , x*  , x*  . x‘  x'°  jr‘» 

Wltl  ir  + l6-  + Tr  + -^  + ir  + ^-  + 76  + 


Art.  27.  Now  the  feries  J-  + 4 + 4 + ^-+^-  + ^ + 4 + 4 
' 34  36  3*  40  4*  44  46  48 

- Von.  IV.  4 N -f 
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4.  >*_  4.  fL  4.  £1  4-  2ll  + See  ad  infinitum  is  equal  to  the  fum  of  the  two 
5°  5J  5+  S6 

following  feriefes,  to  wit,  the  feries  — — ^ fo  + ^7 ^ + 


■>*  2L  4.  2! 4-  — 2_1  4.  &c  infinitum  and  the  feries  4- 

46  4«  5°  5*  54  S6  36 

UL  + + ilL  + + ^ + kc  ad  infinitum  ; of  which  two  feriefes  the  latter 

40  4t  T 4»  5»  56 

is  equal  to  ty  x the  feries  ^ ^ ^ + jj-  + ^ + &c  ttd 

finitum.  We  mull  therefore  now  endeavour  to  find  the  values  of  the  two  infinite 

___  4-  — - -4-  ___  + -jr-  48  + jo  51  + 

2n_44-&cand4+2L+>l  + 44-^+^+8cc. 

54  $6  T 36  4°  44  48  5*  J6 


7i*  Summation  of  the  Infinite  Series  4-  fs  “ + 77  ~ ^ ^ f 

TOfjjnj  of  the  Differential  Series  above-mentioned. 


Art.  28.  The  feries  j- - JL  + ^ - ^ ^ ^ + 

2! 2l  4-  2ll  _ iL  4-  &c  infinitum  may  be  fummed  by  means  of  the 

50  52  54  5° 

. . . r ■ bx  o'a*  d"**  D«‘'jr* 

foregoing  differential  feries  « — — - ~ =Ti  “ TtT*  ~~ 

D'r,,xl  Dvl,,4r*  P^jr13  DV 


D1*** 

T^5 


Dt4T® 


-I  + *)  ‘ 


1+x)  I + jf|  * + X ) 1 + 4TI  I x \ 

&c  ad  infinitum , by  only  fubftituting  the  letter  y inftead  of  the  letter  x in  the 

terms  of  the  faid  feries,  which  will  then  be  a — — r-rr— — — ===r- 

* + F 1 +71  1 +/)» 

D»«y»  D'r,b>* 

T + i? 


0*5* 


d "Y 

S + }i'  2 +7i‘ 


d 'y* 

r+TV 


T?' 


o'*y,< 
« +F1 


Jl*7  — _ &c  ad  infinitum.  We  muff  therefore  compute  this  laft  differential  fc- 
*+■>'“ 

rics  j which  may  be  done  in  the  manner  following  : 


Art.  39.  In  this  feries,  it  is  evident,  we  fhall  have 

* — 
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a = — = 0.029,411,764,705,882,352, 
and  b — — • = 0.027,777,777,777,777,777, 
and  c = ~ = 0.026,315,789,473,684,210, 
and  d =r  — — 0.025,000,000,000,000,000, 


$43 


4° 


• and  e = = 0.023,809,523,809,523,809, 

and  / = -7  = 0.022,727,272,727,272,727, 

TT 

and  £ = — 0.021,739,130,434,782,608, 

and  A = -p-  = 0.020,833,333,333,333,333, 
and  i — — 0.020,000,000,000,000,000, 

and  k = -—■  = 0.019,230,769,230,769,230, 
and  / = — — 0.018,518,518,518,518,518, 
and  ct  = = 0.017,857,142,857,142,857. 

Therefore  A - , will  be  = ( °-017,777, 777*777.77 7,777  ) 

l —0.026,315,789,473,684,210  J 

= 0.001,461,988,304,093,5674 

and  c — d will  be  = j 0.026,315,789,473.684, 

L — 0.025,000,000,000,000, 

• = 0.001,315,789,473,684,2101 

-nd  d—e  will  be  - J 0.025,000,000,000,000,000  1 

l —0.023,809,523,809,523,809  J 

= 0.001,190,476,190,476,191; 

and  e -/  will  be  = ( 0.023,809,523,809,523,809  1 

J 1—0.0*2,727,272,727,272,727  J 

= 0.001,082,251,082,251,082; 

and  f-g  will  be  = j 0.022,727,272,727,272,72  j 

J 6 L—o.021,739,130,434,782,60  J 

= 0.000,988,142,292,490,119; 

4N2 


,210 

,000 


} 


and 
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and  g — b will  be  = f 0.0^1,739,130,434.78^608 
4 \ - 0.020,833,333,333,333,333 

= 0.000,905,797,101,449,275  ; 

and  b — i will  be  = <[  0.020,833,333,333,333,333 

f — 0.020, 000, 000,000,000, 000 


= 0.000,833,333,333,333,333; 


and  i — k will  be  = 


f 0.020,000,000,000,000,000 
l — 0.019,230,769,230,769,230 
0.000,769,230,769,230,770 ; 


and  k — l will  be  = 


{ 


0.019,230,769,230,769,230 

0.018,518,518,518,518,518 


} 

} 

} 

} 


— 0.000,712,250,712,250,713; 

and  l-m  will  be  = \ 0,018,518,5.8,518,5.8,5.8  1 

l —0.017, 857, 142,857,142,8(57  5 

= 0.000,661,375,661,375,661  ; 

that  is,  the  firft  differences  of  the  co-efficients  b,  e,  d,  e,  /,  g,  b,  i,  k,  /,  and  m, 

1 1 t ' 1 1 1 1 i 1 ,1  , 

or  — 7-,  —5*1  — » — » — > — r»  ~sr«  — > — > — , and  — , will  be 

36’  38’  40  4*  4*  4<>  48  50’  J2J  J4}  56’ 


0.001,461 ,988,304,093,567, 
0.001,315,789,473,684,210, 

0.00 1 , 1 90,476, 1 90,476, 1 9 1 , 
0.001,082,251,082,251,082, 
0.000,988,142,292,490,119, 
0.000,905,797,101,449,275, 
0.000,833,333,333,333,333, 

0.000.769,230,769,230,770, 
0.000,7 1 a.250.7 1 2>2  50,71 2, 
and  0.000,661,375,661,375,661. 


Therefore  the  differences  of  thefe  differences,  or  the  fecond  differences  of  the 

“ IT.  i-  -■  ip  ir-  ip  17. 


be  as  follows ; to  wit. 


0.000,146,198,830,409,357, 

0.000,125,313,283,208,019, 

0.000,108,225,108,225,109, 

0.000,094,108,789,760,963, 

o.ooo. 
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0.000,082,345,191,040,844, 
0.000,072,463,768,115,942, 
0.000,064, 1 02,564, 102, 563, 
0.000,056,980,056,980,038, 
and  0.000,050,875,050,875,051 ; 

And  their  third  differences  will  be 

0.000,020,885,547,201,338, 
0.000,0 1 7,088 , 1 74,98  2,9 1 o, 
0.000,0 1 4, 1 1 6,3 1 8 ,464, 1 46, 
0.000,011,763,598,720,119, 
0.000,009,88 1 ,422,924,902, 
0.000,008,361,204,013,379, 
0.000,007,122,507,122,505, 
and  0.000,006,105,006,105,007  ; 

And  their  fourth  differences  will  be 

0.000,003,797,372,218,428, 
0.000,002,97 1 ,856,5 1 8,764, 
0.000,002,352,719,744  027, 
0.000,001,882,175,795,217, 
0.000,001,520,218,91 1,523, 
0.000,001,238,696,890,874, 
and  0.000,001,017,501,017,498; 

And  their  fifth  differences  will  be 

0.000,000,825,515,699,664, 
0.000,000,6 1 9, 1 36,7  74,737, 
0.000,000,470,543,948,8 1 o, 
0.000,000,36 1,956,883,694, 
0.000,000,28 1 ,522,020,649, 
and  0.000,000,221,195,873,276; 

And  their  fixth  differences  will  be 

0.000,000,206,378,924,927, 
0.000,000,148,592,825,927, 
0.000,000,108,587,065,116, 
o .000,000,080,434,863 ,045, 
and  0.000,000,060,326,147,373; 
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And  their  feventh  differences  will  be 

0.000,000,057,786,099,000, 
0.000,000,040,005,760,8 1 1, 
0.000,000,028,152,202,071, 
and  0.000,000,020,108,715,672; 


And  their  eighth  differences  will  be 

0.000,000,0 17, 780, 338, 189, 
0.000,000,01 1,853,558,740, 
and  0.000,000,008,043,486,399 ; 
And  their  ninth  differences  will  be 

0.000,000,005,926,779,449, 
and  0.000,000,003,810,072,341  ; 

And  their  tenth  difference  will  be 

0.000, 000,002,  n 6, 707, 108. 


Therefore  D',  or  the  firft  difference  of  the  co-efficients  b,  c,  d,  t,  /,  g,  b,  /, 


k,  l,  and  w,  or  — , — , — , , 


36*  p-’  40*  4*’  44’  46’  4»’  5°’  $*’  54 ’ a0d  ~T<~'  °f 
the  firft  order,  will  be  = 0.001,461,988,304,093,567;  and  D",  or  the  firft 
difference  of  the  fame  co-efficients,  of  the  fecond  order,  will  be  = 0.000,146, 
198,830,409,357;  and  D1",  or  their  firft  difference,  of  the  third  order,  will 
be  = 0.000,020,885,547,201,338;  and  D”,  or  their  firft  difference,  of  the 
fourth  order,  will  be  = 0.000,003,797,372,218,428;  and  D*,  or  their  firft 
difference,  of  the  fifth  order,  will  be  — 0.000,000,825,515,699,664  ; and  D*‘, 
or  their  firft  difference,  of  the  fixth  order,  will  be  = 0.000,000,206,378,924,927  ; 
and  D’"',  or  their  firft  difference,  of  the  feventh  order,  will  be  = 0.000,000, 
057,786, 099,000  ; and  D’“‘,  or  their  fii ft  difference,  of  the  eighth  order,  will 
be  = o.coo.ooo.oi  7,780,338,189  ; and  D'*,  or  their  firft  difference,  of  the 
ninth  order,  will  be  :z  0.000,000,005,926,779,449 ; and  D*,  or  their  dif- 
ference, of  the  tenth  order,  will  be  = 0.000,000,002,116,707,108. 

Therefore  the  differential  feries  a ^ — — 

‘+J  itTY  1 +7.  «+j| 


D **J$ 


1 + jY  1 +7>‘  1 +j  1 

&c  ad  infinitum  will  be  = 


+ J.i« 


0.029,41 1,764,705,882,352 

— 0.027,777,777,777,777,777  X 

— 0.001,461,988,304,093,567  X -=icT 

I +/' 


) 
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— 0.000,146,198,830,409,357 
0.000,020,885,547,201,338 

— 0.000,003,797,372,218,428 

— 0.000,000,825,515,699,664 

— 0.000,000,206,378,924,927 
0.000,000,057,786,099,000 

— 0.000,000,017,780,338,189 

— 0.000,000,005,926,779,449 

— 0.000,000,002,1 16,707,108 

— &c  ad  infinitum. 


X 

X 

X 

X 

X 

X 

X 

X 

X 


r+7v 

y* 

nr? 4 

j* 

r+7i‘ 

j6 

1+fT 

y1 

1 + y ’ 

_V__. 
1 + ?' 
y’ 

T+JY 

r'° 

r+7>» 

1 +7iu 


But,  becaufe  y is  = .xx  = -2-  x -2- - 1 +j  will  be  = 1 + J~ 


ioo  8j_  _ 101  a|)(j  C0nfCqUentiy  w;ii  be  ==  = 

100  100  100  1 ' 1 + y 181  161 


181 


8i_ 

100 


81 


Therefore  the  foregoing  differential  feries  a 


p "y 
*+jV 


D 


i+y*  « + »■*  i+jrl’ 
&c  ad  infinitum  will  be  = 


0.029,41 1,764,705,882,352 

— 0.027,777,777,777,777,777  X ^ 

— 0.001,461,988,304,093,567  X 

— 0.000,146,198,830,409,357  X 

— 0.000,020,885,547,201,338  X ~ 

I Ol  J4 

— 0.000,003,797,372,218,428  X -4r 

loll5 
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— 0.000,000,825,515,699,664 

— 0.000,000,206,378,914,927 

— 0.000,000,057,786,099,000 

— 0.000,000,017,780,338,189 


X 

X 

X 

X 


~8> 

fifr‘ 

~iT>> 

iTH’ 

■ffr* 

"~8?» 

TaTl* 


— 0.000,000,005,926,779,449 


— 0.000,000,002,116,707,108 

— &c  ad  infinitum 


— 0.029,411,764,705,882,352 

— 0.01 2,430,939,226,519,336 

— 0.000,292,790,368,522,264 

— 0.000,013,102,773,397,957 

— 0.000,000,837,667,439,203 

— 0.000,000,075,723,029,832 
— - 0.000,000,006,630,771,675 

— 0.000,000,000,744,502,986 

— 0.000,000,000,092,955,465 

— 0.000,000,000,012,799,647 

— 0.000,000,000,001,909,431 

— 0.000,000,000,000,305,162 

— &c 


. f 0.029,411,764,705,882,352  1 

l — 0.012,737,753,242,152,958  J 


= 0.016,674,011,463,729,394;  of  which  number,  (if  no 

miftakes  have  been  made  in  the  calculations,)  the  firil  twelve  figures,  reckoning 
from  the  place  of  units,  to  wit,  the  figures  0.016,674,011,463,  will  be  exa£t. 

Therefore  the  feries  — ■—  4-  -l 4.  ^ — — 4 v L-  4. 

34  36  38  4°  41  44  46  4* 

J .9  .11  . j # 

— — — 4*  — - — 1-  See  ad  infinitum,  which  is  equal  to  the  differential 

5°  Si  54  56 

fcrjes  a h _ »y  p*y  __  r >ny  »'y  ®y 


i +> 


r+> ! 


p*y  n»y 

T+  J)*  1 + >>  x + ’ 


7T7)* 

T+ 
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W*jl  D’V  d»«,»* 

1 + j)1  1 + 7'*  1 T ? 9 1 + >}** 

alfo  be  equal  to  0.016,674,011,463,729,391. 


ny» 

, "''•I 

< +yi 


— See  ad  infinitum,  will 

O;  E.  t. 


End  of  the  Summation  of  the  Infinite  Series  — + — — — 4-  — 

3+  36  3s  40  4*  44 

+ &C  by  means  of  the  Differential  Series  abooee-menlioned. 


36 


Art.  30.  We  mud  now  endeavour  to  find  the  value  of  ihe  infinite  feries 
+ 4-  ;^g-  4-  &c,  which,  if  it  be  continued  to  twelve  terms,  will 


4° 


44 


be -^-+^-+4+4-+^ 


3b 


4= 


44 


4S 


5* 


+ ^ 


+ TT  + 


V*4 

+ + 


80 


+ — 

56  60  ’ 64  * 68  * 72  76 

+ See,  or,  if  we  fubditutc  the  fingle  letter  2 in  it’s  terms  indead 


of yy,  (which  will  be  found  convenient  in  the  following  proceflcs,)  will  be 

I * s’  xJ  fc4  x5  X z1  Z9  8°  2,a  zn 

ir+^+^  + T«+ir  + ir  + ^+6i:+68+-7r  + i6+ir 

+ &c  ad  infinitum.  We  will  therefore  now  endeavour  to  find  the  value  of  this 
lad  feries. 


Art.  31.  Now  this  feries  — 4-  — ~ + -^r  + *- — I-  + t — I-  4— 

3 An  j«  -*c  ***  rt'  *“ 


4° 


44 


z> 

■jr 


7^ 


zl 

Sb 


z" 

60 


z» 

*4 


4-  -j-g-  4-  — 4-  4-  -jj—  + Sec  ad  infinitum  is  equal  to  the  fum  of  the  two 

following  feriefes,  to  wit,  — -4- 4-  — — —t+t 

° ’ 36  40  n 44  48  52  56  60  6+ 


+ 68  7* 


55,1  , oj  J • r 1 **  . 2z*  1 2x$  . 2x1 

IE  ~ IE  + &c  ad  and  If  + TT  + IF  + Tf 


4-  4-  4-  8cc  a</  infinitum,  and  confcqucntly  to  the  feries  -E-  — 4. 

“48  +17~76  + 6?~67  + T¥—fT  + + &c^'»* 

>/«*,  together  with  22  x the  feries  ^ + ^+  -£+-£-+-£+-g- 
4-  &c  ad  infinitum ; o£  which  two  feriefes  the  former,  to  wit,  the  feries 

I s z*  z*  z4  z5  z4  z*  z’  z4  z'°  »■« 

36  40  44  48  Ji  56  "b  bo  64  68  72  76  Io~ 

4-  Sec  rtif  i/finitum,  may  be  dimmed  by  means  of  the  foregoing  differential  fe- 

• 1 ^ -.is**4  t4  i'  ~io 

ries,  ana  the  latter,  to  wit,  the  feries j — ^ 4-  — -*•  -r — H f-  — 

4-  See  ad  infinitum,  converges  by  the  powers  of  zz,  or  of  y*,  or  of  a-*,  and 
' Vox..  IV,  4 O confo. 
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t t I £-9  ft 

confcqticntly  much  fvviftcr  than  the  feries h — + Tr+wr+Tr+Tr 

^ J 3 3 34  3 S 3“  37  38 

4. j 1 -I + 1-  — -I-  See  ad  infantum)  of  which  it  is 

39  4*  41  4*  43  44 

the  objefl  of  all  ihefe  proceffcs  to  find  the  value.  Our  next  operation  therefore 

raufl  be  to  find  the  value  of  the  infinite  feries  r + “T V + -7-  — 

.iL  _t-  -?! fll  4.  — — — -f-  ^ h &c  by  means  of  the  foregoing 

jfl  T 60  64  T t>3  7i  T 76  So  ’ 

differential  feries.  This  may  be  done  in  the  manner  following  : 


the  Summation  of  the  Infinite  Series  _L— ^-  + + 

_ JL.  j-  (fie  by  means  of  the  Differential  Series  above-mentioned, 

<4 


Art.  32.  The  differential  feries  to  which  this  feries  is  equal  is  the  feries 

D**al  D*11*4  D,T*5  Dr»*  VvtKr 


1 + i)6  1 + *)' 


in  . P'«*  

* I + s 7 + *0 1 1 + t*1  I + U\4 

J^’i! 51‘— - &c  ad  infinitum,  in  which  a is 

r+n*  r+r>*  » + «t  r+2p 

— Jg.t  and  b is  = and  c,  d,  e,  f,  g,  b,  i,  k,  /,  and  m,  are  equal  to 
— , — , — , — , -7—,  — , -i-,  and  refpe&ively,  and  D*,  D**, 

48’  s1  S6  60 1 64’  68’  71’  76’  80  ’ * J ’ * 

Dm,  D”,  D’,  D”,  D"*,  DT“',  D”,  D\  are  the  firft  differences  of  the  feveral 
fucceffive  orders  of  differences  of  the  co-efficients  b,  c,  d,  e,  ft  g,  b,  i,  k,  l, 

and  m,  &c,  or—,  -£>  4ft  77 » 75*  1Z'  ~bf’  Zs'  7T»  tT’  an°  80’  “ 
Here  therefore  we  fhall  have 

<»  = 73-  = 0.0^7,777,777,777,777,777, 

and  b — — 0.02 5,000,000,000,000,000, 

and  c = — = 0.022,727,272,727,272,727, 

44 

and  d = = 0.020,833,333,333,333,333, 

and  e = ~ = 0.019,230,769,230,769,230, 

•ad  / = -jr  = 0.017,857,142,857,142,837, 

and 
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and  g — - - 
6 60 

and  b — — 

and  i = ±- 

and  t — — : 

72 

and  l = ~ 
76 

and  m = — ■. 

bo 

Therefore  b — e will  be 
and  c — d will  be 
and  d — e will  be 


and  e — / will  be 


and  f — g will  be 


and  g — b will  be 


and  b — i will  be  =: 


and  i — k will  be  =: 


and  k — l will  be  = 


0.016,666,666,666,666,666, 
0.0 1 5,625,000,000,000,000, 
0.014,705,882,352,941,176, 
0.013,  SS3, 888, 8SS,8S8.838, 
001 3>J  57iS94, 736,842, 105, 


0.0 1 2,500,000,000,000,000. 


_ f 0025,000,000,000,000,000  \ 

I — 0.022,727,272,727,272,727  J 
: 0002,272,727,272,727,273; 

. r 0.024,727,272,727,272,727  1 

l — 0-020,833,333,333,333,333  | 

: 0-001,893.939,393,939,394, 

. f 0.020,833,333,333,333,333  1 

l — 0.019,230,769,230,769,230  J 
0.001,602,564,102,564,103; 

. r 0.019,230,769,230,769,230  7 

1—0.017,857,142,857,142,857  J 
: 0.001,373,626,373,626,373; 

. f 0.017,857,142,857,142,857  1 

' l — 0.016,666,666,666,666,666  5 

0.001,190,476,190,476,191  J 

T 0.016,666,666,666,666,666  I 
l — 0.015,625,000,000,000,000  J 
0.001,041,666,666,666,666 ; 

{0.015,625,000,000,000,000  l 
— 0.014,705,882,352,941,176  J 
0.000,9 1 9> 1 1 7,647,058,824 ; 

r 0.014,705,882,352,941,176 
l — 0.013, 


3,888,888,888,888,888 
0.000,816,993,464,052,288 ; 

0.013,888,888,888,888,888 
— 0.013,157,894,736,842,105 
0.000, 730, 994, 152,046,783  ; 
4 O 2 


} 


65* 


and 
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and  / — m will  be  r: 


0.013,157,894,736,842,105  •» 

0.0 1 2,  JOOjOCO, OOO, o.o;ooo  J 
= 0.000,057,894,736,842,105  ; 

that  is,  the  fir  ft  differences  of  the  co-efiicicnts  b,  c,  d,  e,  /,  g,  b,  i,  k,  /,  and  **, 


40 


j 

44  : 


I 


111,1  J 

60  • 64’  68  ’ 71’  '76’  an° 


8o* 


will  be 


0.002,272,727,27-4.727,273, 

0.001*893,939,- 393, 939,394, 
0.001,002,564. 102,564,103, 
0.001,373,626.373,626.373, 
0.00 1 , 1 1,0,47  6, 1 <>0,^7  6, 1 9 1 , 
0.000,041, 6t  6,666,666,666, 
0.000,9 19,11 7,64  7,058,824, 
Q.COO  816,993,464,052,288, 
0.000,730,994,152,046,783, 
and  0.000,657,894,736,842,105. 


Therefore  the  fecond  differences  of  thefe  co-efficients  will  be 
0.000,378,787,878,787,879, 

, 0.000,291,375,291,375,291, 

0.000,228,937,728,937,730, 

0.000,183,150,183,150,182, 

0*000,  1 48,809,523,809,525, 
v 0.000,1221549,019,607,842, 

0.000,102,124,183,006,536, 

0.000,085,999,312,005,505, 
and  0.000,073,099,415,204,6783 

And  their  third  differences  will  be 

0*000,087,41 2,587,412,588, 

0.000,062,437,562,437,561, 

0.000,045,787,545,787,548, 

0.000,034,340,659,340,657, 

0.000,026,260,504,201 ,683, 

0.000,020,424,836*601,306, 

0.000,0 1 6, 1 24,87 1 ,00 1 ,03  r , 
and  0.000,012,899,896,800,827; 

And 
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And  their  fourth,  differences  will  be 

0.000,024,975,024,975,0*7, 
0.000,016,650,016,650,013, 
0.000,01 1,446,886,446,891, 
0.000,008,080,155,138,974, 
0.000,005,83  5,667,600,3  77, 
0.000,004,199,965,600,27  5, 
and  0.000,003,224,974,200,104 ; 

And  their  fifth  differences  will  be 

0.000,008,325 ,008,31 5,0 14, 
0.000,005,203,130,203,122, 
0.000,003,366,73 1 ,307,9 1 7,.. 
0.000,002,244,487,538,597, 
0.000,001,535,702,000,102, 
and  0.000,001,074,991,400,071 1 

And  their  fixth  differences  will  be 

0.000,003,12 1 ,878,1 21, 892  i 
0.000,001,836,398,895,205, 
0.000,00 1 ,1 2 2,243,769,320, 
0.000,000,708,785,538,495, 
and  0.000,000,460,710,600,031; 

And  their  fevcnth  differences  will  be 

0.000,001,285,479,226,687, 
0.000,000,7 14, 155,1 25,885, 
0.000,000,4x3,458,230,8 15, 
and  0.000,000,248,074,938,464 ; 

And  their  eighth  differences  will  be 

0.000,000,571,324,100,802, 
0.000,000,300,696.895,060, 
and  0.000,000,165,383,292,361  4 

And  their  ninth  differences  will  be 

0.000,000,270,627,205,742, 
and  0.000,000,135,313,602,699  ; 

And  their  tenth  difference  will  be 

0.000,000, 1 35,3 13,603/343" 


Therefore 
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Therefore  D',  or  the  fiift  difference  of  the  faid  co-efficients  b,  e,  d,  e,  f,  g,  b, 

i,  k.  /,  and  »,  or  ~i  ^ and  of 

the  firfl  order,  will  be  = 0002,271,727,172,727,273;  and  D“,  or  the  firft 
difference  of  the  ftrfie  co-efficients,  of  the  fecond  order,  will  be  — 0.000,378, 
787,878,787,879  ; and  D"‘,  or  their  firft  difference,  of  the  third  order,  will 
be  = 0.000,087,412,587,412,588;  and  D*',  or  their  firft  difference,  of  the 
fourth  order,  will  be  = 0.000,024,975,024,975,027  ; and  D',  or  their  fiift 
difference,  of  the  fifth  order,  will  be  — 0.000,008,325,008,325,014  ; and  D'1, 
or  their  firft  difference,  of  the  fixth  order,  will  be  — 0.000,003,1 21,878,1 2 1 ,892  ; 
and  D'“,  or  their  firft  difference,  of  the  feventh  order,  will  be  = 0.000,001, 
285,479,226,687  ; and  D”",  or  their  firft  difference,  of  the  eighth  order,  will 
be  — o.coo, 000, 57 1, 324,100,802 ; and  D'*,  or  their  firft  difference,  of  the 
ninth  order,  will  be  — 0.000,000,270,627,205,741;  and  D",  or  their  dif- 
ference, of  the  tenth  order,  will  bo  = 0.000,000,135,313,603,043. 


Therefore  the  differential  feries  a — 

t>lrX*  D’Z*  Dvl*7 


1 + a 


I + »)* 


&c  ad  infinitum  (to  which  the  feries  a — bx  -f  rz’  — dzl  + ez*  — /z‘  -h  gz* 
— bz’  4-  *z*  — kz’’  + lz'°  — mz"  •+•  &c  ad  infinitum  is  equal)  will  be  — 

0,027>777>777»777>777»777>  &c 

. r 

0.025,000,000,000,000,000  X 

— 0.002,172,727,272,727,273  X 


— 0.000,378,787,878,787,879  X 

— 0.000,087,412,587,412,588  X 


I + 

*i 

r^* 

g* 

1 + 


— 0.000,024,975,024,975,027  X 

1 *r  *1 

— 0.000,008,325,008,325,014  X ===3 

1 

— 0.000,003,121,878,121,892  X — — rj 

It*. 

z» 

— 0.000,001,285,479,22 6,687  X =^z 

r 4-  *1* 

— 0.000,000,571,324,100,802  X 


+ *> 
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• — 0.000,000,170,617,205,74a  X 

— 0.000,000,135,313,603,043  x =~rr, 

* T *1 

— 8tc  ad  irfinitum. 

But,  becaufe  z is  = yy,  and  y is  = xx,  z will  be  = x*,  or  -^j , or  1^,  or 

A"d  confequently  i + 2 will  be  = 1 + 

6561 

10.000  4-  6;6i^  _ 


656 1 
10,000 


10,000 


■ anJ  - 

10,000  I + * 


will  be  ss 


10,000  6561 

16,561  16,561* 

10,000 


Therefore  the  foregoing  differential  feries  a — — 


DlT3S 

i+*l 


'V  n"”a*  o«"*o  d*’*1® 


D'l" 


7+  *,*  1 + * 1*  i+*l7  1 + *1 ' i + *',*  * + *V°  i+Sl** 

&c  ad  infinitum  will  be  = 

0.027,777,777,777^,777,777 

6561 

— 0.025,000,000,000,000,000  X t 

656 11* 

— 0.002,271,727,272,727,273  x — 


— 0.000,378,787,878,787,879  X 


16,5611 

6567** 


16,5617* 

— 0.000,087,412,587,412,588  X ^=5=^-, 

6c6i^* 

— 0.000,0244975,024,975,027  x ^==rt 

1 0,561) 

— 0.000,008,325,008,325,014  X 

10,561  i 

— 0.000,003,121,878,121,892  x 4^- 

16,561 1 * 

— 0.000,001,285,479,226,68 7 X 

l6,j6,i  • 

— 0.000,000,571,324,100,802  x 6'671, 


i6,j6iV 
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6$6 


— c.ooo, 000,2  70,627,205,742  X — fc 


656 « ' 


TS^\ 10 
. 6C67111 

— c.000,000, 135, 3 13,603,043  x ===vn 

10,561) 

— &c  ad  infinitum 


= °-°*7> 777,777.777.777,777 

— 0.009,904,293,219,008,513 

— 0.000,356,709,178,793,083 

— 0.000,023,553,015,337,856 

— 0.000,002,153,316,647,057 

— 0.000,000,243,738,051,037 

— 0.000,000,032,187,375,014 

— 0.000,000,004,781,898,001 
— - 0.000,000,000,780,068,799 

— 0.000,000,000,137,351,646 

— 0.000,000,000,025,775,450 

— 0.000,000,000,005,105,751 

— he  ad  infinitum 


= °,os7>777>777>777>777>777 

— 0.010,286,990,385,412,207 


= 0.017,490,787,392,365,570;  of  which  number,  (if  no 
miftake  has  been  made  in  the  calculation,)  the  firft  eleven  figures,  reckoned 
from  the  place  of  units,  to  wit,  the  figures  0.017,490,787,39,  will  be  exaft. 


Therefore  the  feries  ~ — ±1  4.  it 

36  “ ■■  .0  T .. 


4° 


48 


5<> 


^ 60  a. 


64 


68"  ""  t?  + ^6  “ *s7  + &c  infinitum,  (which  is  equal  to  the  faid  dif- 


ferential feries,)  will  alfo  be  equal  to  0.017,490,787,392,365,570;  of  which 
number  (if  no  miftake  has  been  made  in  the  calculation,)  the  firft  eleven 
figures  0.017,490,787,39,  will  be  exadt.  9.  e.  i. 


End  cf  the  Summation  of  the  Infinite  Series  *L  + iL ifL 

36  40  44  48  T 5*  56 

sfi  X 7 

+ ^ by  means  of  the  Differential  Series  above-mentioned. 


Art.  33. 


Digitized  by  Google 


0*  THJ  SUMMATION  OF  INFINITE  SBRJBSBS. 


®57 


Art.  33.  Having  thus  found  the  value  of  the  feries  — — -f-  — 


+ __—  +^--gr+-sr-  — + — -1^+&c^  wfimtum,  we 


mud  now  endeavour  to  find  the  value  of  the  feries  — -h  — + — - + *-  + 

40  4U  1 56  64 

.2 u — -f-  8tc  ad  infinitum, 

'ti  00 

This  feries,  if  continued  to  twelve  terms  infiead  of  fix,  will  be  — 4-  + 

4O  - 40 

:«  **°  = *»  *>*  »"  »»’  S» 

- H 1 r + &c  ad  tn- 

1 120  118  * 


cl 


Jf  +T^+jr  + Z 80  + W + ^6  + 7^  + 
finis  am  ; or,  if  we  fubfUtutc  the  finglc  letter  v in  it’s  terms  infiead  of  zz  (which 

will  be  found  convenient  in  the  following  procefles,)  it  will  be  + — — b 

■0*  , V*  , V*  V*  v‘  , V1  , V*  V*  v,a  v"  - , . 

„ + ^ + _ + + See 

finitum.  Now  this  feries  is  evidently  equal  to  the  fum  of  the  two  following  fir- 


. - .1  V , tJ1  V*  It*  t»*  . Ht* 

rtefes,  to  wit,  — - ^ + -55-  - ^ + 77  ~ 17  + Is 


v"  V10 

III  uo 


¥> 

«■* 

' 7T5 


64 


7*. 

IV  Iv1 


96 


H — r~~  — 
104 


.0  J • £ ii  \ zv  i *v"  . 2V 5 ■ 2vl  . 2v%  . 2v,t 

4-  &c  ad  tnfinitum  and  7 — h — f — r + — + — s- 

48  64  80  * 96  11 2 128 


+ 8ec  ad  infinitum,  and  confequently  to  the  feties  — 4-  — _ iL  a. 

* 40  48  JO  64 

V*  V1  . V*  V1  , V*  V°  , ST*'  , - 1 • r ■ 1 

• h -na-*—  — r + — — — - -1 ; + occ  ad  infinitum  together 

71  80  ' 88  96  >04  111  no  118  J 6 


with  iv  x the  feries  + -r — 1-  -s~  + 


+ + 


118 


+ & c ad  infinitum  -. 


48  ^ 64  ■ 80  ' 96 

of  which  two  feriefes  the  former,  to  wir,  the  feries  — — 4-  — ; — 4- 

40  48  56  64 

V”  -^  + -88-  - ^6  + — Tli  + 7IH“  ITS  + &c  may  be 

fummed  by  means  of  the  foregoing  differential  feries,  and  the  latter,  to  wit,  the 

feri„  -^  + + |f  + + &c  ai  infinitum,  converges  by 

the  powers  of  vv,  or  of  z*,  or  of  y',  or  of  x“,  and  confequently  much  fwiftcr 

,i  „ .U-  1 , x X*  , X*  X*  , X*  . X*  X*  , X1  . X* 

than  the  icnes  — » -j-  — — *f  — r -f-  — *|*  — r-  *f  — *f  — -f-  — — 4*  — 

33  34  T 35  36  37  3»  39  4°  4‘  4« 

jjll  _ t t t 

+ — H — — -f-  he  ad  infinitum,  of  which  it  is  the  objett  of  all  thefe  procefles 
to  find  the  value.  Our  next  operation  muft  therefore  be  to  find  the  value  of  the 

7 + 

4P 


infinite  feries  + — -^.  + — 

40  48  56  64  ;a  80  ~ 88  96  ' 104 

Vot.  IV. 


in 
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— + — V'-^  4-  See  by  means  of  the  foregoing  differential  ferics.  This  may 

112  120  120  4 

be  done  in  the  manner  following : 


72*  Summation  of  the  Infinite  Series  + — + 

— — + &c  by  means  of  the  Differential  Series  above-mentioned. 

96 


Art.  74.  The  differential  feries  to  which  the  feries  — -f  

40  56  64 

v*  *11*  . V6  V1  V9  . V1®  VU  , e J . » . 

4 — — — 4-  -rr-  — — r-  + - — — 5-  -+•  &c  ad  infinitum  is 

'72  80  88  96  104  112  120  128  J 

. , c . bv  D‘v»  D*M  Du,t»4  DWV* 

equal,  is  the  icries  a — ■ - — — — — — ==r-  — — : y-  — 

» i-fv  1 + vl*  1+v4 

Dv<t^  D**V  l>vl,,V®  DV1 

frvT‘ 


1 + 


1 + ^ 


— &c  ad  in- 


1 + ?\*  l 4-  v) 10  1 + vt 1 

finitum,  in  which  a is  = and  b is  = and  D',  D",  D"‘,  D1',  DT,  Dr‘, 
D’",  D”"',  D”.  D',  &c  are  the  firft  differences  of  the  feveral  fucceffive  orders 
of  differences  of  the  co-efficients  b,  c,  d,  e,  f,  g,  b,  i,  k,  /,  m,  8tc,  or  - , 


1 I 

;6’  64’  7*’  So’  88*  96’  104’  112’  120’  128' 


56 


Here  therefore  we  (hall  have 
1 

a — — — 0.025,000,000,000,000,000, 
and  b = ■—  = 0.020,833,333,333,333,333, 
and  c = jg  = 0.017,857,142,857,142,857, 
and  d — — 0.015,625,000,000,000,000, 

and  e — — — = 0.013,888,888,888,888,888, 
and  / = as  0.012,500,000,000,000,000, 
and  g — gg  = 0.011,363,636,363,636,363, 
and  b — — — 0.010,416,666,666,666,666, 


and 
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and  i = ~ = o 009.615.384,615,384,615, 
and  k = = 0.008,928,571,428,571,428, 

and  1 = 7^  = °-coS, 333, 333,333, 333, 333, 
and  m — or  0.007,812,500,000,000,000. 

Therefore  b — c will  be  — I 0.020,833.333,333,3  .,3,333 

Y — 0.017,857,142,857,142,857 

= 0.002,976,190.476,190,476  5 

and  c — d will  be  = | 


0.017,857,142,857,142,857 
0.0 1 5,625,000,000,000,000 
= 0.002,232,142,857,142,857  } 


OOO 

833 


and  d—t  will  be  - i 0.015,625, 000, ooo.ooo, ^ 

ana  a win  oc  _ | _ 0.013,888,888,888,888, 

=T  0.001,736,111,111,111,112  ; 

and  t /"will  be  :=  f 0.013,888,888,888,888,888 

J \ — 0.012,500,000,000,000,000 

= 0.001,388,888,888,838,888  ; 

and  f-g  will  be  = ( 0.012,500,000,000,000,000 

6 l — 0.011,363,636,363,636,363 

= O.OOI,  136,363, 636,363, 637  ; 

and  1 — b will  be  = f 0.01 1,363,636,363,636,363 

^ \ — 0.010,41 6,666,666,666,666 

r:  0.000,946,969,696,969,697  ; 

and  b - i will  be  = i 0.010,4.6,666,666,666,666 

Y —0.009,615,384,615,384,615 

= 0.000,801,282,051,282,051; 

and  i - k will  be  = ( 0.009,615,384,615,384,6.5 

Y — 0.008 ,928,5  7 1 ,428,57 1 ,428 

r:  0.000,686,813,186,813,187; 

and  *-/  will  be  = ( 0.008,918,571,428,571.418 

Y — 0.008,333,333,333,333,333 

= 0.000,595,238,095,238,095  ; 

and  l—m  will  be  = $ 0.008,333,333,333,333,333  7 

c — 0.007,812,500,000,000,000  5 

= 0.000,520,833,333,333,333; 

4p  2 


} 


I 


that 
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chat  is,  the  firft  differences  of  the  co-efficients  b,  c,  d,  e,  f,  g,  b,  i,  k, 


or 


56’  64’  ;z  ’ So’  88’  96’  104’  in’  no’ 
0.002,976,190,476,190,476, 
0.002,232,142,857,142,857, 
0.001,736,1 11,111,111,112, 
0.001,388,888,888,888,888, 
0.001,136,363,636,363,637, 
0.000,946,969,696,969,697, 
0.000,801,282,051,282,051, 
0.000,686,813,186,813,187, 
0.000,595,238,095,238,095, 
and  0.000,520,833,333,333,333. 


and  -is,  will  be 

1 j8 


Therefore  fhe  fecond  differences  of  thefe  co-efficients  will  be 
0.000,744,047,619,047,619, 
0.000,496,031,746,031,745, 
0.000,347,222,222,222,224, 
0.000,252,525,252,525,251, 

0.000,189,393,939,393,940, 

0.000,145,687,645,687,646, 

0.000,1 14,468,864,468,864, 
0.000,091,575,091,575,092, 
and  0.000,074,404,761,904,762; 


AnJ  their  third  differences  will  be 

0.000,248,015,873,015,874, 
0.000,148,809,523,809,521, 
0.000,094,696,969,696,973, 
0.000,003,131,313,131,31 1, 

0.000,043,706,293,706,294, 
0.000,03 1 ,218,781 ,2 18,782, 
0.000,022,893,772,893,772, 
and  0.000,017,170,329,670,330; 

And  their  fourth  differences  will  be 

0.000,099,206,349,206,3  53, 
0.000,054, 1 1 2,554,1 1 2,548, 


/,  and  «, 


r. 

O.ooo, 
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0.000,03 1,565,656,565,662, 

0.000,019,425,019,425,017, 

• 0.000,012,487,512,487,512, 

0.000,008,325,008,325,010, 
and  0,000,005,723,443,223,442 ; 

And  their  fifth  differences  will  be 

0.000,045.093,795,093,805, 

0.000,022,546,897,546,886, 

0.000,0 1 2, 1 40,63  7, 1 40,645, 

0.000,006,937,506,937,505, 

0.000,004, 1 62,504,1 62,502, 
and  0.000,002,601,565,101,568; 

And  their  fixth  differences  will  be 

0.000,022,546,897,546,919, 

0.000,010,406,260,406,241, 

0.000,005,203,130,203,140, 

0.000,002,775,002,775,003, 
and  0.000,001,560,939,060,9341 

And  their  feventh  differences  will  be 

0.000,0 12,1 40,63  7, 140,6  7 8, 

0.000,00  5 , 203, 1 30, 203 , 1 o 1 , 

0.000,002,428, 1 27,428,137, 
and  0.000,001,214,063,714,069; 

And  their  eighth  differences  will  be 

0.000,006,93  7 ,506,937 ,57  7, 

0.000,002,775,002,774,964, 
and  0.000,001,214,063,714,068  ; 

And  their  ninth  differences  will  be 

0.000,004, 1 62,504, 162,613, 
and  0.000,001,560,939,060,8961 

And  their  tenth  difference  will  be 

0.000,002,60 1 ,5  65, 1 o 1 ,7 1 7. 

Therefore 
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Therefore  D',  or  the  firft  difference  of  the  faid  co-efficients  b,  e,  d,  (,  /,  g,  b. 


i,  k,  /,  r,i.  See,  or  ■ 


iiii,  c 
rr.>  ...»  7Tu>  ^c»  °* 


4li’  56’  64’  71’  80’  88’  96'  104’  in’  tro’  US’ 
the  firft  order,  will  he  = 0.002,976,190,476,190,476;  and  D1*,  or  the  firft 
difference  of  the  fame  co-efficients,  ot  the  fccond  order,  will  be  = 0.000,744, 
047,619,047,619;  and  D"',  or  the  fvft  difference  of  the  lame  co  efficients,  of 
the  third  order,  will  be  = 0000,248,015,873,015,874;  and  D",  or  their 
firft  difference  of  the  fourth  order,  will  be  = 0.000,099,206,349,206,353  ; 
and  Dr,  or  their  firft  difference  of  the  fifth  order,  will  be  = 0.000,045,093,795, 
093,805  ; and  D’1,  or  their  firft  difference  of  the  fixth  order,  will  be  = 0.000, 
022,546,897,546,919;  and  D'",  or  their  firft  difference  of  the  feventh  order, 
v ill  be  = 0.000,012,140,637,140,678;  and  D'1",  or  their  firft  difference  of 
the  eighth  order,  will  be  = 0.000,006,937,506,937,577  ; and  D“,  or  their 
firft  difference  of  the  ninth  order,  will  be  — 0.000,004,162,504,162,613  ; and 
D‘,  or  their  difference  of  die  tenth  order,  will  be  = 0.000,002,601,565,101, 
7*7- 


D,vV* 
X -f*  V 


DrV^ 

1 + V* 


Ti,lvi 

77^' 


bv 

D*"v4 

I + v 

TTS)* 

r+? 4 

JJTII  ty* 

D**11 

1 + # 

1 + v'  * 

1 + J “ 

1 + vV 

: feries  a — 

bv  + cv*  — dv'  + ev'  - 

—fvl  -f 

gyt  — bv 7 + iv * — k-j"  + h"‘  — mv"  + &c  ai  infinitum , or  + 

40  40 

V 1 V’  , ^,0  V*‘  I Q t • 

-f  — — — o + &c  ad  in- 

104  lit  120  no 


•v*  V*  V*  V * V? 

>6  64  "^"71  80  88  96 

finitum,  is  equal)  will  be  =: 

0.02  5,000,000,000,000,000 

— 0.020,833,333,333,333,333  x 7 ~ 

— 0.002,976,190,476,190,476  x =i==r» 

1 + V ) 


— 0.000,744,047,619,047,619  x 


v> 


T^’ 


- 0.000,248,015,873,015,874  X ==7; 

I T VI 

— 0.000,099,206,349,206,353  x 


Vi 


— 0.000,045,093,795,093,805  X 


I -f  V) 
V 6 


— 0.000,021,546,897,546,919  x =-=^- 

1 + v;T 

— 0.000,012,140,637,140,678  X T~ 
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— 0.000,006,937,506,937,577  x 

— 0.000,004,162,504,162,613  x -r — — n 

1 + v) 

•V1* 

— 0.000,002,601,565,101,717  X v~t 


— &c  ad  infinitum. 

But,  becaufe  v \$  ■=  zz  — ~y^'  = y*  — — x*  — = -=^  = 

*'••<-‘■7*.  « (hall  M«.+.=  ,+  £*£.  = + ,!'°441- 


IOJ, 000,000 


= and  confequently  — 

100,003,000  * J l + V 


100,000,000  100,000,000 

43.046, 7*  1 

1 00,0^3,000  4^,046.711 

v 143.046,721  143,046,741' 

1 00,000,000 


100,000,030 


. Iv  D'«>  D,r<V* 

Therefore  the  foregoing  differential  feries  a j-q— w + ^ , 

f,'l  f.,,4  Dt»„l  j>»«*  D*tvt  D*,,w'  Dvlllti°  0**O*° 

1 4.  1 4-  s 1 +”^1  * i + v~'i7  1 + v)  * * + •o'  * * + -r 

— — &c  ad  infinitum  (to  which  the  feries  a — bv  + tv'  — dv1  + 

ev*  _ fv>  + gv*  — bv 1 + iv'  — kv'  + /v*’  — mv"  + &c  ad  infinitum,  or 

I v t,1  V1  , __  4,'  vfi  >lj11 

_ ~j£  + 5fT  6^"  + ?»  80  + *8  96  + 104  1“  1,8 

4.  &c  ad  infinitum,  is  equal,)  will  be  = 


0.025,000,000,000,000,000 

„ 43.046.721 

- 0.020,833,333,333,333,333  X , 43,04^777 

-—0.002,976,190,476,190,476  x 

14;. 046, 7*0* 

— 0.000,744,047.619,047,619  x 


— 0.000,248,015,873,015,874 

— 0.000,099,206,349,206,353 

— 0.000,045,093,795,093,80  5 

— 0.000,022,546,897,546,919 


x 43-046.7-  »> 
143,046,721V 
x ~43.°4<V^  )* 
143,0,6,7.1 1* 

x 41,^46.7.  iy 

743,046,721  )• 
..  43°4~»/7iy 

l43i°4b>7*IlI 
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— 0.000,012,140,637,140,678  X 

143,046,711^' 


— 0.000,006,937,506,937,577 


— 0.000,004,162,504,162,613 


— 0.000,002,601,565,101,717 

— &c  ad  irfinitum 


12 

143,046,7271® 
43,046,71  A 13 

1 43,046,  "jT!1® 

43,046,727) 11 
>43.046,711^“ 


=r  0.025,000,000,000,000,000 

— 0.006,269,327,120,752,386 

— 0.000,269,516,314,608,009 

— 0.000,020,276,231,287,886 

— 0.000,002,033,893,227,518 

— 0.000,000,244,821,925,861 

— 0.000,000,033,488,045,226 

— 0.000,000,005,038,740,243 

— 0.000,000,000,816,467,357 

— 0.000,000,000,140,398,654 

— 0.000,000,000,025,349,906 

— 0.000,000,000,004,767,805 

— &c  ad  infinitum 

— 0.025,000,000,000,000,000 

— 0.006,561,437,895,570,851 

— See  ad  infinitum 

=:  0.018,438,562,104,429,149;  of  which  number,  (if  no 
miftake  has  been  made  in  the  calculation,)  the  firft  eleven  figures,  reckoned 
from  the  place  of  units,  to  wit,  the  figures  0.018,438,562,10,  mull  be  craft. 


Therefore  the  ferirs  — - 

4° 


88 


-ll  — — — t-  4-  ttc  ad  infinitum  (which  is  equal  to  the  faid  differ— 

104  112  no  128  ' n 

ential  feries,)  will  alfo  be  equal  to  0.018,438,562,104,429,149.'  q.  e.  i. 


End  of  the  Summation  of  the  Infinite  Series 


40 


■7§-  + 


5 6 


V*  V4 

+ ■77  “ 


+ + &(  ly  means  of  the  above-mentioned  Differential  Series. 

oo  9^* 


<ul 

So 


Art.  35. 
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Art.  3;.  Having  thus  found  the  value  of  the  feries  — 

03  6 +o  48  56  <>4 


V* 


-h  — — ■= — h -st r+ -7  + 5 + &c,  we  mud  now 

71  8a  88  90  104  lit  120  i»8  ’ 

endeavour  to  find  the  value  of  the  feries  — + -r-  + ■? h ~r-  + — — f- 

48  64  80  96  na  128 

+ &c  ad  infantum. 


Now  this  feries  converges  with  a fufficient  degree  of  fwiftnefs  to  make  it  ca- 
pable of  being  fummed  in  the  common  way,  or  by  merely  computing  a mo- 
derate number  of  it’s  terms  and  adding  them  together.  For,  fince  ti  is  z:  .v*, 
w will  be  = x11’,  which  we  have  found  above  (in  art.  18)  to  be  = 0.185,302, 
018,885,184,100;  that  is,  the  quantity  aw,  (by  the  powers  of  which  the  laid 
feries  converges,)  will  be  ==  0.185,302,018,885,184,100 ; which  is  lefs  titan  0.20, 

or  than  ---,  or—,  or—.  Therefore  every  term  in  the  faid  feries  mud  be 

lefs  than  the  5th  part  of  the  term  immediately  proceeding  it,  and  than  the  25th 
part  of  the  lalt  term  but  one,  and  than  the  125th  part  of  the  lad  term  but  two  ; 
and  confcquently  every  three  new  terms  of  the  feries  will  give  us  the  value  of 
the  whole  feries  exatd  to  at  lead  two  new  places  of  decimal  figures,  and  there- 
fore eighteen  terms  of  it  will  give  us  the  value  of  the  whole  exail  to  at  lead 
twelve  places  of  figures.  We  will  therefore  now  proceed  to  compute  the  firft 
twenty  terms  of  the  faid  feries. 


A Computation  of  the  Value  of  the  Sum  of  the  firjl  twenty  Terms  of  the  Series 


— + ^ + ^id  infinitum. 
64  80  ' 96  112  128 


Art.  36.  Since  vv  is  r : 0.185,302,018,885,184,100,  we  fhall  have 
v*  (=  0.1 85,302,01 87885, 1 84, 1 00Y)  = 0.034,336,838,202,925,120; 
and  v 6 (=  v*  x v'  = 0.034,336,838,202,925,120  x 0.185,302, 018,885, 184, 
100)  = 0.006,362,685,441,135,942  i 

and  u*  (=  t>“  x v%  — 0.006,362,685,441,135,942  x 0.185,302,018,883,184, 
100)  = 0.001,179,018,457,773,858; 
and  v*  x v*  = 0.001,179,018,457,773,858  x 0.185,302,018,885, 

184,100)  = 0.000,218,474,500,528,392; 
and  v"  (=  v'°  x v*  = 0.000,218,474,500,528,392  x 0.185,302,018,885, 
184,100)  = 0.000,040,483,766,022,843; 

Vol.  IV.  4 and 
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and  v'*  (=  u1*  x v'  = 0.000,040,483,766,022,843  x 0.185,302,018,885, 

184,100)  = 0.000,007,501,723,576,108  i 

and  0"  (=  o'*  x = 0.000,007,501,723,576,108  x 0.185,302,018,885, 

184,100)  = 0.000,001,390,084,523,771; 
and  vxt  (=  z"  x v*  = 0.000,001,390,084,523,771  x 0.185,302,018,885, 

184,100)  r:  0.000,000,257,585,468,675; 

and  w’0  (=  v"  x t>*  = 0.000,000,257,585,468,675  x 0.185,302,018,885, 

184,100)  = 0.000,000,047,731,107,380; 
and  v"  (=  v'°  x vl  = 0.000,000,047,731,107,380  x 0.185,302,018,885, 

184,100)  = 0.000,000,008,844,670,561  ; 

and  v'*  (=  v “ x »*  = 0.000,000,008,844,670,561  x 0.185,302,018,885, 

184,100)  = 0.000,000,001,633,935,311; 
and  v*  (=  u**  x »*  = 0.000,000,001,638,935,311  x 0.185,302,018,885, 

184,100)  — 0.000,000,000,303,698,021  ; 
and  u"  (=  v“  x v%  — 0.000,000,000,303,698,021  x 0.185,302,018,885, 

184,100)  =:  0.000,000,000,056,275,856; 
and  v>0  (—  v"  x v%  — 0.000,000,000,056,275,856  x 0.185,302,018,885, 

184,100)  — 0.000,000,000,010,428,029; 
and  ti1*  (=  ti10  x»‘=  0.000,000,000,010,428,029  x 0.185,302,018,885, 

184,100)  ~ 0.000,000,000,001,932,334; 
and  t5*  (=  v>'  x o’  = 0.000,000,000,001,932,334  x 0.185,302,018,885, 

184,100)  = o.cxjo, 000,000, 000, 358,065  ; 
and  0”  (2=  x v*  — 0.000,000,000,000,358,065  x 0.185,302,018,885, 

184,100)  = 0.000,000,000,000.066,350; 
and  v”  (=  b,#  X u*  = 0.000,000,000,000,066,350  X 0.185,302,018,885, 

184,100)  = 0.000,000,000,000,012,294. 


Therefore  £ will  be  (=  = 

64  64 


0.002,895.344,045,081,001  ; 

8j8,: 

BO 


and  ~ will  be  (=  = 0.000,429,210,477,536,564  ; 

and  ~ will  be  (=  = 0.000,066,277,973,345,166 ; 

and  ~ will  be  (=  - — ^ 7 -)  = 0.000,010,526,950,515,8 38; 

and 
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on  tub  summation  or 


and  will  be  (=  : 

and  will  be  (=  °-0O0'2i?^'^i:^)  z 

1+4  V *44 

i v*4  **ii  » / 0.000,007,  co  1,713, 576,108. 

and  — will  be  (=  ) = 

and  ^ will  be  (=  *•»*”!)  - 

and  ^ will  be  (=  } _ 

and  ^ will  be  (=  £f22£22£47.73Mo^  = 

and  !^L  will  be  (=  °°M.°00'0°«'844.670,;6tv  _ 

,J+  v 1:4  > 

and  ^ will  be  (=  ^»)  : 

24O  V 340  7 

1 V*4  , O.COO, 000,000, 70 ^6g8,Ol  I v 

and  ^ will  be  (= ^—2 ) : 

and  ^ will  be  (=  - 

27 z ' 372  7 

, v*9  ...  , , 0.000,000,000,010,428,020.* 

and  wiH  be  ( = lir-^ 2)  = 

and  — will  be  (=  = 

304  v 304  > 

and  — will  be  (=  : 

320  310  • 

and  ~ will  be  (—  0-°00’000'000’00°,c66.3;o  - 

3J6  ^ 336  ' 

and  — will  be  (=  2i?0O.’0?o’°.2g£0O>0i;';<H)  - 

3J2  v 3J2  • 

Therefore  the  feries  -L.  + ™ 4- 

4a  04  ba  9O 

* + f!l  + +^.  + fl  + ^t  + ^ + 

176  ' 192  ' 208  ~ 214  240  ' 2j6  *7,  ‘ 

4.  &c  ad  infinitum  will  be  = 

0.020,833,333,333,333,3: 
+ 0.002,895,344,045,081,00 
+ 0.000,429,210,477,536,5) 
+ 0.000,066,277, 973, 345,1* 
+ 0.000,010,526,950,515,8; 
4-  0.000,001,706,832,035,3' 
4-  0.000,000,281,137,264,0. 
4-  0.000,000,046,885,772,3; 

4(^2 
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+ 0.000,000,007,898,207,521, 

4-  0.000,000,001,341,590,982, 

-j-  0.000,000,000,229,476,477, 

4-  0.000,000,000,039,485,136, 

+ 0.000,000,000,006,828,897, 

+ 0.000,000,000,001,186,320, 

4-  0.000,000,000,000,206,896, 

4-  0.000,000,000,000,036,208, 

4-  0.000,000,000,000,006,356, 

4 0.000,000,000,000,001,118, 

4-  0.000,000,000,000,000,197, 

4*  0.000,000,000,000,000,034, 

+ &c  ad  infinitum 

= 0 024,236,737,151,909,819;  of  which  number,  (if  no 
muiakes  have  been  made  in  the  calculations,)  the  firft  fixteen  figures,  (reckon- 
ing from  the  place  of  units,)  to  wit,  the  figures  0.024,236,737,151,909,8,  will 
be  exatt.  5.  £,  j. 


End  of  the  Compulation  of  the  Value  of  the  Sum  of  the  firft  twenty  Terms  of  the  Series 


The  Application  of  all  the  foregoing  Computations  to  the  Computation  of  the  Value  of 

the  Series  A + R,«ri  + T + T + T+  r + T + T + -f  + ^ 

ad  infinitum. 


Art.  37.  Having  thus  found  the  feries  -4-4-4^4--|^4.  — 4.  JL_  . 
,,0  . +8  6+  80  S‘  r«*  ^ 

pjg  4*  — 4-  &c,  continued  to  twenty  terms,  to  be  =:  0.024,236,737,151, 

909,819,  we  mull  multiply  this  value  into  iv,  in  order  to  obtain  the  value  of 


1 r • iv  iv 1 . 2v* 

the  feries  -3-  + -27  + 


48 


fco 


2V*  2v9  2*>**  - • 1 • 

^6  + 771  + 778  + &c  mentioned  in  art.  33. 


Now,  fince  v is  (=  »')  = 0.430,467,210.000,000,000,  we  (hall  have  2v 
(_  2 x 0430,467,210,000,000,000)  = o.8oo,934)4*o, oto.oco  000,  and  con- 
icqutntly  iv  X 0.024,136,737,151,909,819  f=  O 860.934,420,000,000,000, 
X 0.024,236, 737, 151*909, 819,)  = 0.020,8  *0,241,242,37 1,931.  Therefore  the 

„ tV  2«>  . 2V1  2v9  ZV1* 

feries  +g  + 6+  4.  — + — + + — + &c  WIll  be  = 0.020,866, 

241,242,571,931.  e. 
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t\i  , 3 V*  . *1F*  . , 2 V9 

II  2 
•V* 


. • n T»  * .1  r ’ 20  2V'  tx-*  3V'  . IV*  . l-D'*  . * 

Art.  38.  But  the  fer.es  + ~ + - g-  + — + + &c  toge- 

I 

40  48  ' 50  O4  72 


I V v*  V1  , V4  V*  . . 1/s 

(her  with  the  feries - + — =•  — q- q-  - r 4 

— 48  56  64  72  80  1 88  96  1 104 


56  64  ' 72  80  1 88  96 

— — q-  - — — q-  &c  is  equal  to  the  feries  — — | — ~ q-  q- 

112  120  128  M 40  ^ 48  56  r 64 


72  80  88 


<l>*  V9  V10  V11  _ 

+ ^6+7s;  + 7ii  + 7^  + ri8  + &Ci 


Therefore  0.020,866,241,242,571,93 j,  together  with  the  feries  — 

40  4S 


V1  *y>  v* 

+ J<>  64"  7T 


«’  v* 

Jo  + W 


V1  «* 

.96  104 


v9 

112  120 


128 


q-  &c  ad 


infinitum  will  be  equal  to  the  feries  ~ + ~§"  + ~6  "(j\  ~T  "t"  ~1~  "+■ 

--3-q — + — q - + &cc  ad  infinitum. 

88  1 90  104  113  130  138  J 

But  it  has  been  fhcwn  above,  in  art.  34,  that  the  feries  — -f- 

40  48  56 

*F*  V4  *l/J  1 V9  V 7 . V*  V9  Vl°  . 0 . . - . 

— -2 1 — — — -5 r ir  *i * — — H — — 5 4-  &c  ad  infini - 

64  72  80  88  96  104  iiz  lao  128  1 J 

turn  is  = 0.018,438,562,104,429,149. 

Therefore  the  feries  jL + %+  + +*+£+*  + *+*.  + 

^~q-^+^  + ^ + &cis<f  infinitum  will  be  (=  0.020,866,241,242,571, 
931  q-  0.018,438,562,104,429,149)  = 0.039,304,803,347,001,080;  ancfcon- 

. , I jg*  x*  x®  x*  **  «*•  x*®  X*® 

fequently  the  feries  -~  + ^ + — + — q._q._q._q._q._ 

+ I7I4*I^+TS+&C  (which  *S  Cqual  t0  the  feries  i + IT  + £ + 

6^-  + yr  + Ito  + w + ~w  + ^4  + in  + + Hs  + &c>  fom 

which  the  latter  feries  was  derived  by  the  mere  fubrtitution  of  the  fingle  letter  -j 
in  it’s  terms  inftead  of  zz,)  will  alfo  be  = 0.039,304,803,347,001,080. 

Art.  39.  Having  thus  found  the  value  of  the  feries  q-  + -“1  + ~- 

+ £ + £ + 3- + £ + £ ■ + £ + £ + S + &c  1 » ■»  °'o39>3°4> 

803,347,001,08°,  we  muft  multiply  the  faid  value  by  zz,  in  order  to  obtain 

she  value  of  the  feries  •^  + ^s+-^-+-^-+77+-i7  + &c. 

Now  z is  (=  JJ  — x *)  = 0.6561 ; and  therefore  22  is  (=:  2 x 0.6561)  = 

1.3122. 
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” + £ + £ + £ + £ + Ss-  + &c  wiI!  bc  = ° °5I,575, 


s<> 


1.3122.  Therefore  a«  x 0.039,304,803,347,001,080  will  be  (=  1.3122  x 
0.039,304,803,347,001,080)  = 0.03  i,57S»7(’1i9S  1 >934,8  i 7.  Confidently 

the  feries r „ 

40  48 

762,951,934,817. 

But  the  feries  — + + — r + -r~  + ~~  + •sr*  + See  ad  infinitum  to- 

40  4S  56  04  71  OO 

gether  with  the  feries  + 2L  - 2L  + — -~  + 

2 £.  4.  — 4-  &c  ad  infinitum  are  equal  to  the  feries  -7-  + — + 

63  7)  jl  !o  T 1 36  4<J 


2*  2°  X’  * . * . * . * . O J • 

2 L.  2 L _ 4.  _2 L _ I-  — q h — + -7 h&Ctfi/K- 

44  * 48  ^ 52  * 56  ~ 6a  ' 64  ~ 68  ' 72  7<>  8° 

finitum ; and  it  has  been  (hewn  in  art.  32,  that  the  feries  — —■  + — ~ 

+ 2t-d±  4*  —JL  + £!_£-  + &c  ad  infinitum  is 

+ jj  i6  + to  64  ^ 63  72  T 76  80  r 

= 0.017,490,787,392,365,570.  Therefore  the  feries 


4^4  fLq.  2-.  4.  2—  4.  2L  4.  — 4.  2.L  4.  ^ h &c  ad  infinitum  will 

+ S,  + j6  ^ 60  ^ 64  ^ 68  T 72  T 76  T 80 

be  = 0.051,575,762,951,934,817  + 0.017,490,787,392,365,570  = 0.069, 
066,550,344,300,387. 


Art.  40.  But,  by  art.,  30,  the  feries  ^+-^  + -^  + -p-+fr  + -^ 


2L 

60 

1 


*7 

64 

yy 


2* 

72  d 

— + 4?  +rx  + zr  + ttt  + 73T  + ^ + ~^T 


, j: l 4.  ^ — 1-  — u :: t-  - — + tcc  ad  infinitum  is  equal  to  the  fe- 

+ a„  “ fi.  T 68  72  ^76  80  J n 


ries  is. + + TT  + "48  T IT  T ^6  T 65"  r 6+ ^ 68  ‘ 72  ■ 76 


4.  ill  4.  &c  ad  infinitum.  Therefore  this  laft  feries  is  alfo  = 0.069,066,550, 


+ ■£  + 


344,3°0>387.  And  confequently  the  feries  ^ • s, 

i£l  4.  tic  ad  infinitum  (which  arifes  from  the  multiplication  of  the  faid  feries 
56 

into  2_y,)  will  be  = 2 y x 0.069,066,550,344,300,387  (=  2 x xx  x 0.069, 
066,550,344,300,387  = 2 x 0.81  x 0.069,066,550,344,300,387  = 1.62  X 
0.069,066,550,344,300,387)  = 0.111,887,811,557,766,626. 


Art.  41.  But  the  feries  ^+^  + ^+^+77  + j6 


* J.  SL  3C.  4.  4.  &c  ad  in - 

O 

/* 


together  with  the  feries  £+-£’“£+j&  — 


4* 
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4-  — — 1-  ?-r  + &c  ad  infinitum,  is  equal  to  the  feries  — 4* 

+8  5°  5*  S4  56  ^ 34  1 

if  rv  ■)  «4  *9  uW  .H 

— + ^ + -7  + 77+77  + 77 + 77  + 7^+“  + ^ + — + &c 


36  38  40  T 42  44  46  48  50  51  1 54  S6  ' 

ad  infinitum  ; and  it  has  been  fhewn  in  art.  29,  that  the  feries  — 4- 

34  36  3® 

_ 21  4.  _ Z!_  4.  4 _ >L  + A _ dl  + ^ ^ 4.  &c  ad  i„fini. 

40  4»  44  ^46  48  5°  S3  S4  5s  J 

turn  is  = 0.016,674,011,463,729,394.  Therefore  the  feries  — + 77  + “Jg- 

+ 71  + il  + 2l  + 4 + 4 + iL  + + 4 + ad  irfni. 

40  42  44  46  r 4b  30  52  54  56 

turn  will  be  =0.111,887,811,357,766,626  + 0.016,674,011,463,729,394  = 
0.128,561,823,021,496,020. 

Art.  42.  But,  becaufe  ji  is  = xx,  the  feries  — 4-  -7-  4-  ~ ’4.  dl  4-  -dl- 

34  1°  3 5 4°  4* 

+ 77+7^  + 77  + 57 + 77  + 77+7^  + &c  ^ ****“"  is  e+ial  t0 

the  feries  J-  4-  ^ 4-  4 4-  — 4-  — + - 4-  ^ 4- ^ + - 4-  - + 

34  36  38  4°  4Z  44  46  48  5°  5* 

— 4-  i-r-  4-  &c.  Therefore  the  faid  feries  — •+-r-  + -jj-+— - 4-  — - 4- 

54  S<S  34  36  38  40  4* 

-18  rIJ  .14  ,IS  «U  .to  xt% 

1 — — -f  - - + 1 -f  — -f  — + &c  ad  ttifinitum  will  be  z: 

44  T4«  48  S°  S3  S4  56 


— 4 — — + - - 

44  4°  4° 


0.128,561,823,021,496,020.  Therefore  the  feries  77  + 77+77  + 77  + 

+ 4 + &c  ad  infinitum  (which  arifes  from  the  multiplication  of  the  faid 

feries  into  2*,)  will  be  = zx  x 0.128,561,823,021,496,020  (=  2 x 0.9  X 
0.128,561,823,021,496,020  = 1.8  x 0.128,561,823,021,496,020)  = 0.2.31, 
411,281,438,692,836. 


Art.  43.  But  the  feries  — ■ 4-  4 4-  4-  — 4-  — 4-  — 4-  &c  ad  in - 

3 34  36  3S  4°  43  44 

finitum,  being  added  to  the  feries  -- — 4-  — 4 4.  Zl Z-  4.  _fL 

J ’ & 33  34  ^ 35  3<*  37  38  39 

X*  J*  ,T*°  ...  .1 

— . — 4-  — — — 4- ' — — ; — 4-  &c  ad  infinitum,  is  equal  to  the  feries  — 

4°  4>  4Z  43  44  ^ 33 

, * , ■»’  , ■*’  , x*  , , **  j.  **  1 **  a-  -1.  *"  _i_ 

+ 17-  + lT  + l^  + 17  + F + ^ + ^ + 7r  + ir  + 7r+l4  + 

&c  ad  infinitum  ; and  it  is  (hewn  in  art.  24,  that  the  feries  — — — 4-  — — 

33  34  35 

— H 5-4 — h — 4- 4-  Sic  ed  infinitum 

36  37  3s  39  40  4‘  43  43  44  . 

IS 
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is  = 0.016,177,427,297,506,659.  Therefore  the  fait!  ferics  -f  ~ + -yy- 

rl  ,4  ,.j  ,.T  -I  v9  .JO  ,11 

+ 4-+  — + JV+  — + — + &cai  /»>/- 

3«  J!  J»  T « 40  U 4>  T 4!  « 

turn  will  be  = 0.231,411,281,438,692,836  + 0.016,177,427,297,506,659  = 


0.247,588,708,756,199,495. 


And  confequenily  the  feries  — 4- 


jrl' 

54 


*»*  4-*®  X1* 

16-+-  + 18  + » 


+ &c  ad  infinitum  (which  arifes  from  the  mul- 


tiplication of  the  Iaft  feries  into  a3*,)  will  be  = a3*  x 0-247,588,708,736,199, 
495  = "09V*  x 0.247,588,708,736,199,495  = 0.034,336,838,202,925,124 
X 0.247,588,708,736,199,495  ==  0.008,501,413,432,746,036  ; that  is,  the 


whole  remainder  of  the  infinite  feries 


4-  -f  &c  ad  infinitum  after  the  firft  thirty-two  terms,  will  be  =:  0.008,501, 

413,432,746,036  ; or,  according  to  the  notation  of  art.  5,  the  quantity  R will 
be  = 0.008,501,413,432,746,036. 


Art.  44.  But  the  quantity  A,  or  the  fum  of  the  firft  thirty-two  terms  of  the 
faid  infinite  feries,  has  been  (hewn  above,  in  art.  19,  to  be  equal  to  2.549,926, 
467,204,303,322.  Therefore  the  quantity  A + R,  or  the  whole  of  the  faid 

infinite  feries  1 + -7-  + ^-  + ~ + ~ + + y-  + yf-  + &ca</  infini- 

tum, will  be  = 2.549,926,467,204,303,322  + 0.008,501,413,432,746,036 
==  2.558,427,880,637,049,358.  And  confequenily  A -f  R)  x .v,  or  the  whole 

original  feries  x + ~ + -y-  + — + +y  + “ + -y-  + &c  ad  itfi- 

uitum,  will  be  = a.558,427, 880,637 ,049, 358  x x (=  2.558,427,880,637, 
049,358  x 0.9)  = a.302, 585,092, 573,344, 422.  Qi  e.  1. 

This  number  is  exatt  in  the  firft  ten  figures  2.302,585,092,  the  more-ac- 
curate value  of  the  faid  original  ferics  (which  is  Napier’s  Logarithm  of  the  ratio 
of  10  to  1,)  being  2.302,585,092,994,045,684,01 7,  &c. 


A mart  Jummarj  Statement  of  the  Proccjfes  of  the  foregoing  Computation . 


Art.  45. 


The  laft  feries  obtained  in  the  foregoing  computation  is  the  feries 
+ -^  + yy  + yy  + g -f  &c  ad  infinitum , in  which  w is  = x'* 
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= 0.185,302,018,885.184,100,  which  is  lefs  than  0.2,  or  than  -j-.  This  feries 

converges  fwiftly  enough  to  be  fummed  in  the  common  way  by  computing  fome 
of  it’s  firft  terms  and  adding  them  together.  And  twenty  of  thefe  terms  are 
found  to  be  =:  0.024,236,737,151,909,819;  of  which  number,  if  no  miftake 
has  been  made  in  the  calculation,  the  firft  fixteen  figures,  0.024,236,737,151, 
909,8,  muft  be  exaft. 


64  - So  +W+^T+^  + S:C^hich 

V6 


2 V9 


is  = 20  X the  feries  b + &c)  will 


Therefore  the  feries  4- 

48  64 

V4 

48  1 64  1 80  -r"  96  ‘ n>  1 128 

be  = 2v  x 0.024,236,737,151,909,819  (=  2 x *'  x 0.024,236,737,151, 
909,819  = 2 X 0.430,467,210  x 0.024,236,737,151,909,819  = 0.860,934, 
420  X 0.024,236,737,151,909,819)  = 0.020,866,241,242,571,931. 

The  fcries  5+^+S  + 5+  S+  S + te‘“-  the  feries  i 

p*1 

128 

+ &c  arc  together  equal  to  the  feries 

88  96  104  in  no  118  40  48  56 

**  v'  xfi  V1  V*  v*  V11  » . 

64  + 71  80  + THf  9S  ' 104  111  ' 120  118  * C 1S 

0.018,438,562,104,429,149;  of  which  number,  if  no  miftake  has  been  made 
in  the  calculation,  the  firft  eleven  figures  0.018,438,562,10  muft  be  exaft. 

V* 

+ 16  + 


V v'  *>  If*  »5  V®  1-'  n‘° 

*”  48  + J6  64  J2  80  88  96  ‘ 104  III  no 


Therefore  the  feries  — — \-  + ~ + ~ + ~ + -sr  + 


40 


48  ' 56 


64 


72 


80 


88 


— + — + — +7^8+  &c  will  be  (=.  0.020,866,241,242,571,931  + 

0.018,438,562,104,429,149)  = 0.039,304,803,347,001,080 ; of  which  number 
the  firft  eleven  figures,  0.039,304,803,34,  muft  be  exa&. 

I I»  x*  X*  x*  x'°  X'*  X** 

Therefore  the  fenes  _+_  + _ + _4-_r+  — + _ + _ + 
&c  (which  is  equal  to  the  feries  ^ ^ + £ + $ + £ + £ + 4* 

•f  yL  4.  &c,)  wiH  alfo  be  z=  0.039,304,803,347,001,080;  of  which  number 

96 

the  firft  eleven  figures,  0.039,304,803,34,  muft  be  exad. 

Therefore  the  feries 

40  40 

1 


w*  as*  2s7  2z9  as**  . as1*  as1* 

4o  + ^r+76-  + 67  + 7r  + -87+-88  + 1 r + 
&c  (which  is  = 22  x the  feries  -L  + ^ + £+  .£+.£  + £ + -g- 
Vol.  IV.  4 R + 
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+ + &c)  will  be  = 12  x 0.039,304,803,347,001,080  ( = 2 x yy  x 

0.039,304,803,347,001,080  = 2 x .t4  X 0.039,304,803,347,001,080  = a 
x 0.6561  x 0.039,304,803,347,001,080  = 1.312a  x 0.039,304,803,347, 
001,080)  — 0.051,575,762,951,934,817;  of  which  number  the  firft  eleven 
figures  0.051,575,762,95  muft  be  exaift. 

But  the  feries  44  + Air  + 7r  + -77+—-  + + &c,  being  added  to 


the  feries  — - 

36 


40  48  ' 56  64  /4 

X **  *>  »*  as  aa  s’  I* 

40  44  48  ' 52  JO  60  64  68  71  "** 

- 1 * . , j e s* 

76  “ is-  + &c«  15  e(iual  t0  the  fer,es  76-  + ^-+7r  + 78'  + ir  + 7r 

+ ~ + &c.  And  the  feries  -L  — JL  + 

T 6e  T 14  68  72  ^ ;6  ^ 80  36  40  r 

x>  =»  X*  **,  a*  s'  , **  t»  , s'°  o'*  , . I 

77“78+7r_  16  + 67-67+6T- TT  + lb-iT  + &c  hlS 
been  found  to  be  = 0.017,490,787,392,365,570;  of  which  number  the  firft: 
eleven  figures  0.017,490,787,39,  will  be  exaft. 

Therefore  the  feries  — — 1-  — -+•  — + -4-  + — - + — r + -r — 1-  A-.  + 

36  T 40  x 44  T 48  Si  $6  60  64J  ' 

+ &c  wil1  be  ( = 0.051,575,762,951,934,817  + 

0.017,490,787,392,365,570)  = 0.069,066,550,344,300,387  ; of  which  number 
the  firlt  eleven  figures  0.069,066,550,34  will  be  cxafl. 

But  2 is  =yy,  and  confequently  the  feries  ~ + 7cT^"'44’"^7ir'b77"*" 

A-  + 7 — b 4-  -f  &c  is  equal  to  the  feries  — + S-  + — 

jb  ' 60  1 64  1 1 so  40  44  48  5» 


5«> 

+ 


— b 4—  + 4 h Therefore  the  feries  —■  + — + 1 

56  60  64  36  40  44  48 


+ 77  + ~jb  + ir  + T?  4-  &c  is  = 0.069,066,550,344,300,387  , of 

which  number  the  eleven  firft  figures  0.069,066,550,34  will  be  cxa£t.  And 

Confequently  the  feries  — + + — +—  + ” + -A-  + + —r— 

+ 8cc,  (which  arifes  from  the  multiplication’ of  the  laft  feries  into  iy,)  will  be 
= V x 0.069,066,550,344,300,387  (=  2 X XX  X 0.069,066,550,344,300, 
387  = 2 x 0.81  x 0.069,066,550,344,300,387  = 1.62  x 0.0^9, 066,, 50, 
344,300,387)  = o.  1 1 1 ,887,8 1 1,557,766,626  ; of  which  the  firft  eleven  figures 
0.1 1 1,887,81 1,55  will  be  exaft. 

But  the  feries  - + — - + — — h 4r  + — + -A-  + &c,  being  added  to 
36  4°  44  49  $»  s6  ° 


the  feries  J-— 4r  + 2l_4-  + TL  — Z.  + £ - £ + &c,  is  equal 


34 


36 


38 


.4° 


to 
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to  the  feriei  JL  + Ji  + i + i + 4 + + 4 + 4 + &c  * and 

34  30  33  40  42  44  4“ 

the  feries  -L—JL+2L—2L+2L-2L  + 2L  _'4  + &c,  has  been 

34  3°  3»  40  4=  44  46  48 

found  to  be  = 0.016,674,01 1,463,729,394;  of  which  number  the  firft  eleven 
figures  0.016,674,01 1,46  will  be  exact. 


Therefore  the  feries  — 1 — f-  — + 4 + — + ’ - + 


+ + 


34  T 36  T 3«  r 40  T 4^  T 44  ' 4<>  ' 48  ' 

&c  ad  infinitum  will  be  = 0.11 1,887,811,557,766,626  -b  0.016,674,011, 
463,729,394  = 0.128,56^823,021,496,020;  of  which  number  the  firft  eleven 
figures  0.128,561,823,02  will  be  exact. 

But,  becaufe  y is  = xx,  the  feries  — — b -4^  + +--+—+—  + 

,n  i<>  3s  4°  42  44 

16  + ir  + &c  "i11  be  c‘Joaf  to  thc  fcries  7r+ir  + 7r  + i7  + -S  + 

— + ~ ~ + &c.  Therefore  the  feries  — + + ~ 

44  46  48  34  36  38  4°  4= 

yl  Q ^12  . 

+ — 4-  -jg  + “3-  + &c  will  alfo  be  =:  0.128,561,823,021,496,020;  of 
which  number  the  firft  eleven  figures  0-128,561,823,02  will  be  exaift. 

Therefore  the  feries  + — - — — 4 H h + — z — h 

34  36  3S  4°  42  44  4t> 

2X1*  . _ ...  . . . 

— — b &c  (which  arifes  from  the  multiplication  of  the  laft  feries  into  2*,)  will 

be  = 2,v  X 0.128,561,823,021,496,020  “ 2 X 0.9  X 0.128,561,823,021, 
496,020  = 1.8  X 0.128,561,823,021,496,020  = 0.231,411,281,438,692,836; 
of  which  number  the  firft  eleven  figures  0.231,411,281,43  will  be  cxaCt. 

But  the  feries  — 4-  + — - -4-  — b — 1-  &c  ad  infinitum , 

34  3<5  38  4°  42  44 

being  added  to  thc  feries  — 4-  — — ~r  + ~r  + — 

b 33  34  35  36  37  38  39  4° 

4.  ~ — 4.  — - b &c  ad  infinitum  is  equal  to  the  feries  — — b 

4‘  42  43  44  n 33  34 

**  , X1  , X*  , X*  x’  X1  X*  , .*•  XK  , 

+ 77  + l6+T7  + l8'+l 9+v+7T  + ^+v+T4  + hcad 

infinitum.  And  the  feries  — 

* , 33  34  35  ib  37  38  39  4° 

I x9  xlO  gil 

4-  — — — 4- h &c  ad  infinitum  has  been  found  to  be  = 0.016, 

T 41  42  T 43  44  J 

177,427,297,506,659  ; of  which  number  the  firft  eleven  figures  0.016,177,427, 
29  are  exaCt.  Therefore  the  feries  ~ - + ~ + ~ + jg  + ^ + -jg-  + 


33  34 

4 R 2 
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afi  x^  x®  jfi  x*®  _ f , • , *•<  t 

— -f  + f- h — H h See  ad  mfimtum  will  be  = 0.111,411. 

39  40  4*  4a  43  41  0 ^ 

281,438,692,836  + 0.016, 177, 427,297>5°6:659  = 0.247,583,708,736,199, 
495;  of  which  number  the  fird  eleven  figures,  0.247,588,708,73,  (if  no  mif- 
takes  have  been  made  in  the  calculations,)  will  be  exaft. 


Therefore  the  fcries 1- — r + 5-  + — + + 

33  34  5S  36  37  3*  39  4° 

&c  ad  infinitum,  (which  is  equal  to  the  lad  feries  multiplied  into  *”,)  will  be 
= 0.247,588,708,736,199,495  x x”  (=  0.247,588,708,736,199,495  x 
0.034,336,838,202,925,120)  = 0.008,501,413,432,746,036;  that  is,  the  whole 

feries  1 + — 4-  — 4-  4-  — + 4 — J-  — — | — ~ + &c  ad  infinitum,  ex- 

2 # 3 4#5  o 7 ® 

cept  the  firfl  thirty-two  terms,  will  be  = 0.008,501,413,432,746,036. 


But  the  fum  of  the  fird  thirty-two  terms  of  the  faid  feries  is  = 2.549,926, 
467,204,303,322. 

Therefore  the  whole  of  the  faid  feries  1 -4-  + — — 1 — — 

» , 2 3 4 5 6 

+ — + -y  + &c  ad  infinitum  will  be  = 2.549,926,467,204,303,322  + 
0.008,501,413,432,746,036  = 2.558,427,880,637,049,358.  And  confequently 
the  whole  original  feries  *4-  — + — + — +— +-y-  + — H 4- 

&c  ad  infinitum,  (which  is  equal  to  the  lad  feries  multiplied  into  *,)  will  be  zz 
2-558,427.^ 880,637,049,358  x * (=  2.558,417,880,637,049,358  x 0.9)  = 
2.3°2>585>°92>573>344>4*2-  *•  *• 


Another  Statement  of  the  Proceffes  of  the  foregoing  Computation,  exprejfed  in  tbt 
Notation  ufed  in  art.  14. 


Art.  46.  If  we  exprefs  ihefe  feveral  precedes  in  the  notation  ufed  in  art.  14, 
they  will  be  as  follows  ; 

The  feries  1 H — 7-+— — f — — f-  -7 — I-  ~r-  + + -j-  4-  &c  ad  infini- 

2345O7O 

turn,  or  a -f-  bx  4-  ex'  + dx'  + ex*  + fix'  4-  gx6  4-  b.\7  + &c  ad  infinitum , 
will  be 

= A + R = the  fum  of  the  fird  thirty-two  terms  of  the  faid  feries,  together 

with  the  remainder  of  it,  or  the  feries  4-  — 1-  — 4- 

„ „ „ 33  34  35  T 36  T 37 

Is  + jf  + V + &c  ad  "frit"" 
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*77 


= 1.549,916,467,204,303,32a  + x>*  x the  feries  Jr  + JL+^-  + ^i  + 


— 4-  + — + — [-  8cc  ad  infinitum 

37  * 3®  ' 39  ' 4° 


33 


35 


36 


= 2.549,926,467,204,303,321  + 0034,336,838,202,925,120  X the  feries 

— + — + — + ~T  + “ + ^5-  + — + — -jr  head  infinitum 

33  34  35  36  37  38  39  V> 

= 2.549,926,467,204,303,322  + 0.034,336,838,202,925,120  X the  feries 

— — — + ~r+“ “V  + — — * + &c  ad  itfimlum 

33  34  35  36  37  3»  39  4° 

+ 0.034,336,838,202,925,120  x the  feries  ~ + ~ + 

&c  ad  infinitum 

= (by  art.  8,)  2.549,926,467,204,303,322  + 0.034,336,838,202,925,120  X 
(«,  or)  0.016,177,427,297,506,659 

+ 0.034,336,838,202,925,120  X a*  X the  feries  + -^  + 

&c  ad  infinitum  • 


= A + *“  x * + 1"  X 2*  X the  feries  — + ~ + ~ + ~~  + 7—  + 

34  1 36  38  40  4» 

jr11  x1* 

H — 7 — f-  — 5-  + occ  ad  infinitum 

44  46  4s 

= A + jf1*  X * + A5’  X 2*  x the  feries  ^ - — 

34  36  38  40  42  44 

vt  t ul4  « yl  4 ^.6  4 fJO 

+ -7 5-  + he  ad  infinitum  + xn  x 2*  X the  feries  —r  + — + — 

46  4H  36  40  44 

3rI< 

+ -f-  &c  ad  infinitum 

= A + x * + *"  X « X lie  feries  — --  + -v^-  — — + — — 

34  3®  3»  4°  42 

■£-  + + &c  ^ infinitum  + *”  X 2X  X the  feries  + -~- 


4-  — + + he  ad  infinitum 

41  48 


= A + **’  x « + x”  X 2*  x 6 + *’*  X 2x  x the  feries  + — -f  iL 
, 36  40  r 44 

-f  + &c  infinitum 

4° 

= A + *“  x « + *-**  x 2*  X 6 + *’*  X 2*  X 27  x the  feries 

36  T 40 

%4  vC  V1  V10  4J*»  .14 

+ ^ + ^F  + 7r  + T7T+A,-+—  +&c  infinitum 


S* 


56 


6a 


64 
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= A + *»•  x « + *"  X 2*  X 6 + x"  X *.v  x 2XX  x the  feries  -i  + 

2L  4.  Zl_  4.  ZL  4.  z! u 4.  i—  4.  Z' — + &c  cif  infinitum 

40  + 44  + 48  S*  S*  60  <»4 

= A + *|,X«  + *’>Xti'xS  4-  *"  X 2*  x ax*  x the  feries  ~ — -2- 
_i.  Z! Z!1  4.  z! 4-  &c  m/  infinitum  + x5-  x 2x  x 

T 44  48  n 51  ;6  to  64 

2 xx  x the  feries  2—  + + ^77-  + irr  + &c  ad  infinitum 

40  48  50  04 

= A + a’*  X « + *’*  X 2.V  X 6 + x"  X2*X  2XX  x the  feries  ~ — Z. 

J-  _?* — 4-  Zl  — -zL  + liQ  ad  infinitum  + *’*  x 2*'  X 

48  52  56  60  64 

JS» 


44 


2 XX 


X the  feries ad  irfinitum 


= A + a1*  X « + *’*  x 2X  X 6 + x“  X IX  x 2XX  X 7 + x’>  xmx 

, f . a*  , »**  . J-1  , «7  , , **"  , ’s'1  , **“ 

***  x the  feries  _+_F+_+Ti-+—  +-g7+w+-^  + 

& c ad  infinitum 

= A + A5*  X « + a”  x 2A  X 6 + X 4V  X 2XX  X y 4-  A**  X 2X  X 


2aa  x 22  X the  feries  — 3-  + —7-  + 


40 


48 


56  T 64 


+ ~ + 13"  + ~ + 


88 


E>‘ 

~w 


+ &c  ad  infinitum 

= A + A1’  x * + A*1  x 2X  x S + *’*  X 2*  X 2XX  X y + *“  X w X 

2aa  x 2 a4  x the  feries  ^+^+-^-  + -^-+  — + + if  + -^6- 

+ & c ad  infinitum 

~ A + A1*  X <*  + a’*  X 2X  x £ + X*'  X 2X  X 2XX  x y -f  *"  X 2A  X 

, r • * , “V  . vv  _ i’*  v*  Vs  v11  v'< 

2XX  X 2a4  X the  feries  _+_+_  + — +--+^-  + -gr  + — 
+ &c  ad  infinitum 

= A + A14  X « + A1*  x 2X  x 5 + a’1  X 2A  x 2AA  x r + Xu  X 2X  X 

2AA  X 2X4  X the  fer.es  — --p-  + ^ + ~ - -gj  + W~^6 

+ &c  ad  infinitum  + **'  x H X 2aa  x 2a4  X the  feries  —j  + + 

iZl  4*  — + &c  ad  infinitum 

80  96 

= A + A**  x a + X1'  x 2A  X £ + AM  X 2A  X 2AA  x 7 + *’*  X 2X  X 

2aa  x 2a4  x 3 4-  a”  x 21  x 2xx  X 2x*  x zv  X the  feries  + -^1  4. 

64  T 


80 


-| — — + &c  ad  infinitum 
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679 


= A + ***  X u + X IX  X 6 + *”  x 2*  X IX*  * V + *"  X 2*  X 
xxx  X M'  X ! + *"  X w X » X 2**  X 2*'  x the  feries 

+ lo+?6+7^+^  + Tl6  + T^+l68  + T8;+^+n5  + &c 


— A + A5*  X « + *’*  X 3X  x 6 + #’*  X XX  x 2**  X y + *”  X 2.x  X 
xxx  X av4  X 5 + I’1  X W x xxx  X a*4  x 2*'  x M 

= A + i"  X * + *"  X i*  X E + A^‘  X 4*'  x y 4-  *u  X Sx7  x S + #**. 
X i6jt,s  x M 

— A + .v’1  X the  quinquinomial  quantity  « + xx  x £ + 4*’  X y + 8.v7 
X 5 + 16*“  X M 

— A + a3*  x the  quinquinomial  quantity 

0.0 1 6j  1 7 7,427,297,506,659, 

4-  xx  x 0.016,674,011,463,729,394, 

+ 4A*  X 0.017,490,787,392,365,570, 

4-  8x7  X 0.018,438,562,104,429,149, 

4-  i6at'5  x 0.024,236,737,151,909,819 

— A 4-  X the  quinquinomial  quantity 

0.016,177,427,297,506,659, 

+ 2 X 0.9  x 0.016,674,011,463,729,394, 

+ 4 X 0.729  X 0.017,490,787,392,365,570, 

4-  8 x 0.478,296,9  x 0.018,438,562,104,429,149, 

+ 16  x 0.205,891,132.094,649  x 0.024,236,737,151,909,819, 

— A 4-  *s‘  X the  quinquinomial  quantity 

0.016,177,427,297,5^6,659, 

4-  1.8  x 0.016,674,011,463,729,394, 

+ 2.916  X 0.017,490,787,392,365,570, 

4-  3.826,375,2  x 0.018,438,562,104,429,149, 

4-  3.294,258,113,514,384  x 0.024,236,737,151,909,819, 

— A 4-  *’*  X the  quinquinomial  quantity 

0.016,177,427,297,506,659, 

4-  0.030,013,220,634,712,909, 

4-  0.051,003,136,036,138,002, 

4-  0.070,552,856,760,047,505, 

4-  0.079,842-068,007,794,424, 

= A + »“  X 0.247,588,708,736,199,499, 


Digitized  by  Google 


68o 


ON  THE  SUMMATION  OF  INFINITE  SEEIESIS. 


— A + 0.034,336,838,101,925,120  x 0.147,588,708,736,199,499 
= A + 0.008,501,413,431,746,036 

= 2.549,926,467,204,303,322  + 0.008,501,413,432,746,036 
= 2.558,427,880,637,049,358. 

Therefore  the  original  fcrics  x +•  - — h - h — + -7"+'7-+“ — h -5- 

2345O7O 

+ Sec  ad  infinitum,  will  be  (=  x x 2.558,427,880,637,049,358  = 0.9  x 
3.558,427,880,637,049,358)  = 2.302,585,092,573,344,422.  ^ e.  1. 

End  of  the  Computation  of  the  Value  of  the  Infinite  Series  x + ~ 4.  ~ 4. 

4-  — 4--^-  + ~+  -V+- J-  - — + Ife  ad  infinitum,  when  x is  equal 

5 6 7 o 9 10 

to  the  FraBion  — , by  the  foregoing  Method  of  Approximation  invented  by 
Mr.  Hellins. 


Art.  47.  I have  now  gone  through  the  computation  of  the  value  of  this  in- 
finite feries  .v  + ^-  + ~ + t-  + f - + ^-  + -r  + hcc  ad  infinitum, 

234507  5 

when  x is  equal  to  by  Mr.  Hcllins’s  ingenious  method  of  approximation, 

in  as  full  and  plain  a manner  as  I could.  But  I mult  confefs  I have  found  the 
labour  of  performing  it  much  greater  than  1 could  have  imagined  j it  having 
been  the  employment  of  myfelf  at  firft,  and  afterwards  of  a very  fkilfull  arith- 
metician, whofe  "afflftance  I found  it  necefTary  to  call-in,  for  more  than  three 
weeks.  And  therefore,  though  this  method  is  very  ingenious  and  accurate,  it 
leems  much  to  be  wifhed  that  the  great  mathematicians  of  the  age  fliould  apply 
themfelves  to  the  fubjeft,  and  favour  us  with  the  difcovery  of  fome  lefs  labori- 
ous method  of  obtaining,  to  a great  degree  of  exadlnefs,  the  values  of  thefe 
flowly-conveiging  feriefes  of  the  foregoing  form  a + bx  4-  ex'  + dx'  + ex* 
+ fxs  + gx*  + bx1  + &c  ad  infinitum,  in  which  all  the  terms  are  connefted 
with  the  firft  term  by  the  fign  +,  or  are  added  to  it. 

Art.  48.  In  the  mean  time,  or  until  fome  tolerably  eafy  method  of  obtaining 
a very  exaft  value  of  a flowly-converging  feries  of  the  laid  form  (ball  be  dif- 
covered,  the  following  imperfedl  and  conjcdlural  method  of  obtaining  a value 
of  fuch  a feries  to  a moderate  degree  of  exaAnefs,  for  example,  to  four  or 
five  places  of  decimal  figures,)  will  be  found  to  be  of  conGderablc  ufe  in 
pradhee. 

A Con- 


Digitized  by  Google 


OH  TflH  SUMMATION’  Of  INFIHITE  SHRIKES. 


6Sn 


A ConjeStural  Method  of  obtaining  the  Value  of  a fiowly-converging  Series  of  the  fore- 
going Form  a 4 bx  + ex'  4-  dx'  4 ex*  4 fx'  4 gx*  f-  bx’  -f  &c  ad  infini- 
tum, fin  vibicb  all  the  Terms  are  conneifed  together  by  the  Sign  4,  or  added  it 
each  other,)  to  a moderate  Degree  of  Exaitnefs. 


Art.  49.  In  thefe  flowlv  converging  feriefes  the  feveral  numbers  a,  b,  c,  d, 
*•  / gt  h,  he c almofl  alwa\s  decreafe  more  flowly  than  the  terms  of  a geome- 
trical progreffion  that  begins  with  the  fame  two  firft  terms  a and  b ■,  fo  that  the 
third,  f >urth,  fifth,  and  other  following  terms  of  the  feries  a + b-\-c  + d + 
* + / + g + b,  &c  will  be  rclpedively  greater  than  the  third,  fourth,  fifth, 

and  other  correlponding  terms  of  the  geometrical  progreffion  a 4 b 4 — 4 

I*  t*  li  *• 

Tr+TT  + TT  + 7T’*‘7r  + And  confeqnently  the  feries  a + bx  + 
ex'  4-  dx'  4 cx*  4 fx'  4-  gx‘  4-  bx1  4-  &c  ad  infinitum  will  be  greater  than 
the  geometrical  feries  a4-#*4-  — + — + — + — 4-— + 

4-  &c  ad  infinitum.  Now  the  value  of  this  geometrical  feries  continued-on 
ad  infinitum  is  equal  to  the  fiadtion  ^ ™ gx-  Therefore  the  propofed  feries  a 4 
bn  4-  ex'  4 dx ’ 4 ex 4 4-/*’  4 gx"  -J-  bx’  4-  & c will  be  greater  than  the 
fraction  x _ ix  ; which  will  therefore  be  the  lefler  limit  of  the  magnitude  of  the 
value  of  the  faid  feries. 

Further,  tb?  faid  feries  a + bx  + ex'  + dx*  + ex * + fix'  4 gx*  4 bx*  4 
hcc  ad  infinitum,  is  evidently  lefs  than  the  geometrical  feiics  a 4-  ax  4-  ax'  4 
ax’  4-  ax*  4 ax'  4 ax'  4 ax’  4 &c  ad  infinitum,  becaufc  the  numbers  a,  b,  e, 
e,  f,  g,  b,  & c are  fuppofed  to  be  a de<  rrafing  progreffion.  But  the  faid 
geometrical  progreffion  a 4 ax  4 ax'  4.  ax'  4 ax*  4-  ax'  4 ax * 4-  ax’  4 &c 

ad  infinitum  is  equal  to  the  fra&ion  — or  ’r,,ercfarc  «he  propofed 

fari«  a + bx  + exx  4-  dx'  4 ex*  4 fix'  4-  gx“  4 bx'  + &c  will  be  lefs  than 
the  faid  fraflion  ■■  ; which  will  therefore  be  the  greater  limit  of  the  magni- 

tude of  the  faid  feries.  If  therefore  we  fuppofc  the  faid  feries  to  be  equal  to 
any  quantity  of  an  intermediate  magnitude  between  the  two  fradtions  — 1-  and 

I — X 

fuch  quantity  will  be  a near  value  of  the  faid  feries.  But  I have  found, 
Vol.  IV.  4 S in 
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in  the  cafe  of  the  foregoing  fl  <w  feries  — — f 4 — 4-  + — — 4-  — 

° 6 33  34  35  3$  37  3* 

4-  4 — - 4-  &.c  ad  infinitum,  when  x is  equal  to  that  the  true  value  of 

39  4°  •» 

the  laid  le  ies  approaches  much  nearer  to  it’s  lelfer  limit,  or  the  fraftion  - — — , 

tlnn  lo  it's  greater  limit,  or  the  fraction  — — ; and  that,  if  we  fubtraft  the 

i — .V 


fiid  lower  limit 


— - — from  the  higher  limit  , and  divide  the  remainder, 

,1  — bx  3 1 — x 


or  diilerence,  into  S equal  parts,  aDd  add  one  ot  ihcle  parts  to  the  faid  lo.ver 
limit,  — the  Aim  thence  alifing  will  be  very  nearly  equal  to  the  true  value 
of  the  propofed  Aries  a + l.t  4-  ex'  + Jx'  4-  ex'  4-  fix'  4-  g**  4 bx1'  + 8c  c ai 


infinitum.  For  the  fra&ion  is  (— 

' i — x ' 


— 31  _ 33 


33  i io  io. 

= -r  * tt  x t = rP  = 


10  IO 

0.303.020,  &c,  which  is  confiderably  greater  than  0.247,588,  &c,  which  we 
have  Icen  in  the  foregoing  articles  to  be  the  true  value  of  the  propofed  feries 

— I-  — — 4 — - + “r  + — — + -V  4-  — - 4-  — 4-  &c  ad  infinitum  j ami 
3J  34  ii  i‘  3t  !»  39  4° 

JL  x J_  J_  x — ' 

the  fraftion  — ^y-  is  (=  — — — 3-  — — 31  — 

a — tx  ' 1 x 


33 


34 


34 

34 


.34  ~ 334 

33  ^ 34 


-ih—  = — X 


34 


34  - 33* 
34 


33 


34-  33' 


34 


34  _ 

33  X 34  — 33  * 33*  iu» — loSyr  1122  — 1089  x 0.9  1122  — 980.1 

142-9  ~ ~ O-239*^05'  &c>  which  is  lefs  than  0.247,588,  &c,  or  tire 

faid  true  value  of  the  propofed  ftrres.  But  the  faid  true  value  0.247,588,  See 
is  much  nearer  to  the  lower  limit  0.239,605,  &c,  than  to  the  higher  limit, 
0.303,030,  &c  j and,  if  we  fubtraft  the  lower  limit  0.239,605,  8cc  from  the 
higher  limit,  0.303,030,  See.  and  divide  the  difference  0.063,425  by  8,  and 
add  the  quotient  of  this  divifton,  to  wit,  0.007,928,  to  the  lower  limit,  0.239, 
605,  the  fom  will  be  equal  to  0.247,533,  which  is  very  nearly  equal  to,  but 
fomething  lefs  than,  0.247,588,  or  the  true  value  of  the  faid  propofed  feries  j 
or,  in  other  words,  the  laid  propofed  feries  will  be  very  nearly  equal  to,  but  a 
little  greater  than,  the  firll,  or  lead,  of  levfn  arithmetical  mean  proportionals 
interpofed  between  the  values  of  the  faid  two  geometrical  feriefes  a + bx  4- 

^ i*x 4 

h — — — r-  4-  —7-  4-  See  ad  infinitum  and  a 4-  ax  4-  ax'  4-  ax1  4-  ax' 

4 4*  o a* 

4.  ax'  + &c  ad  infinitum . 


Oj  e.  1. 


Art.  50. 
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33  ' 34  ’ 35  ' 3^  37  ' S8 

j»T  ^ 

— + — + &c  ad  infidi um  to  be  equal  to  the  value  juft  now  found  for  it  by 

tins  conjectural  method  of  approximation,  to  wit,  the  number  0.247,533,  the 

feries  — + — — H 4-  —r  4 + -r-  + — + — 4-  &c  ad  infinitum 

33  34  35  36  37  38  39  4°  J 

will  be  (—  x"  X 0.2+7 ,53.1  = 0.034,336, 838,402,925, 120  X 0.247,533)  = 
0008,499,500,570,884,163;  which,  being  added  to  2549,926,467204,303, 

322,  or  the  futn  of  the  firft  thirty-two  terms  of  the  feries  1 4-  — 4-  — 4-  — 

* 3 4 

^ 4 ^-7  b 

H -4-  ~z — I + -5-  + - — + 1-  &c  ad  infinitum,  will  give  us  the 

50789  10  ' 0 

number  *.558,425.967,775,187,985  for  the  value  of  the  whole  of  the  faid  feries. 
And  confcqucntly  the  original  feries  x 4-  + — 4-  -J-  -y-  4-  ~ 4-  y 

x I v«  A «*» 

+ -jp  + -^  + — + SiC  ad  infinitum  will  be  (=  * X 2.558,425,967,775, 

187,985  = 0.9  X 2.558,425,967,775,187,985)  = 2.302,583,370,997,669, 
186;  which  agrees  with  the  true  value  of  the  laid  feries,  to  wit,  2 302,585,092, 
994,045,684,017,  &c,  in  the  firft  fix  figures  2.302,58,  and  falls  fhort  of  the 
laid  true  value  by  a lefs  quantity  than  0.000,002,  or  the  1,155,292nd  part  of 
the  faid  tiue  value  j which,  for  Inch  a conjectural  method  of  proceeding,  may 
be  confidered  as  a furpnfing  degree  of  exaftnefs.  9.  e.  i. 

Art.  51.  As  this  method  of  obtaining  a near  value  of  the  flowly-converging 


feries  — + — 
33  34 


+ 7T  + 16  + 


X* 


+ —5-  . 

37  38  39 

though  very  [iicrefsfull,  is  only  conjeflural,  and  therefore  would  leave  us  in 
doubt  as  to  the  degree  of  exaftnels  with  which  it  approaches  to-the  true  value 
of  the  faid  feries,  if  we  did  not  know  already,  from  other  grounds,  that  the 
faid  true  value  is  0.247,588,  &c,  it  will,  I think,  be  tifeful  to  have  recourfe 
on  thrfc  occasions  to  more  than  one  method  of  obtaining  a near  value  of  the 
fame  feries.  to  the  end  that  the  near  agreement  which  the  feveral  values  of  the 
propofed  feries,  obtained  by  tlicfe  different  methods,  may  be  found  to  have 
with  each  other,  n ay  ferve  to  increafe  our  confidence  that  each  of  the  values  of 
the  faid  feiies  io  obtained,  approaches  tolerably  near  to  it’s  true  value.  And 
therefore  I will  now  proceed  to  deferibe  a ftcond  method  of  finding  a near 
value  of  a (lowly-converging  feries  of  the  foregoing  form  a 4-  bx  4-  ex'  + dx' 
+■  cx*  + fix'  + g\‘  + bx’  -t  &c  ad  infinitum  that  is  but  little  different  from 
the  foregoing  one,  and  that  will  enable  us  to  approach  as  nearly,  or  almoft  as 
nearly,  to  the  true  value  of  the  ‘aid  feries,  as  we  did  by  the  foregoing  method, 
but  not  with  quite  fo  little  calculation.  This  method  is  as  follows  : 


H 4-  &c  ad  infinitum, 

40 


4S  2 


Another 
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Another  Conjeliural  Method  of  obtaining  the  Value  of  a /lowly-converging  Infinite 
Series  of  the  foregoing  Form  a 4-  lx  -f  ex'  4-  dx‘  + ex'  ■+  fA  4-  gx*  4-  b.\’ 
&c  ail  infinitum  to  a moderate  Degree  of  Exact nefs. 


Art.  52.  Let  this  feries  a + bx  + ex*  4-  dxl  + <v*  4-  fix'  4-  gx?  4-  bx1  4-  &c 
ad  infinitum  be  divided  into  the  two  following  feriefes,  a 4-  ex'  4-  ex*  + gx* 
4-  &c  ad  infinitum  and  be  4-  dxl  4-  fxl  4-  bx ’ 4-  & c ad  infinitum ; of  which  we 
will  call  the  former y,  and  the  latter  a.  And  let  the  values  of  each  of  tltefe  two 
feriefes  y and  z be  fought  for  in  the  following  manner,  (which  is  nearly  the 
fame  with  that  in  which  we  before  (ought  for  the  value  of  the  whole  leries 
a + bx  4*  ox1  4-  dx'  4-  ex 4 4-  fix'  4-  gx*  4-  bx 1 4-  &c  ad  infinitum , or  y 4-  z,j 
and  then  added  to  each  other.  And  the  fum  thence  ariftng  will  be  a near  value 
°f  y + z,  or  the  propofed  feries  a + ii  4 ex'  4-  dx1  + ex*  + fix'  + gx*  4- 

bx1  4-  &c  ad  infinitum . The  values  of  the  two  feriefes  y and  z may  be  found 

in  the  following  manner: 

An.  53.  The  feries  y,  or  a + ex'  4-  ex*  4-  gx*  4-  Sic  ad  infinitum  is  evi- 
dently lefs  than  the  geometrical  feries  a 4-  ox*  4"  ax*  + ayt  + Sic  ad  infini- 

turn,  but  greater  than  the  geometrical  feries  a 4-  ex'  4-  — 4-  — 4-  Sic  ad. 

infinitum  ; and  therefore  it  will  be  lefs  than  the  frail  ion  — — — or  — - — which 

is  equal  to  the  former  of  the  faid  geometrical  feriefes,  and  greater  than  the 

fraflion  which  is  equal  to  the  latter  of  them.  And,  further,  it  will  be 

much  nearer  to  the  latter  feries,  or  it’s  lower  limit,  than  to  the  former,  or  it’s 
higher  limit ; juft  as  the  feries  a 4-  bx  -+-  ex1  4-  dx*  4-  ex*  4-  fx!  4.  gx*  4-  bx 1 

4-  &c  ad  infinitum  was  much  nearer  to  the  geometrical  feries  a 4-  bx  4- 

l*x  4 

4-  — r 4 — ^7  4-  &c  ad  infinitum,  or  it’s  lower  limit,  than  to  the  geometrical 

feries  a + ax  + ax 1 4-  ax*  4-  ax*  4-  &c  ad  infinitum,  or  it’s  higher  limit. 
And,  as  the  feries  a + cx‘  4-  ex*  + gx*  4-  Sic  converges  by  ihe  poweis  of  the 
fquare  of  x,  whereas  the  feries  a -f-  bx  4-  ex'  4-  dx*  4-  ex*  4-  &c  converges 
only  by  the  powers  of  x itfelf,  and  the  numeral  co-efficients  a,  c,  e,  g,  fitc  of 
the  terms  of  the  former  feries  likewife  decreafe  fomewhat  farter,  or  lei's  ilowly, 
than  the  numeral  co-efficients  a,  b,  c,  d.  See  of  the  correfpondmg  terms  of  the 
latter  feries,  it  feems  realonable  to  fuppofe  that  the  former  feries  will  approach 

fomeihing  nearer  to  it’s  lower  limit,  or  the  geometrical  feries  a 4-  4-  . 

* 4- 
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4 ~ 4 8cc,  than  the  latter  feries  a + bx  + ex'  + d> r1  4 ex*  4 Sec,  ap- 

or 

proaches  to  it’s  lower  limit,  or  the  geometrical  feries  a + bx  + 4 ~ 4 

— 4 &cc.  We  will  therefore  compute  the  values  of  the  two  geometrical  feriefes 
a 4 ax'  + ax'  4 ax 6 4 ax'  + & c ad  infinitum  and  a + ex'  4 ^ 4 ~ 4 
c~  4 &c  ad  infinitum,  or  the  values  of  the  two  fraftions  — - — and  — — — , 

a»  > — xx  a — c*x 

(which  are  equal  to  the  faid  feriefes,)  and  will  then  fubtratt  the  value  of  the 
fradlion  from  the  value  of  the  fraftion — - — , and  divide  the  remain- 

a — c xx  1 — xx  , 

der  into  nine  equal  parts,  (inftead  of  eight  equal  parts,  as  in  the  former  method,) 

and  add  one  of  the  faid  parts  to  the  value  of  the  fraftion  — . And  the  fum 
• a — exx 

thence  arifing  will  be  a near  value  of  the  feries  y,  or  a 4 ex'  4 ex*  4-  gx*  4 

Sec  ad  infinitum.  0.,  E.  I. 


Art.  54.  And,  in  like  manner,  the  feries  z,  or  bx  + dx'  + fix'  4 bx ’ + Sec 
ad  infinitum  will  be  lefs  than  the  geometrical  feries  bx  + bx'  4 bx'  4 lx1  4 

&c  ad  infinitum,  but  greater  than  the  geometrical  feries  bx  -f-  dx'  4-  ~ 4 ~ . 

b b% 

4 See  ad  infinitum ; and  therefore  it  will  be  lefs  than  the  fraftion  , or 

bx  — bx* 

} * xx  , which  is  equal  to  the  former  of  the  faid  geometrical  feriefes,  but  greater 

b*X  . • 

than  the  fraftion  _ dx\t  or  which  is  equal  to  the  latter  of  them. 

And,  further,  the  faid  feries  z will  be  much  nearer  to  the  latter  feries,  or  it’s, 
lower  limit,  than  to  the  former  feries,  or  it’s  higher  limit;  juft  as  the  feries. 
a 4 bx  4 ex'  4 dx * 4 ex*  + fix'  4 gx*  4-  bx ’ -j-  &c  was  much  nearer  to 

the  geometrical  feries  a 4 bx  4 — + 4 ~ 4 — + Stc  ad  infinitum, 

or  it’s  lower  limit,  than  to  the  geometrical  feries  a 4-  ax  4 ax'  4 ax'  4 ax* 
4 ax'  4 &c  ad  infinitum,  or  it’s  higher  limit.  And,  as  the  feries  bx  4 dx'  ■+• 
fix'  4 bx*  4 See  converges  by  the  powers  of  the  fquare  of  x,  whereas  the- 
feries  a 4 bx  4 ex'  4 dx'  4 ex*  4 fix'  4 gx*  4 bx'  4 8tc  converges  only 
by  the  powers  of  x itfelf,  and  the  numeral  co-efficients  b,  d,  f,  b,  Sec  of  the 
terms  of  the  former  feries  likewife  decreafc  fomewhat  fatter,  or  lefs  flowly,  than 
the  numeral  co-efficients  a,  b,  e,  d.  Sec  of  the  correfponding  terms  of  the  latter 
feries,  it  feems  reafonable  to  fuppofe  that  the  former  feries  will  approach  fome- 

thing  nearer  to  it’s  lower  limit,  or  the  geometrical  feries  bx  4 dx*  4 ^ 4. 
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+ ijj-  •+  Sic  ad  vfinitum,  than  the  latter  leries  u 4-  + ex'  + dx'  4- 

ex*  + fix1  + See  approaches  to  it’s  lower  limi  , 01  the  geometrical  fei  ics  a -f- 
bx  4-  !~-  + * * 4 + See.  We  "ill  therefore  compute  the  values 

of  the  two  geometrical  fenefes  bx  + bx'  + bx'  + bx’  + Src  ad  infinitum  and 
bx  + dx'  + ~ + ~ + See  ad  iijuium , or  the  values  of  the  two  fi  aft  ions 


£»»* 


"r  rrr*« and  st^.’  or  rr^rv  <wh,ch  arc  «iual  10  the  faid  k- 

riefes,)  and  will  then  fubiract  the  value  of  the  fr.tfticn  — from  the  value 

— ATX 

of  the  fraftion  — *-  - , and  divide  the  remainder  into  nine  equal  parts,  (irftead 
■of  eight  equal  parts,  is  in  the  former  method,)  and  add  one  of  the  laid  parts 
to  the  value  of  the  fraftion  ■■■  And  the  fum  will  be  a near  value  of  the 

v r - X X 

feries  z,  or  bx  + dx'  +-  Jx'  -f  bx 1 4-  &c  ad  v.fivtum.  e.  j. 


I'* 


Art.  55.  When  we  h ive  thus  found  near  values  of  the  Hvo  feriefes  y and  z, 
or  a 4.  r.v’  + ex*  4 gx*  4 &c  ad  infinitum  and  bx  + dx'  + fix'  4 Lx1  4- 
&c  ad  i>  fi ‘i  1 turn,  we  muft  add  thelc  two  values  together  ; and  their  fum  will  be 
a near  value  of  v 4-  z,  or  the  propofed  feiics  a + lx  4 e**  4-  ex'  4 ex*  4 
fx'  4 gx6  -f  bx’  4 8cc  ad  infinitum.  q.  e.  u 

And,  if  this  near  value  of  the  propofed  feries  a 4 bx  4-  ex'  + dx'  + r.v* 
4-  fix'  4-  gx'  4 bx'  4-  Sec  ad  infinitum  differs  but  little  from  the  near  value  of 
■it  found  above  by  the  former  conjectural  method  defcribed  above  in  ait.  49, 
we  may  conclude  with  confidence  that  each  of  the  conjectural  values  of  the  laid 
feries  will  be  nearly  equal  to  it's  true  value. 


Art.  56.  We  will  now  try  this  method  of  obtaining  a near  value  of  the  faid 
feries  a + bx  + ex'  4-  dx'  4-  ex*  4-  fix'  4-  gx*  4 bx ’ 4 See  ad  infinitum,  in 

the  cafe  of  the  foregoing  feries  + — + — 4—7  + - — h-z-H — — 
6 0 33  34  35  36  37  3s  39 

4-  4-  8ec  ad  infinitum,  when  x is  equal  to  the  fraftion  — or  0.9. 

Now  in  this  feties  <»  is  = — 0.030,303,030,  and  b is  = — t and  c is  — 

and  d is  = and  confequemly  lx  will  be  ( — x 0.9  — 

) = 0.026,470  588,  and  ex'  will  be  (=  — x c.8t  = — ) 


O.'.OO.C'OO.CCO 

JT 


a ) . _ *iti  t 1 n O.81 0*000,030  x 

= 0.023,142,85,,  anJ  dx*  will  be  (=  — x 0.8 1 =: ~6 J = 0.022, 

5°°* 
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5 oo,ooo,  and  b'x  will  be  ( = b x bx  — b X 0.026,470,588  = x 0.026, 

470,588'  = ° 0-ri'4.  ^— ) = 0.000,778,546,  and  1 — xx  will  be  (=:  1 — 0 81 
3 4 

~ i-oo — -0.81)  =:  019,  and  a — ea*  will  be  (=0.030,303,030  — 0.025, 
142,857)  = 0 007,160,173,  and  b — dxx  will  be  (=  — 0.022,500,000 

= 0029,111,764  — 0022,500,000)  = 0.006,911,764.  Therefore — — — ■ 

will  be  (=  i£^52i£l°)  - 0.159,489,  and  will  be  (= 

' 0.19  T a — t-x*  x 0.007,160,173 

o.noo,QiS,3* 1,6 ^7, 180, a: Q w o , . , , , x 

z: 2L — : ) r:  0.128,240;  that  is.  the  value  of  the  ecome- 

irical  feries  a + ax'  4-  fl.v4  + ax*  4-  ax'  + ax'*  4-  Sec  ad  infinitum,  or- 

— — h — + — - + — - + — — + — — + Sec  ad  infinitum,  will  be  0.159,180, 
33  33  33  33  33  33 

C*X*  c'\A  (*X%  r5^-*0 

and  the  value  of  the  geometrical  fertes  a + ex'  + — 4-  + — 4 — 

+ 8 <c  .J  in/hUn,  «£  + •£  + ££  + D'2-i  + i£»i'  + il^i! 

33  35  34!  73’  3*  35I 

4-  See  ad  infinitum,  will  be  o 128,240. 

Now  let  0.128,240  be  fubtrafted.  from  0.159  4S9  ; ar,d  the  remainder  will 
be  0.031,249;  of  which  the  9th  pate  is  0.005,472.  We  mud  therefore  add 
this  lafi  number  o 003,472  to  0.128,240,  or  the  value  of  the  geometrical  ferics 

1 , *'  , 33*«  , 3\'  x *•  , Jjl*  x x%  x *,#  . „ , . - , 

— ■ + — + --V  + — '-=3 1 =v“  + -1. h t>d  infinitum  ; and 

33  35  35I  3d  3y  351 

the  fum  thence  arifing,  to  wit,  the  number  0.13 1 ,7 12,  will  be  a near  value  of ' 

2 jjl  j^.lO 

the  feries  r,  or j 4-  — 4" 1 ■) ■+■  See  ad  infinitum. 

J 33  35  II  !9  41  13  ’ 

Q..  E. 

We  nnifl  next,  in  like  manner,  find  the  values  of  the  two  geometrical  feriefes. 

bx  4-  bx1  4-  bx*  4-  !>*'  + bx9  4-  4-  See  ad  iifini/um,  or  — 4-  — — f-  — — 

34  34  34 

4-  — 4-  — — 4-  + Sec  ad  infinitum,  and  bx  — dx3  4-  — 4.  — u 

34  34  34  J k b'  ^ 

d*x»  d*xl‘  , , _ x | »*  , 34*’  . O*  X x1  . 54!*  x i* 

-rr  + — r- b See  ad  infinitum,  or  — 4 — 4-  5=r-  4.  — (-  —ti— 

k‘  k*  J 34  36  P*  jcl*  jb'i4 

4-  — -iLf—  4.  he  ad  infinitum. 

Now  the  former  of  thefe  feriefes  is  equal  to  the  fradion  -=  — , or  — 

bx  — b <*  ’ 1 — xx 

and. 
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and  the  latter  it  equal  to  the  frattion  — or  And  therefore  we 

bn  b*t 

mull  compute  the  values  of  the  fra&ions  - - and  j \ which  may  be 

done  as  follows  : 


Since  bx  has  been  (hewn  to  be  = 0016,470,588,  and  i'x  to  be  r:  0.000, 
7711,546,  and  1 — xx  to  be  = o 19,  and  b — dxx  to  be  = 0.006,911,764, 


we  (hall  have 


bx 


o 016.4-, 0.583  v „ 


b'* 


0.000.778*  546.  , 

' /-)  = 0.112.640. 

0.000,91 1,7  64 7 


0.19 


) = o *39.3lfi.  »nd  -T-Z7  ( = 


di  E.  X. 


Now  let  0.112,640  be  fnbtraftcd  from  0.130,518;  and  the  remaindr  will 
be  = 0.046,678  ; of  which  the  9th  part  is  = 0002,964.  We  mull  therefore 
add  this  lad  number  0.002,964  to  o.  1 12,640  ; and  the  turn  thence  a iling,  to 
wit,  the  number  0.1 15,604,  will  be  a near  value  of  the  ferns  a,  or  bx  1 - dx> 

4-  /jk*  + bx ’ + kx%  -+■  m\“  + 8tc  ad  infinitum,  or  ~ + — +■ 

+ —■  4-  + 8tc  ad  infinitum.  E.  1. 


Therefore  0.131,71a  + 0.115,604,  «r  0 247,316,  will  be  a near  value  of 
y 4-  z,  or  the  propofed  ferics  a + bx  + rx%  + 4 'x'  + ex*  + fx*  + gx*  4-  bx * 

X*  x*  Jt*  X? 

34  • 7T  + ^+17  + F+ » +V  + 

4-  &c  ad  iifinitum.  <2^  E.  1. 


4-  &c  ad  iifi  itum,  or  — 4-  — + — H 

33  “ 


Art.  57.  This  number  0.447,316  is  not  quite  fo  near  the  troe  value  of  the 
fa  d propofed  leries,  (which  is  0.247,588,)  as  the  number  o 247,53;,  which 
was  obtained  above  in  art.  49,  by  means  of  the  full  con  jr  (floral  method  of 
fumming  t e laid  feries  there  riekribed.  Bui  it  is  near  enough  to  the  faid 
former  near  value,  0.247  S3 3.  °f  the  laid  feries,  to  render  it  highly  probable 
(if  we  did  not  already  kn.  w what  it’s  true  value  was,)  that  each  of  them  ap- 
proaches pretty  nearly  to  the  true  value  of  the  faid  feiies. 


t 


A Third 


* 
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A Third  Conjeftural  Method  of  finding  a near  Value  of  a Jlozdy  converging  Infinite 
Series  of  the  foregoing  Form,  a 4 bx  + ex'  4 dx'  4 ex*  4 fix'  4 gx*  4 hx1 
4 &c  ad  infinitum. 


Art.  58.  If  wc  could  find  the  proportion  of  the  feries  y,  or  a 4 ex'  4 ex* 
4 gtf  4 it?  4 lx *®  4 &c  ad  infinitum,  to  the  feries  z,  or  hx  4 dx1  4 fix'  4 
hx'  4 kx9  4 mx"  4 &c  ad  infinitum,  to  a great  degree  of  exadtnefs,  (as,  for 
example,  to  the  degree  of  exadlnefs  that  might  be  exprefled  by  two  numbers 
of  ten  or  twelve  decimal  figures  in  each,)  without  knowing  the  actual  magni- 
tudes of  each  of  the  faid  two  feriefes,  we  might,  by  means  of  only  one  appli- 

cauon  of  the  differential  feries  a — — — - — — — 

1 + * I 4TV  1 + 1 + XI* 


p If  y5  a 

— ,1^—  — &c,  difeover  the  value  of  y + z,  or  of  the  propofed  feries  a + bx 

l +x)' 

4 ex'  -)-  dx'  4 ex*  4 fx'  -t-  gx*  + bx 1 4 ix’  4 kx9  + lx'0  4 mx"  4 &c  ad 
infinitum,  to  the  fame  degree  of  exaclnefs.  For,  if  in  that  cafe  the  two  known 
numbers  that  exprefled  the  proportion  of  y to  2,  or  of  the  feries  a + ex'  + 
ex*  4 gx*  4 ix*  -f  lx'*  4 & c ad  infinitum  to  the  feries  bx  4 dx'  4 fix'  4-  bx' 
4.  kx9  4 mx"  4 &c  ad  infinitum,  were  to  be  called  p and  q.  we  Ihould  have 
p : q ::y  : z,  and  confequently  (componendo,)  p + q • p ::  y 4 z y,  and 
(dividendo,)  p — q I p ” y — z : jr,  and  ( invert endo ,)  p : p — q ::  y 
y — 2,  and  therefore  ( ex  <cquo,)  p 4 q : p — y : : y 4 2 : y — z,  and 

y + z — X y — 2.  But  y — 2 is  equal  to  the  feries  a — lx  4 ex' 

— dx'  4.  ex*  —fix'  4 gx*  — bx'  + ix * — kx 9 + lx'°  — m.v"  + &c  ad  infi- 
nitum, the  value  of  which  may  be  found  by  means  of  the  differential  feries 


lx 

a — 


— See  ad  infinitum.  Let 

- + * 1 + 1 + j\*  r+iD*  r+7) 

it  be  fo  found  to  the  fame  degree  of  exadlnefs  as  the  proportion  of  y to  z is 
exprefled  by  the  known  numbers  p and  q ; and  let  it  be  called  K.  Then  will 
y 4 2,  or  the  propofed  feries  a 4 lx  4 ex'  4 dx'  4 ex*  4 fix'  4 gx * 4 hx' 


4 ix'  4 kx*  4 lx'°  4 mx"  4 ad  infinitum  be  — tdfl  x K.  But  I know 

p — q 

of  no  way  of  difeovering  the  proportion  of_y,  or  the  feries  a 4 ex'  4 ex*  4 gx* 
4 ix * 4 lx'*  4-  &c  ad  infinitum,  to  z,  or  the  feries  bx  4 did  4 fix'  4 bx'  4 
kx 9 4 mx"  4 8c c ad  infinitum,  to  fo  great  a degree  of  exadtnefs,  or  to  more 
than  the  degree  of  exadlnefs  that  may  be  exprefled  by  two  numbers  containing 
each  three,  or,  at  moft,  four,  decimal  figures.  And  therefore  this  method  of 
obtaining  a near  value  of  y 4 2,  or  the  propofed  feries  a 4 bx  4 ex'  4 dx' 
Voi,.  IV.  4 T 4 
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4-  ex'  4-  fix'  4-  gx*  + bx1  + &c  ad  infinitum,  notwithftanding  the  afliftance  It 
Teems  to  receive  from  ibe  foregoing  differential  ferics,  u i no  be  found  prefer- 
able to  cither  of  the  two  foregoing  methods,  which  proceed  w ihout  the  ufe  of  that 
ferics.  It  may,  however,  be  tiled  to  obtain  a third  near  value  of  y 4-  z,  or 
the  propofed  (cries  a + bx  + ex*  + d\l  4-  ex*  -t  /vs  4-  gx*  + bx 7 4-  &c  ad 
infinitum , to  a moderate  degree  of  cxactnels,  as,  for  example,  to  three  or  four 
places  of  decimal  figures ; which  value  may  be  compared  to  the  former  near 
values  of  it  found  by  the  two  foregoing  methods,  and  will,  if  found  to  agree 
pretty  nearly  with  thofe  former  near  values  of  the  faid  feries,  ferve  greatly  to 
confirm  them,  and  to  give  us  further  grounds  for  thinking  that  each  of  the 
values  of  the  faid  feries  obtained  by  theie  three  different  methods  of  invefliga- 
tion  will  be  nearly  equal  to  it’s  true  value. 

Art.  59.  In  this  laft  method  of  feeking  a near  value  of  the  propofed  feries 
y + z,  or  a + f,v  + ex'  + dxl  + ex*  4-  fix*  -f-  gx*  + bx 1 4-  ix%  + kx*  4- 

t x ” 4-  mx"  4-  &c  ad  infinitum,  our  bulinefs  is  to  find,  to  a moderate  degree 

of  exadnefs,  the  proportion  of  y to  z,  or  of  the  feries  a 4-  ex'  4-  ex*  4-  gx* 
4-  ix*  4-  lx 10  4-  Sec  ad  infinitum  to  the  feries  bx  4-  <&’  4-  fix'  4-  bx ’ 4-  kx*  4- 

mx"  4-  & c ad  infinitum.  Now  I have  found  that  in  the  cafe  of  the  ferics 


4-  &c  ad  infinitum,  when  x is  = or  0.9,  the  proportion  of  the 

whole  feries  a 4-  ex’.  4-  ex*  4-  gx*  4-  ix * 4-  lx'3  4-  Stc  ad  infinitum  to  the 
whole  feries  bx  4-  dx‘  4-  fix'  4-  bx*  4-  kx*  + mx'1  4-  &c  ad  infinitum  will 
be  pretty  nearly  equal  to  that  of  the  quadrinomial  quantity  ex*  4-  gx*  4. 

^4  • , 

ix  4-  lx'*,  or  — 4-  — 4-  — 4-  — , to  the  quadrinomial  quantity  fix'  -f. 

bx'  4-  kx * 4-  mx",  or  ~ 4-  — — | — — — h — — , or  of  the  fum  of  the  3d, 

4th,  5th,  and  6th  terms  of  the  ferics  y,  or  a -t-  ex'  4-  ex*  4-  gx*  4-  ix* 

4-  lx'°  4-  & c ad  infinitum,  or  — — f-  — — (-  — 4-  + — — 1-  4. 

33  35  37  39  41  43 

&c  ad  infinitum,  to  the  fum  of  t\ie  3d,  4<h,  5th,  and  6th  terms  of  the  fe- 
ries z,  or  bx  4-  dx1  + fix'  + bx1  4-  kx*  4-  mx"  4-  &c  ad  infinitum,  or 

— + -7  + ^5  + — 4-  — 4-  &c  ad  infinitum.  For  — is  ( = 

34  36  3s  4°  4*  44  37  ' 

0-6561,  , X*  . 0.531,441,000,  , , . 

= 0.017,732,432,  and  — is  (=  ) = 0.013,626,692,  and 

at1  • . 0.430,467,210.  , a*°  . , 0.348/78,440  . 

— 1S  r — ' J ) — 0.010,409,200,  and is  (zz  — --  ‘ ) z= 

4*  ' 4*  43  V 43  ' 

0.008,108,800 ; and  confequently  the  quadrinomial  quantity  ~ 4-  -j—  4-  -1— 
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+ - will  be  (=  o 017,732,43a  + 0.013,626,69a  4-  0.010,499,200  + 


o«<j  90,490.0c  O 


= 0.015, 


0.008,108,800)  = 0.049,967,124.  And  *jg-  is  ( = — : 

« 1 x*  . - 0.4*?  8,306,900  s • * 

538,210,  and  — is  (=  - * 4J ) = 0.011,957,422,  and  — is  C = 

-C_L± !>)  = 0.009,224,297,  and  — is  (=  \ ) = 0.007,132, 

4*  44  44 

059  ; and  confcquently  the  quadrtnomial  quantity  — + — + ^7-  + — will 

be  (=  0.015,538,210  + 0.011,957,422  + 0.009,224,297  -f  0.007,132,059) 
= 0.043,851,988.  Therefore  the  former  quadrinomiai  quantity  will  be  to  the 
latter  as  the  whole  number  49,967,124  to  the  whole  number  43,851,988,  or, 
nearly,  as  the  whole  number  49,967  to  the  whole  number  43,852.  Now  thefe 
two  numbers  arc  to  each  other  very  nearly  in  the  fame  proportion  as  the  whole 

, I x4  x6  A.»o 

fertes  y,  or 1 p 1 1 H + &c  ad  infinitum,  is  to  the 

whole  feries  z,  or  — — |-  ~ + — — |-  — + — — p C — 4.  &c  ad  infinitum. 

. 34  3“  3®  4°  42  44 

For  the  true  value  of  the  feries  y is  0.131,882,  and  the  true  value  of  the  feries 
x is  0.115,705;  and  49,967  is  to  43,852  as  0.131,882  is  to  0.1 15,742,  which 
exceeds  0.1 1 5,705,  or  the  true  value  of  z,  by  only  the  finall  quantity  0.000,037, 
which  is  lefs  than  the  3127th  part  of  the  faid  true  value.  Thefe  numbers  there- 
fore may  be  fubfticuted  inllcad  of  p and  q in  the  expreflion  given  above  for  the 

value  of  y + z,  to  wit,  the  expreflion  t+JL  x y _ z',  or  x K ; and 


P - 1 


P - 1 


confequently  the  faid  expreflion  will  be  = 49;2^7_+_433li  x K = x K. 

1 49,967  — 43,851  6115 

But  K,  or  y — z,  or  the  feries  — - — p - -r  + — V + ~ 

33  34  35  36  37  j8  39 

jjl 

— h 1 -f  he  ad  infinitum,  has  been  (hewn  above, 

in  art.  24,  to  be  = o?oi6, 177,427. 

Therefore  y + z will  be  = x 0.01 6,1 77,427  (=  — 

0.248,201 1 that  is,  the  propofed  feries  — — p — + — — p -f  — 4-  -Cl_ 

1 v 33  34  35  36  37  38 

+ — + — + — — I-  — — p—  q-i—  -p  Sec  ad  infinitum  will  be  nearly 
39  4°  41  42  43  44  J 

equal  to  0.248,201.  q.  e.  i. 


4T2 


Art.  60. 
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Art.  60.  This  near  value  of  the  propofed  feries  — + 4-  + 

.il.  4-  ±L  + — — u — 4-  &c  ad  infinitum  is  greater  than  it’s  true  value 

0.247,588  by  die  quantity  0.000,613,  and  is  therefore  lefs  exad  than  either  of 
the  two  former  near  values  of  the  (aid  feries,  that  were  obtained  by  the  two 
former  conjedural  methods  of  inveftigation,  to  wit,  0.247,53 3 and  0.247,316. 
I therefore  think  thofe  two  former  methods  are  preferable  to  ibis  lad  method, 
notwithdanding  the  ufe  therein  made  of  the  differential  feries  in  difeovering  the 
value  of  y — z,  or  the  feries  a — bx  + ex ' — dx'  + ex'' — fx'  + gx*  — bx’ 
+ &c  ad  infinitum. 

Art.  61.  But  there  is  another  method  of  applying  our  knowledge  of  the  true 
value  of  y — z,  or  the  feries  a — bx  + ex'  — dx'  + ex*  — fix'  4-  gx*  — bx1 

+ &c  ad  infinitum,  (obtained  by  means  of  the  differential  feries  a ——  — 

_D'f! 11'-'— &c  ad  infinitum.}  to  the  difeovery 

r+7\'  r+r v r+n i4  nra*  J y 

of  a near  value  of_y  + s,  or  the  propofed  feries  a 4-  bx  4-  ex'  4-  dx*  4-  ex*  4* 
fix'  4-  4-  bx’  4-  &c  ad  infinitum , which  may,  perhaps,  prove  more  fuccefs- 

full  than  the  laft.  This  method  may  be  deferibed  as  follows  : 

Since  y — z is  equal  to  the  known  quantity  K,  the  fquare  of  y — z,  that  is, 
the  trinomial  quantity  yy — 2 yz  4-  zz,  will  be  equal  to  KK,  or  the  fquare  of  K. 
Now  yy  4-  lyz  4-  zz,  or  the  fquare  of  y + z,  is  = yy  — 2yz  + zz  + 4 yz, 
or  KK.  4-  4 yz.  Therefore,  if  we  could  find  the  value  of  yz,  or  the  produd: 
of  the  multiplication  of  the  feries y,  or  a 4-  ex'  4-  tx*  4-  gx6  4-  ix * 4-  ix'°  4- 
&c  ad  infinitum , into  the  feries  z,  or  bx  4-  <£**  + fx>  + bx’  4-  kx*  4-  mx"  4- 
&c,  we  might,  by  adding  four  times  the  value  of  that  produd:  to  yy  — 2 yz 
4-  zz,  or  KK,  obtain  the  value  of  yy  4-  ays  4-  zz,  or  the  fquare  of  y 4-  z ; 
after  which,  by  extrading  the  fquare-root  of  the  value  of  yy  4-  lyz  4-  zz  fo 
obtained,  we  (bould  obtain  the  value  of  y + z itlelf,  or  the  propofed  feries 
a + i*+  ex'  4-  dx3  4-  ex'  4-  fx 3 4-  gx*  4-  bx 1 4-  «*  kx"  4-  lx'°  4.  mx" 
4-  &c  ad  infinitum.  We  mud  therefore  now  endeavour  to  find  a tolerably  near 
value  of  yz,  or  of  the  produd  of  the  multiplication  of  the  feries  y,  or  a 4- 
ex‘  4-  .«4  4-  gx*  + ix * 4-  ix'°  + &c  ad  infinitum  into  the  feries  bx  4-  dx'  + 
fx * 4-  bx 1 + kx*  4-  mx"  4-  &c  ad  infinitum. 

Art.  62.  Now,  in  order  to  find  a near  value  of  this  produd,  we  may  pro- 
ceed as  follows : 

Let  a near  value  of  y,  or  the  feries  a 4-  ex'  4-  ex'  4-  gx*  4-  ix'  4.  lx‘°  4- 
&c  ad  infinitum  be  found  in  the  manner  deferibed  in  the  fecond  conjedural 
method  above-mentioned,  namely,  by  computing  the  values  of  the  two  geo- 
metrical (eriefes  a 4-  ax'  4-  ax'  4-  ax * 4-  ax‘  + ax'°  + &c  ad  infinitum  and 

« 4- 
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, > , . c*x*  , ‘■4> 

+ «*  + + + 


€>x*° 


-4-  n A in  fit 


(between  which  it 


lies,  and  which  are  equal  to  the  two  fraflions  — - — and  — ~ — ,)  and  then 
fubtra&ing  the  latter  value  from  the  former,  and  adding ^t  9th  part  of  their  dif- 
ference to  the  latter,  or  — "-—r.  And  let  this  near  value  of y be  called  p. 

a — or  J . * 


Then  let  a near  value  of  2,  or  the  feries  bx  + dst*  + fix'  4-  bx1  4-  Lx’’  4-  mx" 
4-  &c  ad  infinitum  be  found  in  the  fame  manner,  to  wit,  by  computing  the 
values  of  the  two  geometrical  feriefes  bx  4-  lx 1 4-  bx*  + lx1  4-  bx1  4-  bx"  4- 

&c  ad  infinitum,  and  bx  4-  dx*  4-  4-  -p  4-  -p-  4-  —p — I-  &c  ad  infinitum. 


(between  which  it  lies,  and  which  are  equal  to  the  two  fractions  [ ^ and 
p-_  and  then  fubtra&ing  the  latter  value  from  the  former,  and  adding  a 


And  let  this  near  value 


9th  part  of  their  difference  to  the  latter,  or  j— ' ■ . 

of  z be  called  q. 

Then  will  p and  q be  nearly  equal  to  v and  2,  but  probably  fomewhat  lefs 

than  the  truth.  At  lead  they  will  be  fo  in  the  cafe  of  the  feries  — 4 — — 4- 

1 33  34 


JL  + fiL  + + fiL 

35  30  37  T 38 


have  feen  above  in  art.  56,  page  688. 


t X6  . x1  , X*  . X9  , X10  . xn 

-f-  — 4 4~ h — ~h  — — 4“  as  wc 

39  4*  4*  4*  43  44 


Art.  63.  We  will  therefore  find  other  near  values  of  y and  2 that  fhall  be  a 
little  greater  than  p and  q,  by  proceeding  in  the  fame  manner  as  before,  ex- 
cepting that  we  will  add  the  8th  part  (inftead  of  the  9th)  of  the  difference  of 

the  values  of  the  two  fraftions  — - — and  — — — to  the  value  of  — in 

I — xx  a — cx%  a — cx* 

order  to  obtain  a near  value  of  y,  and  the  8th  part  (inftead  of  the  9th,)  of  the 
difference  of  the  values  of  the  two  fractions  — — — and  r-—y—  t0  (he  value  of 

j—jpp  't*  order  to  obtain  a near  value  of  z.  And  the  near  value  of  y thereby 

obtained  we  will  call  P,  and  the  near  value  of  2 thereby  obtained  we  will 
call  Qj, 

And  now  we  will  fuppofc  y to  be  nearly  equal  to  an  arithmetical  mean  pro- 

y j a 

portional  between  P and  p,  or  to  be  nearly  equal  to  — and  z to  be  nearly 

equal  to  an  arithmetical  mean  proportional  between  Qjtnd  q,  or  to  be  nearly 

equal 
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equal  to  — . And  then,  upon  this  fuppofition,  yz  will  he  nearly  z:  — — — 

X = + f * (j-+  and  ^y.v  will  be  nearly  =z  P 4-  f\  X "Q.  + ~q. 

Therefore  .y  -+•  Vz  + 2Z  (which  is  = jrr  — 2 yz  + zz  + a,yz  — KK  4-  473,) 
will  be  nearly  = KK-  4-  1'  + fi  x Q_+  q ; and  confequently  y + z will  be 

nearly  — v^KK  4-  P + /'  X 0^4-  q,  or  the  propofed  feries  a + bx  4-  ex' 
-4.  dx'  4-  ex'  4-  fix'  4-  gx*  bx1  4-  ix'  4-  bx*  4-  Jxn  4-  nix"  4-  &c  ad  infi- 
nitum, will  be  nearly  equal  to  the  fquare-root  of  the  compound  quantity 
KK  4-  P 4-  p X 0.4-  q-  Qi  e.  1. 


Art.  64.  We  will  now  try  this  method  of  proceeding  in  the  cafe  of  the  fore- 


going 


feries 


33 


+ 7J  + 


3$ 


3« 


37 


3* 


v®  X1 

4-  — 4-  — 4- 
39  40  T 


4> 


4a 


4- 


1 (-  4-  &c  ad  infinitum , when  x is  — -i , or  0.9. 


Wc  have  already  feen  in  art.  56,  pages  6S7,  6S8,  that  p,  (or  the  near  value 
of  y,  derived  from  it’s  greater  and  Idler  limits,  0.159,489  and  0.128,240,  by 
adding  0.003,472,  or  the  9th  part  of  0.031,249,  or  the  difference  of  the  faid 
limits,  to  the  Idler  limit  0.128,240,)  is  = 0.131,712,  and  that  q,  (or  the  near 
value  of  z,  derived  from  it’s  greater  and  Idler  limits,  0.139,318  and  0.112,640, 
by  adding  0.002,964,  or  the  9th  part  of  0.026,678,  or  the  difference  of  the 
faid  limits,  to  the  Idler  limit,  0.112,640,)  is  = 0.115,604.  It  remains  there- 
fore that  we  find  the  other  near  values  of  y and  z,  which  are  to  be  derived  from 
their  faid  limits  by  adding  to  0.128,240,  the  Idler  limit  of  y,  the  8th  part  of 
0.031,249,  the  difference  of  it’s  two  limits,  and  by  adding  100.112,640,  the 
Idler  limit  of  z,  the  8th  part  of  o 026,678,  the  difference  of  it’s  two  limits. 
Now  the  8th  part  of  0.031,249  is  = 0.003,906,  which,  being  added  to 
0.128,240,  makes  0.132,146  ; and  the  8th  part  of  0.026,678  is  = 0.003,334, 
which,  being  added  to  0.112,640,  makes  0.115,974.  Therefore  P is  = 
0.132,146,  and  QJs  = o.  1 15,974.  Therefore  P 4-  p will  be  (=0.132,146 
•4-  0.131,71a)  = 0.263,858,  and  Q_4-  q will  be  (=  0.115,974  4-  0.115,604) 

= 0.231,578  ; and  confequently  P X Q_4-  q will  be  { — 0.263,858  x 
0.231,578)  = 0.061,103,707,924. 


But  K is  = 0.016,177,427,  and  confequently  KK  is  (=  0.016,177,427''!’) 
= 0.000,261,709,144,340,329. 

Therefore  KK  4-  P + />  X (£4-  q1  will  be  = 0.000,261,709,144,  &c  ■+• 
0.061,103,707,924  = 0.061,365,417,068,  and  confequently  the  fquare-root 

of  KK  +T  + X fQfir  q''  will  be  = \/o.o6i,365,4i7,o68  = 0.247,720; 

and  therefore  0.247,730  will  be  nearly  equal  to  the  propofed  feries  — 4- 

fir, 
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.V*  . i'i 

+ 77  + l<r  + 77  +13  + 

ad  infinitum.  q.  e.  i. 


— +~  + -^-+-^+i-+J_  + &c 
39  4°  4‘  4*  43  44 


Art.  65.  This  near  value  of  y 4-  z,  or  the  propofed  feries,  is  a little  greater 
than  it's  true  value  0.247,588,  but  approaches  nearer  to  it  than  the  near  value 
of  it  obtained  in  art.  59,  by  means  of  the  conjectural  numbers  49,967  and 

43,852,  exprefling  nearly  the  proportion  of  y to  z,  or  of  the  feries  ~ 4-  -^7— 

+ — + ~ + — + — + Sec  ad  i’fiiti.'um  to  the  feries  — + ~ 4.  -L-. 

37  39  41  43  J 34  3<>  5» 

4-  — h — f-  — 4.  &c  infinitum  i which  near  value  was  0.248,201. 

For  the  excefs  of  0.248,201  above  0.247,588,  the  true  value  of  the  propofed 
feries  is  0.000,613  ; whereas  the  cxcefs  of  the  1 aft-found  near  value  of  the  faid 
feries,  to  wit,  0.247,720,  above  it’s  true  value,  0.247, ;88,  is  only  0.000,132, 
which  is  lefs  than  the  fourth  part  of  o 000,613.  Therefore  this  tail  manner  of 
applying  our  knowledge  of  the  true  value  of  y — z,  or  the  feries  a — bx  + r.v* 
— dx*  4-  ex*  — /v‘  4-  gx6  — bx 7 4-  &c  ad  infinitum,  to  the  difeovery  of  a 
near  value  of  7 + z,  or  the  propofed  feries  a 4-  bx  4-  ex'  dx3  4-  ex'  + fix* 
4-  -f-  bx 1 4-  &c  ad  infinitum,  feems  to  be  preferable  to  the  former  method 

of  applying  it  to  the  fame  purpofe  by  means  of  the  conjectural  numbers  ex- 
prefling  the  proportion  of  y to  z.  But  both  thtfe  methods  require  a good  deal 
of  calculation,  befides  the  labour  (which,  as  we  have  feen  above,  is  by  no 
means  trifling,)  of  computing  the  differential  feries,  by  means  of  which  the  true 
value  of  y — z,  or  the  feries  a — bx  4-  ex'  — dx*  4-  ex'  — fix'  + gx‘  — bx1 
4-  &c,  is  obtained  ; and,  when  all  is  done,  the  near  values  of  the  propofed  fe- 
ries  that  are  obtained  by  them,  arc  lefs  ex  iCt  than  the  two  former  near  values  of 
it,  to  wit,  0.247,533  and  0.247,316,  which  were  obtained  by  the  two  firfl 
conjedural  methods  of  invefligation  explained  above  in  art.  49,  and  52,  & c 
. . . 56.  And  therefore  1 think  thofe  two  firfl  methods  are  preferable  to  this 
laft  method,  which  requires  the  computation  of  y — 2 by  means  of  the  diffe- 
rential feries.  They  arc  not,  however,  fo  exaCt  as  I could  wills.  But  I have 
not  been  able,  alter  much  labour  and  repeated  endeavours,  to  find  any  better 
method  of  obtaining  a near  value  of  the  propofed  feries  a 4-  bx  4-  ex'  4-  dx' 
4-  ex'  4-  fix'  4-  gx6  4-  bx 7 4-  & c ad  infinitum.  And  therefore  1 fhall  here 
give  over  the  further  profecution  of  this  inquiry,  and  put  an  end  to  this  Dif- 
courfe. 


End  of  the  Account  of  Mr.  Iiellins's  Method  of  finding  the  Value  of  a Jltwly-con- 
vergmg  Infinite  Series  of  the  foregoing  Form,  a + bx  cx » 4-  dx3  4-  ex'  4-  fix1 

-f  |,v“  4-  bx 1 4-  isfc  ad  infinitum. 


THE  END  of  VOL.  IV. 
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In  page  8,  line  to  from  the  bottom,  inftead  of  FEN,  read  EFN. 

In  page  12,  line  & from  the  bottom,  inltead  of  cut,  read  cuts. 

In  page  38,  line  14,  after  =,  and  before  0.008,959,  infert  the  fign  — . 

And  in  the  fame  page  38,  line  i_3  from  the  bottom,  inftead  of  o 002,02**, 
read  0.002,502*’. 

And  again  in  the  fame  page  38,  line  10  from  the  bottom,  after  **,  infert  isfc. 

In  page  40,  line  9 from  the  bottom,  inftead  of  0.001,217,  read  0.001,220. 

In  page  43,  line  23,  before  0.028,799,  infert  the  fign  =. 

In  page  4^  line  15,  inftead  of  0.585,667,3,  read  0.385,700,8. 

In  page  33,  line  7,  inftead  of  , read  . 

In  page  59,  line  13,  after  the  capital  F,  inftead  of  C,  read  G. 

In  page  61,  line  16*  inftead  of  65.5,  read  69.5.  ' , 

And  in  the  fame  page  64,  and  fame  line,  inftead  of  147.373,  rea<^  1 <6.37?. 

And  again  in  the  fame  page  63,  line  13,  inftead  of  0.036,843,  read  0.039,094. 
N.  B.  This  value  of  c is  to  be  ufed  inftead  of  0.036,843  in  the  remainder  of 
the  folution. 

In  page  87,  line  6 from  the  bottom,  inftead  of  a + g,  read  a -f  6. 

In  page  96,  line  5,  inftead  of  0.081,201,  read  0.081,226. 

And  in  the  fame  page  96,  line  j,  inftead  of  0.08  1,201,  read  0.081,226. 

And  again  in  the  fame  page  96,  line  S from  the  bottom,  inftead  of  0.081,201, 
read  0.081,226.  N.  B.  This  value  of  c is  to  be  ufed  inftead  of  o.o§i,aei 
in  the  two  fubfequent  pages. 

In  page  9^  line  8,  inftead  of  0.060,332,  read  0.060,307. 

And  in  the  fame  page  98,  the  bottom  line,  inftead  of  0.060,332,  read  0,060,307, 
N.  B.  This  number  is  to  be  ufed  inftead  of  0.060,332,  as  often  as  it  occurs 
afterwards. 

In  page  1 1 3,  line  4 from  the  bottom,  inftead  of  erat,  read  nit. 
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In  page  13  ',  line  iSj  inflead  of  yarwSai,  read  yuirtar. 

In  page  139,  the  Greek  correfponding  to  the  Lttin  fentence,  llunc  igitur  in 
nodum  Pmtus,  ac  BJfcrus,  el  HcUefpontus  a me  dinwja  fun! , is  wanting. 

In  page  149,  line  l8  from  the  bottom,  inftcad  of  500,  read  12, 

In  page  13  t,  line  12^  inllcad  of  «,  read  in. 

In  page  162.  line  6,  inflcad  of  i2tVbVb*  reat^ 1  1 1 iV-eVV* 

In  page  163,  line  to,  inflead  of  eurjUi,  read  curjiis. 

In  page  171,  line  i_j  from  the  bottom,  inflead  of  longitudinis,  read  latitudinis. 
In  page  177,  line  6,  inflead  of  curjiis,  read  cur  Jus. 

In  page  191,  line  4,  inflead  of  oe,  read  to. 

In  page  338,  line  6,  inflead  of  — — > read  ~ — • 

In  page  3 34,  line  j_,  inflead  of  1 ,3800**,  read  1,3800'°.**. 

In  page  35,,  line  11,  inflead  of  72**,  read  72#'“. 

And  in  the  fame  page  333,  line  nj,  inflcad  of  1 2,4730V,  read  12,43  30V. 

In  page  336,  lines  8 and  g.  inflead  of  4. 21 20V,  read  4,21 20V. 

In  page  357,  line  Jj  inflead  of  ^ read  ^ ~ ?. 

In  page  338,  line  inflead  of  4 * ■*  ~*V-*  '/l  ,x  1 , read 

-i 

■4X.S  + »Xi/tx  + 1 

1 

In  page  339,  line  10,  inflead  of  12,4330V,  read  12,4350V. 

And  in  the  fame  page  359,  line  12,  inflead  of  9*’,  read  ga;'0. 

In  page  363,  lines  3 and  6,  inflead  of  12,6230',  read  12,6250'°. 

In  page  364.  line  2,  inflead  of  1240*’,  read  1240V. 

And  in  the  feme  page  364,  line  2j  after  1 2.[.  V,  infert  + 244*’. 

In  page  363,  line  9 from  the  bottom,  inflead  of  14,0320V,  read  14,05 20V*. 
In  page  370,  line  48,  inflead  of  9,1620V,  reid  9,1624V. 

And  in  the  fame  page  370,  and  line  48,  inflcad  of  9,1620*,  read  9,1620°. 
And  again  in  the  fame  page  370,  line  15,  in  two  places,  inflcad  of  9,1620*, 
read  ••9, 1624°. 

In  page  373,  line  4,  inflead  of  298,1 1 2,038,489,6,  read  297,736,917,476,4. 
And  in  the  fame  page  373,  line  ^ inflead  of  3,022. 363.7641.741.5.  read 
3,021.988,633,738,3. 

And  again  in  the  fame  page  373,  line  10,  inflcad  of  12,391.587,733,238,5, 
read  12,591.962,866,261,7. 

In 
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In  page  375,  line  3 from  the  bottom,  inflead  of  3,021.988,633,718,3,  read 
3,021.988,633,738,3. 

And  in  the  fame  page  375,  bottom  line,  inflead  of  12,591.962,866,271,7, 
read  12,591.962,866,261,7. 

In  page  376,  line  4,  inflead  of  12,591.962,866,271,7,  read  12,591.962,866, 

261.7. 

And  in  the  fame  page  376,  line  6,  inflead  of  12,591.962,866,271,7,  read 

12.591.962.866.261.7. 

And  again  in  the  fame  page  376,  line  14  from  the  bottom,  inflead  of  0.160, 
500,953  x **,  read  o .160,500,953  x a*. 

In  page  378,  line  2,  inflead  of  0.632,95  -f  a x z,  read  0.632,95  x 0 x *. 
In  page  381,  line  20,  inflead  of  S^ySa'x*,  read  8,748a5**. 

In  page  383,  line  10  69m  the  bottom,  inflead  of  90 ax'x,  read  90.VV. 

In  page  384,  line  10,  inflead  of  2,156 a' a*,  read 

In  page  387,  line  13  from  the  bottom,  inflead  of  7760.6835  X a',  read 
7760.6835  x a'°. 

In  page  391,  line  7,  inflead  of  15,289.547,896,654  X 2;,  read  15,289.547, 
896,564  X z. 

In  page  402,  line  3,  inflead  of  516 ax',  read  516a***. 

In  page  411,  line  1,  inflead  of  1 2,435^’**,  read  12,4353'*’. 

In  page  442,  line  15  from  the  bottom,  inflead  of  cb,  read  cu. 

In  page  489,  line  13  from  the  bottom,  inflead  of  I'bypotbtft,  read  rbjpotbift. 

In  page  490,  line  2 from  the  bottom,  inflead  of  da-jantage,  read  d'avanlage. 

In  page  499,  line  8 from  the  bottom,  inflead  of  UD,  read  ND. 

In-page  550,  line  5,  inflead  of  ipjo  A,  read  ipfa  A. 

And  in  the  fame  page  550,  line  8,  inflead  of  ajcito  A,  read  a/cita  A. 

In  page  567,  line  15,  inflead  of  terti,  read  tenii. 

In  page  571,  line  13  from  the  bottom,  inflead  of  , read  — , 


In  page  593, 


line  7,  inflead  of  -S-  - - , 
• +* 


read 


TV'xJ_ 


In  page  595, 
In  page  597, 
In  page  6oo, 

In  page  607, 


line  it,  inflead  of  — b,  read  + b. 

line  3,  inflead  of  — , after  the  capital  letter  P,  put  a comma, 
line  3,  in  two  places,  inflead  of  V,  read  \V. 

line  7,  inflead  of  D",  read  D^'. 


8 


In 
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In  page  619,  line  7,  inftead  of  fx,  read  fx *. 

In  page  626,  line  9,  inftead  of  a'",  read  d'". 

In  page  655,  line  8 from  the  bottom,  inftead  of  ^1^-,  read  ^==^r* 

In  page  669,  line  10  from  the  bottom,  inftead  of  g— , read  . 

In  page  687,  line  4 from  the  bottom,  inftead  of  — dx read  + dxl. 
In  page  693,  line  8,  inftead  of  read  . 


FINIS. 


DIRECTIONS  TO  THE  BINDER. 

Let  one  Plate  of  Mr.  Pafcal’s  Triangle  Arithmetiquc  he  placed  on  the  left- 
hand  fide,  next  to  page  502,  and  fo  as  to  open  upon  the  reader  when  he  is 
reading  page  503  j and  the  other  copy  of  the  fame  Plate  be  placed  on  the 
right-hand  fide  between  pages  532  and  533,  fo  as  to  open  upon  the  reader  when 
he  is  reading  p3ge  532. 


■»> 
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